Annales Academiæ Scientiarum Fennicæ Series A. I. Mathematica Volumen 19, 1994, 95–113

WEIGHTED SOBOLEV SPACES AND CAPACITY

Tero Kilpeläinen

University of Jyväskylä, Department of Mathematics P.O. Box 35, FIN-40351 Jyväskylä, Finland; TKilpelainen@jylk.jyu.fi

Abstract. We discuss the role of capacity in the pointwise definition of functions in Sobolev spaces involving weights of Muckenhoupt’s A_p -class. In particular, it is shown that Sobolev functions possess Lebesgue points quasieverywhere with respect to an appropriate capacity.

Introduction

Let Ω be an open set in R^n and 1 < p < ∞. In this paper we consider the theory of weighted Sobolev spaces H^{1,p} with weight function in Muckenhoupt’s A_p -class. Our main purpose is to provide a coherent exposition of the behavior of functions in weighted Sobolev spaces and this leads us to use a concept of capacity. The motivation arises from the theory of partial differential equations, see e.g. [F], [HKM]. Most of the results we present are probably not new but according to our knowledge they have not yet appeared in printed form.

We define the weighted Sobolev space H^{1,p}(Ω; w) to be the completion of C^∞(R^n) with respect to the norm

‖φ‖_{1,p,w} = (∫ Ω |φ| w(x) dx )_{1/p} + (∫ Ω |∇φ| w(x) dx )_{1/p} . This definition is useful when one studies degenerate elliptic partial differential equations [FKS], [HKM]. Another approach, for example followed by Kufner [K], is to define the weighted Sobolev space W^{1,p}(Ω; w) as the class of functions u such that both u and its distributional gradient ∇u belong to L^p(Ω; w). Since w is an A_p -weight, w^{1/(1−p)} is locally integrable, and hence W^{1,p}(Ω; w) is a Banach space under the norm ‖ · ‖_{1,p,w} . We show that these two definitions result in the same space (Theorem 2.5):

W^{1,p}(Ω; w) = H^{1,p}(Ω; w).

According to the definition the functions in H^{1,p}(Ω; w) are defined a.e. However, a more accurate description of the pointwise behavior of them is often needed. It is well known in the unweighted case that the a.e. equivalence can be refined by

1991 Mathematics Subject Classification: Primary 46E35; Secondary 31C15.

96 Tero Kilpeläinen

means of (1, p)-capacity: unweighted Sobolev functions possess Lebesgue points except on a set of (1, p)-capacity zero [MK], [Z]. That the corresponding refinement can also be made in the weighted theory seems to belong to the folklore, but we have not been able to find these results in the existing literature. In the present paper we prove, for instance, that each u ∈ H^{1,p}(Ω; w) has a representative that possesses Lebesgue points (with respect to Lebesgue measure or to the weighted measure) everywhere except possibly on a set of (1, p, w)-capacity zero; the Hausdorff dimension of a set of (1, p, w)-capacity zero depends on the weight w , the dimension n and p. It is always strictly less than n − 1.

The paper is organized as follows. In Section 1 we list the required prerequisites from the theory of weights. Basic properties of the weighted Sobolev spaces H^{1,p}(Ω; w) and capacities are discussed in Section 2. Section 3 is devoted to the refinement of the a.e. equivalence in Sobolev spaces—a special attention is paid to Lebesgue points.

1. Preliminaries

Throughout this paper we be assume that Ω is an open subset of R^n , n ≥ 2, and 1 < p < ∞.

We start by recalling that w is a weight in Muckenhoupt’s A_p -class, or an A_p -weight, if w is a nonnegative, locally (Lebesgue) integrable function in R^n (not identically zero) such that

(1.1) sup (∫ B w(x) dx )(∫ B w(x)^{1/(1−p)} dx )_{p−1} = c_{w,p} < ∞, where the supremum is taken over all balls B in R^n . Here, and throughout, the barred integral sign means the integral average ∫ E f dμ = 1 μ(E) ∫ E f dμ, where μ is a measure and 0 < μ(E) < ∞.

If w is an A_p -weight, we write w ∈ A_p and call the constant c_{w,p} in (1.1) the A_p -constant of w . It follows from the Hölder inequality that c_{w,p} ≥ 1 and that w ∈ A_q whenever q ≥ p. A more intriguing fact is that there exists an ε > 0 such that w ∈ A_{p−ε} , as well. For these and other properties of A_p -weights we refer to the monographs [GCRF], [T], and [HKM].

As an example, we have that the function w(x) = |x|^γ is an A_p -weight if and only if −n < γ < n (p − 1). Moreover, positive superharmonic functions in R^n , and more generally positive supersolutions to certain quasilinear elliptic equations, belong to A_p for all p > 1 (see [HKM, Theorem 3.59]).

Weighted Sobolev spaces and capacity 97

We shall identify the weight w with the measure w(E) = ∫ E w(x) dx; for instance, the integral of f with respect to the measure w is written as ∫ f dw . It is well known that, for an A_p -weight w , the corresponding measure is doubling, i.e. w(2B) ≤ c w(B) for all balls B = B(x, r); here the constant c depends only on p and c_{p,w} and 2B stands for the enlarged ball B(x, 2r). Moreover, w and the Lebesgue measure are mutually absolutely continous.

A celebrated theorem of Muckenhoupt states that the A_p -weights can be characterized as those weights for which the Hardy–Littlewood maximal operator is a bounded operator from L^p(R^n; w) into itself. Here L^p(E; w) is the Banach space of measurable functions u on E with ‖u‖_Lp_{(E;w)} = (∫ E |u|^p dw )_{1/p} < ∞. More precisely, for a locally integrable function f let

Mf(x) = sup_{r>0} ∫ B(x,r) |f| dy. Then (see e.g. [GCRF]):

1.2. Theorem (Muckenhoupt). Suppose that w is a nonnegative locally integrable function in R^n . If w ∈ A_p , then there is a constant c > 0 depending only on c_{p,w} such that

(1.3) ‖Mf‖_Lp_(Rn_{;w)} ≤ c ‖f‖_Lp_(Rn_{;w)}

whenever f ∈ L^p(R^n; w).

Conversely, if (1.3) holds for all f ∈ L^p(R^n; w) with c independent of f , then w ∈ A_p .

We apply Theorem 1.2 and show that certain convolution operators also are bounded from L^p(R^n; w) into itself. We first need a lemma (see [S, Theorem III.2.2]).

1.4. Lemma. Suppose that η ∈ C^∞_0 (R^n) is nonnegative with ∫ R^{n η dx = 1.}

Suppose, furthermore, that η is radial and decreasing, i.e. η(x) = η(y) ≥ η(z) if |x| = |y| ≤ |z|. Let f be a locally integrable function in R^n . Then |η ∗ f| ≤ Mf

98 Tero Kilpeläinen

a.e. in R^n , where η ∗ f(x) = ∫ R^{n η(x − y)f(y) dx.} For example, if

η(x) = a exp ( 1 |x|^2 − 1 ) if |x| < 1 0 if |x| ≥ 1,

where the constant a is chosen such that ∫ R^{n η dx = 1, then η satisfies the}

hypotheses of Lemma 1.4. Also the standard mollifiers η_j(x) = j^nη(jx), j = 1, 2, . . ., have the properties of η in Lemma 1.4.

1.5. Lemma. If w ∈ A_p and f ∈ L^p(R^n; w), then η_j ∗ f → f in L^p(R^n; w). Proof. First note that the assertion is trivial if f is continuous. Moreover, it follows from Lemma 1.4 and Theorem 1.2 that there is a constant c depending only on the A_p -constant of w such that (1.6) ‖η_j ∗ g‖ ≤ ‖Mg‖ ≤ c ‖g‖ for all g ∈ L^p(R^n; w); here ‖u‖ denotes the L^p(R^n; w)-norm of u. To complete the proof, fix ε > 0 and let h be a continuous function with ‖h−f‖ < ε. Choosing j such that ‖h − η_j ∗ h‖ < ε we have ‖f − η_j ∗ f‖ ≤ ‖f − h‖ + ‖h − η_j ∗ h‖ + ‖η_j ∗ h − η_j ∗ f‖ < ε + ε + c ‖h − f‖ < (c + 2)ε, where we used (1.6) with g = h − f . The lemma follows.

1.7. Corollary. The set C^∞_0 (Ω) is dense in L^p(Ω; w).

1.8. Remark. In the unweighted case Lemma 1.5 is usually established by the aid of the fact that

lim_{y→0} ∫ Ω |f(x + y) − f(x)|^p dx = 0 whenever f ∈ L^p(Ω; dx). Unfortunately, in general the corresponding continuity assertion for L^p -functions is not true in the weighted L^p -classes. To display a particular example, let 0 < γ < n(p − 1) and w(x) = |x|^γ . Then w is in A_p and the function f(x) = { |x|^{−n/p} if |x| < 1 0 if |x| ≥ 1

Weighted Sobolev spaces and capacity 99

belongs to L^p(R^n; w). However, for all y ≠ 0 ∫ R^{n |f(x + y)|p w(x) dx = ∞,} and hence ∫ R^{n |f(x + y) − f(x)|p w(x) dx = ∞} whenever y ≠ 0.

2. Weighted Sobolev spaces

In this section we define weighted Sobolev spaces, where the weight function belongs to Muckenhoupt’s A_p -class. We refer to [HKM, Chapter 1], where a general theory of weighted Sobolev spaces of the first order is presented. Here we prove some results that do not hold for a general class of weights and therefore are not included in the discussion in [HKM]; for instance, we establish a weighted version of the celebrated H = W theorem. For simplicity, we consider the first order spaces only. In the end of the section we define weighted capacities and record some of their properties. Throughout this paper the number 1 < p < ∞ is fixed and w is an A_p -weight.

For φ ∈ C^∞(Ω) we write ‖φ‖_{1,p,w} = ‖φ‖_{1,p,w,Ω} = (∫ Ω |φ| dw )_{1/p} + (∫ Ω |∇φ| dw )_{1/p} , where ∇φ = (∂_1φ, ∂_2φ, . . . , ∂_nφ) is the gradient of φ. We define the Sobolev space H^{1,p}(Ω; w) to be the completion of { φ ∈ C^∞(Ω) : ‖φ‖_{1,p,w} < ∞ } with respect to the norm ‖ · ‖_{1,p,w} . That is, u ∈ H^{1,p}(Ω; w) if and only if u ∈ L^p(Ω; w) and there exists a sequence of functions φ_j ∈ C^∞(Ω) such that φ_j converges to u in L^p(Ω; w) and that for all k = 1, 2, . . . , n the sequence of derivatives ∂_kφ_j converges to a function v_k in L^p(Ω; w). The function v = (v_1, v_2, . . . , v_n) is called the gradient of u, and we shall write v = ∇u; see Proposition 2.1 below.

It is clear that, equipped with the norm ‖u‖_{1,p,w} = (∫ Ω |u|^p dw )_{1/p} + (∫ Ω |v|^p dw )_{1/p} , where v is the gradient of u, the Sobolev space H^{1,p}(Ω; w) is a reflexive Banach space.

If w(x) ≡ 1, the symbol w may be dropped from the notation H^{1,p}(Ω; w). However, we write H^{1,p}(Ω; dx) for the usual Sobolev space.

It follows from the Hölder inequality that the weighted Sobolev space can be embedded into unweighted spaces and that the gradient v of u is the distributional gradient of u, and therefore a uniquely defined function; for completeness we include a short proof.

100 Tero Kilpeläinen

2.1. Proposition. Let p_0 = inf{q > 1 : w ∈ A_q} and 0 ≤ δ < (p − p_0)/p_0 . If u ∈ H^{1,p}(Ω; w), then u ∈ H^{1,1+δ}(D; dx) whenever D is a bounded open subset of Ω.

Moreover, the gradient v of u in H^{1,p}(Ω; w) is the distributional gradient of u, i.e. v is locally integrable and ∫ Ω v φ dx = − ∫ Ω u ∇φ dx for all φ ∈ C^∞_0 (Ω).

Proof. Let q = p/(1 + δ). Then p_0 < q < p and hence w ∈ A_q . In particular, w^{1/(1−q)} is locally integrable in R^n . Therefore, if D ⊂ Ω is bounded and if f ∈ L^p(D; w), we have that

(2.2) (∫ D |f|^{1+δ} dx )_{1/(1+δ)} = (∫ D |f|^{p/q} w(x)^{1/q} w(x)^{−1/q} dx )_{q/p}

≤ (∫ D |f|^p dw )_{1/p}(∫ D w^{1/(1−q)} dx )_{(q−1)/p} ≤ c (∫ D |f|^p dw )_{1/p} . Consequently, if u ∈ H^{1,p}(Ω; w) if φ_j ∈ C^∞(Ω) which converges to u in L^p(Ω; w) such that ∇φ_j converges to a vector valued function v in L^p(Ω; w), then both u and v belong to L^{1+δ}_{loc} (Ω; dx). Moreover, for all ψ ∈ C^∞_0 (Ω) it holds that | | | | ∫ Ω u∇ψ − (−)v ψ dx | | | | = | | | | ∫ Ω (u − φ_j )∇ψ − (∇φ_j − v) ψ dx | | | | ≤ max |∇ψ| ∫ spt ψ |u − φ_j | dx + max |ψ| ∫ spt ψ |v − ∇φ_j| dx, and the last two terms converge to 0 by (2.2). Moreover, it follows that φ_j → u in H^{1,1+δ}(Ω; dx), and the theorem follows.

The usual Sobolev embedding theorem [GT, Theorem 7.26] and Proposition 2.1 imply:

2.3. Corollary. Let p_0 = inf{q > 1 : w ∈ A_q}. If p_0 < p/n, then each function u in H^{1,p}(Ω; w) is continuous (after a redefinition in a set of measure zero). In fact, u is locally Hölder continuous in Ω with any exponent α such that 0 < α < 1 − np_0/p. 2.4. Remark. It follows from the proof of Proposition 2.1 that if, for 1 < q ≤ p, w^{1/(1−q)} is Lebesgue integrable in Ω, then H^{1,p}(Ω; w) ⊂ H^{1,p/q}(Ω; dx).

Weighted Sobolev spaces and capacity 101

Hence the number p_0 in Corollary 2.3 may be replaced by p̃_0 = min(p_0, q). Moreover, if 1/w is bounded, then H^{1,p}(Ω; w) ⊂ H^{1,p}(Ω; dx). Both embeddings are continuous.

A similar argument shows that if the weight w belongs to L^q(Ω; dx) for some 1 < q ≤ ∞, then we have the continuous embedding H^{1,q0 p}(Ω; dx) ⊂ H^{1,p}(Ω; w), where q^′ is the conjugate exponent of q , i.e. 1/q +1/q^′ = 1. In particular, we have the trivial result that the weighted space H^{1,p}(Ω; w) coincides with the unweighted space H^{1,p}(Ω; dx) if both w and 1/w are bounded in Ω.

Another possible way to define the weighted Sobolev spaces is the following: let W^{1,p}(Ω; w) be the set of all functions u ∈ L^p(Ω; w) whose distributional gradient ∇u belongs to L^p(Ω; w). A well known theorem of Meyers and Serrin [MS] (see also [DL]) states that in the unweighted case these two definitions result in the same function spaces. We extend this result to the weighted situation.

2.5. Theorem. H^{1,p}(Ω; w) = W^{1,p}(Ω; w).

Proof. Since w^{1/(1−p)} is locally (Lebesgue) integrable in R^n , the space W^{1,p}(Ω; w) is a Banach space (see the proof of Proposition 2.1). Therefore we have that H^{1,p}(Ω; w) ⊂ W^{1,p}(Ω; w).

For the reverse inclusion, let u ∈ W^{1,p}(Ω; w). Fix an open set D b Ω. It suffices to show that u ∈ H^{1,p}(D; w) (cf. [HKM, 1.15]). Thus by multiplying u with a cut-off function we may assume that u ∈ W^{1,p}(R^n; w). Let η_j ∈ C^∞_0 (R^n) be mollifiers as in Lemma 1.5. Then the convolutions u_j = η_j ∗ u belong to C^∞(R^n) and ∇u_j = η_j ∗ ∇u (see e.g. [Z, Lemma 2.1.3]). Hence it follows from Lemma 1.5 that u_j → u in H^{1,p}(R^n; w) so that u ∈ H^{1,p}(D; w), as desired.

Next we prove a removability result that is stronger than what is known for general weighted Sobolev spaces [HKM, 2.44].

2.6. Theorem. Suppose that E is a relatively closed subset of Ω. If E is of (n − 1) measure zero, then

H^{1,p}(Ω \ E; w) = H^{1,p}(Ω; w).

Proof. By Theorem 2.5 it suffices to show that the distributional gradient ∇u of a function u ∈ H^{1,p}(Ω \ E; w) satisfies

(2.7) ∫ Ω u∇φ dx = − ∫ Ω φ∇u dx

102 Tero Kilpeläinen

for all φ ∈ C^∞_0 (Ω). To show that this is the case, we first observe that u ∈ H^{1,1}(D\E; dx) by Theorem 2.1, where D ⊂ Ω is a bounded open set that contains the support of φ. It is easy to see that u belongs to H^{1,1}(D; dx), because the functions in H^{1,1}(Ω; dx) can be characterized as functions in L^1(Ω; dx) that are absolutely continuous on almost all line segments in Ω, parallel to the coordinate axes, and whose first partial derivatives are in L^1(Ω; dx) (see e.g. [Z, Theorem 2.1.4]). Since u ∈ H^{1,1}(D; dx), (2.7) follows.

2.8. Weighted capacities. Next we list basic properties of a concept of capacity that is applicable in the theory of weighted Sobolev spaces. For a more thorough discussion the reader is referred to [HKM, Chapter 2].

We define the variational (1, p, w)-capacity of a set E ⊂ R^n to be the number

(2.9) C_{p,w}(E) = inf_{u∈}A_{(E)} ∫ R^n ( |u|^p + |∇u|^p ) dw, where

A (E) =^{u ∈ H^{1,p}(R^n; w) : u ≥ 1 in a neighborhood of E^}.

If A (E) = ∅, we let Cp,w(E) = ∞. It is clear that the same number Cp,w(E) is

achieved if the infimum in (2.9) is taken over all u ∈ A (E), 0 ≤ u ≤ 1. If K is a compact set, the infimum may be taken over all smooth functions [HKM, 2.36].

The variational capacity is a monotone subadditive set function, i.e. it enjoys the following properties: (i) C_{p,w}(∅) = 0.

(ii) If E_1 ⊂ E_2 , then C_{p,w}(E_1) ≤ C_{p,w}(E_2). (iii) If E_i ⊂ R^n , i = 1, 2, . . ., then C_{p,w} (⋃ i E_i ) ≤ ∑ i C_{p,w}(E_i).

(iv) If E_1 ⊂ E_2 ⊂ . . . ⊂ R^n , then C_{p,w} (⋃ i E_i ) = lim_{i→∞} C_{p,w}(E_i). (v) If K_1 ⊃ K_2 ⊃ · · · are compact sets, then C_{p,w} (⋂ i K_i) = lim_{i→∞} C_{p,w}(K_i).

For the proof of these statements see [HKM, Chapter 2]; see also the proofs of [Z, Lemma 2.6.3 and Theorem 2.6.7]. Observe that the assertion (v) above is not true in general for noncompact sets. To display an example, let w = 1 and

Weighted Sobolev spaces and capacity 103

p > n, and let E_i be a decreasing sequence of nonempty sets whose intersection is the empty set. It is easy to see that C_{p,w}(E_i) ≥ c, where c is a positive constant depending only on n and p (see (2.10) below).

We have the following capacity estimate (see [HKM, 2.18, 2.19, 2.40]). If 0 < r ≤ 1, then

(2.10) c_1C_{p,w} ( B(x_0, r) ) ≤ (∫ A(x0,r) |x − x_0|^{p(1−n)/(p−1)}w(x)^{1/(1−p)} dx )_{1−p}

≤ c_2C_{p,w} ( B(x_0, r) ) , where A(x_0, r) is the annulus B(x_0, 2) \ B(x_0, r) and c_1 = c_1(n, p, c_{p,w}) and c_2 = c_2(n, p) are positive constants.

Example. Let w(x) = |x|^γ , where −n < γ < n(p − 1). Then it follows from the estimate in Theorem 2.10 that

C_{p,w}({0}) > 0 if and only if − n < γ < p − n

and for x ∈ R^n , x ≠ 0,

C_{p,w}({x}) > 0 if and only if p > n.

In particular we have that for p > n and −n < γ < p − n the only set of (1, p, w)-capacity zero is the empty set.

Finally we record estimates for the Hausdorff dimension of sets of zero (1, p, w)- capacity; see [HKM, 2.32. and 2.33].

2.11. Theorem. Let q_0 = inf { q > 1 : w^{1/(1−q)} ∈ L^1_{loc}(R^n; dx) } and let E be a nonempty set with C_{p,w}(E) = 0. Then C_{p/q} (E) = 0 whenever q > q_0 . In particular, p ≤ q_0 n and the Hausdorff dimension of E does not exceed n − p/q_0 < n − 1. 2.12. Corollary. Let p_0 = inf{q > 1 : w ∈ A_q }. If E ≠ ∅ and C_{p,w}(E) = 0, then p ≤ p_0 n, and the Hausdorff dimension of E does not exceed n − p/p_0 .

Uniform Hausdorff measure estimates do not provide a very accurate description of the smallness of sets of capacity zero because the weighted capacity is not distributed in a uniform manner. For example, let again w(x) = |x|^γ , where −n < γ < n (p − 1). Then C_{p,w}({0}) = 0 if and only if γ ≥ n − p. Moreover, if the origin 0 does not belong to the closure of E , then C_{p,w}(E) = 0 if and only if C_{p,1}(E) = 0, and sharp estimates for the Hausdorff dimension of E can be derived from known results for unweighted capacities (cf. [HKM, 2.26, 2.27]). But the sets E with 0 ∈ E cause troubles. A way out of this difficulty is proposed in [N], where the author considers “weighted” Hausdorff measures and their connection with capacities. However, it may be very difficult to find estimates for “weighted” Hausdorff measures.

104 Tero Kilpeläinen

2.13. Bessel potentials and capacity. By Calderón’s well known theorem [C] (see also [S]) the Sobolev space H^{1,p}(R^n; dx) is equivalent to the space of Bessel potentials G_1 ∗ f , f ∈ L^p(R^n; dx). Recall that the Bessel kernel G_1 is the function whose Fourier transform is Ĝ_1(x) = (1 + |x|^2)^{−1/2} . This result can also be extended for weighted spaces (see [M, Theorem 3.3] or [N, Section 5]):

2.14. Theorem. A function u belongs to H^{1,p}(R^n; w) if and only if there is f ∈ L^p(R^n; w) such that u = G_1 ∗ f . Moreover, there is a positive constant c = c(n, p, c_{p,w}) such that c^{−1}‖f‖_Lp_(Rn_{;w)} ≤ ‖u‖_{1,p,w} ≤ c‖f‖_Lp_(Rn_{;w)}. The (1, p, w)-Bessel capacity of a set E ⊂ R^n is the number

B_{p,w}(E) = inf ∫ R^{n f p dw,} where the infimum is taken over all nonnegative functions f ∈ L^p(R^n; w) such that G_1 ∗ f ≥ 1 on E .

Because the Bessel potential G_1 ∗ f is lower semicontinuous if f ≥ 0, the Bessel capacity and the variational capacity are equivalent: for every E ⊂ R^n (2.15) c^{−1} C_{p,w}(E) ≤ B_{p,w}(E) ≤ c C_{p,w}(E), where c = c(n, p, c_{p,w}) > 0. 3. Pointwise behavior of functions in Sobolev spaces

In this section we show that a function u ∈ H^{1,p}(Ω; w) can be redefined in a set of measure zero so that it is quasicontinuous, i.e. its restriction to the complement of a set of arbitrary small (1, p, w)-capacity is continuous. Moreover, we show that the quasicontinuous representative possesses quasieverywhere Lebesgue points with respect to either Lebesgue measure or the weighted measure w .

We start with an extension result, which we need in establishing a capacitary weak type inequality for a Sobolev function.

3.1. Lemma. Suppose that u ∈ H^{1,p}(B; w), where B is an open ball in R^n . Then there exists a function v ∈ H^{1,p}(2B; w) such that v = u − u_B in B , spt v ⊂ 2B , and ∫ 2B |∇v|^p dw ≤ c ∫ B |∇u|^p dw, where c = c(n, p, c_{p,w}) > 0 and u_B = ∫ B u dw is the weighted average of u in B .

Weighted Sobolev spaces and capacity 105

Proof. Let B = B(x_0, r). By [Ch, Theorem D] there is f ∈ H^{1,p}_{loc} (R^n; w) such that f = u in B and ∫ 2B |∇f|^p dw ≤ c ∫ B |∇u|^p dw, where c = c(n, p, c_{p,w}) > 0. Then applying the Poincaré inequality [HKM, 15.30] twice we obtain

(3.2)

∫ 2B |f − u_B|^p dw ≤ 2^p ∫ 2B |f − f_{2B}|^p dw + 2^p ∫ 2B |f_{2B} − f_B |^p dw ≤ c r^p ∫ 2B |∇f|^p dw + 2^p w(2B) w(B) ∫ B |f − f_{2B} |^p dw ≤ c r^p ∫ 2B |∇f|^p dw ≤ c r^p ∫ B |∇u|^p dw. Let v = η(f − u_B), where η ∈ C^∞_0 (2B) is a cut-off function such that 0 ≤ η ≤ 1, η = 1 ∈ B , and |∇η| ≤ 202/r . Then v is the desired function because ∫ 2B |∇v|^p dw ≤ 2^p ∫ 2B η^p|∇f|^p dw + 2^p ∫ 2B |∇η|^p|f − u_B|^p dw ≤ c ∫ B |∇u|^p dw + c r^p ∫ 2B |f − u_B|^p dw ≤ c ∫ B |∇u|^p dw, where in the last step we employed (3.2).

We write M_wf(x) = sup_{r>0} ∫ B(x,r) |f| dw for the weighted maximal function of f .

3.3. Lemma. Let u ∈ H^{1,p}(R^n; w) such that spt u ⊂ B(0, R). Then there is a positive constant c = c(n, p, c_{p,w}, R) such that for t > 0 it holds that C_{p,w} ( {x : M_wu(x) > t} ) ≤ c t^p ‖u‖^p_{1,p,w}. Proof. Fix t > 0 and write E_t = {x : M_wu(x) > t}; note that E_t is open.

For each x ∈ E_t choose r_x ≤ 2R such that ∫ B(x,rx) u dw > t.

106 Tero Kilpeläinen

By the Besicovitch covering theorem [Z, Theorem 1.3.5] we may select N = N(n) disjoint sequences B(x_{i,j} , r_{xi,j} ), i = 1, 2, . . . , N , of the balls B(x, r_x), x ∈ E_t , such that E_t ⊂^N ⋃ i=1 ∞⋃ j=1 B(x_{i,j} , r_{xi,j} ). Write B_{i,j} = B(x_{i,j} , r_{xi,j} ) and u_{i,j} = ∫ Bi,j u dw. Let v_{i,j} ∈ H^{1,p}(R^n; w) such that spt v_{i,j} ⊂ 2B_{i,j} , v_{i,j} = |u − u_{i,j} | in B_{i,j} and ∫ R^{n |∇vi,j|p dw ≤ c} ∫ Bi,j |∇u|^p dw, where c = c(n, p, c_{p,w}) > 0 (Lemma 3.1). Fix i = 1, 2, . . . , N and let v_i = sup_j v_{i,j} . Then v_i ∈ H^{1,p}(R^n; w) because the balls B_{i,j} are disjoint and by the Poincaré inequality [HKM, 15.30] we have that ‖v_i‖^p_{1,p,w} ≤ ∞∑ j=1 ∫ Bi,j |v_{i,j} |^p + |∇v_{i,j}|^p dw

≤ c (R^p + 1) ∞∑ j=1 ∫ 2Bi,j |∇v_{i,j}|^p dw

≤ c ∞∑ j=1 ∫ Bi,j |∇u|^p dw ≤ c ∫ R^{n |∇u|p dw.} Put v = ∑_N i=1 v_i . Then v + u > t in E_t and v ∈ H^{1,p}(R^n; w) with ‖v‖_{1,p,w} ≤ c (∫ R^{n |∇u|p dw} )_{1/p}

where c = c(n, p, c_{p,w}, R) > 0. In conclusion, C_{p,w}(E_t) ≤ ‖ ‖ ‖ u + v t ‖ ‖ ‖^p_{1,p,w} ≤ c t^p ‖u‖^p_{1,p,w}. Remark. The proof of Lemma 3.3 is due to W.P. Ziemer. We say that a property holds (1, p, w)-quasieverywhere on E , if it holds on E \ F , where C_{p,w}(F ) = 0. For short, we usually write q.e. or quasieverywhere instead of (1, p, w)-quasieverywhere.

Weighted Sobolev spaces and capacity 107

3.4. Theorem. If u ∈ H^{1,p}(R^n; w), then the limit

lim_{r→0} ∫ B(x,r) u dw exists (1, p, w)-quasieverywhere in R^n .

Proof. Because the capacity is subadditive we may by multiplying u with a cut-off function assume that the support of u is compactly contained in a ball B(0, R). Write

Φ(u, x) = lim sup_{r→0} ∫ B(x,r) u dw − lim inf_{r→0} ∫ B(x,r) u dw ≥ 0. We show that Φ(u, x) = 0 q.e. To this end fix ε > 0 and t > 0. Let φ ∈ C^∞_0 (B(0, R)) be such that ‖u − φ‖_{1,p,w} ≤ t^p 2^pc ε, where c is the constant in Lemma 3.3. Now Φ(u, x) = Φ(u − φ, x) ≤ 2 M_w(u − φ)(x), whence Lemma 3.3 implies C_{p,w} ( {x : Φ(u, x) > t} ) ≤ C_{p,w} ( {x : M_w(u − φ)(x) >^1_2 t} ) ≤ 2^pc t^p ‖u − φ‖_{1,p,w} < ε. Since t > 0 and ε > 0 were arbitrary, Φ(u, x) = 0 (1, p, w)-quasieverywhere, and the theorem follows.

A sequence of real valued functions φ_j converges (1, p, w)-quasiuniformly on a set E if for each ε > 0 there is an open set G with C_{p,w}(G) < ε such that φ_j converges uniformly on E \ G. The sequence φ_j is said to converge locally (1, p, w)-quasiuniformly on E if it converges (1, p, w)-quasiuniformly on each compact subset of E .

Clearly, a locally quasiuniformly convergent sequence converges q.e. and hence a.e.

Let u ∈ H^{1,p}(R^n; w). We say that v is a (1, p, w)-refined representative of u if there exists a sequence φ_j ∈ C^∞_0 (R^n) such that φ_j converges to u both (1, p, w)-quasiuniformly in R^n and in H^{1,p}(R^n; w). Moreover, a function f is (1, p, w)-quasicontinuous in E if for each ε > 0 there is an open set G with C_{p,w}(G) < ε such that the restriction f|_{E\G} is continuous.

It follows from [HKM, 4.6] that each function in H^{1,p}(R^n; w) has a (1, p, w)- refined representative and that representative is (1, p, w)-quasicontinuous. (In [HKM] the class of (1, p, w)-refined representatives is denoted by Q^{1,p} .)

108 Tero Kilpeläinen

3.5. Theorem. Let u be a (1, p, w)-refined representative in H^{1,p}(R^n; w).

Then

lim_{r→0} ∫ B(x,r) u dw = u(x) (1, p, w)-quasieverywhere in R^n .

Proof. Again there is no loss of generality in assuming that the support of u

is contained in an open ball B . For t > 0 write

E_t = { x : | | | |lim_{r→0} ∫ B(x,r) u dw − u(x) | | | | > t } ;

note that the above limit exists (1, p, w)-q.e. by Theorem 3.4. Choose a sequence

φ_j ∈ C^∞_0 (B) such that φ_j → u both (1, p, w)-quasiuniformly and in H^{1,p}(R^n; w).

Then

lim sup r→0 | | | | ∫ B(x,r) u dw − u(x) | | | | ≤ lim sup r→0 ∫ B(x,r) |u − φ_j | dw + |φ_j(x) − u(x)| ≤ M_w ( u − φ_j ) (x) + |φ_j (x) − u(x)|, and hence E_t ⊂ { x : M_w ( u − φ_j ) (x) > t/2 } ∪ { x : |φ_j(x) − u(x)| > t/2 } . Now C_{p,w} ({ x : M_w ( u − φ_j ) (x) > t/2 }) ≤ c t^p ‖u − φ_j ‖_{1,p,w} → 0 by Lemma 3.3 and C_{p,w} ({ x : |φ_j (x) − u(x)| > t/2 }) → 0 because φ_j → u (1, p, w)-quasiuniformly. Therefore C_{p,w}(E_t) = 0, and conse-

quently, C_{p,w} ({ x : | | |lim_{r→0} ∫ B(x,r) u dw − u(x) | | | > 0 }) = C_{p,w} (_∞⋃ k=1 E_{1/k} )

≤ ∞∑ k=1 C_{p,w}(E_{1/k}) = 0,

as desired.

Weighted Sobolev spaces and capacity 109

3.6. Corollary. Let u be a (1, p, w)-refined representative in H^{1,p}(R^n; w). Then

(3.7) lim_{r→0} ∫ B(x,r) |u − u(x)| dw = 0 (1, p, w)-quasieverywhere in R^n .

Proof. Because the (1, p, w)-capacity is subadditive, it suffices to verify (3.7) q.e. in a ball B . To this end, let η ∈ C^∞_0 (R^n) be a cut-off function such that η = 1 in B . If q is a rational number, then |η(u − q)| is clearly a (1, p, w)-refined representative in H^{1,p}(R^n; w). Hence by Theorem 3.5

(3.8) lim_{r→0} ∫ B(x,r) |η(u − q)| dw = | |η(x)(u(x) − q) | |

for all x ∈ R^n \ E_q , where C_{p,w}(E_q) = 0. If E = ⋃ q∈Q^Eq^{, then C}p,w^{(E) = 0.}

Moreover, for x ∈ R^n \ E (3.8) holds whenever q is rational, and hence by continuity it holds for every real q . In particular,

lim_{r→0} ∫ B(x,r) |u(y) − u(x)| dw(y) = 0 for all x ∈ B \ E , as desired.

We are going to show that each (1, p, w)-quasicontinuous representative of a function u ∈ H^{1,p}(Ω; w) is also a (1, p, w)-refined representative. This indeed follows from [HKM, 4.12] but we give another proof that avoids the use of the theory of variational inequalities. The proof for the following lemma is much simpler than that of [HKM, 4.9].

3.9. Lemma. Let G_j be a sequence of open sets with C_{p,w}(G_j ) → 0. Then for (1, p, w)-quasievery x there is an index j = j(x) such that w ( G_j ∩ B(x, r) ) ≤^1_2 w ( B(x, r) ) for r > 0 small enough.

Proof. For each j choose a (1, p, w)-refined function u_j ∈ H^{1,p}(R^n; w) such that u_j = 1 a.e. in G_j and ∫ R^{n (|uj |p + |∇uj|p) dw ≤ Cp,w(Gj ) +} 1 j . Since u_j → 0 in H^{1,p}(R^n; w), we may choose a subsequence, denoted again by u_j , that converges (1, p, w)-quasiuniformly to 0 (see [HKM, 4.8]). In particular,

110 Tero Kilpeläinen

u_j → 0 (1, p, w)-quasieverywhere. Therefore, for q.e. x there is an index j such that lim_{r→0} ∫ B(x,r) u_j dw = u_j(x) <^1_2

by Theorem 3.5. Consequently,

lim sup r→0 w ( G_j ∩ B(x, r) ) w ( B(x, r) ) = lim sup_{r→0} 1 w ( B(x, r) ) ∫ Gj ∩B(x,r) u_j dw <^1_2 ,

as desired.

The next theorem follows from Lemma 3.9 in the same way as [HKM, 4.12]; for completeness we include a proof.

3.10. Theorem. Suppose that u and v are (1, p, w)-quasicontinuous in an open set Ω. If u = v a.e., then u = v (1, p, w)-quasieverywhere in Ω.

Proof. There is no loss of generality in assuming that v = 0 and Ω = R^n . Choose open sets G_j with C_{p,w}(G_j ) → 0 such that the restriction u|_{–Gj} is continuous. For (1, p, w)-quasievery x ∈ Ω we may choose an index j such that w ( G_j ∩ B(x, r) ) ≤^1_2 w ( B(x, r) )

for r > 0 small enough (Lemma 3.9). Such a point x does not belong to G_j , and since u = 0 a.e., we conclude that for each r > 0 there is y ∈ B(x, r) ∩ –G_j such that u(y) = 0. But because u|_{–Gj} is continuous, it follows that u(x) = 0 = v(x), as required.

We collect the above results in the following theorem.

3.11. Theorem. Suppose that u ∈ H^{1,p}(R^n; w). Then the following are equivalent:

(i) u is (1, p, w)-refined. (ii) For (1, p, w)-quasievery x

lim_{r→0} ∫ B(x,r) u dw = u(x).

(iii) u is (1, p, w)-quasicontinuous.

Moreover, for each v ∈ H^{1,p}(R^n; w) there exists a function u such that u = v a.e. and that u satisfies (i)–(iii) above.

Also we have the following local version.

Weighted Sobolev spaces and capacity 111

3.12. Theorem. Suppose that u ∈ H^{1,p}(Ω; w). Then the following are equivalent:

(i) There is a sequence φ_j ∈ C^∞(Ω) ∩ H^{1,p}(Ω; w) such that φ_j → u both in H^{1,p}(Ω; w) and locally (1, p, w)-quasiuniformly in Ω.

(ii) For (1, p, w)-quasievery x ∈ Ω

lim_{r→0} ∫ B(x,r) u dw = u(x). (iii) u is (1, p, w)-quasicontinuous in Ω.

Moreover, for each v ∈ H^{1,p}(Ω; w) there exists a function u such that u = v a.e. and that u satisfies (i)–(iii) above.

One may also ask if functions in weighted Sobolev spaces possess Lebesgue points with respect to the Lebesgue measure. Of course the embedding of H^{1,p}(Ω; w) into unweighted Sobolev space (Proposition 2.1) and known results in the unweighted case (see e.g. Ziemer’s book [Z]) result in the following: the limit lim_{r→0} ∫ B(x,r) u(y) dy exists (1, q, 1)-quasieverywhere whenever 1 ≤ q < p/p_0 , where p_0 = inf{s > 1 : w ∈ A_s}. More accurate results in this direction are obtained by using the capacitary weak type inequality of the following lemma. Recall that

Mf(x) = sup_{r>0} ∫ B(x,r) |f| dx is the Hardy–Littlewood maximal function of f .

3.13. Lemma. Let u ∈ H^{1,p}(R^n; w). Then there is a positive constant c = c(n, p, c_{p,w}) such that B_{p,w} ({ x : Mu(x) ≥ t }) ≤ c t^p ‖u‖^p_{1,p,w} for t > 0.

Proof. For fixed r > 0 let g = |B(0, r)|^{−1} χ_{B(0,r)}, where χ_{B(0,r)} is the characteristic function of the ball B(0, r) (i.e. χ_{B(0,r)} is 1 in B(0, r) and 0 on –B(0, r)). Choose f ∈ L^p(R^n; w) such that u = G_1 ∗ f a.e. and ‖f‖_Lp_(Rn_{;w)} ≈ ‖u‖_{1,p,w}

112 Tero Kilpeläinen

(Theorem 2.14). Then ∫ B(x,r) u(y) dy = 1 B(0, r) ∫ R^{n χB(0,r)(x − y)u(y) dy} = ( g ∗ |u| ) (x) ≤ g ∗ ( G_1 ∗ |f| ) (x) = G_1 ∗ ( g ∗ |f| ) (x) ≤ ( G_1 ∗ Mf ) (x), and hence by Theorem 1.2 B_{p,w} ( {x : Mu(x) ≥ t} ) ≤ B_{p,w} ({ x : ( G_1 ∗ Mf ) (x) ≥ t }) ≤ t^{−p} ∫ R^{n |Mf|p dw ≤ c t−p} ∫ R^{n |f|p dw ≤} c t^p ‖u‖^p_{1,p,w}, as desired.

Now we have

3.14. Theorem. If u ∈ H^{1,p}(R^n; w) is (1, p, w)-refined, then the limit

lim_{r→0} ∫ B(x,r) u dy exists and equals u(x) (1, p, w)-quasieverywhere in R^n .

Proof. Mimic the proofs of Theorems 3.4 and 3.5. Just replace weighted averages and maximal functions by unweigted ones and use Lemma 3.13 instead of Lemma 3.3.

3.15. Corollary. For u ∈ H^{1,p}(R^n; w) the following are equivalent: (i) u is (1, p, w)-refined.

(ii) u is (1, p, w)-quasicontinuous. (iii) For (1, p, w)-quasievery x

lim_{r→0} ∫ B(x,r) u dw = u(x). (iv) For (1, p, w)-quasievery x

lim_{r→0} ∫ B(x,r) u(y) dy = u(x).

Moreover, for each v ∈ H^{1,p}(R^n; w) there exists a function u such that u = v a.e. and that u satisfies (i)–(iv) above.

Weighted Sobolev spaces and capacity 113

3.16. Remark. For problems in partial differential equations it is often desirable to determine when a function can be approximated in H^{1,p}(Ω; w) by functions from C^∞_0 (Ω). A very useful characterization is the following: Let u ∈ H^{1,p}(Ω; w). Then there is a sequence of functions φ_j ∈ C^∞_0 (Ω) converging to u in H^{1,p}(Ω; w) if and only if there is a (1, p, w)-quasicontinuous function v in R^n such that v = u a.e. in Ω and v = 0 (1, p, w)-quasieverywhere on –Ω. This theorem was first proved by Bagby [B]. For a proof in the weighted case see [HKM, Theorem 4.5].

References

[B] Bagby, Th.: Quasi topologies and rational approximation. - J. Funct. Anal. 10, 1972, 259–268.

[C] Calderón, A.P.: Lebesgue spaces of differentiable functions and distributions. - Proc. Sympos. Pure Math. 4, 1961, 33–49.

[Ch] Chua, S.-K.: Extension theorems on weighted Sobolev spaces. - Thesis, Rutgers University, 1990.

[DL] Deny, J., and J.L. Lions: Les espaces du type de Beppo Levi. - Ann.Inst. Fourier 5, 1953–54, 305–370.

[FKS] Fabes, E., C.E. Kenig, and R.P. Serapioni: The local regularity of solutions of degenerate elliptic equations. - Comm. Partial Differential Equations 7, 1982, 77–116.

[F] Frehse, J.: Capacity methods in the theory of partial differential equations. - Jahresber. Deutsch. Math.-Verein. 84, 1982, 1–44.

[GCRF]García-Cuerva, J., and J.L. Rubio De Francia: Weighted norm inequalities and related topics. - North-Holland, 1985.

[GT] Gilbarg, D., and N.S. Trudinger: Elliptic partial differential equations of second order (2nd edition). - Springer-Verlag, Berlin, 1983.

[HKM] Heinonen, J., T. Kilpeläinen, and O. Martio: Nonlinear potential theory of degenerate elliptic equations. - Oxford Mathematical Monographs, Oxford University Press, 1993.

[K] Kufner, A.: Weighted Sobolev spaces. - Wiley-Interscience, 1985. [MK] Maz’ya, V.G., and V.P. Khavin: Non-linear potential theory. - Russian Math. Surveys 27.6, 1972, 71–148.

[MS] Meyers, N., and J. Serrin: H = W . - Proc. Nat. Acad. Sci. USA 51, 1964, 1055–1056. [M] Miller, N.: Weighted Sobolev spaces and pseudodifferential operators with smooth symbols. - Trans. Amer. Math. Soc. 269, 1982, 91–109.

[N] Nieminen, E.: Hausdorff measures, capacities, and Sobolev spaces with weights. - Ann. Acad. Sci. Fenn. Ser. A I Math. Dissertationes 81, 1991, 1–39.

[S] Stein, E.M.: Singular integrals and differentiability properties of functions. - Princeton University Press, Princeton, 1970.

[T] Torchinsky, A.: Real-variable methods in harmonic analysis. - Academic Press, 1986. [Z] Ziemer, W.P.: Weakly differentiable functions. - Graduate Texts in Math. 120, Springer- Verlag, 1989.

Received 22 December 1992