Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 22, 1997, 89–112

ON THE ZEROS OF THE WRONSKIAN OF AN ENTIRE OR MEROMORPHIC FUNCTION AND ITS DERIVATIVES

Martin Reinders

RWTH Aachen, Lehrstuhl II für Mathematik D-52056 Aachen, Germany; reinders@math2.rwth-aachen.de

Abstract. Let g be a meromorphic function in the complex plane, and define the homogeneous differential polynomial ψ by ψ = W (g, g^{(k1 )}, g^{(k2)} , . . ., g^{(k}n�^{1 )} ) where W denotes the Wronskian and k_1, k_2, . . . , k_n�_1 are pairwise distinct positive integers.

In the case of an entire function g , we give sharp upper and lower bounds for the Nevanlinna counting function N (r, 1/ψ) of the zeros of ψ in terms of N (r, 1/g) . In particular, we show that if g is not an exponential sum then ψ has few zeros in the sense that N (r, 1/ψ) = S(r, g) if and only if N (r, 1/g) = S(r, g) . One of the main tools is a new result on the proximity function of quotients of certain Wronskians which might be of independent interest.

For meromorphic functions g , we present two methods to obtain lower bounds for N (r, 1/ψ) in terms of N (r, 1/g) and N (r, g) . As a tool, we give formulas for the coefficients of the greatest common divisor of two linear differential operators.

1. Introduction

In this paper the term “meromorphic” will always mean meromorphic in the complex plane C. We use the standard notations and results of the Nevanlinna theory (see [9], [5], or [3] for example). In particular, S(r, f) plays the role of an error term. N_0 = {0, 1, 2, . . .} is the set of non-negative integers.

Let f be a non-constant meromorphic function. If a is a meromorphic function satisfying T (r, a) = S(r, f) and if k_0, k_1, . . . , k_n ∈ N_0 then

M[f] = af^{k0} (f^′)^{k1} · · · (f^{(n)})^{kn}

is a differential monomial (in f ). The degree γ_M and the weight Γ_M of M are defined by

γ_M = k_0 + k_1 + · · · + k_n, Γ_M = k_0 + 2k_1 + · · · + (n + 1)k_n.

A finite sum P [f] = ∑_m j=1 M_j [f] of differential monomials is a differential polynomial (in f ). Degree γ_P and weight Γ_P of P are defined by γ_P = max_{j=1,...,m} γ_{Mj} and Γ_P = max_{j=1,...,m} Γ_{Mj} . P is called homogeneous if γ_{Mj} = γ_P for j = 1, . . . , m. 1991 Mathematics Subject Classification: Primary 30D35.

90 Martin Reinders

Starting with the fundamental work of Hayman [4], many papers have been written on the following problem: Decide whether a given differential polynomial in an entire or meromorphic function has (infinitely many) zeros, and if not, determine the exceptional cases.

This article is concerned with homogeneous differential polynomials. The work was motivated by the following result of Mues [8, Satz 1].

Theorem A. Let g be an entire function and ψ = gg^{′′} − ag^{′2} where a ∈ C \ {1}. If ψ has no zeros then one of the following cases must occur: (i) g(z) = e^{Az+B} where A, B ∈ C, A ≠ 0; (ii) a ≠ 0 and g(z) = Az + B where A, B ∈ C, A ≠ 0;

(iii) a =^1_2 and g(z) = Az^2 + Bz + C where A, B, C ∈ C, 4AC − B^2 ≠ 0.

Results for similar homogeneous differential polynomials were obtained by Ozawa [11] and G. Lehners [7].

Mues pointed out that Theorem A fails for a = 1. He gave the following example. If g = exp(Q) with an entire function Q then ψ = gg^{′′} − g^{′2} = Q^{′′}e^{2Q} , thus ψ has no zeros if Q = ∫∫ exp(h) with an entire function h. Even for an arbitrary entire function Q we have N ( r, 1 ψ ) = N ( r, 1 Q^{′′} ) ≤ T (r, Q^{′′}) + O(1) = S(r, g) by the lemma of the logarithmic derivative. Hence ψ has “few” zeros if g has no zeros. Therefore, it seems sensible to compare the Nevanlinna counting function of the zeros of ψ and the counting function of the zeros of g .

The aim of this paper is to give estimates for the counting function of the zeros not only for W (g, g^′) = gg^{′′} − g^{′2} but more generally for Wronskians of the form

(1.1) ψ = W ( g, g^{(k1)}, g^{(k2)}, . . . , g^{(kn}�^{1)} ) where k_1, k_2, . . . , k_{n−1} ∈ N are pairwise distinct. ψ is a homogeneous differential polynomial where all monomials not only have the same degree but also the same weight.

It is necessary to distinguish whether g is or is not an exponential sum. We call g an exponential sum if

(1.2) g(z) = c_1(z)e^{γ1z} + · · · + c_p(z)e^{γpz}

where p ∈ N, c_1, . . . , c_p are polynomials (not identically zero) and γ_1, . . . , γ_p ∈ C are pairwise distinct. The number ∑_p j=1(1 + deg c_j ) will be called the order of g .

Note that if ψ in (1.1) is identically zero then g must be an exponential sum.

For entire functions g and the Wronskians

(1.3) ψ_n = W ( g, g^′, . . . , g^{(n−1)} ) , n ∈ N, sharp upper and lower bounds were obtained in [13, Theorem 1 and Theorem 2]:

On the zeros of the Wronskian of an entire or meromorphic function 91

Theorem B. Let g be an entire function which is not an exponential sum and define ψ_n by (1.3). Then for every n ∈ N and every ε > 0

(1.4) (1 − ε)N ( r, 1 g ) + S(r, g) ≤ N ( r, 1 ψ_n ) ≤ nN ( r, 1 g ) + S(r, g). The factor (1 − ε) cannot be replaced by any factor greater than 1 and the factor n cannot be replaced by any smaller factor.

Theorem C. Let g be an exponential sum of order m and define ψ_n by (1.3). Then for n = 1, . . . , m − 1

(1.5) N ( r, 1 ψ_n ) = N ( r, 1 ψ_{m−n} ) + O(log r) and (1.6) N ( r, 1 g ) + O(log r) ≤ N ( r, 1 ψ_n ) ≤ min{n, m − n}N ( r, 1 g ) + O(log r).

The bounds in (1.6) are sharp.

Tohge [16] investigated the differential polynomial ψ = gg^{′′} − ag^{′2} , a ∈ C, for meromorphic functions g . In the case a = 1, i.e. ψ = W (g, g^′), he obtained the following result ([16, Theorem 2] in a slightly different notation).

Theorem D. Let g be a non-constant meromorphic function and assume that ψ = gg^{′′} − g^{′2} ≢ 0. Then either N ( r, 1 g ) ≤ 5N ( r, 1 ψ ) + 4N (r, g) + S(r, g), or g(z) = c_1 exp(λ_1z) + c_2 exp(λ_2z) where λ_1, λ_2, c_1, c_2 ∈ C, λ_1 ≠ λ_2 and c_1, c_2 ≠ 0.

In Section 2, we first collect some basic facts about Wronskians. Then we define generalized Wronskians and prove new results on the proximity functions of quotients of generalized Wronskians.

In Section 3, we give sharp estimates for the counting function of the zeros of the Wronskians (1.1) where g is an entire function and k_1, . . . , k_{n−1} ∈ N are pairwise distinct. Most results in this section are valid only if certain Wronskians are not identically zero or if g is not an exponential sum.

Two examples in Section 4 show that the results of Section 3 do not hold for exponential sums. Only if the order of the exponential sum is large enough, the same estimates can be obtained.

In the sections 5–7, we present two methods to obtain lower estimates for the zeros of the Wronskians (1.1) where the entire function g is now replaced by

92 Martin Reinders

a meromorphic function f . The first method is to generalize the methods from Section 3 directly, this is done in Section 5. We will consider only the special case k_j = j in this section.

In Section 7, we use a completely different approach. The function f is written as the common solution of two linear differential equations. Elimination of the higher derivatives in these two equations gives a representation of f^′/f as a rational function of the coefficients of the differential equations. The formulas for this elimination process are given in Section 6.

This article is based on the author’s Habilitationsschrift [14].

2. Wronskians and linear differential equations

We need the following generalization of the error term S(r, f). Let f_1, . . . , f_n be meromorphic functions. By S(r, f_1, . . . , f_n) we denote every function ϕ: (0, ∞) → R satisfying ϕ(r) = o (∑_n k=1 T (r, f_k ) ) for r → ∞, r /∈ E , where E ⊂ (0, ∞) has finite Lebesgue measure.

We recall some basic facts about Wronskians (see [2, §1], for example).

Lemma 2.1. Let u_1, . . . , u_n , v_1, . . . , v_m and φ be meromorphic functions. (i) W (u_1, . . . , u_n) ≡ 0 if and only if the functions u_1, . . . , u_n are linearly dependent.

(ii) W (φu_1, . . . , φu_n) = φ^nW (u_1, . . . , u_n). (iii) ( W (u_1, . . . , u_n) )_′ = ∑_n j=1 W (u_1, . . . , u_{j−1}, u^′_j , u_{j+1}, . . . , u_n). (iv) W (u_1, . . . , u_n)^{m−1}W (u_1, . . . , u_n, v_1, . . . , v_m) = W (w_1, . . . , w_m), where the functions w_1, . . . , w_m are defined by w_j = W (u_1, . . . , u_n, v_j ), j = 1, . . . , m.

An nth order homogeneous linear differential equation

(2.1) w^{(n)} + a_{n−1}(z)w^{(n−1)} + · · · + a_1(z)w^′ + a_0(z)w = 0

with meromorphic coefficients a_0, . . . , a_n has in general no meromorphic solutions. If there are meromorphic solutions, at most n of them are linearly independent and we call a system (f_1, . . . , f_n) of n linearly independent solutions a meromorphic fundamental system of (2.1).

If f_1, . . . , f_n are linearly independent meromorphic functions then there is exactly one equation of the form (2.1) which has (f_1, . . . , f_n) as a fundamental system. This equation can be written as W (f_1, . . . , f_n, w) W (f_1, . . . , f_n) = 0.

The following estimates for the proximity function of the coefficients of a linear differential equation is essential for our results. They are essentially due to Frei [1] but Frei formulated the estimates only for entire functions and not explicitly in the form we need here. For the sake of completeness we give a proof.

On the zeros of the Wronskian of an entire or meromorphic function 93

Lemma 2.2. Let a_0, . . . , a_{n−1} be meromorphic functions. If (f_1, . . . , f_n) is a meromorphic fundamental system of the differential equation (2.2) w^{(n)} + a_{n−1}(z)w^{(n−1)} + · · · + a_1(z)w^′ + a_0(z)w = 0 then we have

(2.3) m(r, a_k) = O (_n∑ j=1 m ( r, f^′_j f_j )) + n∑ j=1 S ( r, f^′_j f_j ) , and, in particular, m(r, a_k) = S(r, f_1, . . . , f_n) for k = 1, . . . , n − 1.

Proof. We prove the lemma using induction on n. For n = 1 the differential equation (2.2) reads w^′ + a_0(z)w = 0 and (2.3) follows by the lemma of the logarithmic derivative. Now let n ≥ 2. The substitution w = f_1 ∫ v in (2.2) gives

(2.4) v^{(n−1)} + b_{n−2}(z)v^{(n−2)} + · · · + b_1(z)v^′ + b_0(z)v = 0 where

(2.5) b_k = a_{k+1} + n−1∑ j=k+2 ( j k + 1 ) a_j f^{(j−k−1)} 1 f_1 + ( n k + 1 ) f^{(n−k−1)} 1 f_1

for k = 0, . . . , n − 2. The reduced differential equation (2.4) has the fundamental system v_1 := ( f_2 f_1 )_′ , . . . , v_{n−1} := (f_n f_1 )_′ . The induction hypotheses gives

(2.6) m(r, b_k) = O (_{n−1}∑ j=1 m ( r, v^′_j v_j )) + n−1∑ j=1 S ( r, v^′_j v_j )

for k = 0, . . . , n − 2. Using v^′_j v_j = (f_{j+1} f_1 )_{′′} (f_{j+1} f_1

)_′ = (f ′_{j+1} f_{j+1} − f^′_1 f_1 )_′ f^′_{j+1} f_{j+1} − f^′_1 f_1 + f^′_{j+1} f_{j+1} − f^′_1 f_1

and the lemma of the logarithmic derivative we conclude from (2.6)

(2.7) m(r, b_k) = O (_n∑ j=1 m ( r, f^′_j f_j )) + n∑ j=1 S ( r, f^′_j f_j ) . From (2.7) and (2.5) the assertion (2.3) follows successively for k = n − 1, n − 2, . . . , 1. Finally, the assertion (2.3) for k = 0 follows by substituting w = f_1 in the differential equation (2.2).

94 Martin Reinders

Definition 2.1. Let f_1, . . . , f_n be meromorphic functions and j_1, . . . , j_n ∈ N_0 . The function W_{j1,...,jn} (f_1, . . . , f_n) defined by

W_{j1,...,jn} (f_1, . . . , f_n) = | | | | | f^{(j1)}_1 f^{(j1)}_2 · · · f^{(j1)}n f^{(j2)}_1 f^{(j2)}_2 · · · f^{(j2)}_n . . . . . . f^{(jn)}_1 f^{(jn)}_2 · · · f^{(jn)}_n

| | | | | is called a generalized Wronskian of f_1, . . . , f_n .

Let f_1, . . . , f_n be linearly independent functions and let

w^{(n)} + a_{n−1}(z)w^{(n−1)} + · · · + a_1(z)w^′ + a_0(z)w = 0

be the differential equation with fundamental system (f_1, . . . , f_n). Then a_j = (−1)^{n−j} W_{0,...,j−1,j+1,...,n}(f_1, . . . , f_n) W (f_1, . . . , f_n) for j = 0, . . . , n − 1 and Lemma 2.2 shows that m(r, a_j ) = S(r, f_1, . . . , f_n). We now prove a corresponding result for quotients of generalized Wronskians.

Lemma 2.3. Let f_1, . . . , f_n be linearly independent meromorphic functions and j_1, . . . , j_n ∈ N_0 . Then m ( r, W_{j1,...,jn} (f_1, . . . , f_n) W (f_1, . . . , f_n) ) = S(r, f_1, . . . , f_n). Proof. Let

w^{(n)} + a_{n−1}(z)w^{(n−1)} + · · · + a_1(z)w^′ + a_0(z)w = 0

be the linear differential equation with fundamental system (f_1, . . . , f_n). Lemma 2.2 gives m(r, a_j ) = S(r, f_1, . . . , f_n) for j = 0, . . . , n − 1. Differentiating the equation f^{(n)}_j = −a_0f_j − a_1f^′_j − · · · − a_{n−1}f^{(n−1)}_j

successively yields

f^{(k)}_j = A_{k,0}f_j + A_{k,1}f^′_j + · · · + A_{k,n−1}f^{(n−1)}_j

for k ∈ N_0 and j = 1, . . . , n, where A_{k,l} are meromorphic functions satisfying m(r, A_{k,l}) = S(r, f_1, . . . , f_n). Now the assertion follows directly from the matrix

On the zeros of the Wronskian of an entire or meromorphic function 95

equation

f^{(j1)}_1 f^{(j1)}_2 · · · f^{(j1)}_n f^{(j2)}_1 f^{(j2)}_2 · · · f^{(j2)}_n . . . . . . f^{(jn)}_1 f^{(jn)}_2 · · · f^{(jn)}_n = A_{j1,0} A_{j1,1} · · · A_{j1,n−1} A_{j2,0} A_{j2,1} · · · A_{j2,n−1} . . . . . . A_{jn,0} A_{jn,1} · · · A_{jn,n−1}

× f_1 f_2 · · · f_n f^′_1 f^′_2 · · · f^′_n . . . . . . f^{(n−1)} 1 f^{(n−1)}_2 · · · f^{(n−1)}_n .

Lemma 2.4. Let f_1, . . . , f_n be linearly independent meromorphic functions and k ∈ N. Then

m ( r, ∑_n j=1 W (f_1, . . . , f_{j−1}, f^{(k)}_j , f_{j+1}, . . . , f_n) W (f_1, . . . , f_n) ) = S(r, f_1, . . . , f_n). Proof. Let

ψ := n∑ j=1 W (f_1, . . . , f_{j−1}, f^{(k)}_j , f_{j+1}, . . . , f_n).

We want to show that ψ can be written as a linear combination of some generalized Wronskians W_{j1,...,jn} (f_1, . . . , f_n) with suitably chosen (j_1, . . . , j_n). To this aim let m := n + k . We define a function G : C^m × · · · × C^m n → C by

G(x_1, . . . , x_n) = n∑ j=1

| | | | x_{1,1} x_{2,1} · · · x_{j−1,1} x_{j,k+1} x_{j+1,1} · · · x_{n,1} x_{1,2} x_{2,2} · · · x_{j−1,2} x_{j,k+2} x_{j+1,2} · · · x_{n,2} . . . . . . . . . . . . x_{1,n} x_{2,n} · · · x_{j−1,n} x_{j,m} x_{j+1,n} · · · x_{n,n}

| | | |

where x_l = (x_{l,1}, x_{l,2}, . . . , x_{l,m})^T for l = 1, . . . , n. G is an alternating multilinear form. A basis for the vector space of all alternating multilinear forms on (C^m)^n are the functions

F_{j1,...,jn} (x_1, . . . , x_n) = | | | | x_{1,j1} x_{2,j1} · · · x_{n,j1} x_{1,j2} x_{2,j2} · · · x_{n,j2} . . . . . . x_{1,jn} x_{2,jn} · · · x_{n,jn}

| | | | , 1 ≤ j_1 < j_2 < · · · < j_n ≤ m

96 Martin Reinders

(see [15, Theorem 4–5 and Problem 4–1], for example). Hence there are numbers c_{j1,...,jn} ∈ C such that G(x_1, . . . , x_n) = ∑ 1≤j1<j2<···<jn≤m c_{j1,...,jn} F_{j1,...,jn} (x_1, . . . , x_n)

for arbitrary vectors x_1, . . . , x_n ∈ C^m . Setting x_l = ( f_l(z), f^′_l (z), . . . , f^{(m−1)}_l (z) )_T for l = 1, . . . , n gives ψ = ∑ 1≤j1<j2<···<jn≤m c_{j1,...,jn} W_{j1−1,j2−1,...,jn−1}(f_1, . . . , f_n).

The assertion follows using Lemma 2.3.

3. Results for entire functions First we give two examples which will show the sharpness of our estimates. 3.1. Examples. Let h be an entire function which is not a polynomial of degree at most one. For every j ∈ N_0 we have (e^h)^{(j)} = τ_j [h^′]e^h where τ_j [h^′] is a differential polynomial in h^′ . In particular, T (r, τ_j [h^′]) = S(r, e^h).

Example 3.1. Let g = exp(h) + exp(−h) and define ψ by (1.1) where 1 ≤ k_1 < k_2 < · · · < k_{n−1} . Then N ( r, 1 ψ ) = nN ( r, 1 g ) + S(r, g). Proof. We have ψ = W ( e^h + e^{−h}, τ_{k1} [h^′]e^h + τ_{k1} [−h^′]e^{−h}, . . . , τ_{kn}�_1 [h^′]e^h + τ_{kn}�_1 [−h^′]e^{−h} ) = A_ne^{nh} + A_{n−2}e^{(n−2)h} + · · · + A_{−n+2}e^{(−n+2)h} + A_{−n}e^{−nh}, where A_n, A_{n−2}, . . . , A_{−n+2}, A_{−n} are differential polynomials in h^′ . Hence T (r, A_j ) = S(r, e^h) for j = −n, −n + 2, . . . , n − 2, n. In particular,

A_n = W ( 1, τ_{k1} [h^′], . . . , τ_{kn}�_1 [h^′] ) and A_{−n} = W ( 1, τ_{k1} [−h^′], . . . , τ_{kn}�_1 [−h^′] ) . Assume that A_n ≡ 0. Then the functions

e^h, (e^h)^{k1} , . . . , (e^h)^{(kn}�^{1)}

are linearly dependent, thus w = e^h is the solution of a homogeneous linear differential equation with constant coefficients. It follows that e^h is an exponential sum and hence the order of e^h is less than or equal to one. The sharp estimate of

On the zeros of the Wronskian of an entire or meromorphic function 97

the proximity function of the logarithmic derivative (see [10], for example) gives m(r, h^′) = m ( r, (e^h)^′/e^h ) = o(log r). This is only possible if h^′ is constant in contradiction to our assumption.

Thus A_n ≢ 0 and, analogously, A_{−n} ≢ 0. Using [13, Lemma 2] we conclude that N ( r, 1 ψ ) = 2nT (r, e^h) + S(r, e^h) = nN ( r, 1 g ) + S(r, g). Example 3.2. Let g = 1 + exp(h) and define ψ by (1.1) where 1 ≤ k_1 < k_2 < · · · < k_{n−1} . Then N ( r, 1 ψ ) = N ( r, 1 g ) + S(r, g). Proof. Now we have ψ = W ( 1 + e^h, τ_{k1} [h^′]e^h, τ_{k2} [h^′]e^h, . . . , τ_{kn}�_1 [h^′]e^h ) = A_{n−1}e^{(n−1)h} + A_ne^{nh} where A_{n−1} = W ( τ_{k1+1}[h^′], τ_{k2+1}[h^′], . . . , τ_{kn}�_{1+1}[h^′] ) and A_n = W ( 1, τ_{k1} [h^′], τ_{k2} [h^′], . . . , τ_{kn}�_1 [h^′] ) . Arguing as in the proof of Example 3.1, we get N ( r, 1 ψ ) = T (r, e^h) + S(r, e^h) = N ( r, 1 g ) + S(r, g). 3.2. An estimate from above. For an entire function g we can estimate the counting function of the zeros of the Wronskians (1.1) from above in terms of the counting function of the zeros of g .

Theorem 3.1. Let g be an entire function and ψ = W ( g, g^{(k1)}, g^{(k2)}, . . . , g^{(kn}�^{1)} ) where 1 ≤ k_1 < k_2 < · · · < k_{n−1} . If ψ ≢ 0 then N ( r, 1 ψ ) ≤ nN ( r, 1 g ) + S(r, g). The factor n is best possible.

Proof. From ψ = g^nW ( 1, g^{(k1)} g , g^{(k2)} g , . . . , g^{(kn}�^{1)} g ) and the lemma of the logarithmic derivative we conclude that m(r, ψ/g^n) = S(r, g). Hence N ( r, 1 ψ ) − nN ( r, 1 g ) = N ( r, g^n ψ ) − N ( r, ψ g^n )

= m ( r, ψ g^n ) − m ( r, g^n ψ ) + O(1) ≤ S(r, g) and the assertion follows. Example 3.1 shows that the factor n is best possible.

98 Martin Reinders

Remark 3.1. In Theorem 3.2, the Wronskian W ( g, g^{(k1)}, g^{(k2)}, . . . , g^{(kn}�^{1)} ) can be replaced by an arbitrary homogeneous differential polynomial in g with degree n.

3.3. Estimates from below. Now we estimate the counting function of the zeros of the Wronskian (1.1) from below in terms of the counting function of the zeros of g . The main tools are Lemma 2.4 and the following lemma.

Lemma 3.1. Let g be an entire function, k_0, k_1, . . . , k_n ∈ N_0 pairwise distinct and assume that

(3.1) W ( g^{(k0)}, g^{(k1)}, . . . , g^{(kn)} ) ≢ 0. Then N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)} ) ) + N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)}, g^{(kn)} ) )

≤ N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) ) +N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn)} ) ) +S(r, g). Proof. Using Lemma 2.1 (iv) we get

(3.2) W ( g^{(k0)}, . . . , g^{(kn}�^{2)} ) · W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)}, g^{(kn)} ) = W ( W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) , W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn)} )) = W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) · W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn)} ) · q where we have set

q := W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn)} )_′ W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn)} ) − W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} )_′ W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) . The assumption (3.1) guarantees that all the Wronskians are not identically zero. Applying the first main theorem to (3.2) gives N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)} ) ) + N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)}, g^{(kn)} ) )

− N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) )

− N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn)} ) )

= m(r, q) − m ( r, 1 q ) + O(1) ≤ S(r, g). The last inequality follows from the lemma of the logarithmic derivative.

On the zeros of the Wronskian of an entire or meromorphic function 99

Theorem 3.2. Let g be an entire function and k ∈ N. Define functions ψ_n , n ∈ N_0 , by ψ_0 = 1 and

ψ_n = W ( g, g^{(k)}, g^{(2k)}, . . . , g^{(nk−k)} ) for n ∈ N.

If m ∈ N and ψ_n ≢ 0 for n = 1, . . . , m then

(3.3) N ( r, 1 ψ_b ) ≥ c − b c − a N ( r, 1 ψ_a ) + b − a c − a N ( r, 1 ψ_c ) + S(r, g) for 0 ≤ a < b < c ≤ m. Proof. Setting f_j = g^{(jk−k)} , j = 1, . . . , n, in Lemma 2.4 gives m ( r, W ( g, g^{(k)}, . . . , g^{(nk−2k)}, g^{(nk)} ) W ( g, g^{(k)}, . . . , g^{(nk−2k)}, g^{(nk−k)} ) ) = S(r, g) for n = 1, . . . , m − 1. It follows that N ( r, 1 W ( g, g^{(k)}, . . . , g^{(nk−2k)}, g^{(nk)} ) ) ≤ N ( r, 1 ψ_n ) + S(r, g). Together with Lemma 3.1 (with k_j = jk , j = 0, . . . , n) we get the estimate

(3.4) N ( r, 1 ψ_{n−1} ) + N ( r, 1 ψ_{n+1} ) ≤ 2N ( r, 1 ψ_n ) + S(r, g). Now let 0 ≤ a < b < c ≤ m. From (3.4) we conclude that (3.5) S(r, g) ≥ c∑ μ=b+1 μ−1∑ ν=b+1 {( N ( r, 1 ψ_{ν+1} ) − N ( r, 1 ψ_ν )) − ( N ( r, 1 ψ_ν ) − N ( r, 1 ψ_{ν−1} ))}

= c∑ μ=b+1 {( N ( r, 1 ψ_μ ) − N ( r, 1 ψ_{μ−1} )) − ( N ( r, 1 ψ_{b+1} ) − N ( r, 1 ψ_b ))}

= N ( r, 1 ψ_c ) − N ( r, 1 ψ_b ) − (c − b) ( N ( r, 1 ψ_{b+1} ) − N ( r, 1 ψ_b ))

and that (3.6) S(r, g) ≥ b−1∑ μ=a b∑ ν=μ+1 {( N ( r, 1 ψ_{ν+1} ) − N ( r, 1 ψ_ν )) − ( N ( r, 1 ψ_ν ) − N ( r, 1 ψ_{ν−1} ))}

= b−1∑ μ=a {( N ( r, 1 ψ_{b+1} ) − N ( r, 1 ψ_b )) − ( N ( r, 1 ψ_{μ+1} ) − N ( r, 1 ψ_μ ))}

= (b − a) ( N ( r, 1 ψ_{b+1} ) − N ( r, 1 ψ_b )) − N ( r, 1 ψ_b ) + N ( r, 1 ψ_a ) . Elimination of N(r, 1/ψ_{b+1}) from (3.5) and (3.6) gives exactly the assertion (3.3).

100 Martin Reinders

Corollary 3.1. Let g , k and ψ_n be as in Theorem 3.2. If g is not an exponential sum then

(3.7) N ( r, 1 ψ_n ) ≥ (1 − ε)N ( r, 1 ψ_{n−1} ) + S(r, g) for all n ∈ N and all ε > 0. In particular,

(3.8) N ( r, 1 ψ_n ) ≥ (1 − ε)N ( r, 1 g ) + S(r, g) for all n ∈ N and all ε > 0. The factor 1 − ε in (3.7) and (3.8) cannot be replaced by any factor greater than 1.

Proof. Theorem 3.2 with a = n − 1, b = n gives N ( r, 1 ψ_n ) ≥ c − n c − n + 1 N ( r, 1 ψ_{n−1} ) + S(r, g). By letting c → ∞ the assertion (3.7) follows. Example 3.2 shows that the factor (1 − ε) is best possible in the sense stated in the corollary.

Remark 3.2. If we neglect the term S(r, g) in equation (3.3), this equation means that for every fixed r > 0 the function n → N(r, 1/ψ_n) is concave on {0, 1, . . . , m}. Remark 3.3. Setting a = 0 in (3.3) and using N(r, 1/ψ_0) = 0 gives 1 c N ( r, 1 ψ_c ) ≤ 1 b N ( r, 1 ψ_b ) + S(r, g) for 0 < b < c ≤ m. This is a more precise estimate for the functions ψ_n than the estimate of the more general Theorem 3.1.

Combining Lemma 3.1 and Corollary 3.1 we now prove that the counting function of the zeros of a Wronskian of g and arbitrary derivatives of g can be estimated from below in terms of the counting function of the zeros of g .

Theorem 3.3. Let g be an entire function which is not an exponential sum. Let k_0, k_1, . . . , k_{n−1} ∈ N_0 be pairwise distinct. Then we have for every ε > 0 (3.9) N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) ) ≥ (1−ε)N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)} ) ) +S(r, g). If min{k_0, . . . , k_{n−1}} = 0 then, in particular, for every ε > 0

(3.10) N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{1)} ) ) ≥ (1 − ε)N ( r, 1 g ) + S(r, g). The factor (1 − ε) in (3.9) and (3.10) cannot be replaced by any factor greater than 1.

On the zeros of the Wronskian of an entire or meromorphic function 101

Proof. We may assume that min{k_0, . . . , k_{n−1}} = 0. First we prove that

(3.11) N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) ) ≥ N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)} ) )

− εN ( r, 1 g ) + S(r, g) for every ε > 0. Applying (3.11) repeatedly gives (3.10). Finally (3.9) follows from (3.11) and (3.10).

We prove (3.11) using induction on d := d(k_0, . . . , k_{n−1}) := max{k_0, . . . , k_{n−1}} − n. Note that d ≥ −1.

First we consider the case d = −1. Then {k_0, . . . , k_{n−1}} is a permutation of {0, 1, . . . , n − 1}. We set j := k_{n−1} and define functions ψ_l , l ∈ N_0 , by ψ_0 = 1 and ψ_l := W ( g, g^′, . . . , g^{(l−1)} ) for l ∈ N.

There exist s_1, s_2 ∈ {−1, 1} such that W ( g^{(k0)}, . . . , g^{(kn}�^{1)} ) = s_1ψ_n and W ( g^{(k0)}, . . . , g^{(kn}�^{2)} ) = s_2W ( g, . . . , g^{(j−1)}, g^{(j+1)}, . . . , g^{(n−1)} ) = s_2W_{0,...,j−1,j+1,...,n−1} ( g, g^′, . . . , g^{(n−2)} ) = s_2 W_{0,...,j−1,j+1,...,n−1} ( g, g^′, . . . , g^{(n−2)} ) W ( g, g^′, . . . , g^{(n−2)} ) ψ_{n−1}. Using Lemma 2.3 and the first main theorem of the Nevanlinna theory it follows that

(3.12) N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)} ) ) − N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) )

≤ N ( r, 1 ψ_{n−1} ) − N ( r, 1 ψ_n ) + S(r, g). Because of Corollary 3.1 and Theorem 3.1, the right hand side of (3.12) can be estimated from above by εN ( r, 1 ψ_n ) + S(r, g) ≤ εnN ( r, 1 g ) + S(r, g)

102 Martin Reinders

for every ε > 0. This proves (3.11) in the case d = −1.

Now let d ≥ 0. There exists k_n ∈ N_0 such that k_n ≤ max{k_0, . . . , k_{n−1}} and k_n /∈ {k_0, . . . , k_{n−1}}. Applying Lemma 3.1 gives N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)} ) ) − N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) )

≤ N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn)} ) )

− N ( r, 1 W ( g^{(k0)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)}, g^{(kn)} ) ) + S(r, g).

Since d(k_0, . . . , k_n) = max{k_0, . . . , k_n} − (n + 1) = d − 1,

the assertion (3.11) follows using the induction hypothesis.

From Theorem 3.1 and Theorem 3.3 we conclude

Corollary 3.2. Let g be an entire function which is not an exponential sum. If k_1, . . . , k_{n−1} ∈ N are pairwise distinct then N ( r, 1 W ( g, g^{(k1)}, . . . , g^{(kn}�^{1)} ) ) = S(r, g) if and only if N ( r, 1 g ) = S(r, g).

4. Results for exponential polynomials

The counting function of the zeros of an exponential sum g is determined by the exponents γ_1, . . . , γ_p in the representation (1.2).

Lemma 4.1 ([12, §2]). Let g be the exponential sum (1.2). Then N ( r, 1 g ) = L 2π r + O(log r) for r → ∞

where L is the length of the convex hull of the points γ_1, . . . , γ_p in C.

For the Wronskians ψ_n := W ( g, g^′, . . . , g^{(n−1)} ) , n ∈ N, Theorem C gives sharp upper and lower bounds for the counting function of the zeros.

Now we give two examples to show that, in general, it is not possible to estimate the zeros of W ( g, g^{(k1)}, . . . , g^{(kn}�^{1)} ) from below in terms of the zeros of g , if g is an exponential sum.

On the zeros of the Wronskian of an entire or meromorphic function 103

Example 4.1. Let 0 < γ < δ and g(z) = e^{−γz} + e^{γz} + e^{δz} . Then W (g, g^{′′}) = (δ^2 − γ^2) ( (δ + γ)e^{(δ−γ)z} + (δ − γ)e^{(δ+γ)z} ) . Lemma 4.1 gives N ( r, 1 g ) = δ + γ π r + O(log r) and N ( r, 1 W (g, g^{′′}) ) = 2γ π r + O(log r),

hence N ( r, 1 W (g, g^{′′}) ) = 2γ δ + γ N ( r, 1 g ) + O(log r).

Example 4.2. Let δ > 0 and g(z) = z + e^δ . Then W (g, g^{′′}) = δ^3ze^{δz}. Now we have N ( r, 1 g ) = δ π r + O(log r) and N ( r, 1 W (g, g^{′′}) ) = O(log r),

thus N ( r, 1 W (g, g^{′′}) ) = S(r, g). Only if the order m of the exponential sum is large enough, the methods from the last section can be used again.

Theorem 4.1. Let g be an exponential sum of order m and 1 ≤ k_1 < k_2 < · · · < k_{n−1} . If m ≥ 2k_{n−1} + 1 then N ( r, 1 W ( g, g^{(k1)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) ) ≥ N ( r, 1 W ( g, g^{(k1)}, . . . , g^{(kn}�^{2)} ) ) +O(log r)

and, in particular, N ( r, 1 W ( g, g^{(k1)}, . . . , g^{(kn}�^{1)} ) ) ≥ N ( r, 1 g ) + O(log r).

Proof. Again we define for l ∈ N ψ_l = W ( g, g^′, g^{′′}, . . . , g^{(l−1)} ) . Proceeding as in the proof of Theorem 3.3, repeated application of Lemma 3.1 gives

(4.1) N ( r, 1 W ( g, g^{(k1)}, . . . , g^{(kn}�^{2)} ) ) − N ( r, 1 W ( g, g^{(k1)}, . . . , g^{(kn}�^{2)}, g^{(kn}�^{1)} ) )

≤ N ( r, 1 ψ_{kn}�_1 ) − N ( r, 1 ψ_{1+kn}�_1 ) + O(log r).

From Theorem C we have N ( r, 1 ψ_{kn}�_1 ) = N ( r, 1 ψ_{m−kn}�_1 ) + O(log r).

Since k_{n−1} < 1+k_{n−1} ≤ m−k_{n−1} , we can use (3.3) in Theorem 3.2 with a = k_{n−1} , b = 1 + k_{n−1} and c = m − k_{n−1} . It follows that the right hand side of (4.1) is less than O(log r).

104 Martin Reinders

5. Estimates for meromorphic functions using the recursion formulas for Wronskians In this section f will always be a meromorphic function which is not an exponential sum. Define the functions ψ_n, n ∈ N_0 , by (5.1) ψ_0 = 1, ψ_n = W ( f, f^′, f^{′′}, . . . , f^{(n−1)} ) for n ∈ N.

Lemma 5.1. N(r, ψ_n) = nN(r, f) + (n − 1)nN(r, f) for n ∈ N_0 . Proof. ψ_n can have a pole only where f has a pole. It remains to show that if f(z_0) = ∞ with multiplicity p then ψ_n(z_0) = ∞ with multiplicity np + (n − 1)n. This follows from the following lemma.

Lemma 5.2. Let f_1, . . . , f_n be meromorphic functions and z_0 ∈ C. If f_j (z_0) = ∞ with multiplicity p_j , j = 1, . . . , n, where 1 ≤ p_1 < p_2 < · · · < p_n , then W (f_1, f_2, . . . , f_n)(z_0) = ∞ with multiplicity p_1 + · · · + p_n +^1_2 (n − 1)n.

Proof. (By induction.) For n = 1 there is nothing to show. For n ≥ 2 we have

W (f_1, . . . , f_n) = f^n_1 W ( 1, f_2 f_1 , . . . , f_n f_1 ) = f^n_1 W (( f_2 f_1 )_′ , . . . , (f_n f_1 )_′) . Using the induction hypothesis, the right hand side has a pole of multiplicity np_1 +(p_2 −p_1 +1)+· · ·+(p_n −p_1 +1)+^1_2 (n − 2)(n − 1) = p_1 +· · ·+p_n +^1_2 (n − 1)n.

Lemma 5.3. For n ∈ N we have N ( r, 1 ψ_{n−1} ) + N ( r, 1 ψ_{n+1} ) ≤ 2N ( r, 1 ψ_n ) + 2N(r, f) + S(r, f). Proof. As in the proof of Lemma 3.1, it follows from the recursion formulas for Wronskians (Lemma 2.1 (iv)) that

(5.2) ψ_{n−1}ψ_{n+1} = W (ψ_n, ψ^′_n) = ψ^2_n ( ψ′_n ψ_n )_′ . Applying the first main theorem to (5.2) gives

(5.3) N ( r, 1 ψ_{n−1} ) − N(r, ψ_{n−1}) + N ( r, 1 ψ_{n+1} ) − N(r, ψ_{n+1}) = 2N ( r, 1 ψ_n ) − 2N(r, ψ_n) + m(r, q^′_n) − m ( r, 1 q^′_n ) + O(1)

with q_n := ψ^′_n/ψ_n . The lemma of the logarithmic derivative yields m(r, q^′_n) = S(r, f). From Lemma 5.1 we conclude that N(r, ψ_{n−1}) − 2N(r, ψ_n) + N(r, ψ_{n+1}) = 2N(r, f). Combining this with (5.3) gives the assertion.

Proceeding now as in the proof of Theorem 3.2, we conclude the following theorem from Lemma 5.3.

On the zeros of the Wronskian of an entire or meromorphic function 105

Theorem 5.1. Let f be a meromorphic function which is not an exponential sum and define the functions ψ_n, n ∈ N_0 , by (5.1). Then N ( r, 1 ψ_b ) ≥ c − b c − a N ( r, 1 ψ_a ) + b − a c − a N ( r, 1 ψ_c ) − (b − a)(c − b)N (r, f) + S(r, f) for 0 ≤ a < b < c. Setting a = 1, b = n, c = n + m and using N(r, 1/ψ_c) ≥ 0 for r > 1 gives

Corollary 5.1. Let f and ψ_n be as in Theorem 5.1. Then

(5.4) N ( r, 1 f ) ≤ ( 1 + n − 1 m ) N ( r, 1 ψ_n ) + (n − 1)(n + m − 1)N (r, f) + S(r, f) for n, m ∈ N.

Remark 5.1. If f is an entire function or, more generally, N (r, f) = S(r, f), one can let m tend to ∞ in (5.4). The result is again the left hand inequality of Theorem B.

Example 5.1. If f is not an exponential sum then setting n = 2 and m = 1 in (5.4) gives N ( r, 1 f ) ≤ 2N ( r, 1 W (f, f^′) ) + 2N(r, f) + S(r, f). 6. Common solutions of two linear differential equations

Given two homogeneous linear differential equations L_1[w] = 0 and L_2[w] = 0 there always exists a homogeneous linear differential equation M[w] = 0 whose solutions are exactly the common solutions of the given two equations. The coefficients of M are rational functions of the coefficients of L_1 and L_2 and their derivatives.

In this section, we develop formulas to compute the coefficients of M in terms of the coefficients of L_1 and L_2 .

We denote by L the vector space of all linear differential operators

L = a_nD^n + a_{n−1}D^{n−1} + · · · + a_1D + a_0

where D = d/dz and the coefficients a_0, . . . , a_n are meromorphic functions. If a_n ≢ 0, ord(L) = n is the order of L, ord(0) = −∞.

Together with the composition as multiplication, L is a non-commutative ring.

Lemma 6.1 ([6, §5.4]). Given L_1, L_2 ∈ L \ {0} there exist P, Q ∈ L such that L_1 = P L_2 + Q and ord(Q) < ord(L_2).

Using the Euclidean algorithm, the following lemma is an easy consequence of the previous one.

106 Martin Reinders

Lemma 6.2. Given L_1, L_2 ∈ L \{0} there exists a unique M ∈ L satisfying (i) M = P_1L_1 + P_2L_2 with some P_1, P_2 ∈ L , (ii) L_1 = Q_1M and L_2 = Q_2M with some Q_1, Q_2 ∈ L , (iii) the main coefficient of M is 1.

M is called the greatest common divisor of L_1 and L_2 .

Lemma 6.3. Let L_1, L_2 ∈ L \ {0} and let M be the greatest common divisor of L_1 and L_2 . Let m = ord(L_1) and n = ord(L_2). Then for every k ∈ N_0 , ord(M) ≥ k if and only if there exist R_1, R_2 ∈ L \ {0} such that

(6.1) ord(R_1) ≤ n − k, ord(R_2) ≤ m − k and R_1L_1 = R_2L_2.

Proof. Let U be an open disk in the plane where all the coefficients of L_1 , L_2 and M are holomorphic and the main coefficients have no zeros.

Suppose that there exist R_1, R_2 ∈ L \{0} satisfying (6.1). Let f_1, . . . , f_m be a fundamental system of L_1[w] = 0 in U . Then R_2L_2[f_j ] = 0 for j = 1, . . . , m. Since ord(R_2) ≤ m − k , at most m − k of the functions L_2[f_1], . . . , L_2[f_m] are linearly independent. Without loss of generality we may assume that

L_2[f_j ] = c_{j,k+1}L_2[f_{k+1}] + · · · + c_{j,m}L_2[f_m]

with constants c_{j,k+1}, . . . , c_{j,m} ∈ C, j = 1, . . . , k . Define functions v_1, . . . , v_k by v_j = f_j − c_{j,k+1}f_{k+1} − · · · − c_{j,m}f_m, j = 1, . . . , k. Then L_2[v_j ] = 0 and hence M[v_j ] = 0. Since v_1, . . . , v_k are linearly independent, it follows that ord(M) ≥ k .

Now we suppose that ord(M) ≥ k . Let (f_1, . . . , f_l) be a fundamental system of M[w] = 0 in U , l = ord(M). There are functions g_1, . . . , g_{m−l} and h_1, . . . , h_{n−l} , holomorphic in U , such that

(f_1, . . . , f_l, g_1, . . . , g_{m−l}) is a fundamental system of L_1[w] = 0 in U and (f_1, . . . , f_l, h_1, . . . , h_{n−l}) is a fundamental system of L_2[w] = 0 in U.

Define K ∈ L by K[w] = W (f_1, . . . , f_l, g_1, . . . , g_{m−l}, h_1, . . . , h_{n−l}, w). Every solution of L_1[w] = 0 is also a solution of K[w] = 0. Using Lemma 6.1 we see that there is a R_1 ∈ L such that K = R_1L_1 . We have

ord(R_1) = ord(K) − ord(L_1) = (m + n − l) − m = n − l ≤ n − k.

Similarly, there exists a R_2 ∈ L satisfying K = R_2L_2 and ord(R_2) ≤ m − k . Then R_1L_1 = K = R_2L_2 and the assertion follows.

On the zeros of the Wronskian of an entire or meromorphic function 107

Lemma 6.4. Let L_1, L_2 ∈ L \ {0} be defined by

L_1 = a_mD^m + a_{m−1}D^{m−1} + · · · + a_1D + a_0, a_m ≢ 0, L_2 = b_nD^n + b_{n−1}D^{n−1} + · · · + b_1D + b_0, b_n ≢ 0.

Let M be the greatest common divisor of L_1 and L_2 , k = ord(M). Then

M = D^k + c_{k−1} c_k D^{k−1} + · · · + c_1 c_k D + c_0 c_k where

c_j = | | | | | | | | | | | |

a_{j,0} a_{k+1,0} � � � a_{m,0} 0 � � � 0 a_{j,1} a_{k+1,1} � � � a_{m+1,1} 0 � � � 0 . . . . .. . .. . . . . . . . .. . .. . . . . . . . .. . 0 a_{j,n}�_k�_1 a_{k+1,n}�_k�_1 � � � a_{m+n}�_k�_{1,n}�_k�_1 b_{j,0} b_{k+1,0} � � � b_{n,0} 0 � � � 0 b_{j,1} b_{k+1,1} � � � b_{n+1,1} 0 � � � 0 . . . . .. . .. . . . . . . . .. . 0 b_{j,m}�_k�_1 b_{k+1,m}�_k�_1 � � � b_{m+n}�_k�_{1,m}�_k�_1

| | | | | | | | | | | | for j = 0, . . . , k . The meromorphic functions a_{l,j} and b_{l,j} are defined by

D^jL_1 = m+j∑ l=0 a_{l,j} D^l for j = 0, . . . , n − k − 1,

D^jL_2 = n+j∑ l=0 b_{l,j} D^l for j = 0, . . . , m − k − 1.

Proof. Let P_1 = α_{n−k−1}D^{n−k−1} + · · · + α_1D + α_0,

P_2 = β_{m−k−1}D^{m−k−1} + · · · + β_1D + β_0

and ~M = P_1L_1 + P_2L_2 with meromorphic coefficients α_0, . . . , α_{n−k−1} and β_0, . . ., β_{m−k−1} . Setting

a_{l,j} = 0 for l > m + j and b_{l,j} = 0 for l > n + j,

108 Martin Reinders

gives ~M =^{n−k−1} ∑ j=0 α_j m+j∑ l=0 a_{l,j} D^l + m−k−1 ∑ j=0 β_j n+j∑ l=0 b_{l,j} D^l

= m+n−k−1 ∑ l=0 (_{n−k−1}∑ j=0 a_{l,j} α_j + m−k−1 ∑ j=0 b_{l,j} β_j ) D^l.

We try to determine the functions α_0, . . . , α_{n−k−1} and β_0, . . . , β_{m−k−1} in a way that ~M has the exact order k and the main coefficient 1, hence

(6.2) n−k−1 ∑ j=0 a_{l,j} α_j + m−k−1 ∑ j=0 b_{l,j} β_j = { 1 for l = k, 0 for l = k + 1, . . . , m + n − k − 1.

This is a linear system of m + n − 2k equations for the same number of variables.

Let us first assume that the determinant of the coefficients is identically zero. In this case we can choose P_1 and P_2 (not both equal to zero) in such a way that ord( ~M ) < k . On the other hand, using Lemma 6.2 (ii) we see that ~M = RM with some R ∈ L , hence ~M = 0. It follows that

P_1L_1 = −P_2L_2, ord(P_1) ≤ n − k − 1, ord(P_2) ≤ m − k − 1.

This is a contradiction to Lemma 6.3.

Thus the determinant of the coefficients of (6.2) is not identically zero and there exists a (unique) solution. Because of ~M = RM with some R ∈ L and since M and ~M have the same order and the same main coefficient, it follows that ~M = M .

Applying Cramer’s rule to (6.2) gives for the coefficients of M n−k−1 ∑ j=0 a_{l,j} α_j + m−k−1 ∑ j=0 b_{l,j} β_j = c_l c_k , l = 0, . . . , k. 7. An estimate using the “method of the greatest common divisor” Theorem 7.1. Let f be a meromorphic function and define φ by φ = W ( f, f^{(k1)}, f^{(k2)}, . . . , f^{(kn}�^{1)} ) where 1 ≤ k_1 < k_2 < · · · < k_{n−1} . Assume that (7.1) W ( f, f^{(k1)}, f^{(k2)}, . . . , f^{(kn}�^{1)}, f^{(kn}�^{1+k1)}, f^{(kn}�^{1+k2)}, . . . , f^{(kn}�^{1+kn}�^{1)} ) ≢ 0. Then N ( r, 1 f ) ≤ (C + 1)N ( r, 1 φ ) + CN(r, f) where C = (n − 1 + k_{n−1})(n − 1).

On the zeros of the Wronskian of an entire or meromorphic function 109

Remark 7.1. Note that (7.1) is satisfied if f is not an exponential sum, in particular if f has at least one pole.

Example 7.1. (Compare Theorem D.) Let f be a meromorphic function. If W (f, f^′, f^{′′} ) ≢ 0 then N ( r, 1 f ) ≤ 3 N ( r, 1 W (f, f^′) ) + 2 N(r, f) + S(r, f). Proof of Theorem 7.1. Let p := k_{n−1} . We define linear differential operators L_1, L_2 ∈ L by

L_1[w] = W ( f, f^{(k1)}, f^{(k2)}, . . . , f^{(kn}�^{1)}, w ) W ( f, f^{(k1)}, f^{(k2)}, . . . , f^{(kn}�^{1)}

) and L_2[w] = L_1[w^{(p)}].

Let M be the greatest common divisor of L_1 and L_2 . Since L_1[f] = L_2[f] = 0 we have

(7.2) M[f] = 0.

We want to show that ord(M) = 1. To this aim, let v be an arbitrary local solution of M[w] = 0. Then L_1[v] = L_2[v] = 0 and hence

v = α_0f + α_1f^{(k1)} + · · · + α_{n−1}f^{(kn}�^{1)} where α_0, . . . , α_{n−1} ∈ C and v^{(p)} = β_0f + β_1f^{(k1)} + · · · + β_{n−1}f^{(kn}�^{1)} where β_0, . . . , β_{n−1} ∈ C.

Thus

α_0f^{(kn}�^{1)}+α_1f^{(kn}�^{1+k1)}+· · ·+α_{n−1}f^{(kn}�^{1+kn}�^{1)} = β_0f+β_1f^{(k1)}+· · ·+β_{n−1}f^{(kn}�^{1)}.

Using the assumption (7.1) it follows that α_1 = α_2 = · · · = α_{n−1} = 0. Hence we have v = α_0f with α_0 ∈ C. It follows that the order of M is equal to 1.

Now we write L_1 in the form

L_1 = D^n + a_{n−1}D^{n−1} + · · · + a_1D + a_0.

Then L_2 = D^{p+n} + a_{n−1}D^{p+n−1} + · · · + a_1D^{p+1} + a_0D^p and M = D + c_0/c_1 where c_0 and c_1 are given in Lemma 6.4. It follows from (7.2) that f^′/f = −c_0/c_1 and hence

(7.3) N ( r, 1 f ) + N(r, f) ≤ N (r, c_0) + N ( r, 1 c_1 )

≤ N (r, c_0) + N(r, c_1) + m(r, c_1) + O(1).

110 Martin Reinders

We will estimate the terms on the right hand side of this inequality separately. Using Lemma 6.4 gives

(7.4)

c_j =

| | | | | | | | | | | | | |

a_{j,0} a_{2,0} � � � a_n�_{1,0} 1 0 � � � � � � � � � � � � � � � 0 a_{j,1} a_{2,1} � � � � � � a_{n,1} 1 0 � � � � � � � � � � � � 0 . . . . . . . .. . .. . . . . . . . .. . .. . .. . . . . . . . .. . .. . .. . . . . . . . .. . .. . .. . . . . . . . .. . .. . 0 a_{j,n+p}�_2 a_{2,n+p}�_2 � � � � � � � � � � � � � � � � � � � � � � � � a_{2n+p}�_{3,n+p}�_2 1

0 � � � 0 a_{0,0} � � � � � � � � � a_n�_{1,0} 1 0 � � � 0

0 � � � 0 a_{0,1} � � � � � � � � � � � � a_{n,1} 1 .. . . . . . . . . . .. . .. . 0 0 � � � 0 a_{0,n}�_2 � � � � � � � � � � � � � � � � � � a_{2n}�_{3,n}�_2 1

| | | | | | | | | | | | | | for j = 0 and j = 1. Here the meromorphic functions a_{l,j} are defined by

D^j L = D^{n+j} + n+j−1∑

l=0 a_{l,j} D^l for j = 0, . . . , n + p − 2.

The a_{l,j} are polynomials in the coefficients a_0, . . . , a_{n−1} of L_1 and their derivatives. It follows from Lemma 2.2 that m(r, a_{l,j} ) = S(r, f) for j = 0, . . . , n + p − 2 and l = 0, . . . , n + j − 1. Hence (7.5) m(r, c_1) = S(r, f). Poles of c_0 and c_1 can only occur where at least one of the functions a_{l,j} and hence at least one of the functions a_0, . . . , a_{n−1} has a pole. Since a_l = (−1)^{n−l}W_{0,...,l−1,l+1,...,n} ( f, f^{(k1)}, f^{(k2)}, . . . , f^{(kn}�^{1)} ) 1 φ for l = 0, . . . , n − 1, we have

(7.6) N(r, c_0) ≤ N ( r, 1 φ ) + N (r, f).

On the zeros of the Wronskian of an entire or meromorphic function 111

Now let z_0 be a pole of c_1 . The Fuchsian theory (see [6, §15.3], for example) applied to the equation L_1[w] = 0 gives

a_l(z_0) = ∞ with multiplicity at most n − l

for l = 0, . . . , n − 1. It follows that

a_{l,j} (z_0) = ∞ with multiplicity at most n + j − l

for j = 0, . . . , n + p − 2 and l = 0, . . . , n + j − 1. Using (7.4) with j = 1 we get

c_1(z_0) = ∞ with multiplicity at most (n + p − 1)(n − 1)

and thus

(7.7) N(r, c_1) ≤ (n + p − 1)(n − 1) ( N ( r, 1 φ ) + N (r, f) ) . Substitution of (7.5), (7.6) and (7.7) in (7.3) gives exactly the assertion of the theorem.

References

[1] Frei, M.: Über die Lösungen linearer Differentialgleichungen mit ganzen Funktionen als Koeffizienten. - Comment. Math. Helv. 35, 1961, 201–222.

[2] Frobenius, F.G.: Über die Determinante mehrerer Functionen einer Variabeln. - J. Reine Angew. Math. 77, 1874, 245–257. Also in: F.G. Frobenius: Gesammelte Abhandlungen, Band I (J-P. Serre, ed.), 141–153. Springer-Verlag, Berlin–Heidelberg–New York, 1968.

[3] Jank, G., and L. Volkmann: Meromorphe Funktionen und Differentialgleichungen. - Birkhäuser Verlag, Basel–Boston–Stuttgart, 1985.

[4] Hayman, W.K.: Picard values of meromorphic functions and their derivatives. - Ann. of Math. II. Ser. 70, 1959, 9–42.

[5] Hayman, W.K.: Meromorphic Functions. - Clarendon Press, Oxford, 1964. [6] Ince, E.L.: Ordinary Differential Equations. - Dover Publications, New York, 1956. [7] Lehners, G.: Über nullstellenfreie homogene Differentialpolynome. - Dissertation, Fachbereich Mathematik der Universität Hannover, 1984.

[8] Mues, E.: Nullstellen homogener Differentialpolynome. - Manuscripta Math. 23, 1978, 325–341.

[9] Nevanlinna, R.: Le théorème de Picard–Borel et la théorie des fonctions méromorphes. - Gauthiers-Villars, Paris, 1929.

[10] Ngoan, V., and I.V. Ostrovskii: The logarithmic derivative of a meromorphic function. - Akad. Nauk. Armyan. SSR Dokl. 41, 1965, 272–277.

[11] Ozawa, M.: Zeros of certain differential polynomials. - Analytic function theory of one complex variable, Pitman Res. Notes Math. Ser. 212, 1989, 199–225.

[12] Pólya, G.: Geometrisches über die Verteilung der Nullstellen gewisser transzendenter Funktionen. - S.-B. Bayer. Akad. Wiss., 1920, 285–290. Also in: G. Pólya: Collected

112 Martin Reinders

papers, Vol. II: Location of Zeros (R.P. Boas, ed.), 198–203. Mathematicians of Our Time, Vol. 8. The MIT Press, Cambridge, Mass.–London, 1974.

[13] Reinders, M.: On the zeros of W (g, g0, . . ., g^{(n}�^{1)}) . - Analysis (to appear). [14] Reinders, M.: Abschätzungen für die Anzahlfunktion der Nullstellen einer Wronskideterminante von einer ganzen oder meromorphen Funktion und deren Ableitungen. - Habilitationsschrift, Fachbereich Mathematik der Universität Hannover, 1994.

[15] Spivac, M.: Calculus on Manifolds. - W.A. Benjamin, Inc., New York–Amsterdam, 1965. [16] Tohge, K.: On the zeros of a homogeneous differential polynomial. - Kodai Math. J. 16, 1993, 398–415.

Received 31 July 1995