Annales Academiæ Scientiarum Fennicæ Series A. I. Mathematica Volumen 18, 1993, 299–306

HOLOMORPHIC CURVATURE OF INFINITE DIMENSIONAL SYMMETRIC COMPLEX BANACH MANIFOLDS OF COMPACT TYPE

Pauline Mellon

Maynooth College, Department of Mathematics Co. Kildare, Ireland; pmellon@irlearn.ucd.ie

Abstract. We show that the tangent norm on an infinite dimensional symmetric complex Banach manifold of compact type has constant positive holomorphic curvature (in the sense of [2], 8.7).

Introduction

Symmetric Banach manifolds generalise to infinite dimensions the Hermitian symmetric spaces. The finite dimensional Hermitian symmetric spaces were classified by Cartan, in [1], using the theory of Lie groups and Lie algebras. The theory of J^∗ -triple systems appears to be the more appropriate tool in infinite dimensions and a classification of the symmetric Banach manifolds in terms of J^∗ -triple systems is given by Kaup in [5].

The J^∗ -triple systems, or J^∗ -triples, which are Banach spaces endowed with a certain triple product structure, generalise the concepts of C^∗ -algebra, J^∗ - algebra, and JB^∗ -algebra. The J^∗ -triples which are positive in a certain sense, corresponding to a certain class of linear operators on the space having positive spectrum, are called JB^∗ -triples. It is known that, for the above classification, the JB^∗ -triples characterise the bounded symmetric domains, or, in finite dimensions, the Hermitian symmetric spaces of non-compact type.

Changing the sign of the triple product on a J^∗ -triple, U say, produces another J^∗ -triple which is referred to as the dual triple of the J^∗ -triple U . In particular, the dual triple of a JB^∗ -triple is negative in a certain sense. Moreover, the symmetric Banach manifold associated, via Kaup’s construction, to the dual triple of a JB^∗ -triple is called a symmetric manifold of compact type, since in finite dimensions these manifolds are exactly the Hermitian symmetric spaces of compact type.

In this way, to every JB^∗ -triple we can associate a bounded symmetric domain and a symmetric manifold of compact type (classified by the dual triple).

1991 Mathematics Subject Classification: Primary 58B20; Secondary 17C36, 53C60. This work is part of a doctoral dissertation submitted to the National University of Ireland.

300 Pauline Mellon

This gives an exact analogy of the duality in finite dimensions between the Hermitian symmetric spaces of compact and non-compact type. While the bounded symmetric domains are relatively well understood and studied, little is known of the symmetric manifolds of compact type in infinite dimensions.

Examples include certain Grassmann manifolds (cf. [6]) and certain function spaces (cf. [7] ).

As infinite dimensional analogues of the compact Hermitian symmetric spaces, these symmetric manifolds of compact type may be expected to display some properties reminiscent of compactness. In this paper we show this to be the case, by proving that the holomorphic curvature of an arbitrary symmetric manifold of compact type is constant and positive (with a value of +4).

The concept of holomorphic curvature that we use, is one that may be defined, for an arbitrary infinitesimal Finsler metric on a complex Banach manifold, in terms of a generalised Hessian. It is important to note, that this does not coincide with the concept of holomorphic curvature as understood in the Riemannian sense. For a survey in this direction, see [2].

Notation

Throughout, we let D = { z ∈ C : |z| < 1 } and for r , 0 < r < 1, rD = { rz : z ∈ D } . We use Dom(f) to denote the domain of a function f . For complex Banach spaces E and F , let L(E, F ) denote the Banach space of all continuous linear maps: E → F and let L(E) = L(E, E). We denote by L^k(E) the space of all continuous homogeneous polynomials: E → E of degree k . We say T ∈ L(E) is hermitian if e^{iλT} is an isometry for all λ ∈ R.

Let U be a complex Banach space with continuous conjugate-linear mapping ∗: U → L^2(U) and write a^∗ for ∗(a). For all a, b, z in U define {a, b^∗, z} := 1 2 ( b^∗(a + z) − b^∗(a) − b^∗(z) )

and define a b^∗ in L(U) by a b^∗(z) := {a, b^∗, z}, for all z in U .

Then (U, ∗) is called a J^∗ -triple system, or J^∗ -triple, if and only if (i) { α, β^∗, {x, y^∗, z} } = { {α, β^∗, x}, y^∗, z } − { x, {β, α^∗, y}^∗, z } + { x, y^∗, {α, β^∗, z} } for all α, β, x, y and z in U .

(ii) α α^∗ ∈ L(U) is hermitian for all α in U . If, in addition, the following hold (iii) α α^∗ ≥ 0 for all α ∈ U (iv) ‖α α^∗‖ = ‖α‖^2 for all α in U we call U a JB^∗ -triple.

We denote by U_z the closed J^∗ -subtriple of U generated by z in U .

Holomorphic curvature of symmetric complex Banach manifolds 301

A morphism of J^∗ -triple systems λ: (U, ∗) → (V, ∗) is a continuous linear map λ: U → V such that λ ( {u, v^∗, w} ) = { λ(u), λ(v)^∗, λ(w) } for all u, v, w in U .

A manifold M modelled locally on open subsets of complex Banach spaces with biholomorphic coordinate transformations is called a complex Banach manifold. Let T M denote the tangent bundle of M .

A mapping α: T M → R is called a norm on T M if the restriction of α to every tangent space T_x , x ∈ M , is a norm on T_x with the following property: there is a neighbourhood U of x in M which can be realised as a domain in a complex Banach space E such that c‖a‖ ≤ α(u, a) ≤ C‖a‖ for all (u, a) ∈ T U ∼= U × E and suitable constants 0 < c ≤ C . We then refer to (M, α), or simply M , as a normed manifold. If (M̃ , α̃) is another complex normed manifold, we say that a holomorphic mapping φ: M → M̃ is an isometry if for all (z, v) ∈ T M, α̃ ( φ(z), φ^′(z)v ) = α(z, v). Let Aut(M) denote the group of all biholomorphic isometries of M . A connected complex normed manifold M is called symmetric if for every a ∈ M there exists an involution s_a ∈ Aut(M) having a as an isolated fixed point.

A morphism of the symmetric manifolds M and M̃ is a holomorphic mapping h: M → M̃ such that h ∘ s_x = s_{h(x)} ∘ h for all x in M . The characterisation of symmetric manifolds in terms of J^∗ -triple systems is given in [5].

Let u be a real-valued upper semicontinuous function with Dom(u) ⊂ C. For p ∈ Dom(u), we define the generalised Hessian of u at p, as

Δu(p) = 4 lim inf_{r→0} r≠0 1 r^2 { 1 2π ∫_{2π} 0 u(p + re^{iθ} ) dθ − u(p) } ∈ R ∪ {∞}.

Let (p, v) ∈ T M . We say f ∈ H (p, v) if for some r , 0 < r < 1, f is a holomorphic mapping: rD → M with f(0) = p, f^′(0) = v . For f ∈ H (p, v) we define λ_f : rD → R by λ_f (z) = α^2 ( f(z), f^′ (z) ) . For (p, v) ∈ T M with v ≠ 0, we may then define the holomorphic curvature of α at p in the direction of v , cf. [1], denoted κ_α(p, v), as

κ_α(p, v) = sup { Δ log λ_f (0) −2α^2(p, v) : f ∈ H (p, v) } .

302 Pauline Mellon

Clearly, for λ ≠ 0 ∈ C, κ_α(p, v) = κ_α(p, λv), for all (p, v) ∈ T M with v ≠ 0.

If α_1 and α_2 are tangent norms on the complex manifolds D_1 and D_2 respectively and φ: D_1 → D_2 is a biholomorphic mapping which is an isometry for α_1 and α_2 then κ_{α1}(p, v) = κ_{α2} ( φ(p), φ^′(p)v ) for (p, v) ∈ T D_1.

Results

Let U be an arbitrary JB^∗ -triple and let M be the associated symmetric manifold of compact type (i.e. M is the symmetric manifold associated via Kaup’s construction to the dual triple of U ). Let m_0 denote a base point of M and let α: T M → R be the tangent norm of M . Since Aut(M) acts transitively on M , it suffices to consider κ_α(m_0, v) where v ∈ T_{m0} M = U , ‖v‖ = 1. Let Q(z) denote the conjugate linear mapping on U given by Q(z)a = {z, a^∗, z}, for all a in U .

The following linear operators on U , called Bergman operators, play an important role: B(z, w^∗) = I_U − 2z w^∗ + Q(z)Q(w) for z, w ∈ U. For all z in U , D_z := B(z, −z^∗)^{1/2} and D^{−1}_z

are well defined.

By [4, 4.5], there exists a canonical chart on M , identifying a neighbourhood W of 0 ∈ U , with a neighbourhood of m_0 ∈ M , with respect to which the tangent norm on M may be expressed as follows: α(z, v) = ‖D^{−1}_z (v)‖ for all (z, v) ∈ T W ∼= W × U. We may chose 0 < ε < 1 such that the ball B(0, 2ε) := {x ∈ U : ‖x‖ < 2ε} ⊆ W .

Fix v ∈ U, ‖v‖ = 1, arbitrary. The mapping φ: εD → M , given by φ(t) = tv , is in H (0, v). Showing now that

Δ log λ_φ(0) −2‖v‖^2 ≥ 4 implies κ_α(0, v) ≥ 4.

By [5, Corollary 4.8], the JB^∗ -subtriple of U generated by v , U_v , is isometrically J^∗ -isomorphic to C_0(S), for some locally compact space S .

Holomorphic curvature of symmetric complex Banach manifolds 303

For any z, w ∈ C_0(S), then

D^{−1}_z (w) = ( 1 1 + |z|^2 ) w and hence ‖ ‖ ‖D^{−1}_{rei` v}(v) ‖ ‖ ‖ = sup_{s∈S} ( |v(s)| 1 + r^2|v(s)|^2 ) = ‖v‖ 1 + r^2‖v‖^2 . Then Δ log λ_φ(0) = −8 lim inf_{r→0} r≠0 1 r^2 ( log ( 1 + r^2‖v‖^2 )) . By elementary calculus, the limit involved here is exactly

g^′(0) = ‖v‖^2 for g(t) = log ( 1 + t‖v‖^2 ) . Therefore Δ log λ_φ(0) = −8‖v‖^2.

In particular κ_α(0, v) ≥ Δ log λ_φ(0) −2‖v‖^2 = 4.

In the other direction, we examine

Δ log λ_ψ(0) −2‖v‖^2 for arbitrary ψ ∈ H (0, v).

Lemma 1.1. Let U be a JB^∗ -triple. Then ‖ ‖B(z, −z^∗) ‖ ‖ = (1 + ‖z‖^2)^2

for all z ∈ U .

Proof. By [3, Corollary 3], we have that for all x, y, z in a JB^∗ -triple U , ‖ ‖{x, y^∗, z} ‖ ‖ ≤ ‖x‖‖y‖‖z‖. Therefore ‖ ‖B(z, −z^∗ ) ‖ ‖ ≤ (1 + ‖z‖^2)^2 , for all z ∈ U .

On the other hand, since U_z is isometrically J^∗ -isomorphic to C_0(S), for some locally compact space S , ‖ ‖B(z, −z^∗)(z) ‖ ‖ = (1 + ‖z‖^2)^2‖z‖ and the result follows.

304 Pauline Mellon

Fix ψ arbitrary in H (0, v). Then α ( ψ(re^{iθ} ), ψ^′(re^{iθ} ) ) = ‖ ‖ ‖D^{−1}_{ψ(re}i`_)ψ^′(re^{iθ} ) ‖ ‖ ‖ ≥ ‖ ‖ψ^′(re^{iθ} ) ‖ ‖ ‖ D_{ψ(re}i`_) ‖ . From this

Δ log λ_ψ (0) ≥ 4 lim inf_{r→0} r≠0 1 r^2 { 1 2π ∫_{2π} 0 ( 2 log ‖ ‖ψ^′(re^{iθ} ) ‖ ‖

− 2 log ‖D_{ψ(re}i`_)‖ ) dθ − 2 log ‖v‖ } . As the mapping z → 2 log ‖ ‖ψ′(z) ‖ ‖ is subharmonic 1 2π ∫_{2π} 0 2 log ‖ ‖ψ^′(re^{iθ} ) ‖ ‖ dθ ≥ 2 log ‖v‖ and Δ log λ_ψ(0) ≥ −8 lim inf_{r→0} r≠0 1 r^2 { 1 2π ∫_{2π} 0 log ( ‖D_{ψ(re}i`_)‖ ) dθ } . By the Lebesgue dominated convergence theorem

lim inf r→0 r≠0 1 2π ∫_{2π} 0 log ( ‖D_{ψ(re}i`_)‖ ) r^2 dθ = 1 2π ∫_{2π} 0 ( lim inf r→0 r≠0 log ( ‖D_{ψ(re}i`_)‖ ) r^2 ) dθ.

Let ∑_∞ n=0 a_n(t − 1)^n denote the Taylor expansion of the function f(t) = √ t for |t − 1| < 1.

Since D_z = f ( B(z, −z^∗) ) in the sense of the functional calculus, then

D_z = ∞∑ n=0 a_n ( B(z, −z^∗) − I_U )_n

whenever σ ( B(z, −z^∗) ) ⊂ { t ∈ R : |t − 1| < 1 } . In particular, for ‖z‖ < 1/2, we have ‖D_z‖ ≤ ∞∑ n=0 |a_n| ( (1 + ‖z‖^2)^2 − 1 )_n . As a_n =

(−1)^{n+1}1.3.5 · · · (2n − 3)

2^nn!

Holomorphic curvature of symmetric complex Banach manifolds 305

for n ≥ 2, a_0 = 1, and a_1 = 1/2, the power series ∞∑ n=0 |a_n|(t − 1)^n represents the function g(t) = 2 − √ 2 − t for |t − 1| < 1, and hence ‖D_z‖ ≤ g ( (1 + ‖z‖^2)^2 ) for ‖z‖ < 1/2. The mapping k(t) = log(2 − √ 2 − t ) is represented about t = 1 by the expansion k(t) = (t − 1) 2 + (t − 1)^3k^{′′′} ( ξ(t) ) 3! where ξ(t) lies between t and 1.

From above, log ( ‖D_z‖ ) ≤ k ( (1 + ‖z‖^2)^2 ) , for ‖z‖ < 1/2. Moreover, since ψ(0) = 0 and ψ^′(0) = v , it follows that

lim inf r→0 r≠0 ‖ ‖ψ(re^{iθ} ) ‖ ‖ r = ‖v‖ and therefore

lim inf r→0 r≠0 log ( ‖D_{ψ(re}i`_)‖ ) r^2 ≤ ‖v‖^2. On the other hand, Lemma 1.1 implies that ‖D_z‖ ≥ 1 + ‖z‖^2 , for all z ∈ U , so lim inf r→0 r≠0 log ( ‖D_{ψ(re}i`_)‖ ) r^2

≥ lim inf_{r→0} r≠0 log ( 1 + ‖ ‖ψ(re^{iθ} ) ‖ ‖^2 ) r^2 = ‖v‖^2. Therefore

lim inf r→0 r≠0 log ( ‖D_{ψ(re}i`_)‖ ) r^2 = ‖v‖^2. It follows then that Δ log λ_ψ(0) −2‖v‖^2 ≤ 4. Since ψ was arbitrary κ_α(0, v) ≤ 4

and we have proved the desired result.

306 Pauline Mellon

Theorem 1.2. Let U be a JB^∗ -triple and let M be the associated symmetric complex manifold of compact type with tangent norm α on T M .

The holomorphic curvature of α at any point of M is identically equal to 4.

Acknowledgements. I offer sincerest thanks to my Ph.D. supervisor Professor Sean Dineen for his advice, support and encouragement over the last number of years. I am also grateful to Professor Rodriguez Palacios and the referee for helpful comments.

References

[1] Cartan, E.: Sur les domaines bornés homogénes de l’espace de n variables complexes. - Abh. Math. Sem. Univ. Hamburg 11, 1935, 116–162.

[2] Dineen, S.: The Schwarz lemma. - Oxford University Press, 1989. [3] Friedman, Y., and B. Russo: The Gelfand–Naimark theorem for JB^� -triples. - Duke Math. J. 53, 1986, 139–148.

[4] Kaup, W.: A Riemann mapping theorem for bounded symmetric domains in complex Banach spaces. - Math. Z. 183, 1983, 503–529.

[5] Kaup, W.: Algebraic characterisation of symmetric complex Banach manifolds. - Math. Ann. 228, 1977, 39–64.

[6] Kaup, W.: Über die Automorphismen Graßmannscher Mannigfaltigkeiten unendlicher Dimension. - Math. Z. 144, 1975, 75–96.

[7] Mellon, P.: Dual manifolds of JB^� -triples of the form C(X, U ) . - Proc. Roy. Irish Acad. Sect. A 93A-1, 1993, 27–42.

Received 27 January 1992