Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 21, 1996, 223–240

HARMONIC MAJORIZATION OF jx_1j

IN SUBSETS OF Rn, n ˘ 2

Vladimir Eiderman^∗ and Matts Essén

Volodarskogo str. 26/32, apt. 165, 109172 Moscow, Russia Uppsala University, Department of Mathematics P.O. Box 480, S-751 06 Uppsala, Sweden; matts.essen@math.uu.se

Abstract. Let D be a domain in Rn containing D+ = {x ∈ Rn : x1 > 0} which is such that each point of ∂D is regular for the Dirichlet problem in D . We give two criteria for |x1| to have a harmonic majorant in D . The first one is stated in terms of harmonic measure and is necessary and sufficient. The second one is a geometric condition on E = D \ D+ .

1. Introduction

Let D be a domain in R^n containing D^+ = {x ∈ R^n : x_1 > 0}, where x = (x_1, . . . , x_n) and n ≥ 2. We assume that each point of ∂D is regular for the Dirichlet problem in D . When does |x_1| have a harmonic majorant in D ? In the present paper, we discuss two aspects of this problem. In the first case, we give a necessary and sufficient condition in terms of harmonic measure which answers this question. In the second case, our starting point is a result of Gardiner which holds in R^2 .

Let B(x, r) be the open ball in R^n centered at x with radius r and let S(x, r) = ∂B(x, r). If ω( · , F, G) is the harmonic measure of F ⊂ ∂G in a domain G, we introduce (cf. [2, p. 59])

β_D(y^′) = ω ( y^′, S(y^′,^1_2 |y^′|) ∩ D, B(y^′,^1_2 |y^′|) ∩ D ) , y^′ ∈ ∂D^+ =: Π.

Theorem 1.1. |x_1| has a harmonic majorant in D ⊃ D^+ if and only if

(1.1) ∫ Π β_D(y^′) 1 + |y^′|^{n−1} dy^′ < ∞. Remark M. Benedicks has solved this problem in the case when the complement CD of D is a subset of Π (cf. [2, Theorems 3 and 4]).

1991 Mathematics Subject Classification: Primary 31A05, 31B05, 31C35. � Supported by a grant from the Royal Swedish Academy of Sciences. Also the first author would like to express his gratitude to the Department of Mathematics of Uppsala University for the hospitality.

224 Vladimir Eiderman and Matts Essén

We would like to mention the following corollary of Theorem 1.1. This time, we consider a domain Δ containing the unit ball Δ^+ = B(0, 1) and the function

β_Δ(y^′) = ω ( y^′, S(y^′,^1_2 |e − y^′|) ∩ Δ, B(y^′,^1_2 |e − y^′|) ∩ Δ ) , y^′ ∈ ∂Δ^+,

where e = (1, 0, . . . , 0).

Corollary 1.1. Let Δ be a domain such that Δ ⊃ Δ^+ . Then the function |1 − |x|^2| · |e − x|^{−n} has a harmonic majorant in Δ if and only if

(1.2) ∫ ∂Δ+\{e} β_Δ(y^′) |e − y^′|^{n−1} dσ(y^′) < ∞, where dσ(y^′) denotes surface measure on ∂Δ^+ .

In a recent paper [12], S. Gardiner looks at the class H (U, D) of all holomorphic functions in the unit disc U in the plane with range contained in D and proves the following result.

Theorem A. Let D be a simply connected domain in the plane which contains D^+ . Then Re F ∈ h^1 for every F ∈ H (U, D) if and only if

(1.3) ∫_∞ −∞ dist (iy, ∂D) 1 + y^2 dy < ∞, where dist (iy, ∂D) denotes the distance from iy to ∂D .

We note that Re F ∈ h^1 for every F in H (U, D) if and only if | Re w| has a harmonic majorant in D .

In the present paper, we prove first Theorem 1.1. In Section 4, we discuss the relation between Theorem 1.1 and Theorem A. Finally, we give an analogue of Theorem A in R^n , n ≥ 3.

2. Proof of Theorem 1.1 We begin with a series of lemmas.

Lemma 2.1. Let D^− = {x ∈ R^n : x_1 < 0}. If y^′ ∈ Π and r is a given positive number, we define Ω = B(y^′, r) ∩ D , S^− = S(y^′, r) ∩ D ∩ D^− and S^+ = S(y^′, r) ∩ D^+ . Then

(2.1) ω(y^′, S^−, Ω) ≤ ω(y^′, S^+, Ω).

Proof. If

ω_1(x) = ω ( x, S(y^′, r) ∩ D^−, B(y^′, r) ) , ω_2(x) = ω ( x, S(y^′, r) ∩ D^+, B(y^′, r) ) , x ∈ B(y^′, r),

Harmonic majorization of |x_1| in subsets of R^n , n ≥ 2 225

we consider two functions w_1 and w_2 harmonic in Ω which solve the following Dirichlet problems: for i = 1, 2, w_i has boundary values ω_i on ∂D ∩ B(y^′, r) and 0 on D ∩ S(y^′, r). Then we have

ω(x, S^−, Ω) = ω_1(x) − w_1(x), x ∈ Ω, ω(x, S^+, Ω) = ω_2(x) − w_2(x), x ∈ Ω.

It is clear that ω_1(x) ≥ ω_2(x) as x ∈ (D^− ∪ Π) ∩ B(y^′, r). Hence w_1 ≥ w_2 on ∂D ∩ B(y^′, r). Since w_1 and w_2 are both zero on D ∩ S(y^′, r), it follows from the maximum principle that w_1 ≥ w_2 in Ω. Since ω_1(y^′) = ω_2(y^′), we conclude that (2.1) holds.

Lemma 2.2. Let B(y^′, r) and Ω be as in Lemma 2.1. There exists a number a ∈ (0, 1) depending only on the dimension n such that

(2.2) ω ( y^′, S(y^′, r) ∩ D, Ω ) ≤ 4ω ( y^′, S(y^′, r) ∩ {x : x_1 > ar}, Ω ) . Proof. Let S_1 = S(y^′, r)∩{x : 0 < x_1 < ar} and S_2 = S(y^′, r)∩{x : x_1 > ar}, where a is chosen in such a way that Area (S_1) = Area (S_2). Let us first prove the inequality

(2.3) ω(y^′, S_1, Ω) ≤ ω(y^′, S_2, Ω).

Arguing as in the proof of Lemma 2.1, we consider ~ω_i(x) = ω ( x, S_i, B(y^′, r) ) , i = 1, 2

and the functions ~w_i , i = 1, 2, which are harmonic in Ω with boundary values ~ω_i on ∂D ∩ B(y^′, r) and 0 on D ∩ S(y^′, r). Then (2.4) ω(x, S_i, Ω) = ~ω_i(x) − ~w_i(x), x ∈ Ω, i = 1, 2. From Poisson’s formula, we deduce the inequality

(2.5) ~ω_1(x) ≥ ~ω_2(x), x ∈ Π.

The details will be given below.

Since ~ω_1 and ~ω_2 vanish on S(y^′, r) ∩ D^− , we have ~ω_1 ≥ ~ω_2 in B(y^′, r) ∩ (D^− ∪ Π) and thus ~w_1 ≥ ~w_2 in Ω. Since

~ω_1(y^′) = ~ω_2(y^′) = σ^{−1}_n Area (S_1) = σ^{−1}_n Area (S_2),

226 Vladimir Eiderman and Matts Essén

it follows from (2.4) that (2.3) holds. From (2.1) and (2.3), we see that ω ( y^′, S(y^′, r) ∩ D, Ω ) = ω(y^′, S^−, Ω) + ω(y^′, S^+, Ω) ≤ 2ω(y^′, S^+, Ω) = 2 ( ω(y^′, S_1, Ω) + ω(y^′, S_2, Ω) ) ≤ 4ω(y^′, S_2, Ω), and (2.2) is proved.

It remains to prove that (2.5) holds. Without loss of generality, we assume that r = 1 and y^′ = (0, . . . , 0). Poisson’s formula (with standard notations) tells us that

(2.6) ~ω_i(x) = 1 σ_n ∫ S_i 1 − |x|^2 |x − ζ|^n dσ(ζ). Let ζ = (h, ζ_2, . . . , ζ_n) be a point on S(y^′, 1) ∩ D^+ . If ζ^∗ = (h, −ζ_2, . . . , −ζ_n), ζ^′ = (0, ζ_2, . . . , ζ_n) and x ∈ Π, we have x · ζ^′ = |x| √ 1 − h^2 cos φ, and |x − ζ|^{−n} + |x − ζ^∗|^{−n} = (h^2 + |x − ζ^′|^2)^{−n/2} + (h^2 + |x + ζ^′|^2)^{−n/2} = (1 − 2|x| √ 1 − h^2 cos φ + |x|^2)^{−n/2} + (1 + 2|x| √ 1 − h^2 cos φ + |x|^2)^{−n/2}.

For φ fixed, this expression decreases as h increases from 0 to 1. From the formula ~ω_i(x) = 1 2σ_n ∫ S_i (1 − |x|^2) ( 1 |x − ζ|^n + 1 |x − ζ^∗|^n ) dσ(ζ) it is easy to see that ~ω_1(x) ≥ ~ω_2(x) if x ∈ Π: approximate by Riemann sums, take slices parallel to Π and move them successively. This finishes the proof of (2.5).

We can now prove the necessity of condition (1.1). Let h_0 be the least harmonic majorant of |x_1| in D . Then the function ψ(x) = h_0(x)+x_1 is non-negative in D and vanishes on ∂D . Let

S_y0 = S(y^′,^1_2 |y^′|) ∩ {x : x_1 > a^1_2 |y^′|}.

It follows from the maximum principle that ψ(y^′) ≥ ω ( y^′, S_y0, B(y^′,^1_2 |y^′|) ∩ D ) min{ψ(x) : x ∈ S_y0}.

Harmonic majorization of |x_1| in subsets of R^n , n ≥ 2 227 We note that ψ(x) > 2x_1 > a|y^′|, x ∈ S_y0. Combining this estimate with Lemma 2.2, we obtain ψ(y^′) ≥^1_4 aβ_D(y^′)|y^′|.

Since ψ is a positive harmonic function in D^+ , the theorem of Herglotz and F. Riesz implies that ∫ Π ψ(y^′) 1 + |y^′|^n dy^′ < ∞. It follows that (1.1) holds and we have finished the first part of the proof.

To continue, we need the following observation which we state as Lemma 2.3. |x_1| has a harmonic majorant in D if and only if there exists a positive harmonic function h in D vanishing on ∂D and such that lim_{t→∞} h(te)/t > 0 (we recall that e = (1, 0, . . . , 0)).

Proof. Assume that h_0 is the least harmonic majorant of |x_1| in D . Then h defined by h(x) = h_0(x) + x_1, x ∈ D, is a positive harmonic function in D vanishing on ∂D . According to a classical theorem of Herglotz and F. Riesz, we have (2.7) h(x) = αx_1 + P h(x), x ∈ D^+, where α is a nonnegative constant and P h is the Poisson integral of h|_Π . Since h(x) ≥ 2x_1 , it follows that α = lim_{t→∞} h(te)/t ≥ 2, which proves the necessity of the condition in the lemma.

Conversely, if h is a minimal harmonic function in D such that (2.7) holds in D^+ with α > 0, it is easy to see that

h_1(x) = 2 α ( h(x) − α 2 x_1 )

is a harmonic majorant of |x_1| in D which proves Lemma 2.3.

228 Vladimir Eiderman and Matts Essén

We have proved that the convergence of the integral in Theorem 1.1 is a necessary condition for |x_1| to have a harmonic majorant in D . To prove that (1.1) is a sufficient condition, we shall now assume that (1.1) holds and that |x_1| does not have a harmonic majorant in D and deduce a contradiction.

Let x_0 ∈ D^+ be fixed. By Harnack’s inequality, there is a sequence {R_m}^∞_1 increasing to infinity such that the limit

(2.8) lim_{m→∞} ω ( x, S(0, R_m) ∩ D, B(0, R_m) ∩ D ) ω ( x_0, S(0, R_m) ∩ D, B(0, R_m ) ∩ D ) , x ∈ D, exists. The limit is a positive harmonic function ψ_0 in D which is such that ψ_0(x_0) = 1. We define ψ(x) = { ψ_0(x), x ∈ D, 0, x /∈ D, and obtain a subharmonic nonnegative function in R^n (cf. Lemma 2.6 below).

Lemma 2.4. Let ~x = (−x_1, x_2, . . . , x_n). Then ψ(~x) ≤ ψ(x), x ∈ D^+. Proof. Let

ω_R(x) = { ω ( x, S(0, R) ∩ D, B(0, R) ∩ D ) , x ∈ B(0, R) ∩ D, 0, x ∈ B(0, R) \ D. Then Θ_R(x) = ω_R(~x) − ω_R(x) is subharmonic in B(0, R) ∩ D^+ =: Ω^+ and Θ_R is non-positive on ∂Ω^+ . Hence Θ_R is non-positive in Ω^+ , and our statement follows from the definition of ψ .

Lemma 2.5. Let x_2, . . . , x_n be given. Then the function t −→ ψ(t, x_2, . . . , x_n) is increasing for t ≥ 0.

Proof. Fix b ≥ 0. Let x^b = (b, x_2, . . . , x_n) and let ω_R(x) be as in Lemma 2.4. For R > |x^b| we consider the function Γ_R(x) = ω_R(2b − x_1, x_2, . . . , x_n) − ω_R(x_1, x_2, . . . , x_n), x = (x_1, x_2, . . . , x_n) ∈ Ω^+_b := B(0, R) ∩ {x : x_1 > b}.

Then Γ_R(x) is subharmonic in Ω^+_b and Γ_R(x) is non-positive on ∂Ω^+_b . Hence Γ_R(x) is non-positive in Ω^+_b , and we have ω_R(b − h, x_2, . . . , x_n) ≤ ω_R(b + h, x_2, . . . , x_n) for every h ∈ [0, b] and for all sufficiently large R. Our statement follows now from (2.8).

Harmonic majorization of |x_1| in subsets of R^n , n ≥ 2 229 Lemma 2.6. The function ψ defined above vanishes continuously on ∂D . Proof. Fix r > 0 and let R > 2r . Lemmas 2.4, 2.5 and Harnack’s inequality yield ω_R(x) ≤ ω_R(r, x_2, . . . , x_n) ≤ Cω_R(re), |x| < r, where ω_R is defined in Lemma 2.4. Hence, ω_R(x) ≤ Cω_R(re)ω_r (x), |x| < r. From (2.8) we deduce that ψ(x) ≤ Cψ(re)ω_r (x) as x ∈ D ∩ B(0, r), and our lemma is proved.

We are now ready for the final step in our proof. We can use the argument in the proof of Theorem 4 in [2].

From our assumption that |x_1| does not have a harmonic majorant in D , we deduce that ψ is the Poisson integral in D^+ of its boundary values on ∂D^+ (cf. Lemma 2.3 and (2.7)). Applying Lemmas 2.4 and 2.5, Harnack’s inequality and the formula

(2.9) ψ(x) = c_n ∫ Π x_1ψ(y^′) |x − y^′|^n dy^′, x ∈ D^+, we have ψ(x) = ψ(x_1, x_2, . . . , x_n) ≤ ψ(|x_1|, x_2, . . . , x_n) ≤ ψ(|x|, x_2, . . . , x_n) ≤ Cψ(|x|e) = C|x| ∫ Π ψ(y^′) (|x|^2 + |y^′|^2)^{n/2} dy^′ (here and in the sequel, we shall use C to denote absolute constants: the value may vary from line to line). This estimation yields (2.10) ψ(x) = o(|x|), as |x| → ∞. By (2.10), there exists a sequence {R_k} tending to infinity such that (2.11) ψ(re)/r ≤ ψ(R_ke)/R_k for r ≥ R_k. Let x ∈ S(y^′,^1_2 |y^′|). According to Lemmas 2.4 and 2.5 and Harnack’s inequality, we have ψ(x) ≤ ψ(|y^′|, x_2, . . . , x_n) ≤ Cψ(|y^′|e). It follows (see Lemma 2.6) that ψ(y^′) ≤ Cψ(|y^′|e)β_D(y^′).

230 Vladimir Eiderman and Matts Essén

Using (2.9) and this estimate, we obtain

(2.12) ψ(R_ke) ≤ C_1 ∫ Π R_kψ(|y^′|e) |R_ke − y^′|^n β_D(y^′) dy^′. In Π ∩ {|y^′| ≤ R_k}, we use again Lemma 2.5 to deduce that ψ(|y^′|e) ≤ ψ(R_ke). Furthermore, we have |R_ke − y^′| ≥ R_k .

In Π ∩ {|y^′| > R_k}, we use (2.11) which tell us that ψ(|y^′|e)/|y^′| ≤ ψ(R_ke)/R_k. Furthermore, we have |R_ke − y^′| ≥ |y^′|.

Estimating the integrand in (2.12) in this way, we see that ψ(R_ke) ≤ Cψ(R_ke) ( ∫ |y0_{|≤Rk} β_D(y^′) R^{n−1}_k dy^′ + ∫ |y0_{|>Rk} β_D(y^′) |y^′|^{n−1} dy^′ ) . Since the integral in (1.1) is convergent, the sum of the two integrals in this expression tends to zero as R_k → ∞. This is a contradiction, and Theorem 1.1 is proved.

3. Proof of Corollary 1.1 An inversion in the sphere S(e, 2) will map ∂Δ^+ = S(0, 1) onto the hyperplane {x : x_1 = −1} with e going to infinity. Using z for coordinates in the image space, the inversion is given by z = e + 4(x − e)|e − x|^{−2}. If f^∗ is a function defined on the z -space and r = |e − x|, the equation f(x) = (2/r)^{n−2}f^∗ ( e + 4(x − e)r^{−2} ) defines a function on the x-space: f is the Kelvin transformation of f^∗ . It is known that this transformation preserves harmonicity (cf. [13, p. 36]).

The unit ball B(0, 1) is mapped onto {z : z_1 < −1} and the image of |z_1 + 1| under the Kelvin transformation is 2^{n−1}(1 − |x|^2)|e − x|^{−n} , i.e. a constant times the Poisson kernel in B(0, 1) with pole at e.

If z^′ ∈ {z : z_1 = −1} is large, it corresponds to x^′ ∈ S(0, 1) where |x^′ − e| is small. Furthermore, the image of the ball B_γ = B(z^′, γ|z^′|) is contained in

Harmonic majorization of |x_1| in subsets of R^n , n ≥ 2 231 B ( x^′,^1_2 |e − x^′| ) if γ ∈ (0, 1) is small, and contains B ( x^′,^1_2 |e − x^′| ) if γ ∈ (0, 1) is near 1: the estimates are uniform for x^′ near e, or equivalently, z^′ large.

We shall say that two positive real valued functions f and g are comparable and write f ≈ g if there exist positive constants A ≤ B such that Ag ≤ f ≤ Bg .

Let D be the image of Δ under our inversion and let B(z^′, γ|z^′|) ∩ D correspond to Ω_γ in the x-space. If

ω^∗_γ = ω ( · , S(z^′, γ|z^′|) ∩ D, B(z^′, γ|z^′|) ∩ D ) , the Kelvin transform F of ω^∗ satisfies ω^∗(z) = F (x)(2/|z − e|)^{n−2} ≈ F (x)(1 + |z^′|^{2−n}) for x ∈ Ω_γ , where the constants A, B of comparison depend only on n and γ . The right hand member is a harmonic function on Ω_γ which is essentially either 1 or 0 for points x on ∂Ω_γ that are images of points z on ∂ ( B(z^′, γ|z^′|) ∩ D ) . Thus, |z^′|^{2−n}F (x) ≈ ω_γ (x) = ω( · , ∂Ω_γ ∩ Δ, Ω_γ),

i.e. we have ω_γ (x^′) ≈ ω^∗_γ(z^′)

and there exist positive constants C_1 , C_2 , γ_1 , γ_2 where 0 < γ_1 < γ_2 < 1 such that C_2ω^∗_{γ2} (z^′) ≤ ω_{γ2} (x^′) ≤ β_Δ(x^′) ≤ ω_{γ1} (x^′) ≤ C_1ω^∗_{γ1} (z^′).

Theorem 1.1 is for simplicity stated in terms of β_D(z^′) = ω^∗_{1/2}(z^′). We could just as well have used ω^∗_γ(z^′) for γ given in (0, 1). Thus the harmonic measures in the two configurations are comparable.

To prove that the convergence criteria (1.1) and (1.2) are equivalent, we have to compute the functional determinant of the mapping from S(0, 1) to the hyperplane {z : z_1 = −1} defined by

z_k = 4x_k|e − x|^{−2} = 2x_k(1 − x_1)^{−1}, k = 2, . . . , n

(we note that |x| = 1). Hence ∂z_k ∂x_j = − 2x_kx_j x_1(1 − x_1)^2 , j ≠ k, ∂z_k ∂x_k = 2 1 − x_1 ( 1 − x^2_k x_1(1 − x_1) ) . We need

232 Vladimir Eiderman and Matts Essén

Lemma 3.1. Let B be the matrix (x_ix_j )_{2≤i,j≤n} . Then

det (tI − B) = t^{n−1} ( 1 − 1 t n∑ 2 x^2_k ) .

We omit the proof. Using Lemma 3.1, it is easy to see that d(z_2, . . . , z_n) d(x_2, . . . , x_n) = − 1 x_1 ( 2 1 − x_1 )_{n−1} . Near e, the surface element on S(0, 1) is essentially dx_2 · · · dx_n . Since |z^′| ≈ |e − x^′|^{−1} = ( 2(1 − x^′_1) )_{−1/2} we have dz_2 · · · dz_n |z^′|^{n−1} ≈ dx^′_2 · · · dx^′_n |e − x^′|^{n−1} ≈ dσ(x^′) |e − x^′|^{n−1} . Hence the convergence criteria (1.1) and (1.2) are equivalent which proves Corollary 1.1.

4. Minimal thinness and majorization of |x_1|

Let D be a domain in R^n containing D^+ and satisfying conditions stated in the introduction. We assume that D has an (essentially unique) minimal harmonic function ψ with pole at infinity, i.e. ψ is a positive unbounded harmonic function in D such that ψ(x) → 0 as x → x_0 ∈ ∂D at all boundary points x_0 . We shall also consider E = D \ D^+ (and recall that D^− = {x ∈ R^n : x_1 < 0}). In the present paper we shall say that a set E ⊂ Ω is minimally thin at infinity with respect to Ω if ^R^E_g (x_0) < g(x_0) for some x_0 ∈ Ω,

where g is a minimal harmonic function in Ω with pole at infinity and the reduced function ^R^E_g is formed with respect to all superharmonic and nonnegative functions in Ω majorizing g on the set E . Thus the set E might be considered as a minimally thin set with respect to D or as a minimally thin set with respect to D^− .

The results of the present section deal with the case when the dimension of the set of positive harmonic functions vanishing on ∂D is one. It is possible to introduce a kind of minimal thinness also when the dimension is larger than one. An example will be given in Section 7.

Theorem 4.1. |x_1| has a harmonic majorant in D if and only if E is minimally thin at infinity with respect to D .

Harmonic majorization of |x_1| in subsets of R^n , n ≥ 2 233

In the plane, a non-trivial consequence of Theorem A and Theorem 4.1 is that a simply connected set E is minimally thin at infinity with respect to D if and only if condition (1.3) holds.

We would like to compare our results with Gardiner’s criterion (1.3). It is not difficult to see that

β_D(y^′) ≥ C dist (y^′, ∂D)/(1 + |y^′|),

where the positive constant C depends only on the dimension n. An immediate consequence of this inequality and Theorem 1.1 is

Corollary 4.1. Assume that |x_1| has a harmonic majorant in D . Then we have

(4.1) ∫ Π dist (y^′, ∂D) 1 + |y^′|^n dy^′ < ∞. The converse of Corollary 4.1 is not true in general. An example will be given in Section 7.

We have also

Theorem 4.2. If E is minimally thin at infinity with respect to D^− , then E is minimally thin at infinity with respect to D .

The next step is to define a general class of sets E for which our results have a geometrical interpretation. Let {Q} be a Whitney decomposition of D^− into cubes with sides comparable to dist (Q, Π) and with sides parallel to the axes (cf. Stein [15, Ch. 1]). To such a cube Q, we add all points in the convex hull of Q and the orthogonal projection of Q onto Π and obtain a “box” ~Q . Let us for simplicity assume that all cubes and boxes are closed. Let D be a simply connected set which is the interior of a union of such boxes ~Q and D^+ . It is known that E = D \ D^+ is minimally thin at infinity with respect to D^− if and only if

(4.2) ∫ E (1 + |y|^n)^{−1} dy < ∞, (cf. [9, Theorem 2] and [6, Theorem 3]). It is easy to see that for domains of this type, conditions (4.1) and (4.2) are equivalent.

The main result of this section is

Theorem 4.3. Let E = D \ D^+ be a union of boxes as above. Then |x_1| has a harmonic majorant in D if and only if condition (4.1) (or condition (4.2)) holds.

234 Vladimir Eiderman and Matts Essén

Theorem A is deduced from a known result on the angular derivative problem. Our method does not involve conformal mapping and we can therefore deduce results in higher dimensions.

Combining Theorem 1.1 and Theorem 4.3, we obtain

Corollary 4.2. Let E = D \ D^+ be as in Theorem 4.3. Then (1.1) holds if and only if (4.1), or equivalently (4.2), holds.

Remark. We would like to compare our results with earlier work which in the two-dimensional case is related to the angular derivative problem.

Let φ: Π → R satisfy φ(0) = 0, φ(x^′) = 0 for |x^′| ≥ 1 and that for some a > 0, |φ(x^′) − φ(y^′)| ≤ a|x^′ − y^′|, x^′, y^′ ∈ Π. We also define D_φ = {x = (x_1, x^′) : x_1 > φ(x^′)}, φ^+ = max{φ, 0} and φ^− = max{0, −φ}. Theorem B. Let ε > 0 and let h be a positive harmonic function on D_φ ∩ B(0, ε) which vanishes continuously on ∂D_φ ∩ B(0, ε). If

(4.3) ∫ |x0_{|<1} φ^+(x^′)|x^′|^{−n} dx^′ < ∞, and (4.4) ∫ |x0_{|<1} φ^−(x^′)|x^′|^{−n} dx^′ = ∞, then h(0, y)/y → ∞ as y → 0+.

Theorem B is due to Carroll [5] and related to earlier work of Burdzy [4] (Burdzy’s work was based on probabilistic methods; Carroll used classical analysis). In [11], Gardiner used minimal fine topology to give a short proof of Theorem B.

To transfer our results in Sections 1 and 4 from a neighborhood of infinity to a neighborhood of the origin, we make an inversion in the unit sphere and map D ⊃ D^+ onto ~D ⊃ D^+ . Assuming that the origin belongs to ∂ ~D , we deduce the following analogues of Theorems 1.1, 4.1 and 4.3.

Theorem 1.1^′ . |x_1| |x|^{−n} has a harmonic majorant in ~D if and only if

(4.5) ∫ Π β~_D(y^′)(1 + |y^′|^{n−1})^{−1} dy^′|y^′|^{1−n} < ∞. Theorem 4.1^′ . |x_1| |x|^{−n} has a harmonic majorant in ~D if and only if ~E = ~D \ D^+ is minimally thin at the origin with respect to ~D .

Harmonic majorization of |x_1| in subsets of R^n , n ≥ 2 235

Theorem 4.3^′ . Let ~E = ~D \ D^+ be a box domain. Then |x_1| |x|^{−n} has a harmonic majorant in ~D if and only if

(4.6) ∫ Π dist (z^′, ∂ ~D)(1 + |z^′|^n)^{−1} dz^′|z^′|^{−n} < ∞. It is clear that Theorem B is quite different from our Theorems 1.1^′ and 4.3^′ . We would like to discuss Gardiner’s proof of Theorem B and compare it with our results. We note that when applying the integral conditions in Theorem B, we could just as well have used our “box domains” as the Lip-domain D_φ .

A key observation in Gardiner’s proof is that if (4.4) holds, then D_φ \{x_1 > 0} will not be minimally thin at the origin with respect to D_φ . In the case when φ is non-positive, this can also be deduced from our Theorems 4.1^′ and 4.3^′ .

5. Proof of Theorem 4.1

Let us first assume that |x_1| has a harmonic majorant in D . If h_0 is the least harmonic majorant of this type, it is clear that ψ(x) = h_0(x) + x_1 is a minimal harmonic function in D with pole at infinity. Arguing as in the proof of Lemma 2.3, we see that

(5.1) ψ(x) = αx_1 + P ψ(x), x ∈ D^+

where α > 0. Consequently, the function

(5.2) ψ_1(x) = { ψ(x), x_1 ≤ 0, P ψ(x), x_1 > 0,

is superharmonic in D and strictly smaller than ψ in D^+ . It follows that E = D \ D^+ is minimally thin at infinity with respect to D .

Conversely, let us assume that E is minimally thin at infinity with respect to D . If ψ is a minimal harmonic function in D with pole at infinity, it is clear that ψ can be written as in (5.1) with α ≥ 0. If α = 0, we must have ^R^E_ψ = ψ in D which contradicts our assumption that E is minimally thin at infinity with respect to D . Hence α is positive, and we can define

ψ_2(x) = 2 α ( ψ(x) − α 2 x_1 )

which is a harmonic majorant of |x_1| in D . This completes the proof of Theorem 4.1.

236 Vladimir Eiderman and Matts Essén

6. Proof of Theorems 4.2 and 4.3

Let us assume that E is minimally thin at infinity with respect to D^− but not minimally thin with respect to D . We argue as in Section 2 and use (2.8) to construct a minimal harmonic function ψ_0 in D which we extend to a subharmonic function ψ in R^n by defining it to be zero outside D . According to Lemmas 2.4 and 2.5, we have (6.1) ψ(x) = ψ(x_1, x_2, . . . , x_n) ≤ ψ(|x|, x_2, . . . , x_n). Applying first (6.1) and then Harnack’s theorem, we obtain M(r, ψ) = sup_{|x|=r} ψ(x) ≈ ψ(re). Again, the positive harmonic function ψ can be written as in (5.1). Defining ψ_1 as in (5.2), we know that ψ_1 is superharmonic in D and that ψ_1 ≥ ^R^E_ψ = ψ. The last equality holds since we have assumed that E is not minimally thin at infinity with respect to D . We conclude that α = 0 and that (cf. (2.10)) (6.2) M(r, ψ) ≈ ψ(re) = o(r), r → ∞. Let f be the regularized reduced function of |x_1| in D^− with respect to E . We define u(x) = { u_1(x) = ψ(x), x ∈ D, u_2(x) = |x_1| − f(x), x ∈ R^n \ D.

The function u vanishes on ∂D and is subharmonic in R^n . We claim that it is unbounded both in D and in R^n \ D . By assumption, u_1 is unbounded in D . To prove that u_2 is unbounded in R^n \ D , we use first the Riesz representation theorem in D^− which tells us that f(x) = η|x_1| + Gμ(x), where Gμ is the Green potential of a measure μ on D^− and η is a nonnegative constant. Since 0 ≤ f(x) ≤ |x_1| in D^− , there is no Poisson integral in this formula. If η ≥ 1, we would have f(x) ≥ |x_1| in D^− which contradicts our assumption that E is minimally thin with respect to D^− . Hence we have 0 ≤ η < 1. If u_2 is bounded above, we would have u_2(x) = (1 − η)|x_1| − Gμ(x) < C

Harmonic majorization of |x_1| in subsets of R^n , n ≥ 2 237

and thus

Gμ(x) > (1 − η)|x_1| − C ≥^1_2 (1 − η)|x_1|, |x_1| > 2C/(1 − η) := δ_0, x ∈ D^−.

It is known that the set {x ∈ D^− : Gμ(x) > δ|x_1|} is minimally thin at infinity for every positive δ (see for example [6]). Consequently, the set {x : x_1 < −δ_0} is minimally thin at infinity with respect to D^− which is wrong. It follows that u_2 is unbounded in D which proves our claim.

From (6.2), we see that (6.3) M(r, u_1) = o(r), r → ∞. Clearly, we have (6.4) M(r, u_2) ≤ r, r → ∞. In the plane, Theorem 4.2 is a consequence of a lemma of Beurling [3]. A convenient reference is Lemma 3 in Domar [7]. The lemma tells us that for r large, there exists a constant c such that ( log M(r, u_1) )_{−1} + ( log M(r, u_2) )_{−1} ≤ 2(log r − c)^{−1}.

Using (6.4), we deduce that

log M(r, u_1) ≥ log r − c^′,

for some constant c^′ which contradicts (6.3). We have proved Theorem 4.2 in the plane.

In higher dimensions, we apply results of Friedland and Hayman [10]. Using their terminology and notation, we note first that our subharmonic function u has N ≥ 2 tracts. Let α_1(t, R) and α_2(t, R) be characteristic constants associated with two components of the set {x : u(x) > 0} contained in D and in R^n \ D , respectively (for notation, we refer to [10]). From Theorem E and Theorem 4 in [10], we deduce that there exists a convex and decreasing function ϕ_n with ϕ_n(^1_2 ) = 1 such that α_i(t, R) ≥ α ( S_i(t), n ) ≥ ϕ_n ( S_i(t), n ) , i = 1, 2, where S_i(t) denotes the normalized (n − 1)-dimensional surface area of the intersection of the component with the sphere {|x| = t}. The normalization is chosen so that the total area of {|x| = t} is one. Using the properties of ϕ_n , we deduce that α_1(t, R) + α_2(t, R) ≥ ϕ_n(S_1) + ϕ_n(S_2) ≥ 2ϕ_n (_1 2 (S_1 + S_2) ) ≥ 2ϕ_n (_1 2 ) = 2.

238 Vladimir Eiderman and Matts Essén

Now the estimate of the product of the maximum moduli in the components from [10] yields

M(r, u_1)M(r, u_2) ≥ C exp {∫_{r/2} r0 ( α_1(t, R) + α_2(t, R) ) dt t } ≥ C^′r^2. It follows from (6.4) that M(r, u_1) ≥ C^′r which contradicts (6.3). This completes the proof of Theorem 4.2.

In the proof of Theorem 4.3, we need

Lemma 6.1. Let D be as in Theorem 4.3 and assume that (4.1) holds. Then there exists a minimal harmonic function ψ in D with pole at infinity: it is unique modulo multiplication by constants.

Proof. Since (4.1) holds, there exists a circular cone in R^n contained in the interior of R^n \D . Any positive harmonic function ψ in D vanishing on ∂D must be unbounded in D . In fact, if such a function ψ is bounded, a simple Phragmén– Lindelöf argument shows that ψ must be non-positive which is wrong. Choosing a closed ball B contained in the interior of R^n \ D , we map D onto D_B via an inversion in ∂B . D_B is a bounded set and it suffices to prove the lemma with D replaced by D_B . Let x_B be the centre of B . Since D_B is a non-tangentially accessible domain (see [14, p. 93]), we can apply Theorem 5.5 in [14, p. 104] which tell us that there is exactly one positive harmonic function u in D_B vanishing continuously on ∂D_B \{x_B } which is such that u(x_0) = 1, where x_0 is some fixed point of D_B . Lemma 6.1 is proved.

It is now easy to prove Theorem 4.3. If |x_1| has a harmonic majorant in D , it follows from Corollary 4.1 that (4.1) and (4.2) hold. Conversely, if (4.1) and (4.2) hold, E is minimally thin at infinity with respect to D^− . According to Lemma 6.1, there exists an essentially unique minimal harmonic function ψ in D with pole at infinity and we can use Theorem 4.2. It follows that E is minimally thin at infinity with respect to D . Finally by Theorem 4.1, we conclude that |x_1| has a harmonic majorant in D . The theorem is proved.

7. Remarks

Also when there exist at least two linearly independent functions in the cone

P of positive harmonic functions in D with vanishing boundary values, we can

use the definition in Section 4 and talk about g -minimal thinness if g ∈ P is given.

As an example, we consider Denjoy domains, i.e., domains which are such that R^n \ D is contained in Π. According to [2], the dimension of P in this case

Harmonic majorization of |x1| in subsets of Rn , n ≥ 2 239

is two if and only if (1.1) holds. Assuming this, we can choose g ∈ P in such a way that lim_{t→∞} g(−te)/t = 0 i) α = lim_{t→∞} g(te)/t > 0. ii) Again referring to the theorem of Herglotz and F. Riesz, we have g(x) = αx_1 + P g(x), x ∈ D^+. Consequently, the function

g_0(x) = { g(x), x_1 ≤ 0, P g(x), x_1 > 0,

is superharmonic in D and strictly smaller than g in D^+ . Consequently, ^R^D

�_g = g_0 and D^− is “g -minimally thin” at infinity with respect to D . This is intuitively natural since D^− is “far” from the set where g is large.

We note that condition (4.1) appears in a different context in formula (7) in [1]: they discuss Denjoy domains.

In conclusion, we give an example showing that the converse of Corollary 4.1 is not true in general.

Example 7.1. Let n > 2. We construct a simply connected domain D with a smooth boundary such that (4.1) holds but |x_1| has not a harmonic majorant in D .

Let m_2, . . . , m_n be integers. Let I_{m2,...,mn} be a closed semi-infinite cylinder with axis { x : x = (t, m_2, . . . , m_n), −∞ < t ≤ −1 } . Let D = {x : x_1 > −|x|} \ ( ⋃ m2,...,m_n I_{m2,...,mn} ) .

We can choose sets I_{m2,...,mn} sufficiently thin to achieve that β_D(y^′) ≥ C > 0, y^′ ∈ Π, where C is a constant. Since the integral in (1.1) is divergent, |x_1| has not a harmonic majorant in D . At the same time, dist (y^′, ∂D) < √ n for y^′ ∈ Π, and thus (4.1) holds. Clearly, we can modify the definition of D so that we obtain a domain with a smooth boundary.

240 Vladimir Eiderman and Matts Essén

References

[1] Armitage, D.H., S.J. Gardiner, and I. Netuka: Separation of points by classes of harmonic functions. - Math. Proc. Camb. Phil. Soc. 113, 1993, 561–571.

[2] Benedicks, M.: Positive harmonic functions vanishing on the boundary of certain domains in Rn . - Ark. Mat. 18, 1980, 53–72.

[3] Beurling, B.: Études sur un problème de majoration. - Almqvist et Wiksell, Uppsala, 1933.

[4] Burdzy, K.: Brownian excursions and minimal thinness; Part III: Applications to the angular derivative problem. - Math. Z. 192, 1986, 89–107.

[5] Carroll, T.F.: A classical proof of Burdzy’s theorem on the angular derivative. - J. London Math. Soc. (2) 38, 1988, 423–441.

[6] Dahlberg, B.: A minimum principle for positive harmonic functions. - Proc. London Math. Soc. (3) 33, 1976, 238–250.

[7] Domar, Y.: Extensions of the Titchmarsh convolution theorem with applications in the theory of invariant subspaces. - Proc. London Math. Soc. (3) 46, 1983, 288–300.

[8] Essén, M., and H.L. Jackson: On the covering properties of certain exceptional sets in a half-space. - Hiroshima Math. J. 10, 1980, 233–262.

[9] Essén, M.: On Wiener conditions for minimally thin and rarefied sets. - In: Complex Analysis, edited by J. Hersch and A. Huber, Birkhäuser Verlag, Basel, 41–50, 1988.

[10] Friedland, S., and W.K. Hayman: Eigenvalue inequalities for the Dirichlet problem on spheres and the growth of subharmonic functions. - Comment. Math. Helv. 51, 1976, 133–161.

[11] Gardiner, S.J.: A short proof of Burdzy’s theorem on the angular derivative. - Bull. London Math. Soc. 23, 1991, 575–579.

[12] Gardiner, S.J.: Positive harmonic majorization of the real part of a holomorphic function. - Proc. Amer. Math. Soc. 117, 1993, 767–770.

[13] Helms, L.L.: Introduction to Potential Theory. - Wiley & Sons, New York, 1969. [14] Jerison, D.S., and C.E. Kenig: Boundary behavior of harmonic functions in nontangentially accessible domains. - Adv. Math. 46, 1982, 80–147.

[15] Stein, E.M.: Singular Integrals and Differentiability Properties of Functions. - Princeton University Press, 1970.

Received 27 February 1995