Annales Academiæ Scientiarum Fennicæ Series A. I. Mathematica Volumen 20, 1995, 301–313

A NOTE ON GEODESICS IN INFINITE-DIMENSIONAL TEICHMÜLLER SPACES

Li Zhong

Peking University, Department of Mathematics Beijing 100871, P.R. China; liz@bepc2.ihep.ac.cn

Abstract. In this paper the following phenomena of geodesics in an infinite-dimensional Teichmüller space are founded: a geodesic (locally shortest arc) need not be a straight line (an isometric embedding of a segment of R into the Teichmüller space), no sphere is convex with respect to straight lines, and some geodesics can intersect themselves.

1. Introduction

We begin with some basic definitions and notations.

Let S be a Riemann surface which has a universal covering H, where H denotes the upper half plane. Then the Riemann surface S can be expressed as H/Γ, where Γ is a torsion free Fuchsian group acting on H. The Teichmüller space of S is a space of the deformations of the complex structures of S with a certain topological condition. It can be defined with the Beltrami differentials of Γ. We denote by M(Γ) the set of the Beltrami differentials of Γ with L^∞ -norms less than one, that is,

M(Γ) = { μ(z) : μ(γ(z))γ^′(z)/γ^′(z) = μ(z), for all γ ∈ Γ, a.e. z ∈ H; ‖μ‖_∞ < 1 } . Denote by f_μ: H → H the quasiconformal mapping with the complex dilatation μ keeping 0, 1 and ∞ fixed. We say that μ_1 is equivalent to μ_2 if and only if

f_{μ1} | R = f_{μ2} | R.

Then the Teichmüller space of S (or Γ), denoted by T (S) (or T (Γ)), is defined as the set of the equivalence classes of the elements of M(Γ).

A Beltrami differential μ ∈ M(Γ) is said to be extremal if ‖μ‖_∞ ≤ ‖μ^′‖_∞, for all μ^′ ∈ [μ]. 1991 Mathematics Subject Classification: Primary 30F60, 32G15; Secondary 14H15. Supported in part by the National Natural Science Foundation of China and the Doctoral Eduction Programme Foundation of the Education Commission of China.

302 Li Zhong

The Teichmüller metric for T (S) is defined in terms of the extremal Beltrami differentials. For given two points [μ_1] and [μ_2] in T (S), the Teichmüller distance between them is d([μ_1], [μ_2]) = 1 2 log 1 + ‖μ‖_∞ 1 − ‖μ‖_∞ , where μ is an extremal Beltrami differential in the equivalence class of the complex dilatation of f_{μ1} ∘ f_{μ2}^{−1} . It is a well known fact that the Teichmüller metric coincides with the Kobayashi metric (see [R] or [G]).

It is known that there are some essential differences in the geometry between a finite-dimensional Teichmüller space and an infinite-dimensional Teichmüller space. A finite-dimensional Teichmüller space is a straight geodesic space in the sense of Buseman ([K]), but an infinite-dimensional Teichmüller space is not ([L1], [L2], [T] and [EKK]).

The purpose of this paper is to investigate further the difference in the geometry between the two cases.

Throughout this paper, by “geodesic” we mean an arc which is locally shortest in the Teichmüller metric, and by “straight line” we mean an arc which is shortest in the large, or equivalently, an isometric embedding of a segment of R into a Teichmüller space with respect to the Euclidiean metric and the Teichmüller metric respectively. In a finite-dimensional Teichmüller space, a geodesic arc is always a straight line. However, in this note we will find that this is not true for the infinite-dimensional case, namely the length of a geodesic in an infinitedimensional Teichmüller space need not be the distance between its endpoints.

An interesting problem on the Teichmüller metric is to determine whether or not a sphere is convex with respect to straight lines. In a paper ([L3]) of the author, it is shown that no sphere in an infinite-dimensional Teichmüller space is strictly convex with respect to straight lines. In fact, in [L3] we constructed a straight line such that the whole arc is on a given sphere.

In the present paper it will be shown that there is a straight line such that its endpoints are on a given sphere but its interior is outside of the ball bounded by the sphere. More precisely, we have

Theorem 1. Let T (S) be an infinite-dimensional Teichmüller space. For any positive number r , there are two points [μ_0] and [μ_1] on the sphere S_r ≡ { [μ] ∈ T (S) | d([0], [μ]) = r } , and a straight line α(t): [0, 1] → T (S) such that α(0) = [μ_0], α(1) = [μ_1] and

d([0], [α(t)]) > r, for all t ∈ (0, 1).

Corollary. No sphere in an infinite-dimensional Teichmüller space is convex with respect to straight lines.

Geodesics in Teichmüller spaces 303

Remark. This Corollary is an improvement of the result of [L3], because here we omit the word “strictly”.

The idea of the proof of Theorem 1 is similar to the one used in the paper [L3]. The straight line α will be constructed in terms of an extremal Teichmüller differential, the associated holomorphic quadratic differential of which has an infinite norm.

From the proof of Theorem 1, we find an unexpected fact:

Theorem 2. In an infinite-dimensional Teichmüller space, there exists a geodesic that intersects itself.

Corollary. In an infinite-dimensional Teichmüller space, there exists a geodesic that is not a straight line.

The proofs of Theorem 1 and Theorem 2 will be given in Section 3, and Section 4 respectively. As mentioned above, an extremal Teichmüller differential constructed in [L3] will play an important role in the proofs. For completeness, we will include it in this paper (Section 2).

2. Construction of a special Teichmüller differential

We denote by Q(Γ) the set of holomorphic quadratic differentials of Γ with finite L^1 -normal, that is,

Q(Γ) = { ϕ | ϕ : holomorphic on H; ϕ(z) = ϕ(γ(z))γ^′(z)^2, for all γ ∈ Γ and ‖ϕ‖ < ∞ } , where ‖ϕ‖ = ∫ H/Γ^{|ϕ|.} Now we suppose that the surface S = H/Γ is of conformally infinite type, namely the Fuchsian group Γ is of the second kind or infinitely generated. In this case the dimension of the Banach space Q(Γ), as well as that of the Teichmüller T (S), is infinite.

By a simple discussion about non-local-compactness of an infinite-dimensional Banach space, we see that there is a sequence {ϕ_n} in Q(Γ) such that ‖ϕ_n‖ = 1 (n = 1, 2, . . .) but any subsequence of {ϕ_n} does not converge in norm.

On the other hand, it is easy to see, from the mean value theorem for analytic functions, that we can choose a subsequence {ϕ_{nk} } of {ϕ_n} such that {ϕ_{nk} } converges uniformly to an element ϕ ∈ Q(Γ) in every compact subset of H. Then ϕ_{nk} − ϕ tends locally to zero. Since ϕ_{nk} does not converge to ϕ in norm, there is a constant c > 0 such that ‖ϕ_{nk} − ϕ‖ ≥ c for sufficiently large k .

Let ψ_k = (ϕ_{nk} − ϕ)/‖ϕ_{nk} − ϕ‖. Noting the facts that ϕ_{nk} − ϕ converges to zero locally uniformly and ‖ϕ_{nk} − ϕ‖ ≥ c for sufficiently large k , we see that ψ_k

304 Li Zhong

converges to zero uniformly in every compact subset of H. However, the norm of ψ_k is 1.

Let ω be a fundamental polygon of Γ. By the assumption that Γ is of the second kind or infinitely generated, ω is not a compact subset of H. To construct the Teichmüller differential we need, we choose a compact subset E_1 of ω such that ∫ E1 |ψ_1| > 1 − 1 2 . Since ψ_k tends to zero uniformly in E_1 , there is an element ψ_{k2} such that |ψ_{k2} | < 1 2^2

, in E_1 (1) and ∫ E1 |ψ_{k2} | < 1 4^2 . (2) Choose a compact subset E_2 of ω sufficiently large such that E_1 ⊂ E_2 , ∫ E2 |ψ_{k2} | > 1 − 1 4^2 (3) and ∫ ω\E_2 |ψ_{k1} | < 1 2^2 , (4) where k_1 = 1. It is follows from (2) and (3) that (5) ∫ E2\E_1 |ψ_{k2} | > 1 − 1 2^2 . Similarly, we can get a subsequence {ψ_{kl} } of {ψ_k} and a sequence {E_l} of compact subsets of ω such that E_{l−1} ⊂ E_l, ω =^∞ ⋃ l=1 E_l, (6) |ψ_{kl} | < 1 2^l , in E_{l−1}, (7) ∫ E_l\E_l�1 |ψ_{kl} | > 1 − 1 2^l (8) and ∫ ω\E_l |ψ_{kj} | < 1 2^l , j = 1, 2, . . . , l − 1, (9) where l = 2, 3, . . . and k_1 = 1.

Geodesics in Teichmüller spaces 305

From the construction of E_l , we may require that E_l contains the set ω∩{z ∈ H : Im z > 1/2^l} for all l .

Without any loss of generality, one may assume k_l = l for all l . So from now on we write ψ_l instead of ψ_{kl} . Let ψ = ∞∑ l=1 ψ_l. It is easy to see from (7) that the series is uniformly convergent in every compact subset of ω . Noting the fact that E_l contains the set ω ∩ {z ∈ H : Im z > 1/2^l}, the series ψ defines a holomorphic quadratic differential of Γ.

The following properties of ψ , {ψ_l} and {E_l} will be useful in later discussions: ∫ E_l\E_l�1 |ψ_l| = 1 + O ( 1 2^l ) , as l → ∞, (10) ∫ E_l\E_l�1 |ψ − ψ_l| = O ( l 2^l ) , as l → ∞. (11)

These properties are easy to prove. In fact, noting that ‖ψ_l‖ = 1, we see from (8) that ∫ ω\E_l |ψ_l| ≤ 1 2^l , (12) ∫ E_l�1 |ψ_l| ≤ 1 2^l , (13)

and hence (10). Moreover, it follows from (9)–(10) and (12)–(13) that ∫ E_l\E_l�1 |ψ − ψ_l| = O (_{l−2}∑ j=1 ∫ E_l\E_l�1 |ψ_j | ) + O (∫ E_l\E_l�1 |ψ_{l−1}| )

+ O (_∞∑ j=l+1 ∫ E_l\E_l�1 |ψ_j | )

= O (_{l−2}∑ j=1 ∫ ω\E_l�_1 |ψ_j | ) + O (∫ E_l |ψ_{l−1}| ) + O (_∞∑ j=l+1 ∫ E_l |ψ_j | )

= O (_{l−2}∑ j=1 1 2^l ) + O ( 1 2^l ) + O (_∞∑ j=l+2 1 2^j ) = O ( l 2^l ) .

Then we get (11).

306 Li Zhong

From (10) and (11) one can easily see that

(14) ∫ E_l\E_l�1 |ψ| = 1 + O ( l 2^l ) , as l → ∞.

This implies that the norm of ψ is infinite. Moreover, we will see that the Teichmüller differential k ψ |ψ| , k ∈ (0, 1) is an extremal Beltrami differential. This is a special case of the following lemma, which will be important in Section 3.

Lemma 1. Let κ be a complex function on H with the following properties:

|κ| ≤ k < 1, (k = const) for all z ∈ H,

(15) κ(z) = κ ( γ(z) ) , for all γ ∈ Γ

(16) and lim sup l→∞ Re ∫ ω κ|ψ_l| = ‖κ‖_∞. (17)

Then the Beltrami differential κψ/|ψ| is extremal.

Proof. From (11)–(14), we have ∫ ω κ ψ |ψ| ψ_l = ∫ E_l\E_l�1 κ ψ |ψ| ψ_l + O ( l 2^l )

= ∫ E_l\E_l�1 κ ψ |ψ| (ψ_l − ψ) + ∫ E_l\E_l�1 κ|ψ| + O ( l 2^l )

= ∫ E_l\E_l�1 κ|ψ| + O ( l 2^l )

= ∫ E_l\E_l�1 κ|ψ_l| + O ( l 2^l )

= ∫ ω κ|ψ_l| + O ( l 2^l ) .

By condition (17) we see that κψ/|ψ| is an extremal Beltrami differential associated with a degenerating Hamilton sequence {ψ_l} (see [RS], [S] and [H]). The lemma is proved.

Geodesics in Teichmüller spaces 307

3. The proof of Theorem 1 In this section, we will still use the same notations as before and assume that Γ is a torsion free Fuchsian group of the second kind or infinitely generated so that T (Γ) is infinite-dimensional.

First of all, we construct two Beltrami differentials μ_0 = κ_0ψ/|ψ| and μ_1 = κ_1ψ/|ψ|, where ψ is the quadratic differential of Γ constructed in the previous section, κ_0 = k and

κ_1(z) = { k, for E_{l2n+1} \ E_{l2n} , n = 0, 1, . . . 0, for E_{l2n} \ E_{l2n}�_1 , n = 1, 2, . . . ,

where k ∈ (0, 1) is a constant and the subseqence {E_{ln} } of {E_l} will be determined later.

Let μ^∗_0 be the complex dilatation of the mapping f^{−1}_0 , i.e.,

μ^∗_0 = −k ψ |ψ| ∂_z f_0 ∂_z f_0

∘ f^{−1}_0 .

Since the inverse mapping of a Teichmüller mapping is also a Teichmüller mapping, μ^∗_0 is a Teichmüller differential, namely, there is a holomorphic quadratic differential ψ^∗ of Γ^∗ = f_0 ∘ Γ ∘ f^{−1}_0 such that

μ^∗_0 = k ψ^∗ |ψ^∗| . Because μ_0 = kψ/|ψ| is extremal, μ^∗_0 is extremal. Since the norm of ψ is infinite, the norm of ψ^∗ is infinite, i.e., ∫ ω� |ψ^∗| = ∞, where ω^∗ = f_0(ω) is a fundamental domain of Γ^∗ . Therefore there is a degenerating Hamilton sequence {ψ^∗_l } such that ψ^∗_l ∈ Q(Γ^∗) with ‖ψ^∗_l ‖ = 1 (l = 1, 2, . . .), ψ^∗_l converges to zero uniformly in every compact subset of ω^∗ and

(18) lim_{l→∞} Re ∫ ω� ψ^∗ |ψ^∗| ψ^∗_l = 1.

Let E^∗_l = f_0(E_l) for all l . Then {E^∗_l } is a sequence of compact subsets of ω^∗ and {E^∗_l } is an exhaustion of ω^∗ . By a similar argument as before, one can choose a subsequence {E^∗_{ln} } of {E^∗_l } such that

(19) ∫ E�_{ln \E}�_{ln} �1 |ψ^∗_{ln} | = 1 + o(1), as n → ∞.

308 Li Zhong

It is easy to verify that the conditions of Lemma 1 will be satisfied if κ = κ_0 or κ_1 . Using Lemma 1 we see that μ_0 and μ_1 are extremal and hence both of [μ_0] and [μ_1] are on the sphere S_r , where r =^1_2 log (1 + k)/(1 − k).

Secondly, we want to construct a straight line joining [μ_0] and [μ_1]. Let μ_t(z) = κ_t(z) ψ(z) |ψ(z)| , t ∈ (0, 1) where κ_t(z) = { σ(t)k, for z ∈ E_{l2n+1} \ E_{l2n} , n = 0, 1, . . . (1 − t)k, for z ∈ E_{l2n} \ E_{l2n}�_1 , n = 1, 2, . . . . Here σ(t) is a real continuous function of t satisfying the conditions σ(0) = σ(1) = 1,

(20) 1 < σ(t) ≤

1 − k^2 + t(k^2 + 1)

1 − k^2 + 2tk^2

, for all t ∈ (0, 1), and (21) 1 < σ(t) ≤ 2 − t 1 + k^2(1 − t) for all t ∈ (0, 1).

It is easy to see that such a function σ(t) exists and k < σ(t)k < 1, t ∈ (0, 1). One can easily check that the conditions of Lemma 1 will be satisfied if κ = κ_t for all t ∈ (0, 1). Making use of Lemma 1 again, we see that μ_t is extremal for every t ∈ (0, 1). Noting the facts that σ(t) > 1 and ‖κ_t‖_∞ = σ(t)k , the Teichmüller distance between [μ_t] and [0] is d([0], [μ_t]) = 1 2 log 1 + σ(t)k 1 − σ(t)k , which is larger than r . This means that the arc α(t): (0, 1) → T (Γ), t → [μ_t] is outside of B_r , the ball bounded by S_r .

Geodesics in Teichmüller spaces 309

Now we are going to prove that α(t) is a straight line.

Let f_t: H → H be a quasiconformal mapping with the complex dilatation μ which keeps 0, 1 and ∞ fixed. Then the complex dilatation of f_t ∘ f^{−1}_0 is ~μ_t = ( μ_t − μ_0 1 − μ_tμ_0

∂_zf_0 ∂_zf_0 ) ∘ f^{−1}_0 .

By the definition of μ_t we have

μ_t − μ_0 1 − μ_tμ_0 = ( σ(t) − 1 ) k 1 − σ(t)k^2 ψ |ψ| , for z ∈ E_{l2n+1} \ E_{l2n} and μ_t − μ_0 1 − μ_tμ_0 = −tk 1 − k^2(t − 1) ψ |ψ| , for z ∈ E_{l2n} \ E_{l2n}�_1 .

It follows from condition (20) that

(22) (σ(t) − 1)k 1 − σ(t)k^2 ≤ tk 1 − k^2(t − 1) . Then we have

(23) ‖ ~μ_t‖_∞ = tk 1 − k^2(t − 1)

, for all t ∈ (0, 1). Let ϱ_t(ζ) = { (1 − σ(t))/(1 − σ(t)k^2), for ζ ∈ E^∗_{l2n+1} \ E^∗_{l2n} , n = 0, 1, . . . t/(1 − k^2(t − 1)), for ζ ∈ E^∗_{l2n} \ E^∗_{l2n}�_1 , n = 1, 2, . . ..

Then by the definition of ~μ_t we have

~μ_t = ϱ_tμ^∗_0.

We want to show that ~μ_t is an extremal Beltrami differential of Γ^∗ . It is sufficient to show

(24) lim_{n→∞} Re ∫ ω� ~μ_tψ^∗_{ln} = ‖ ~μ_t‖_∞. It follows from (19) and the fact that ‖ψ^∗_l ‖ = 1 that ∫ ω�_{\E}�_{ln} |ψ^∗_{ln} | = o(1), as n → ∞; (25) and

310 Li Zhong ∫ E�_{ln} �1 |ψ^∗_{ln} | = o(1), as n → ∞. (26)

Then we have ∫ ω� ~μ_tψ^∗_{ln} = ∫ E�_{ln \E}�_{ln} �1 ~μ_tψ^∗_{ln} + o(1) = ∫ E�_{ln \E}�_{ln} �1 ϱ_t ψ^∗ |ψ^∗| ψ^∗_{ln} + o(1) as n → ∞. Noting the fact that ϱ_t | (E^∗_{ln} \ E^∗_{ln}�_1 ) is a real constant, we get Re ∫ ω� ~μ_tψ^∗_{ln} = m_n Re ∫ E�_{ln \E}�_{ln} �1 ψ^∗ |ψ^∗| ψ^∗_{ln} + ∘(1), as n → ∞, where m_n = ϱ_t | (E^∗_{ln} \ E^∗_{ln}�_1 ). Making use of (25) and (26) again, we see Re ∫ ω� ~μ_tψ^∗_{ln} = m_n Re ∫ ω� ψ^∗ |ψ^∗| ψ^∗_{ln} + o(1), as n → ∞. Then (24) follows from (18) and (23). We have proved that ~μ_t is extremal. Hence d([μ_0], [μ_t]) = ‖ ~μ_t‖_∞ . It follows from (23) that

(27) d([μ_0], [μ_t]) = 1 2 log 1 + η(t) 1 − η(t) where η(t) = tk 1 − k^2(1 − t) . To prove that α(t) is a straight line, we compute the distance from [μ_1] to [μ_t]. Obviously, for every t ∈ (0, 1), we have

d([μ_1], [μ_t]) ≥ d([μ_0], [μ_1]) − d([μ_0], [μ_t]) = 1 2 log 1 + k 1 − k − 1 2 log 1 + η(t) 1 − η(t) . A simple computation shows that

(28) d([μ_1], [μ_t]) ≥ 1 2 log 1 + k(1 − t) 1 − k(1 − t) . On the other hand, the complex dilatation of f_t ∘ f^{−1}_1 is

(29) ν_t ≡ μ_{ft∘f}�1_1 = ( μ_t − μ_1 1 − μ_tμ_1

∂_zf_1 ∂_zf_1 ) ∘ f^{−1}_1 = ( σ(t) − 1 ) k 1 − σ(t)k^2 ψ |ψ| ∂_zf_1 ∂_zf_1

∘ f^{−1}_1 for ζ ∈ E_{l2n+1} \ E_{l2n} ,

Geodesics in Teichmüller spaces 311

while

(30) ν_t = k(1 − t) ψ |ψ| ∂_zf^{−1}_1 ∂_z f_1

∘ f^{−1}_1 , for ζ ∈ E_{l2n} \ E_{l2n}�_1 .

From condition (21) we find ( σ(t) − 1 ) k 1 − σ(t)k^2 ≤ k(1 − t), for all t ∈ (0, 1).

Then it follows from (29) and (30) that ‖ν_t‖_∞ = k(1 − t). Comparing this with (28), we get immediately that ν_t = μ_{ft∘f}�1_1 is extremal and hence

d([μ_1], [μ_t]) = d([μ_0], [μ_1]) − d([μ_0], [μ_t]), for all t ∈ (0, 1).

This implies that the arc α(t) is a straight line. The proof of Theorem 1 is completed.

Remark. In the above proof, the straight line α is uniquely determined by the function σ . Noting the facts that the parameter t determines the distance between the point [μ_0] and [μ_t] and the value of σ(t) determines the distance between the point [μ_t] and [0], it is not difficult to show that if the choice of the function σ is different, the resulting straight line is different. So there are infinitely many straight lines α satisfying the conditions of Theorem 1.

4. Geodesics in infinite-dimensional Teichmüller space We are now going to prove Theorem 2. Let k ∈ (0, 1) be a given constant and [μ_0] and [μ_1] be two points constructed in Section 3. Suppose t_0 ∈ (0, 1) is a value of t determined by k :

(31) t_0 = √ 1 − k^2 1 + √ 1 − k^2 . Let σ_1(t) =

1 − k^2 + t(1 + k^2) 1 − k^2 + 2tk^2 and σ_2(t) = 2 − t 1 + k^2(1 − t) .

312 Li Zhong

It follows from (31) that

(32) σ_1(t_0) = σ_2(t_0) = 2 + √ 1 − k^2 1 + k^2 + √ 1 − k^2 . Suppose that the function σ(t) is defined as follows: σ(t) = { σ_1(t), for 0 ≤ t ≤ t_0 σ_2(t), for t_0 ≤ t ≤ 1.

Noting that σ_1 and σ_2 are both monotonic and have the same value at t_0 , one can easily see that the function σ(t) satisfies the conditions in Section 3. We denote by α(t) the straight line constructed corresponding to this σ(t). By a simple computation, we see that the point α(t_0) is the mid-point, namely d ( α(0), α(t_0) ) = d ( α(t_0), α(1) ) . From (32) one can compute the distance from α(t_0) to [0] and get

d ( [0], α(t_0) ) = 1 2 log 1 + σ(t_0)k 1 − σ(t_0)k = 1 2 log (1 + k) (1 − k)

(1 + k + √ 1 − k^2 ) (1 − k + √ 1 − k^2 ) = 1 2 log 1 + k 1 − k + 1 2 log √ 1 + k 1 − k = 3 2 log 1 + k 1 − k = 3 2 r, where r is the radius of the given sphere.

Let β_j be the radial slit determined by the point [μ_{j−1}] and γ_j be the subarc of α from the point [μ_{j−1}] to α(t_0) where j = 1, 2. We are going to show that the arc τ = β_1 ∪ γ_1 ∪ γ_2 ∪ β_2

is a geodesic intersecting itself at the point [0]. It is sufficient to show that τ is locally shortest at the points [μ_0] and [μ_1]. Since the length of α is r , the length of β_j ∪ γ_j is 3r/2 for j = 1, 2. On the other hand, the distance from the center to α(t_0) is 3r/2. Therefore the curve β_1 ∪ γ_1 , as well as β_2 ∪ γ_2 , is a straight line. Thus τ is locally shortest at the points [μ_0] and [μ_1] and hence τ is a geodesic.

The proof of Theorem 2 is completed.

Remarks. The curve constructed in the proof of Theorem 2 is not a closed geodesic, because it is not locally shortest around the point [0]. It seems quite natural to ask the following question: Is there a closed geodesic in an infinitedimensional Teichmüller space?

Geodesics in Teichmüller spaces 313

References

[EKK] Earle, C.J., I. Kra, and S.L. Krushkal’: Holomorphic motions and Teichmüller spaces. - Trans. Amer. Math. Soc. 343, 1994, 927–948.

[G] Gardiner, F.P.: Teichmüller Theory and Quadratic Differentials. - John Wiley and Sons, New York, 1987.

[H] Hamilton, R.S.: Extremal quasiconformal mappings with prescribed boundary values. - Trans. Amer. Math. Soc. 138, 1969, 399–406.

[K] Kravetz, S.: On the geometry of Teichmüller spaces and the structure of their modular groups. - Ann. Acad. Sci. Fenn. Ser. A I Math. 138, 1959, 1–35.

[L1] Li Zhong: Non-uniqueness of geodesics in infinite-dimensional Teichmüller spaces. - Complex Variables Theory Appl. 16, 216–372.

[L2] Li Zhong: Non-uniqueness of geodesics in infinite-dimensional Teichml̈ler spaces (II). - Ann. Acad. Sci. Fenn. Ser. A I Math. 18, 1993, 355–367.

[L3] Li Zhong: Non-convexity of spheres in infinite-dimensional Teichmüller spaces. - Sci. China Ser. A 37, 1994, 924–932.

[R] Royden, H.L.: Report on the Teichmüller metric. - Proc. Nat. Acad. Sci. U.S.A. 65, 1970, 497–499.

[RK] Reich, E., and K. Strebel: Extremal quasiconformal mappings with given boundary values. - In: Contributions to Analysis, Academic Press, New York, 1974, 375–392.

[S] Strebel, K.: On the quadratic differentials and extremal quasiconformal mappings. - Proceedings of the International Congress of Mathematicians, Vancouver, 1974, 223– 227.

[T] Tanigawa, H.: Holomorphic families of geodesic discs in infinite dimensional Teichmüller spaces. - Nagoya Math. J. 127, 1992, 117–128.

Received 30 December 1993