Annales Academiæ Scientiarum Fennicæ Series A. I. Mathematica Volumen 20, 1995, 401–418

GEOMETRIC UNIFORMIZATION IN GENUS 2

T. Kuusalo and M. Näätänen

University of Jyväskylä, Department of Mathematics P.O. Box 35, FIN-40351 Jyväskylä, Finland

University of Helsinki, Department of Mathematics P.O. Box 4, FIN-00014 Helsinki, Finland

Abstract. Compact Riemann surfaces with large automorphism groups have been studied extensively. Here we treat genus 2 case in a geometric way. The three surfaces with exceptional symmetry are Wiman curves of types I and II and an Accola–Maclachlan surface. By considering the location of Weierstrass points, we exhibit Dirichlet fundamental polygons for these surfaces and calculate their period matrices. A list of orbifolds covered by closed surfaces of genus 2 is also obtained, leading to the list of triangle groups having a normal subgroup of genus 2 and to their arithmeticity.

1. Introduction

This paper presents examples of symmetric closed Riemann surfaces of genus 2. As all surfaces of genus 2 are hyperelliptic, they can be realized as double coverings of the Riemann sphere with Weierstrass points as six branch points of order two. By the sheet interchange, the automorphism group of a genus 2 surface is reduced to a finite automorphism group of the Riemann sphere. Following ideas of Hurwitz [9] and Wiman [20] we first determine the automorphism groups and respective symmetric Riemann surfaces. The uniformizing Fuchsian groups are then derived using hyperbolic geometry, and their Riemann period matrices are determined by the method of Rauch and Lewittes [17].

Using the list of orbifolds covered by closed surfaces of genus 2, obtained in Section 6, we derive:

Theorem. The triangle groups having a torsion free normal subgroup of genus 2 are: (2, 3, 8), (2, 4, 6), (2, 4, 8), (2, 5, 10), (2, 6, 6), (2, 8, 8), (3, 3, 4), (3, 4, 4), (3, 6, 6), (4, 4, 4), (5, 5, 5). All of them are arithmetic subgroups of SL(2, R).

The utilization of Weierstrass points in our geometric approach to determine the maximally symmetric surfaces was suggested by T. Jörgensen and J.M. Montesinos. The pictures have been prepared by J. Haataja. A good bibliography of the results obtained in the field since 1890 can be found in [4] and [8].

1991 Mathematics Subject Classification: Primary 30F35.

402 T. Kuusalo and M. Näätänen

2. Basic facts The set W of Weierstrass points on a closed Riemann surface X of genus g ≥ 2 consists of all points p ∈ X such that X admits a meromorphic function with a single pole of order less than g + 1 at p. By a classical result of Hurwitz ([9], cf. also Farkas–Kra [7, III.5.11]), a closed surface of genus g ≥ 2 has at least 2g + 2 Weierstrass points, where the lower bound is attained if and only if X is hyperelliptic. In this case the field of meromorphic functions of X is generated by two functions z and w satisfying an algebraic equation (1) w^2 = (z − e_1) · · · (z − e_{2g+2}).

The hyperelliptic function z determines the surface X as a ramified double cover of the Riemann sphere S , the distinct branched values e_1, . . . , e_{2g+2} of z being the images of the corresponding Weierstrass points of X . We denote by W also the set of the spherical Weierstrass points e_1, . . . , e_{2g+2} ∈ S . Using the imbedding (z, w): X → S^2 we define the hyperelliptic sheet interchange P : X → X by (z, w) → (z, −w). Weierstrass points are the only fixed points of P , and the hyperelliptic function z defines the projection z: X → S = X/⟨P ⟩.

3. Reduced automorphism groups of hyperelliptic surfaces By a theorem of H.A. Schwarz the group Aut X of holomorphic automorphisms of a closed Riemann surface X of genus g ≥ 2 is finite. For a hyperelliptic surface, a lemma of Hurwitz [9] states that if T ∈ Aut X has more than 4 fixed points, then T is either the sheet interchange mapping P or the identity. (Choose a hyperelliptic function z with two simple poles outside the fixed point set of T . Then the difference z − z ∘ T has more zeros than poles, and must be identically zero.) Now if T ∈ Aut X is any automorphism of the hyperelliptic surface X , T ∘ P ∘ T^{−1} has at least 2g + 2 ≥ 6 fixed points, so that T ∘ P ∘ T^{−1} = P . Thus P commutes with T , so that any automorphism T ∈ Aut X projects to a Möbius transformation T_s: S → S of the Riemann sphere S = X/⟨P ⟩. Each automorphism T_s maps the set W ⊂ S of spherical Weierstrass points onto itself, hence the reduced automorphism group Aut X/⟨P ⟩ can be thought of as the symmetry group of the Riemann sphere with Weierstrass points as distinguished points; for classification of finite rotation groups see [2, 5.1].

All closed surfaces X of genus 2 are hyperelliptic with 6 Weierstrass points, and as we shall see, the above considerations lead to a complete determination of automorphism groups in this case. The first observation is that if a rotation group S does not preserve any axis of rotation, an orbit of order 6 consists of the vertices of a regular octahedron. Thus besides cyclic and dihedral groups, the only remaining choice for the reduced automorphism group Aut X/⟨P ⟩ is the octahedral group S(4).

Geometric uniformization in genus 2 403

4. Fuchsian groups and fundamental polygons

We begin by classifying all maximal cyclic Möbius groups ⟨T_s⟩ ≠ {I} of the reduced automorphism group Aut X/⟨P ⟩. Since T_s maps the set of spherical Weierstrass points onto itself, the order of ⟨T_s⟩ is the length of a cycle of S(6), i.e. 2, 3, 4, 5 or 6. The possible maximal cyclic Möbius groups ⟨T_s⟩ ≠ {I} are listed alphabetically in Table 1 for further reference. The second column gives the order of the generator T_s , the third the number of fixed points of the elliptic Möbius transformation T_s in W , the fourth lists the induced permutation of W , consisting of cycles of equal length, and the fifth gives the explicit form of the rotation T_s with 0 and ∞ as fixed points, and denoting ε_n = e^{i2π/n} the first root of unity of order n. The case T_s = I corresponds to T = P or T = I and is not listed.

Table 1.

A 2 2 (1 2)(3 4) T_s = −I B 2 0 (1 2)(3 4)(5 6) T_s = −I C 3 0 (1 2 3)(4 5 6) T_s = ε_3I D 4 2 (1 2 3 4) T_s = iI E 5 1 (1 2 3 4 5) T_s = ε_5I F 6 0 (1 2 3 4 5 6) T_s = ε_6I

As already done in Wiman [20], it is easy to find an algebraic equation (1) representing a hyperelliptic surface X with a cyclic symmetry. In each case, the automorphism T inducing T_s and of maximal order, is then easily found in the form (2) (z, w) → (T_sz, w^′). The equations in cases A–F are given in Table 2. For simplicity, the equations are normalized so that the fixed points of T_s are 0 and ∞ and the roots lie symmetrically with respect to the equator of the Riemann sphere. This is possible except for the cases B and E. In cases A and C we suppose a ≠ 0, 1, −1, and in case B that a, b, c ∈ C^∗ are three distinct complex numbers. The third column gives the action of T on X , the fourth the order of the symmetry group ⟨T, P ⟩. The last two columns list the number N_ν of fixed points of multiplicity ν , ν = ν(p) being the order of the stabilizer of a point p ∈ X . The fixed points and their multiplicities are realized geometrically in cases D, E, F after finding their fundamental polygons, shown in Figures 2 and 4–7.

404 T. Kuusalo and M. Näätänen

Table 2.

Case Equation T : (z, w) → (T_sz, w^′) Ord N_ν ν A w^2 = z(z^2 − a)(z^2 − a^{−1}) (z, w) → (−z, iw) 4 2 4 4 2 B w^2 = (z^2 − a)(z^2 − b)(z^2 − c) (z, w) → (−z, w) 4 10 2 C w^2 = (z^3 − a)(z^3 − a^{−1}) (z, w) → (ε_3z, −w) 6 4 3 6 2 D w^2 = z(z^4 − 1) (z, w) → (iz, ε_8w) 8 2 8 4 2 E w^2 = z^5 − 1 (z, w) → (ε_5z, −w) 10 1 10 2 5 5 2 F w^2 = z^6 − 1 (z, w) → (ε_6z, w) 12 4 6 6 2 In cases A, C, D, and E the generator T is chosen so that P is a power of T , hence the group ⟨T, P ⟩ is cyclic. In case B, ⟨T, P ⟩ is Z_2 × Z_2 , in case F Z_2 × Z_6 . In cases D, E, and F the surface is completely determined.

Due to the location of Weierstrass points on S , in case A the reduced automorphism group Aut X/⟨P ⟩ contains the dihedral group D_2 and in case C the dihedral group D_3 . In case D the reduced group Aut X/⟨P ⟩ is the octahedral group, in case E the cyclic group Z_5 , and in case F the dihedral group D_6 . Furthermore, both D and F are special cases of A, B, and C. If in case B Aut X/⟨P ⟩ ! Z_2 , then case B is included in the cases A or C.

The full automorphism group Aut X is the linear group GL(2, Z_3) in case D, the cyclic group Z_{10} in case E, and the group (4, 6 | 2, 2) of order 24 (cf. Coxeter–Moser [5]) in case F. The groups D_4, D_2 and D_6 being the smallest possible automorphism groups in cases A, B, and C, the following exhaustive list of automorphism groups for genus 2 surfaces X is obtained:

⟨P ⟩ = Z_2 //

¸¸00 00 00 00 00 00 00 0 D^2 //

¸¸11 11 11 11 11 11 11 1 D^4

$$III III III I **UUUUU

UUUUU

UUUUU

UUUUU U

(4, 6 | 2, 2) GL(2, Z_3)

Z_{10} D_6

::ttt ttt ttt 44hhhhh hhhhh hhhhh hhhhh h having orders 2, 4, 8, 10, 12, 24, and 48, see [3], [8], [11], [12] and [20].

Geometric uniformization in genus 2 405

Here the case E, i.e. the group Z_{10} , is an isolated case: If M_2 denotes the moduli space of closed Riemann surfaces of genus 2 and B_2 = {X ∈ M_2 | Aut X ≠ ⟨P ⟩}, then E is the only isolated point of B_2 , see e.g. [11].

The surface E has the largest possible cyclic automorphism group of order 10 = 4g + 2, and is hence a Wiman curve of type I. The surface D , which is also called Bolza’s surface, has a cyclic automorphism group of order 8 = 4g , (and also the largest automorphism group) and is thus a Wiman curve of type II. The surface F is an Accola–Maclachlan surface: If X_g varies over all compact Riemann surfaces of genus g , then the maximum of the order of its automorphism groups is at least 8(g +1). For Accola–Maclachlan surfaces this bound is attained, see [11] for related results.

The surface D is also the unique hyperbolic surface (for g = 2) with the property that the length of its shortest simple closed geodesic is maximal [18, Th. 5.2].

As is shown below, the surfaces D , E , F have Dirichlet polygons with 8, 10 and 12 sides, respectively, i.e. the center of the Dirichlet polygon can be chosen so that the number of sides degenerates from 18 to the above, see [10].

We use hyperbolic geometry to determine fundamental domains with identification patterns for surfaces D , E , F : The Riemann sphere S inherits from X a hyperbolic orbifold metric with singularities of order 2 at the branched values, i.e. Weierstrass points, see [14]. If S is cut by connecting, say 0, with geodesic arcs to all points e ∈ W , e ≠ 0, a simply connected domain with no branched values is obtained. Hence this domain can be lifted to a geodesic polygon in the universal cover of X , which is supposed to be the unit disc. The angles are preserved at all vertices except for the Weierstrass points, where they are halved. Two lifts of the domain are glued to get a Dirichlet polygon, which is then used to determine the generators of the uniformizing Fuchsian group.

To determine fundamental domains for the surfaces in the cases D, E and F, we use the well known fact that the fixed point set of an antiholomorphic automorphism of a closed surface is a disjoint union of simple closed geodesics.

We treat the case D first to present the ideas.

Case D. The equation is w^2 = z^5 − z , T_sz = iz and W = {0, ∞, ±1, ±i} ⊂ S . Figure 1 presents the Riemann sphere S with cuts to connect 0 to ±1, ±i via the coordinate axes. The complement of the induced cross is simply connected but ∞ is a branch point. We cut further along the ray [∞, 1] and uniformize one sheet of the remaining surface so that the ray [∞, 1] is lifted into the negative real axis, starting from 0, see Figure 2, where points are labelled by their projections in S . As observed above, due to reflectional symmetry all these cuts are geodesic arcs. To get the lift, consider a walk in Figure 1 once around ∞ so that the cut is to the right; start at ∞, go along the dotted line to 1, the angle π at 1 is halved

406 T. Kuusalo and M. Näätänen

on the lift, continue to 0, where the angle is π/4 on the lift, then to −i where the angle is halved to π , then continue similarly to 0, −1, 0, i, 0, 1 and return to ∞. The lower part of the regular octagon with angles π/4 at vertices is obtained. The other sheet in the double cover gives the other half of the fundamental set, presented in Figure 2 as the upper part of the octagon. By symmetry, the regular octagon, with diagonal pairings, is a Dirichlet polygon for the group (see [15], [16]). The inner and outer radii of the octagon fulfil, respectively, cosh r = 1+ √ 2, cosh R = (1 + √ 2 )^2 . The group has generators T_i , i = 1, . . . , 4, with

T_1(x) = az + c cz + a , a = 1 + √ 2, c = − √ 2 + 2 √ 2 T_{k+1} = g^{−k}T_1g^k, k = 1, 2, 3, g(z) = e^{i5π/4}z.

The relation is T_1T_2T_3T_4T^{−1}_1 T^{−1}_2 T^{−1}_3 T^{−1}_4 = I .

The sheet interchange P lifts to ~P , ~P z = −z . The Weierstrass points are the center of the octagon, its vertices (all equivalent) and the centers of the sides. They triangulate the octagon into 16 isosceles triangles with angles π/4 and sides of hyperbolic length r . This triangulation is depicted in Figure 10 (where the regular octagon is marked with heavier lines) and used in Section 5 to calculate the Riemann period matrix.

Case E. The equation is now w^2 = x^5 − 1, T_s(z) = ε_5z , and W = {ε_5, . . . , ε^5 = 1, ∞}. We connect infinity to other points of W by rays as in Figure 3, and get a simply connected domain with no branched values. Lifting the leaf with center 0^+ yields a regular pentagon with angles π/5. This is completed to a fundamental 10-gon with all angles 2π/5 by adjoining a lift of the leaf with center 0^− , cut into five triangles with vertices 0^−, ∞, ∞, see Figure 4. The lifts of W in the fundamental polygon are

ẽ_k = Re^{i2πk/5}, R = √√ 5 − 2, k = 1, . . . , 5. The sheet interchange mapping P lifts to an elliptic mapping P_k of period 2 with ẽ_k as fixed points. The mapping T_k = P_{k+1}P_k , (k mod 5) is a lift of the identity and identifies a pair of sides of the fundamental polygon. The identifications are presented in Figure 5. We obtain for the generators matrices

T_k = 3 + √ 5 2 ω^2 i √ 10 + 6 √ 5 2 w^{k−2} −i √ 10 + 6 √ 5 2 w^{2−k} 3 + √ 5 2 ω^{−2} , w = e^{i2π/5}.

Due to the regularity of the fundamental polygon, it is the Dirichlet polygon with center 0. The side-pairings give the relations

T_{k+8}T_{k+6}T_{k+4}T_{k+2}T_k = I (k mod 5).

Geometric uniformization in genus 2 407

The additional relation

T_5T_4 · · · T_1 = P_6P_1 = P^2_1 = I

implies that any four of the mappings T_k can be chosen as generators for the Fuchsian group. For example T_1, . . . , T_4 are generators satisfying the relation

T_4T_3T_2T_1 = T_3T_1T_4T_2.

Case F. The equation of X is w^2 = z^6 − 1 and W = {e^{ikπ/3} | k = 1, . . . , 6}. Now 0 and ∞ are ordinary points. We make cuts as before to connect W to ∞. By lifting the leaf with center 0^+ we get a regular hexagon with angles π/3. This is completed to a fundamental 12-gon with angles π/3 and 2π/3, respectively, by adjoining six triangles with vertices 0^−, ∞^+, ∞^− , see Figure 6. The lifts for W in the fundamental polygon are

ẽ_k = Re^{ikπ/3}, R = √ 2 − √ 3, k = 1, . . . , 6. The sheet interchange mapping P lifts to rotations by π about the points ẽ_k ; these elliptic mappings of period 2 have matrices

P_k = [ i √ 3 −iw^k √ 2 iw^{−k} √ 2 −i √ 3 ] , w = e^{iπ/3} = 1 + i √ 3 2 . As before the side-pairing mappings are obtained as T_k = P_{k+1}P_k , k = 1, . . . , 6. The identification pattern is presented in Figure 7. Due to the regularity of the fundamental polygon, it is the Dirichlet polygon with center 0.

When examining the images of the interval [0^+∞^+] in Figure 7 under successive rotations P_k we get P_6P_5 · · · P_2P_1 = I , or generally P_{k+5}P_{k+4} · · · P_k = I (k mod 6). This yields the relations

T_{k+4}T_{k+2}T_k = I.

As generators can be chosen for example T_1, T_2, T_4, T_5 , then T_3 = T^{−1}_5 T^{−1}_1 , T_6 = T^{−1}_2 T^{−1}_4 . The matrices are

T_k = [ 2 − i √ 3 −w^{k−1} √ 6 −w^{1−k} √ 6 2 + i √ 3 ] , w = 1 + i √ 3 2 . On the other hand

T_6T_5 · · · T_1 = (P_1P_6)(P_6P_5) · · · (P_2P_1) = I,

hence the relation for the generators is

T^{−1}_4 T_5T_4T^{−1}_5 T^{−1}_1 T_2T_1T^{−1}_2 = I.

408 T. Kuusalo and M. Näätänen

5. Period matrices In this section we calculate Riemann period matrices for the hyperelliptic surfaces X corresponding to cases D, E and F above. For basic facts about period matrices we refer to [7].

H. Rauch observed in [17] (see also [6]) that knowing sufficiently many symmetries f ∈ Aut X of a surface X enables one to determine explicitly the Riemann period matrix Π with respect to a given homology basis of X : If B = {a_1, a_2, b_1, b_2} is a canonical homology basis for a surface of genus 2, an automorphism f ∈ Aut X induces a matrix θ(f) = [ P Q R S ] , which is symplectic, i.e. the intersection matrix J = [ 0 I_2 −I_2 0 ]

is preserved by θ(f): θ(f)^T Jθ(f) = J. Considering how the periods of Abelian differentials are transformed by f , leads to the equation

(3) P Π − ΠS + ΠRΠ = Q,

which is used to solve Π.

Case D. We choose a homology basis a_1 , a^′_2 , b_1 , b^′_2 as in Figure 8. Then the intersection numbers are χ(a_1, b_1) = 1, χ(a^′_2, b^′_2) = 1, χ(a^′_2, a_1) = −1, χ(a^′_2, b_1) = 1, χ(b_1, b^′_2) = 1, χ(a_1, b^′_2) = 1 and we transform the basis as follows

a_2 = b^′_2 + a_1 − b_1, b_2 = a^′_2 − a_1 − b_1.

For the basis a_1 , a_2 , b_1 , b_2 the intersection matrix is J , hence it is a canonical homology basis. It is presented in Figure 9, and we can solve after numbering the sides of the regular octagon as in Figure 9

(4) a_1 = −1 + 3 + 4 a_2 = 3 b_1 = −1 − 2 − 3 b_2 = 1

1 = b_2 2 = −a_2 − b_1 − b_2 3 = a_2 4 = a_1 − a_2 + b_2.

Geometric uniformization in genus 2 409

If f_1 is the rotation around 0 by π/4, then the images of the basis vectors a_1 , a_2 , b_1 , b_2 are, respectively, a^′_2 , 4, b^′_2 , 2, i.e. a_1 + b_1 + b_2 , a_1 − a_2 + b_2 , −a_1 + a_2 + b_1 , −a_2 − b_1 − b_2 and the matrix θ(f_1) is

1 1 −1 0 0 −1 1 −1 1 0 1 −1 1 1 0 −1 .

For f_2 we choose the rotation by 2π/3 around the center P of a triangle in Figure 10. To calculate θ(f_2), we notice that f_2 = f_3 ∘ f_4 , where f_4 is the reflection in L_1 and f_3 the reflection in L_2 . Then L_2 is the angle-bisector and also a median of the triangle. If ā_1 , ā_2 , b̄_1 , b̄_2 denote the images of a_1 , a_2 , b_1 , b_2 under f_4 , we have, by using a similar technique as in [17] with the aid of Figure 10, ā_1 = 2 + 3 ā_2 = 2 + 3 + 4 b̄_1 = −3 − 4 b̄_2 = 1.

Correspondingly, for the images of ā_1 , ā_2 , b̄_1 , b̄_2 under f_3 we get, using also (4)

ā_1 = −2 − 3 = b_1 + b_2 ā_2 = −1 − 2 − 3 = b_1 b̄_1 = 1 + 2 = −a_2 − b_1

b̄_2 = −4 = −a_1 + a_2 − b_2.

Hence the matrix θ(f_2) is 0 0 0 −1 0 0 −1 1 1 1 −1 0 1 0 0 −1 .

If Π = [ a b b d ] , (3) gives with θ(f_2)

(5) a + 2b = −1 d = b^2 − 1 a .

410 T. Kuusalo and M. Näätänen

Using in the same way θ(f_1) and combining with the equations (5) we get 3b^2 + 4b + 2 = 0.

Solving this and using the condition that Im π is positive definite so that Im a > 0, we get for the entries of π

a = d = 1 3 + 2i 3 √ 2 b = − 2 3 − i 3 √ 2. Case E. We choose generators for the canonical homology basis (see Figure 11) a_1 = c_1 a_2 = c_1 + c_3 b_1 = c_2 b_2 = c_4.

Let f be the rotation around 0^+ by 2π/5. Then c_k is mapped to c_{k+1} (k mod 5), and θ(f) is 0 0 −1 0 0 0 1 −1 1 1 0 −1 0 1 0 −1 . If Π = [ a b b d ] , then using (3), and θ(f)^2 in order to facilitate computations, we get after elimination d^4 − d^3 + d^2 − d + 1 = d^5 + 1 d + 1

= 0,

hence d is a 10th primitive root of unity. The elimination yields also b = − d^2 d − 1 = d^3 − 1, a = −d^3 − d^2 = −(d^2 − d̄^2) = −2i Im d^2.

Since Im π is positive definite, Im a > 0, hence Im d^2 < 0 and we get for the entries of π a = i √ 10 − 2 √ 5 2 b = −3 + √ 5 − i √ 10 − 2 √ 5 4 d = 1 − √ 5 + i √ 10 + 2 √ 5 4 . For treating the remaining case F, the following lemma is useful:

Geometric uniformization in genus 2 411

Lemma. If X admits a canonical homology basis a_1 , a_2 , b_1 , b_2 and a symmetry f ∈ Aut X such that f(a_i) = a_j , f(b_i) = b_j , i ≠ j , then the period matrix is of the form [ a b b a ] . Proof. Under the assumptions, the matrix of f is

θ(f) = 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 .

From (3), it follows for the period matrix [ a b b d ] that a = d.

Case F. We choose a_1 , b_1 , a_2 , b_2 corresponding to the mappings T_6 , T_1 , T_3 , T_4 for the homology basis, see Figure 12. This basis has intersection numbers χ(a_1, a_2) = χ(b_1, b_2) = 0, χ(a_i, b_j ) = δ_{ij} , hence it is a canonical homology basis.

Let f be the rotation by π/3 around 0. Then f^3 fulfils the conditions of the Lemma, hence a = d. The matrix θ(f) with respect to the basis a_1 , a_2 , b_1 , b_2 is

θ(f) = 0 0 −1 0 0 0 0 −1 1 0 0 −1 0 1 −1 0 .

and using θ(f) in (3) we get

a = d = i √ 3 2 b = − 1 2 . 6. Orbifolds

An orientable hyperbolic 2-orbifold is a generalization of a Riemann surface. For a general definition of an orbifold see [14]. Here we encounter only hyperbolic orbifolds with conical singularities: such an orbifold O is a closed surface |O| of genus g with distinguished points x_1, . . . , x_n , each endowed with a natural number ν_1, . . . , ν_n ≥ 2, so that |O| admits a branched regular covering by the hyperbolic plane H , with order ν_i at x_i, i = 1, . . . , n. The complex structure on O comes from H by natural projection. In appropriate local coordinates the projection at x_i is equivalent to z → ζ = z^{νi} . Geometrically, the orbifold O is a closed surface endowed with singular hyperbolic metric, having angles 2π/ν_i at the distinguished

412 T. Kuusalo and M. Näätänen

points x_i, i = 1, . . . , n. We finish by listing all orientable hyperbolic 2-orbifolds regularly covered by a closed surface of genus 2.

Let X_D, X_E , X_F denote the surfaces discussed in Section 4. In each case, the full automorphism group gives a sphere S with three cone points regularly covered by the surface: S_{2,3,8} by the surface X_D , S_{2,5,10} by X_E and S_{2,4,6} by X_F . By determining the subgroup lattices and noticing that the subgroups are in 1 − 1 inverse lattice preserving correspondence with intermediate branched coverings, (i.e. orbifolds), we can list all orbifolds regularly covered by a closed surface of genus 2. The normal subgroups of Aut X_E , Aut X_E and Aut X_F correspond to intermediate orbifolds which cover regularly S_{2,3,8} , S_{2,5,10} and S_{2,4,6} , respectively.

T denotes the torus in the list below. The ramification indices are given for each branch point. After each orbifold, the cases D, E, F covering it are given with the multiplicity of the covering, and if the quotient orbifold is a regular covering of one of the minimal orbifolds S_{2,3,8} , S_{2,5,10} or S_{2,4,6} , the subindex r appears in the list. The same list was obtained in [12] by algebraic methods. Orbifolds covered by a closed surface of genus 2 T_{2,2} D F 2 S_{2,2,2,2,2,2} D_r E_r F_r 2 S_{2,2,2,2,2} D F 4 S_{3,3,3,3} D F_r 3 S_{2,2,3,3} D F_r 6 S_{2,2,2,3} D F_r 12 S_{2,2,4,4} D F 4 S_{2,2,2,4} D F_r 8 S_{4,4,4} D_r 8 S_{3,3,4} D_r 24 S_{2,3,8} D_r 48 S_{2,8,8} D 8 S_{2,4,8} D 16 S_{3,6,6} F 6 S_{2,6,6} F_r 12 S_{2,4,6} F_r 24 S_{3,4,4} F_r 12 S_{5,5,5} E_r 5 S_{2,5,10} E_r 10 In Figure 13, the 3-fold covering of S_{3333} by X_D is presented and in Figure 4, the 5-fold covering of S_{5,5,5} by X_E is obtained by rotation of order 5 around 0^+ .

Geometric uniformization in genus 2 413

In Figure 14, the tessellation of the hyperpolic plane and Dirichlet polygon of D by (2, 3, 8)-triangle group, with a reflection added, is depicted, similarly in Figure 15, E by (2, 5, 10)-triangle group and in Figure 16, F by (2, 4, 6)-triangle group.

In case D, let T be a triangle with angles π/8, π/2, π/3, with the angle π/8 at the origin, see Figure 14. Denote by h the rotation of order 2 around the vertex with angle π/2 and by g the positive rotation of order 8 around 0. Then the uniformizing Fuchsian group for case D is a normal subgroup N ⊂ (2, 3, 8) of index 48. The quotient group (2, 3, 8)/N is the group of automorphisms and is obtained from (2, 3, 8) by imposing the additional relation hg^4 = g^4h. The uniformizing Fuchsian group in case E is a normal subgroup of index 10 of (2, 5, 10) and the automorphism group is obtained from (2, 5, 10) by adding the relation hg = gh, where the order of g is now 10. The uniformizing Fuchsian group in case F is a normal subgroup of order 24 of (2, 4, 6) and the automorphism group is obtained from (2, 4, 6) by adding the relation hg^4 = g^2h, where the order of g is 6.

The triangle groups connected to the last 11 orbifolds in the list above appear in the list of arithmetic triangle groups [19]. This gives:

Theorem. The triangle groups having a torsion free normal subgroup of genus 2 are: (2, 3, 8), (2, 4, 6), (2, 4, 8), (2, 5, 10), (2, 6, 6), (2, 8, 8), (3, 3, 4), (3, 4, 4), (3, 6, 6), (4, 4, 4), (5, 5, 5). All of them are arithmetic subgroups of SL(2, R).

References

[1] Accola, R.D.M.: On the number of automorphisms of a closed Riemann surface. - Trans. Amer. Math. Soc. 131, 1968, 398–408.

[2] Beardon, A.F.: The Geometry of Discrete Groups. - Graduate Texts in Math. 91. Springer-Verlag, New York, 1983.

[3] Broughton, A.: Classifying finite group actions on surfaces of low genus. - J. Pure Appl. Algebra 69, 1990, 233–270.

[4] Bujalance, E., J. Etayo, J. Gamboa, and G. Gromadzki: Automorphism Groups of Compact Bordered Klein Surfaces. - Lecture Notes in Math. 1439. Springer-Verlag, 1990.

[5] Coxeter, H.S.M., and W.O.J. Moser: Generators and Relations for Discrete Groups. - Ergeb. Math. Grenzgeb. 14. Springer-Verlag, 1957.

[6] Earle, C.J.: H.E. Rauch function theorist. - Differential Geometry and Complex Analysis: H.E. Rauch memorial volume. Springer-Verlag, 1985.

[7] Farkas, H.M., and I. Kra: Riemann Surfaces. - Springer-Verlag, New York, 1992. [8] Harvey, W.J.: Cyclic groups of automorphisms of a compact Riemann surface. - Quart. J. Math. 17, 1966, 86–97.

[9] Hurwitz, A.: Über algebraishe Gebilde mit eindeutigen Transformationen in sich. - Mathematishe Werke, Bd. I. Basel, Birkhäuser, 1932, 392–430.

[10] Jörgensen, T., and M. Näätänen: Surfaces of genus 2 : generic fundamental polygons. - Quart. J. Math. Oxford Ser. (2) 33, 1982, 451–461.

414 T. Kuusalo and M. Näätänen

[11] Kulkarni, Ravi S.: Some investigations on symmetries of Riemann surfaces. - Institut Mittag-Leffler Report No. 8, 1989/90. Partly published in Ann. Acad. Sci. Fenn. Ser. A I Math. 16, 1991, 71–81, 83–94.

[12] Kuribayashi, I.: On an algebraization of the Riemann–Hurwitz relation. - Kodai Math. J. 7, 1984, 222–237.

[13] Maclachlan, C.: A bound for the number of automorphisms of a compact Riemann surface. - J. London Math. Soc. 44, 1969, 265–272.

[14] Montesinos, J.M.: Classical Tessellations and Three-Manifolds. - Universitext, Springer- Verlag, 1987.

[15] Näätänen, M.: Regular n -gons and Fuchsian groups. - Ann. Acad. Sci. Fenn. Ser. A I Math. 7, 1982, 291–300.

[16] Quine, J.R.: Systoles of two extremal Riemann surfaces. - Manuscript. [17] Rauch, H.E., and J. Lewittes: The Riemann surface of Klein with 168 automorphisms. - Problems in Analysis, a symposium in honor of Solomon Bochner. Princeton University Press, Princeton, N.J., 1970, 297–308.

[18] Schmutz, P.: Riemann surfaces with shortest geodesic of maximal length. - Geometric and Functional Analysis 3:6, 1993.

[19] Takeuchi, K.: Arithmetic triangle groups. - J. Math. Soc. Japan 29, 1977, 91–106. [20] Wiman, A.: Über die hyperelliptischen Kurven und diejenigen vom Geschlecht p = 3 , welche eindeutige Transformationen in sich zulassen. - Bihang. Till. Kongl. Svenska Vetenskaps-Akademiens Handlingar 21, 1:1, 1895.

Received 14 June 1994

Geometric uniformization in genus 2 415

416 T. Kuusalo and M. Näätänen

Geometric uniformization in genus 2 417

418 T. Kuusalo and M. Näätänen