Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 23, 1998, 101–132

GENERAL UNIVALENCE CRITERIA IN THE DISK:

EXTENSIONS AND EXTREMAL FUNCTION

M. Chuaqui and B. Osgood

P. Universidad Católica de Chile, Facultad de Matematica Casilla 306, Santiago, Chile; mchuaqui@mat.puc.cl Stanford University, Department of Mathematics Stanford, CA 94305-2125, U.S.A.; osgood@leland.stanford.edu

Abstract. Many classical univalence criteria depending on the Schwarzian derivative are special cases of a result, proved in [18], involving both conformal mappings and conformal metrics. The classical theorems for analytic functions on the disk emerge by choosing appropriate conformal metrics and computing a generalized Schwarzian. The results in this paper address questions of extending functions which satisfy the general univalence criterion; continuous extensions to the closure of the disk, and homeomorphic and quasiconformal extensions to the sphere. The main tool is the convexity of an associated function along geodesics of the metric. The other important aspect of this study is an extremal function associated with a given criterion, along with its associated extremal geodesics. An extremal function for a criterion is one whose image is not a Jordan domain. An extremal geodesic joins points on the boundary which map to the same point in the image. We show that, for the general criterion, the image of an extremal geodesic under an extremal function is a euclidean circle.

1. Introduction

In this paper we study some geometric aspects of univalence criteria depending on the Schwarzian derivative in a fairly general setting. The Schwarzian derivative of an analytic function f is defined by Sf = ( f^{′′} f^′ )_′ − 1 2 ( f^{′′} f^′ )_2 . Let D denote the unit disk in the complex plane. We consider analytic or meromorphic functions defined on D and metrics on D of nonpositive curvature that are conformal to the euclidean metric. Our main concerns are with extending maps satisfying the general univalence criterion in Theorem 1, below, to D and to ^C = C ∪ {∞}, and also with geometric properties of extremal functions for the criterion. We make systematic use of convexity coming from comparison theorems for differential equations and inequalities.

1991 Mathematics Subject Classification: Primary 30C35, 30C60, 53.25. Both authors were supported in part by FONDECYT grants numbers 1940690 and 1971055.

102 M. Chuaqui and B. Osgood

Univalence criteria. In the paper [17] that started the whole subject, Nehari proved that either of the conditions, (1.1) |Sf(z)| ≤ 2 (1 − |z|^2)^2 or (1.2) |Sf(z)| ≤^1_2 π^2,

is sufficient for f to be univalent in D. The constants^1_2 π^2 in (1.2) and 2 in the numerator of (1.1) are each sharp.

Let g be a metric (tensor) on D and let g_0 = |dz|^2 denote the euclidean metric. For a smooth, real-valued function ψ on D we define a symmetric, traceless 2-tensor

B_g(ψ) = Hess_g ψ − dψ ⊗ dψ −^1_2 {Δ_gψ − ‖ grad_g ψ‖_g^2}g,

where, as we have indicated by the subscripts, the metric dependent quantities Hessian, gradient, Laplacian, and norm are computed with respect to g . (We use single bars, and no subscript, to denote the usual euclidean norm.) If f: (D, g) → (C, g_0) is a conformal, local diffeomorphism with f^∗g_0 = e^{2ψ}g , its Schwarzian tensor, [19], [18], is defined by Sgf = Bg(ψ). When g is the euclidean metric S_gf can be written as the matrix Sgf =^{( Re Sf − Im Sf} − Im Sf − Re Sf ) . For the arguments in this paper it will not be necessary to know all the aspects of this generalization of the Schwarzian. The familiar properties in the classical case are still present for the Schwarzian tensor, most importantly that

(1.3) S_g(M ∘ f) = S_gf

if M is a Möbius transformation. This is a special case of the chain rule

(1.4) S (f ∘ h) = h^∗S (f) + S h,

which includes the classical formula S(f ∘ h) = ( (Sf) ∘ h ) (h^′)^2 + Sh.

General univalence criteria in the disk 103

The important thing to keep in mind is that the Schwarzian tensor is computed with respect to a background metric g , and it changes when g changes. When there is conformal change in g the Schwarzian tensor changes in a simple way, governed, in fact, by (1.4).

Here, as in the classical setting also, there are two very useful consequences of the Möbius invariance (1.3). First, so long as bounds on S_gf are unaffected, which will be the case in the situations we consider, it is possible in the course of a proof to normalize f in various ways by composing it with a Möbius transformation of the range. Second, one can also define the Schwarzian tensor for meromorphic functions by shifting the range of the function by a Möbius transformation in order to miss the point at infinity. We have some further comments on this, below.

In [18] the authors obtained a general univalence criterion in terms of S_gf that involves both the curvature of the metric and a diameter term. Let K(g) denote the Gaussian curvature of the metric g . In the two-dimensional case the result can be stated as:

Theorem 1. Let f be analytic or meromorphic in (D, g) and locally univalent. Suppose that any two points in D can be joined by a geodesic of length < δ , for some 0 < δ ≤ ∞. If

(1.5) ‖S_g f‖_g ≤

2π^2 δ^2 − 1 2 K(g) then f is univalent.

In [18] the formulation of this theorem is in terms of a conformal, local diffeomorphism of an n-dimensional Riemannian manifold, n ≥ 2, into the n-sphere with its standard metric. In many ways having the sphere as the target is the most natural set-up. Adopting it in the two-dimensional case would allow us to dispense with the distinction between analytic and meromorphic functions, for instance. To make the tie-in with more classical results clearer, especially in defining extensions of the mapping, we decided to stick with the complex plane with its euclidean metric as the target. In any event, it makes no substantial difference in any of our results for the following reason. If f is a conformal, local diffeomorphism into either C with the euclidean metric or S^2 with its standard metric ( ^C with the spherical metric), then, although the conformal factors are different under the pullback f^∗ , the Schwarzian tensor S_g f is the same in both cases. For this fact, see [19].

Many known criteria for univalence follow from Theorem 1 simply by choosing different conformal background metrics g . For example, as was pointed out in [18], if g is the euclidean metric, with K = 0 and δ = 2, then (1.5) reduces to (1.2), while if g is |dz|^2/(1 − |z|^2)^2 , the Poincaré metric, with K = −4 and δ = ∞, then one obtains the condition (1.1).

104 M. Chuaqui and B. Osgood

Similarly, one can obtain the very general criterion of Epstein, [14]:

(1.6) | |Sf(z) − 2(τ_{zz} − τ^2_z )(z) + 4z̄τ^z(z) 1 − |z|^2 | | ≤ 2 ( 1 + (1 − |z|^2)^2τ_{zz̄} (z) ) (1 − |z|^2)^2 . In this case the metric to take in Theorem 1 is e^{2τ} |dz|^2/(1 − |z|^2)^2 , where τ is a real-valued function satisfying some mild extra conditions. See [6] for the approach to Epstein’s theorem using Theorem 1, and [4] for an extension of (1.6) allowing for complex parameters.

Metrics on D and associated functions. Unless noted otherwise, in the remainder of this paper we will always assume that K(g) ≤ 0, and so we will not state this as a separate assumption in any of our results. Geometrically, the main consequence of this is that geodesics cannot cross more than once in D.

If the metric g on the disk is complete we must take δ = ∞ in Theorem 1. Then (1.5) becomes ‖S_g f‖_g ≤ −^1_2 K(g), which we will write as

(1.7) ‖S_g f‖_g ≤^1_2 |K(g)|.

In some instances, hypotheses, theorems, or proofs are different according to whether δ < ∞ or δ = ∞. For short we refer to the latter as ‘the complete case’. (One can have δ = ∞ but g not complete. We do not consider this case.)

We consider metrics on D of the form

(1.8) g = e^{2σ}|dz|^2 = e^{2σ}g_0.

We let l_g denote the length function (of a curve) and d_g the distance (between points).

We recall that the curvature is given in terms of σ by

(1.9) K(g) = −e^{−2σ}Δ_{g0} σ.

Using (1.4), (1.9), and ‖ · ‖_g = e^σ| · |, the basic inequality on the Schwarzian,

‖Sgf‖g ≤ 2(π/δ)^2 −^1_2 K(g), in Theorem 1 can be written in euclidean terms as (1.10) |Sf − 2(σ_{zz} − σ^2_z )| ≤ 2π^2 δ^2 e^{2σ} + 2σ_{zz̄} .

Let f be a conformal, local diffeomorphism of (D, g) into (C, g_0). Denoting

(1.11) φ = log |f^′|,

General univalence criteria in the disk 105

we have

(1.12) f^∗g_0 = e^{2(φ−σ)}g,

and hence

(1.13) S_gf = B_g(φ − σ).

Definition. We define

(1.14) u_f = e^{(σ−φ)/2}.

We refer to u_f as the associated function.

If we use the euclidean metric in both the domain and the range of f then u_f = |f^′|^{−1/2} . When the context is clear we write u for u_f .

We will use the function u_f throughout this paper. The basis of much of our analysis is the fact that there is a lower bound for the Hessian of u_f when f satisfies (1.5). This is Theorem 2 in Section 2. One then obtains bounds for u_f by means of comparison theorems for differential equations. In the complete case the result is that u_f is a convex function on D with respect to the metric g . In fact, the convexity of u_f becomes a characteristic property of functions satisfying (1.7) if one allows for composing f with a Möbius transformation of its range. This is Corollary 2 in Section 2.

If f is meromorphic in the disk then u_f is zero at a pole. At a pole u_f is not differentiable, so convexity, as a property of the Hessian, means convex away from the poles.

Boundary behavior and extremal functions. To study boundary behavior we need some special, global properties of the metric g = e^{2σ}|dz|^2 on D. Here we make contact with the subject of ‘visibility manifolds’, an area of differential geometry that has been studied extensively. Of the literature on the subject we mention only the lectures of Eberlein [12] for a general survey of the early work, and a paper of Epstein [13] which is more directly related to the present paper.

The first property has to do with extending geodesics to the boundary, and with reaching every boundary point in this way. We state the property first as it often appears in the literature, but we must then say more to distinguish the complete and the non-complete cases.

Definition. The metric g on D has the unique limit point property (ULP) if: (a) Let z_0 ∈ D. If γ(t), 0 ≤ t < T ≤ ∞, is a maximally extended geodesic starting at z_0 then lim_{t→T} γ(t) exists (in the euclidean sense). We denote it by γ(T ) ∈ ∂D.

(b) The limit point is a continuous function of the initial direction at z_0 . (c) Let ζ ∈ ∂D. Then there is a geodesic starting at z_0 whose limit point on ∂D is ζ .

106 M. Chuaqui and B. Osgood

We say a little more about part (c) in this condition. The assumption of nonpositive curvature implies that the limit point is a monotonic function of the initial direction at the base point. Part (b) requires that it is continuous. It is conceivable that, for some metrics, all geodesics from a base point might tend to the same limit point on the boundary, so the mapping from initial directions to points on ∂D would reduce to a constant. We want to avoid this degenerate situation and be certain that every boundary point is ‘visible’, so we include that fact in the statement of (ULP).

(ULP) is a natural condition on complete metrics and is frequently formulated this way, if not with this appellation. For our work on boundary behavior in the non-complete case we have to strengthen it slightly. Again take any base point z_0 ∈ D and consider geodesics from z_0 extended maximally to their unique limit points on the boundary. In general, the length of such a geodesic as a function of the initial direction at z_0 is lower semicontinuous, and for our arguments we need to know that it is continuous. We let (ULP*) mean (ULP) plus the continuity of the length function. This is the assumption we will often adopt in the noncomplete case. In the complete case the length function is the constant function +∞ and the particular problems we encounter in the non-complete case do not come up; (ULP) will suffice as is.

The second global property we need is Definition. The metric g on D has the boundary points joined property (BPJ) if any two points on ∂D can be joined by a geodesic which lies in D except for its endpoints.

The conditions above must be hypotheses in many of our results, but none of them, alone or together, is asking too much of a metric. Nevertheless, we need to know when they hold. In Section 6, we establish several conditions on the conformal factor σ implying the (ULP) et al conditions.

The fundamental result on univalence criteria and boundary behavior is Theorem 3 in Section 3, stating that when (ULP) or (ULP*) holds, a function satisfying (1.5) has a spherically continuous extension to D. This had been proved for functions satisfying Nehari’s criterion (1.1) by Gehring and Pommerenke in [16].

We now make the following definition.

Definition. Suppose the metric g satisfies (ULP), or (ULP*), and (BPJ). An analytic function f in (D, g) satisfying (1.5) is an extremal function for (1.5) if the extension of f to D is not injective on ∂D. A geodesic γ in D an extremal geodesic if it joins two points on ∂D where an extremal function f fails to be injective.

In Section 4 we study extremal functions and extremal geodesics in some detail. We show that equality holds in (1.5) along an extremal geodesic, and we prove an ‘image circle theorem’, stating that the image of an extremal geodesic is a euclidean circle. This surprising geometric phenomenon was first discovered by

General univalence criteria in the disk 107

Epstein [15] for his univalence criterion (1.6); it is essentially included in the case δ = ∞ of our result. His methods were much different and do not apply to the case δ < ∞.

Homeomorphic and quasiconformal extension. There are strong forms of the univalence criteria (1.1), (1.6) and (1.7) having to do with quasiconformal extensions. Thus if the right hand side of the inequalities is multiplied by t, for 0 ≤ t < 1, then the function f has a (1 + t)/(1 − t)-quasiconformal extension to ^C. See [3], [14], and [5]. In this case one says that the image Ω = f(D) is a quasidisk.

In general, if f satisfies (1.7) then the image will not be a quasidisk, though it may be a Jordan domain. In Section 5 we address the question of constructing homeomorphic extensions to ^C of functions satisfying (1.7) under the assumption that the image is Jordan. We are able to find several characteristic properties for a function to satisfy (1.7), and also for f(D) to be a Jordan domain. The result on homeomorphic extensions, together with the analysis of extremal functions and geodesics, can be viewed as a description of the possible degeneration that a quasiconformal extension can undergo as t → 1. We can do this only in the complete case, and it is an interesting question to construct homeomorphic and quasiconformal extensions for functions satisfying a stronger form of (1.5) when δ < ∞. For example, it follows from the work of Gehring and Pommerenke in [16] that the stronger form |Sf| ≤ t(^1_2 π^2) of (1.2) implies that f has a quasiconformal extension. In [9] we are able to give an explicit formula for the extension in this case, but we cannot yet do so in general.

Example. Finally, in Section 7 we apply our work to one particular example of a univalence criterion similar to one considered by Ahlfors [2]. A more detailed study of this example is presented in [10].

Acknowledgements. We are very happy to thank C. Epstein for his interest in the present paper, and even more for the inspiration provided by his earlier papers on the Schwarzian and univalence criteria. Though our arguments are quite different from his, several of the results here, particularly the extensions and the image circle theorem for extremal geodesics, were suggested by his work. We also thank C. Cortázar, M. Elgueta, and R. Mazzeo for stimulating conversations. Finally, we are grateful to the referee for a very thorough and constructive reading of this paper.

2. Bounds on the Hessian, convexity, and critical points

We begin with a computation relating the basic upper bound (1.5) on the Schwarzian to a lower bound for the Hessian of the associated function u_f defined in (1.14). We use this result for much of our analysis.

Theorem 2. If ‖S_gf‖_g ≤ (2π^2/δ^2)−^1_2 K(g) then Hess_g u_f +(π^2/δ^2)u_f g ≥ 0.

108 M. Chuaqui and B. Osgood

Proof. This actually follows from some of the computations in [18], but we give a direct verification here. Write u for u_f , and let v = u^2 = e^{σ−φ} . Then (see [19] or [18]),

(2.1) Hess_g v + vS_gf =^1_2 (Δ_gv)g.

We also have that Δ_gv = vΔ_g(log v) + 1 v ‖ grad_g v‖^2_g.

Using Δ_g = e^{−2σ}Δ_{g0} and K(g) = −e^{−2σ}Δ_{g0} σ we obtain

Δ_gv = ve^{−2σ}Δ_{g0} (σ − φ) + 1 v ‖ grad_g v‖^2_g = −vK(g) + 1 v ‖ grad_g v‖^2_g.

Hence in (2.1),

(2.2)

Hess_g v = v ( − 1 2 K(g)g − S_gf ) + 1 2v ‖ grad_g v‖_g^2g ≥ − 2π^2 δ^2 vg + 1 2v ‖ grad_g v‖_g^2g.

On the other hand, since v = u^2 ,

Hess_g v = 2u Hess_g u + 2du ⊗ du and 1 2v ‖ grad_g v‖_g^2 = 2‖ grad_g u‖_g^2.

It follows that u Hess_g u + du ⊗ du ≥ − π^2 δ^2 u^2g + ‖ grad_g u‖_g^2g, so Hess_g u + π^2 δ^2 ug ≥ 0, as desired.

If γ(t) is a unit-speed geodesic for g and U(t) = u_f ( γ(t) ) , then along γ the inequality for the Hessian becomes

U^{′′} + π^2 δ^2 U ≥ 0. Equality holds along γ only if equality holds in (1.5) along γ .

Next, a real-valued function w on D is convex with respect to g if the Hessian of w , computed with respect to g , is positive semi-definite. This is equivalent to requiring that (w ∘ γ)^{′′}(t) ≥ 0 for every geodesic γ = γ(t) in D, where t is an arclength parameter for g . When g is complete Theorem 2 is thus a convexity result. We use this often enough to merit a separate statement. (Recall that if f is meromorphic then u_f is zero at the pole. The computation in Theorem 2 applies away from the pole.)

General univalence criteria in the disk 109

Corollary 1. If g is complete and ‖S_g f‖_g ≤^1_2 |K(g)| then u_f is g -convex.

From Corollary 1 we deduce a characterization of functions satisfying (1.7). Because the characterization involves shifting the range by an arbitrary Möbius transformation, the hypothesis is that f is meromorphic; see also [11].

Corollary 2. Let g be complete and f a meromorphic function in (D, g). The following are equivalent: (a) ‖S_gf‖_g ≤^1_2 |K(g)|;

(b) u_{M∘f} is convex for all Möbius transformations M;

(c) for every z_0 ∈ D there exists a Möbius transformation M such that u_{M∘f} has a positive local minimum at z_0 .

Proof. (a) ⇒ (b): Since S_g (M ∘ f) = S_gf for any Möbius transformation M it suffices to show that u_f is convex, and this is precisely Corollary 1.

(b) ⇒ (c): Let z_0 ∈ D. Since u_{M∘f} is convex, it suffices to choose M so that u_{M∘f} has a critical point at z_0 , and z_0 is not a pole of f . But it is easy to see that an arbitrary Möbius transformation M has enough parameters to produce such a critical point.

(c) ⇒ (a): Let z_0 ∈ D and suppose that u = u_{M∘f} has a positive local minimum at z_0 . Then z_0 is not a pole of M ∘ f , and, with v = u^2 , from (2.2)

(Hess_g v)(z_0) = v ( −^1_2 K(g)g − S_g (M ∘ f) ) (z_0),

which must be ≥ 0. It follows that ‖S_g(M ∘ f)‖_g ≤ −^1_2 K(g) =^1_2 |K(g)| at z_0 . Since S_g (M ∘ f) = S_gf , and since z_0 was arbitrary, the bound must hold everywhere.

Though Theorem 2 and Corollary 1 are local, under the assumption of completeness Corollary 1 has a useful global consequence based on the fact that a critical point of a smooth convex function is always a global minimum.

Corollary 3. Let g be complete and f a meromorphic function in (D, g). If u_f has a critical point at which u_f is positive, then f is analytic. If the critical point is unique then f is bounded.

Proof. For the first part, once again, at a pole of f the function u_f must vanish. This would then give a global minimum of u_f distinct from the one at the supposed critical point.

For the second part, let z_0 ∈ D be the unique critical point of u = u_f , u(z_0) > 0. Then u(z_0) is the absolute minimum of u in D.

We use geodesic polar coordinates r , θ on D based at z_0 . Because the critical point is unique, given an r_0 > 0 there exists a c > 0 such that the radial derivative u_r is ≥ c at points z of g -distance ≥ r_0 from z_0 . Let γ = γ(t) be a

110 M. Chuaqui and B. Osgood

geodesic with γ(0) = z_0 , and write U(t) = u ( γ(t) ) . Then U^′(t) ≥ c for t ≥ r_0 , and since U(t) is convex (2.3) U(t) ≥ b + ct, for some constant b independent of θ . Hence

(2.4) e^{φ(γ(t))}e^{−σ(γ(t))} = U^{−2}(t) ≤ 1 (b + ct)^2 , and so for all T > r_0 , ∫ γ|[r0,T ] |f^′(z)| |dz| = ∫_T r0 e^{φ(γ(t))}e^{−σ(γ(t))} dt ≤ ∫_T r0 1 (b + ct)^2 dt ≤ ∫_∞ r0 1 (b + ct)^2 dt < ∞. Since g is complete, γ(T ) → ∂D as T → ∞, and we conclude that f(D) is bounded.

Both the statement of this corollary and its proof will be used in later arguments.

Remark. Corollary 3 is a distortion theorem in disguise. We can always assume that the critical point of u_f is at the origin by changing f to M ∘ f by a Möbius transformation M , and we can normalize further so that u_f (0) = 1. Even if the critical point is not unique the convexity of u_f implies that e^{(σ−φ)/2} = u_f ≥ u_f (0) = 1, or |f^′| = e^φ ≤ e^σ. When g is the Poincaré metric with e^{σ(z)} = 1/(1 − |z|^2) this becomes |f^′(z)| ≤ 1 1 − |z|^2 , which is the sharp upper bound for functions f(z) = z + a_3z^3 + · · · satisfying Nehari’s condition |Sf(z)| ≤ 2/(1 − |z|^2)^2 , [7]. When the critical point is unique, (2.3) implies that for R_0 ≤ |z| < 1 one has (2.5) |f^′(z)| ≤ e^{σ(z)} ( b + cd_g(0, z) )_2 ,

where now the constants R_0 , b and c depend on f . Here d_g denotes the distance in the g -metric. In some cases one can deduce estimates for the modulus of continuity from (2.5).

We will make further use of convexity and critical points in Section 5. Analogous results on distortion for the non-complete case have eluded us; see however [10].

General univalence criteria in the disk 111

3. Extension to D

In this section we use the differential inequality provided by Theorem 2 to prove that a function satisfying the general univalence criterion (1.5) has a continuous extension to D. Here, for the first time, we we must assume the unique limit point property (ULP).

Theorem 3. Suppose f is a meromorphic function in (D, g) satisfying (1.5), and that g satisfies (ULP) if it is complete and (ULP*) if it is not complete. Then f admits a (spherically) continuous extension to D.

Proof. Let Ω = f(D). We will show that small arcs on S^1 , corresponding to intervals of initial directions of geodesics from a base point, parametrize small arcs on ∂Ω. This implies that ∂Ω is locally connected at each point, which is a necessary and sufficient condition for f to have a continuous extension to D. To obtain the requisite estimates we have to modify f by Möbius transformations of the range, and this is why the theorem is stated in terms of meromorphic rather than analytic functions.

The proof is slightly different in the two cases δ < ∞ and δ = ∞. We consider first δ < ∞; thus (ULP*) is in force. Let ζ_0 ∈ ∂D and let γ_0 be a geodesic in D ending at ζ_0 . Let z_0 ∈ γ_0 be a point of distance <^1_8 δ from ζ_0 , and let θ_0 be the direction of γ_0 at z_0 . Choose a small enough neighborhood V of initial directions about θ_0 with corresponding geodesics covering an arc I ⊂ ∂D of limit points so that the distances between z_0 and all such limit points is ≤^1_4 δ .

Let θ ∈ V and let γ(t), 0 ≤ t ≤ T_θ , be the corresponding geodesic starting at z_0 and ending at a point on I ⊂ ∂D. Replace f by M ∘ f , where the Möbius transformation M is chosen so that the associated function u_{M∘f} satisfies

grad u_{M∘f} (z_0) = 0 and u_{M∘f} (z_0) = 1.

We want to apply Theorem 2 to u_{M∘f} along the geodesics γ . We continue to write f for M ∘ f and u_f for u_{M∘f} since S_g (M ∘ f) = S_g f . The function U(t) = u_f ( γ(t) ) satisfies

U^{′′} ≥ − π^2 δ^2

U, U(0) = 1, U^′(0) = 0.

From this,

U(t) ≥ cos ( π δ t ) , and so

U(t) ≥ cos ( π δ δ 4 ) = 1 √ 2 .

112 M. Chuaqui and B. Osgood

Note that since u_f is non-zero in the sector swept out by the geodesics γ , f is

analytic there. Referring to (1.11) and (1.14), |f^′| = e^φ ≤ 2e^σ , along γ , and

(3.1) ∫ γ |f^′| |dz| ≤ 2l_g(γ) ≤^1_2 δ. This implies that lim_{t→Tθ} f ( γ(t) ) exists. We denote the limit by f ( γ(T_θ) ) ; it lies on ∂Ω.

We prove next that f ( γ(T_θ) ) ∈ ∂Ω depends continuously on the initial direc-

tion θ of the geodesic. Let γ_1 , 0 ≤ t ≤ T_{θ1} , and γ_2 , 0 ≤ t ≤ T_{θ2} , be two geodesic

rays starting at z_0 with θ_1, θ_2 ∈ V . We need to estimate the distance between f ( γ_1(T_{θ1} ) ) and f ( γ_2(T_{θ2} ) ) . Let 0 < τ < min{T_{θ1} , T_{θ2} }. Then | f ( γ_1(T_{θ1} ) ) − f ( γ_2(T_{θ2} ) )| ≤ | f ( γ_1(T_{θ1} ) ) − f ( γ_1(τ ) )| + | f ( γ_1(τ ) ) − f ( γ_2(τ ) )| + | f ( γ_2(T_{θ2} ) ) − f ( γ_2(τ ) )| . The terms | f ( γ_i(T_{θi} ) ) − f ( γ_i(τ ) )| are dominated by the tails of the integrals in

(3.1) which are uniformly bounded by^1_2 δ . Now using the continuity of the length

function in the hypothesis (ULP*), there is a τ_0 so that both these terms are

small for τ_0 ≤ τ < min{T_{θ1} , T_{θ2} } if |θ_1 − θ_2| is small. The remaining term can

be controlled using the continuity of f and the fact that |γ_1(τ ) − γ_2(τ )| is small

if |θ_1 − θ_2| is small. These estimates prove that the endpoints f ( γ(T_θ) ) ∈ ∂Ω, γ varying, depend continuously on the initial directions θ = γ^′(0).

It remains to show that any point in ∂Ω is the image f ( γ(T_θ) ) as in the

construction above. Let ω ∈ ∂Ω and let {w_n} be a sequence of points in Ω which

converges to ω . Choose a subsequence, labeled the same way, of z_n = f^{−1}(w_n)

converging to a point ζ ∈ ∂D. Let z_0 ∈ D be a point of distance <^1_8 δ from ζ .

Let g_1 be the metric on Ω obtained by pulling back the metric g on D

by f^{−1} . Thus f: (D, g) → (Ω, g_1) is an isometry. Let let Γ_n(t) be the g_1 -geodesic

joining f(z_0) = w_0 to w_n with Γ_n(0) = w_0 . Another subsequence, again labeled

in the same way, of the initial directions Γ^′_n(0) converges to a direction which

determines a geodesic Γ. Let γ = f^{−1}(Γ), γ = γ(t), θ = γ^′(0), 0 ≤ t ≤ T_θ . Let

γ_n = f^{−1}(Γ_n) and let t_n = l_g (γ_n) = l_{g1} (Γ_n). Write | f ( γ(T_θ) ) − w_n | = | f ( γ(T_θ) ) − f ( γ_n(t_n) )| ≤ | f ( γ(T_θ) ) − f ( γ(τ ) )| + | f ( γ(τ ) ) − f ( γ_n(τ ) )| + | f ( γ_n(τ ) ) − f ( γ_n(t_n) )| . As γ^′_n(0) → γ^′(0) = θ , we conclude for n sufficiently large that | f ( γ(T_θ) ) −w_n | can be made arbitrarily small by choosing τ close enough to T_θ . Hence ω = f ( γ(T_θ) ) . This completes the proof in the case δ < ∞.

General univalence criteria in the disk 113

We indicate now how the argument should be modified in the complete case δ = ∞. Choose a base point z_0 , which is fixed for the entire argument. Let w_0 = f(z_0). The g_1 -geodesic rays from w_0 can be extended indefinitely, and we need to know that they have a limit. Any such ray is the image under f of a geodesic γ = γ(t), γ(0) = z_0 . Changing f by an appropriate Möbius transformation of the range, and maintaining the same notation convention as above, we may assume that U^′(0) ≥ c > 0. Then, as in the proof of Corollary 3, we have U(t) ≥ b + ct, t ≥ 0, and

(3.2) ∫ γ |f^′| |dz| < ∞. Thus lim_{t→∞} f ( γ(t) ) exists, and we denote if by f ( γ(∞) ) ∈ ∂Ω. For the continuity of f ( γ(∞) ) depending on the initial directions at z_0 we argue as follows. Take a geodesic γ_1(t) from z_0 . This time we modify f by a Möbius transformation to change the gradient of u_f at z_0 so that U^′(0) ≥ c > 0 for all rays from z_0 that form an angle of less than^1_4 π with γ^′_1(0). This makes the integrals in (3.2) uniformly bounded over all such rays, and f uniformly bounded in the sector covered by the rays. From here the proof of continuity, and that all of ∂Ω is hit by the f ( γ(∞) ) , is almost identical to the above. Only (ULP) is necessary.

4. Extremal functions

Suppose the metric g satisfies (ULP), or (ULP*), and (BPJ). Recall that f is an extremal function for (1.5) if f(D) is not a Jordan domain, and that a corresponding extremal geodesic joins two points on ∂D where f is not injective.

The principal result on extremal functionas and extremal geodesics is the following.

Theorem 4. Let g have the properties (ULP), (or (ULP*)) and (BPJ). Then (i) Equality holds in (1.5) for an extremal function along an extermal geodesic. (ii) The image f(γ) of an extremal geodesic under the extremal function f is a euclidean circle.

Part (i) of this theorem is another reason for the term extremal function. Its converse, however, is not true. Take Nehari’s criterion |Sf(z)| ≤ 2/(1 − |z|^2)^2 . The interval (−1, 1) is an extremal geodesic for the function L(z) = 1 2 log 1 + z 1 − z . But we also have |Sf(z)| = 2/(1 − |z|^2)^2 along (−1, 1) for the function f(z) = 1 √ 2 (1 + z)^{√2} − (1 − z)^{√2} (1 + z)^{√2} + (1 − z)^{√2} , Sf(z) = −2 (1 − z^2)^2 ,

114 M. Chuaqui and B. Osgood

and f(D) is a Jordan domain, in fact a quasidisk. Hence, in our sense, f is not an extremal function for Nehari’s criterion.

Let f be an extremal function for (1.5), with f(ζ_1) = f(ζ_2), and let γ be an extremal geodesic joining ζ_1 and ζ_2 . Theorem 4 does not assume any normalizations on f , but the proof, which depends on properties of the associated function, needs some. Normalize f via M ∘ f , where M is a Möbius transformation, so that

(4.1) f(ζ_1) = f(ζ_2) = ∞.

Let γ(t), be a g -unit speed parametrization of γ in the direction from ζ_2 to ζ_1 . We consider the associated function u_f restricted to an extremal geodesic γ . As earlier we let U(t) = u_f ( γ(t) ) . For the complete case we have the following preliminary result.

Lemma 1. If δ = ∞ then U(t) is constant.

Proof. Recall from Corollary 1 that U(t) is a convex function of t. If U(t) were not constant it would be bounded from below by some nonconstant affine function b + ct, as in the proof of Corollary 3. But then this would make one of the integrals ∫ γ+ |f^′(z)| |dz|, ∫ γ� |f^′(z)| |dz| finite, where γ^+ = γ|_{[0,∞)} and γ� = γ|_{(−∞,0]} . This contradicts f(ζ_1) = f(ζ_2) = ∞. Later we will show more precisely that the constant value of U is the absolute minimum of u_f on D.

For the case δ < ∞ there are two basic lemmas. We maintain the nomalization (4.1).

Lemma 2. Suppose δ < ∞. Then an extremal geodesic has length δ and its midpoint is the unique critical point of U(t).

Proof. We show first that U(t) must have a critical point. If not then U is monotone, say increasing. Consequently U(t) ≥ U(t_0) = a for t ≥ t_0 , and thus |f^′(z)| ≤ 1 a^2 e^{σ(z)} for z ∈ γ after γ(t_0). This gives that ∫_{ζ1} γ(t0) |f^′| |dz| ≤ δ a^2 < ∞,

General univalence criteria in the disk 115

and therefore that f(ζ_1) is finite, contradicting the normalization of f .

Let z_0 = γ(0) be a critical point for U(t). Since U^{′′} ≥ −(π/δ)^2U , it follows that

(4.2) U(t) ≥ U(0) cos ( π δ t )

for |t| <^1_2 δ . If either d_g(z_0, ζ_1) or d_g(z_0, ζ_2) is <^1_2 δ then U would be bounded below by a positive constant on either the part of γ from z_0 to ζ_1 or from ζ_2 to z_0 . As before, this leads to a contradiction with the normalization of f .

Since in any case d_g(z_0, ζ_1) + d_g(z_0, ζ_2) ≤ δ , we conclude that d_g(z_0, ζ_1) = d_g(z_0, ζ_2) =^1_2 δ . This also shows that the critical point is unique.

Lemma 3. If δ < ∞ and z_0 = γ(0) is the midpoint then

(4.3) U(t) = U(0) cos ( π δ t ) , − δ 2 ≤ t ≤ δ 2 . Proof. As in (4.2), we have

U(t) ≥ U(0) cos ( π δ t ) , − δ 2 ≤ t ≤ δ 2 , hence U(t) > 0. We also know that U is monotone for −^1_2 δ < t < 0 and for 0 < t <^1_2 δ . We claim it is increasing on the negative interval and decreasing on the positive. Suppose not, say that U is increasing for 0 ≤ t ≤^1_2 δ . Then U(t) ≥ U(0) = a for 0 < t <^1_2 δ , which implies as before that f(ζ_1) is finite, a contradiction.

Since U > 0, we conclude that both limits lim_{t→±δ/2} U(t) exist. But these limits must be zero, for otherwise U would be bounded from below by a positive constant on some half of γ . Hence U(^1_2 δ) = U(−^1_2 δ) = 0 and again the Sturm comparison theorem implies (4.3).

Part (i) of Theorem 4 now follows from these lemmas. For in either of the cases δ < ∞ or δ = ∞ the function U satisfies

U^{′′} + π^2 δ^2

U = 0

along the extremal geodesic, and this implies that equality holds in (1.5) there. Since S_g (M ∘ f) = S_gf for a Möbius transformation M , the same is true for any extremal function with this extremal geodesic, normalized or not.

We turn to the geometry of extremal geodesics. Let f be an extremal function for (1.5) with an extremal geodesic γ joining ζ_1, ζ_2 ∈ ∂D where f(ζ_1) = f(ζ_2). Normalize f as in (4.1). To prove part (ii) of Theorem 4 we then want to show

116 M. Chuaqui and B. Osgood that f(γ) is a straight line, and we do this by showing that its euclidean curvature is zero.

First we need a general formula. If ξ: [a, b] → C is a curve with ξ^′ ≠ 0 then the Schwarzian Sξ is defined by the same formula as for analytic functions. When ξ(s) is a (euclidean) arclength parametrization then ξ^′(s) = e^{iθ(s)} and ξ^{′′} ξ^′ = iθ^′ = ik, where k is the curvature. Thus (4.4) Sξ = ik^′ +^1_2 k^2, a well known formula, see for example [1, p. 21].

Next, when δ < ∞ let z_0 be the g -midpoint of γ , as in Lemma 3, and normalize f further so that (4.5) u_f (z_0) = 1.

It follows from Lemma 3 and the definition of u_f that, along γ ,

(4.6) |f^′(z)| = e^{σ(z)} cos^{−2} (π δ d_g(z, z_0) ) , where d_g is the distance in the metric g . Though this formula is for the case δ < ∞, (4.6) includes the complete case. That is, if δ = ∞ then (4.7) |f^′| = e^σ along γ , where, using the result of Lemma 1, we further normalized f to have u_f identically 1 along γ .

Let ξ_1 = ξ_1(s) be a euclidean arclength parametrization of γ . We introduce the following real-valued function, modeled on f along γ . Define f_0(s) by

(4.8) f^′_0(s) = e^{σ(ξ1(s))} cos^{−2} (π δ d_g(ξ_1(s), z_0) ) , f_0(0) = 0.

We need the fact that the Schwarzians of f_0(s) and of ξ_1(s) are related through

(4.9) Sf_0 − 2(σ_{zz} − σ^2_z )(ξ^′_1)^2 = 2 π^2 δ^2 e^{2σ} + 2σ_{zz̄} + Sξ_1,

where in this equation and elsewhere in the proof σ and its z -derivatives are evaluated at ξ_1(s).

General univalence criteria in the disk 117

To derive this, we first have f^{′′}_0 f^′_0

= 2 Re{σ_zξ^′_1} + 2 π δ e^σ tan ( π δ d_g ) ,

where we have used that the derivative of d_g ( ξ_1(s), z_0 ) is 1 when differentiating along γ with respect to g -arclength, and hence is e^σ when differentiating with respect to the euclidean arclength s. Since γ is a g -geodesic its euclidean curvature is k_1 = −2 Im{σ_z ξ^′_1}, thus f^{′′}_0 f^′_0

= 2σ_zξ^′_1 + ik_1 + 2 π δ e^σ tan ( π δ d_g ) . Differentiate again and use |ξ^′_1| = 1 and ξ^{′′}_1 = −k_1ξ^′_1 . With a little effort this leads directly to (4.9).

Next, using (1.10), the euclidean form of (1.5), we appeal to part (i) of Theorem 4 and observe that for an extremal f there is a function ε(z) along γ with |ε| = 1 such that

(4.10) Sf − 2(σ_{zz} − σ^2_z ) = ( 2π^2 δ^2 e^{2σ} + 2σ_{zz̄} ) ε, along γ .

Now let ξ_2 = ξ_2(t) be a euclidean arclength parametrization of the image curve f(γ). Then by construction f ( ξ_1(s) ) = ξ_2 ( f_0(s) ) . Taking Schwarzians of both sides we obtain

(Sf)(ξ^′_1)^2 + Sξ_1 = (Sξ_2)(f^′_0)^2 + Sf_0,

which together with (4.10) and (4.9) gives

(4.11) 2 ( π^2 δ^2 e^{2σ} + σ_{zz̄} ) (ξ^′_1)^2ε = 2 π^2 δ^2 e^{2σ} + 2σ_{zz̄} + (Sξ_2)(f^′_0)^2.

The left hand side of (4.11) has absolute value 2(π/δ)^2e^{2σ} + 2σ_{zz̄} , while the right hand side will have the same absolute value if and only if Sξ_2 = 0. Recalling that Sξ_2 = ik^′_2 +^1_2 k^2 , where k_2 is the euclidean curvature of ξ_2 = f(γ), this implies that f(γ) must be part of a straight line. But then it must be the entire straight line because both endpoints are at infinity.

This completes the proof of part (ii) of Theorem 4 when f is normalized, and hence in general.

118 M. Chuaqui and B. Osgood

Before continuing, we note that an extremal function f normalized as above, which maps an extremal geodesic γ to a straight line, is completely determined along γ . We know |f^′| along γ by (4.6) or (4.7), and if f(γ) is a line we also know the argument. So, for instance, if the image is the real axis then for z ∈ γ we have, up to a constant, f(z) = δ π tan ( π δ d_g(z, z_0) )

when δ < ∞, and f(z) = d_g(z, z_0),

when δ = ∞. Here z_0 is the midpoint of γ in the first case and any fixed point on γ in the second.

We now deduce further properties of the associated function u_f along an extremal geodesic in the complete case.

Corollary 4. Suppose g is complete and let f be an extremal function. Under the normalizations (4.1) the associated function satisfies grad u_f = 0 along an extremal geodesic γ , and assumes its absolute minimum in D along γ .

Proof. Since f(γ) is a straight line, we may rotate f if necessary and assume that f(γ) is the real axis. Let ξ = ξ(s) be a euclidean arclength parametrization for γ . Since f(γ) is real, along γ we have arg f^′ = − arg ξ^′ . Thus

(4.12) f^′ξ^′ = e^σ.

From this,

(4.13) ξ^′ f^{′′} f^′ + ξ^{′′} ξ^′ = 2 Re{σ_zz^′_1},

and using the equation for curvature, ξ^{′′}/ξ^′ = ik = −2 Im{σ_zξ^′}, we get

(4.14) f^{′′} f^′ = 2σ_z.

It is easy to see that this last equation is equivalent to grad u_f = 0 along γ .

The function u_f is constant on γ by Lemma 1, and this value is the absolute minimum of u_f in D by convexity.

In Theorem 6 in the next section we will need to prove that a geodesic is extremal. Thus as a complement to the preceding results, we need the following elementary and general fact.

General univalence criteria in the disk 119

Lemma 4. Let f satisfy (1.5). Suppose γ is a geodesic segment in D along which u_f attains its absolute minimum. Then f(γ) is a straight line segment in f(D).

Proof. We are not assuming that the metric is complete, and in fact this is the one case where we do not need that the curvature is nonpositive.

Let Ω = f(D) and let g_1 be the pullback of g under f^{−1} . Thus f: (D, g) → (Ω, g_1) is an isometry. The metric g_1 is also conformal to the euclidean metric. For purposes fully explained in the next section, we write it as g_1 = ϱ^2_f |dw|^2 , so that ϱ_f ∘ f = u^2_f . Now, by hypothesis, ϱ_f attains its absolute minimum along the g_1 -geodesic Γ = f(γ) in Ω. It is easy to see from this that the differential equation satisfied by Γ reduces to d^2Γ/ds^2 = 0.

5. Reflections and extensions in the complete case

In this section we consider the problem of homeomorphic and quasiconformal extensions to ^C of functions satisfying

(5.1) ‖S_g f‖_g ≤^1_2 |K(g)|

when g = e^{2σ}|dz|^2 is complete. Suppose also that the metric satisfies (ULP) and (BPJ). Then such an f has a continuous extension to D, and if there is an extremal function there is also a corresponding extremal geodesic.

Let Ω = f(D). As on earlier occasions, we define a metric on Ω by g_1 = (f^{−1})^∗g , and we write g_1 = ϱ^2_f |dw|^2 . Then f: (D, e^{2σ} |dz|^2) → (Ω, ϱ^2_f |dw|^2) is an isometry, and ϱ_f ∘ f = u^2_f .

We define a mapping Λ = Λ_f of Ω by

(5.2) Λ(w) = w + 1 ∂_w log ϱ_f (w) . Under certain circumstances Λ_f will be a reflection across ∂Ω, and will allow us to define an extension E_f of f .

We shall need a property of Λ_f known as conformal naturality.

Lemma 5. If M is a Möbius transformation then Λ_{M∘f} = M ∘ Λ_f .

The equation in the lemma means that (5.3) Λ_{M∘f} ( M ( f(z) )) = M ( Λ_f ( f(z) )) for any point z ∈ D .

Proof. The identity (5.3) is easy to check for a similarity, so we go through the calculation only for an inversion. With h = 1/f , we have h^′ = −f^′/f^2 and from this,

(h^{−1})^∗g = τ^2|dz|^2 with τ = |f|^2e^{σ−φ} = |f|^2ϱ_f ,

120 M. Chuaqui and B. Osgood

or log τ = log ϱ_f + 2 log |f|. With w = f(z) and ζ = 1/w we now compute that ∂_ζ log τ = −w^2∂_w log ϱ_f − w . Then ζ+ 1 ∂_ζ log τ = 1 + w^{−1}(−w − w^2∂_w log ϱ_f ) −w − w^2∂_w log ϱ_f = ∂_w log ϱ_f 1 + w∂_w log ϱ_f = 1 w + (∂_w log ϱ_f )^{−1} , which is the desired identity.

The combination of the following two lemmas gives conditions for Λ_f to be a reflection across ∂Ω.

Lemma 6. If u = u_f has a unique critical point in D then

(5.4) |∂_w log ϱ_f | → ∞ as w → ∂Ω.

Proof. We compute that

|∂_w log ϱ_f | = 1 ϱ_f |∂_wϱ_f | = u^{−2}e^{−φ}2u|∂_zu| = 2ue^{−σ}|∂_zu| = ue^{−σ}| grad_{g0} u|. Using the general relations grad_g = e^{−2σ} grad_{g0} and ‖ · ‖_g = e^σ| · |, we thus find that

(5.5) |∂_w log ϱ_f | = u‖ grad_g u‖_g.

Suppose z_0 is the unique critical point of u in D. Then as in the proof of Corollary 3, ‖ grad_g u‖_g ≥ c > 0 outside some compact set containing z_0 . It follows from (5.5) and from (2.4) that |∂_w log ϱ| becomes unbounded near ∂Ω, as desired.

Lemma 7. Suppose ‖S_gf‖_g ≤^1_2 |K(g)|, and that g is complete. Let Ω = f(D). Suppose for every Möbius transformation M that u_{M∘f} has at most one critical point in D. Then Λ_f takes values in ^C \ Ω.

Proof. Suppose to the contrary that there exists a w_1 ∈ Ω such that Λ_f (w_1) ∈ Ω. Choose a Möbius transformation M such that u_{M∘f} has a critical point at z_1 = f^{−1}(w_1). By assumption, z_1 is therefore the unique critical point of u_{M∘f} , and again by Corollary 3, (M ∘ f)(D) = M(Ω) is bounded. But Λ_f (w_1) = Λ_f ( f(z_1) ) ∈ Ω, hence M ( Λ_f ( f(z_1) )) ∈ M(Ω) . On the other hand, by (5.3), M ( Λ_f ( f(z_1) )) = Λ_{M∘f} ( M ( f(z_1) )) = ∞, the last equality because z_1 is a critical point for u_{M∘f} . This contradicts the boundedness of M(Ω).

General univalence criteria in the disk 121

We now define an extension of f by the formula

(5.6) E_f (z) = { f(z) for |z| ≤ 1, Λ ( f(1/z̄) ) for |z| > 1. Theorem 5. Let g satisfy (ULP) and (BPJ). Suppose ‖S_gf‖_g ≤^1_2 |K(g)|, and that g is complete. The following are equivalent: (a) E_f is a homeomorphism of ^C; (b) Λ_f is injective with values in ^C \ Ω;

(c) for each Möbius transformation M , u_{M∘f} has at most one critical point in D.

Proof. (a) ⇒ (b): This is an immediate consequence of the definition of E_f . (b) ⇒ (c): Because of the conformal naturality of the extension, the hypothesis in (b) is invariant under Möbius changes M ∘ f . Observe that a critical point of u in D corresponds under f to a critical point of ϱ_f in Ω, which is in turn mapped by Λ_f to the point at infinity. Hence u_f can have at most one critical point.

(c) ⇒ (a): This implication is the core of the theorem, and by now most of the work is done. First, f(D) must be a Jordan domain, for if not then f is an extremal function and there is an extremal geodesic, say joining ζ_1, ζ_2 ∈ ∂D. We may assume that f is normalized so that f(ζ_1) = f(ζ_2) = ∞. Then grad u_f = 0 along γ by Corollary 4. Next, by Lemma 6, E_f is continuous on |z| = 1, and its (spherical) continuity elsewhere is clear. Finally, in order to show that E_f is globally injective it suffices to show that this is so for Λ_f , as Λ_f takes values outside Ω. Suppose Λ_f (w_1) = Λ_f (w_2). Via a Möbius transformation we may assume that this common value is the point at infinity. In that case, the corresponding function u must have critical points at f^{−1}(w_1) and f^{−1}(w_2), hence f^{−1}(w_1) = f^{−1}(w_2). Therefore w_1 = w_2 . This proves that E_f is a continuous, injective map of ^C onto itself, and hence is a homeomorphism.

We studied homeomorphic extensions in an earlier paper^1 [8] for the Ahlfors– Weill extension [3], which is precisely E_f when g is the Poincaré metric.

From the theorem we obtain a result on quasiconformal extension, requiring however that the curvature be strictly negative.

Corollary 5. Let g satisfy (ULP) and (BPJ). If K(g) < 0 and if

(5.7) ‖S_g f‖_g ≤^1_2 t|K(g)|

for some 0 ≤ t < 1, then f has a (1 + t)/(1 − t)-quasiconformal extension to ^C .

1 In [8] we wrote E_f for the reflection and F for the extension. We apologize for the inconsistent notation.

122 M. Chuaqui and B. Osgood

Proof. We claim first that E_f is a homeomorphic extension of f . Suppose by way of contradiction that there is some Möbius transformation M so that u_{M∘f} has at least two critical points in D. Then by convexity u_{M∘f} attains its absolute minimum all along the geodesic segment between the two points. As in the last section this implies that ‖S_gf‖_g =^1_2 |K(g)| along that segment, a contradiction.

Next, one computes as in [5] that the Beltrami coefficient μ of Λ_f has magnitude (5.8) |μ ∘ f| = 2 |K(g)| ‖Sgf‖g . This is ≤ t < 1 and the conclusion follows.

Remark. In terms of the classical Schwarzian, Corollary 5 is essentially the strong form of Epstein’s univalence criterion (1.6) as given in [14]. The version here in terms of the Schwarzian tensor appears in [5] and [6]. The form (5.2) of the reflection Λ and (5.6) of the quasicionformal extension E_f are also Epstein’s. His construction in [14], involving an ingenious use of reflections in surfaces in hyperbolic space, is much different from the one given here. (The conformal naturality in Lemma 5 can also be deduced from Epstein’s construction.) An extension operator of this form was also proposed by Ahlfors in [2], though not in this much generality and without reference to a reflection in the image. We consider Ahlfors’s criterion in Section 7.

The topological fact that E_f is a global homeomorphism once it is a local homeomorphism was used on several occasions by Ahlfors. In his work, the fact that E_f is a local homeomorphism depends on showing that the Jacobian is positive, and this follows from knowing that the Beltrami coefficient in (5.8) is ≤ t < 1. This reasoning cannot be applied in the limiting case t = 1.

The ideal situation would be that E_f is a homeomorphic extension of f if and only if f(D) is a Jordan domain, but this is not the case. It is true when the metric g is real analytic, but can be false for C^∞ metrics.

Theorem 6. Let g = e^{2σ}|dz|^2 be a complete metric on D satisfying (ULP) and (BPJ). Suppose ‖S_g f‖_g ≤^1_2 |K(g)|.

(i) If g is real analytic then f(D) = Ω is a Jordan domain if and only if E_f is a homeomorphism.

(ii) There exists a C^∞ metric g and a conformal mapping of D onto a Jordan domain for which E_f is not a homeomorphism.

Proof. The necessity in (i) is clear. We shall prove that if E_f is not a homeomorphism then f(D) is not a Jordan domain, and for this we appeal to the equivalent condition (c) in Theorem 5. That is, assume for some Möbius transformation M , that u = u_{M∘f} has at least two critical points in D, say at z_1, z_2 . Without loss of generality we may suppose this happens for f itself. By

General univalence criteria in the disk 123

convexity, u then attains its absolute minimum u_0 at z_1 and z_2 and also along the geodesic segment joining them. Since the quantities are real analytic, u = u_0 along the entire geodesic γ through z_1 and z_2 . This is the situation in Lemma 4, and it follows that f(ζ_1) = f(ζ_2) = ∞, where ζ_1 and ζ_2 are the asymptotic endpoints of γ on ∂D. We wish to show that ζ_1 ≠ ζ_2 , hence Ω is not a Jordan domain. (Hence f is an extremal function and γ is an extremal geodesic.)

Suppose to the contrary that that ζ_1 = ζ_2 = ζ . Take any point z_0 ∈ γ , and let γ_1 be the geodesic through z_0 normal to γ at z_0 . Then γ_1 followed in one direction must end at the same asymptotic boundary point ζ , because geodesics cannot cross more than once. Let U(t) = U ( γ_1(t) ) with γ_1(0) = z_0 and lim_{t→∞} U(t) = ζ . Then U(t) is convex and U^′(0) = 0. If U(t) is not identically equal to u_0 for t ≥ 0, then U(t) is bounded below by some nonconstant affine function, and this implies that |f(ζ)| < ∞, contrary to the above. Hence U(t) ≡ u_0 for t ≥ 0. Since z_0 ∈ γ was arbitrary we conclude that u = u_0 on the component of D \ γ containing γ_1 , and so u = u_0 in D by analyticity. Now |f^′| = u^{−2}e^σ = u^{−2}_0 e^σ,

and hence the metric g_1 = ϱ^2|dw|^2 on Ω is a constant multiple of the euclidean metric, since ϱ∘f = u^2_f = u^2_0 . But now f: (D, g) → (Ω, g_1) is an isometry, and thus g_1 is complete. This can only happen if Ω = C, an absurdity. This contradiction proves that ζ_1 ≠ ζ_2 , and hence that Ω is not a Jordan domain. We conclude that u has at most one critical point, proving the first part of the theorem.

For the proof of (ii) we construct an example of a function f satisfying (1.7) such that E_f fails to be a homeomorphism despite f(D) being a Jordan domain. In fact, by choosing the metric g on D properly we can accomplish this with f(z) = z . Write g = e^{2σ}|dz|^2 as usual. Because φ = log |f^′| = 0 for f(z) = z , the inequality ‖S_gf‖_g ≤^1_2 |K(g)| appears as (5.9) |σ_{zz} − σ^2_z | ≤ σ_{zz̄} , in terms of σ alone. We want to choose σ satisfying this condition in such a way that u_f has more than one critical point. According to Theorem 5, E_f cannot then be a homeomorphism.

Let ν be defined by the equation σ = log(1/1 − ν). Then (5.9) is easily shown to be equivalent to (5.10) |ν_{zz}| ≤ ν_{zz̄} + |ν_z|^2 1 − ν . This inequality is in turn implied by |ν_{zz}| ≤ ν_{zz̄} , which is itself equivalent to the euclidean convexity of ν . In summary, in order for (5.9) to hold it suffices to take σ = − log(1 − ν) for any convex function ν which is less than 1 in the disk.

124 M. Chuaqui and B. Osgood

We now take ν: D → [0, 1] to be radially symmetric C^∞ function where, regarding ν as a function from [0, 1] to itself, ν = 0 on a small interval [0, ε], 0 < ε < 1, ν^{′′} ≥ 0 on [0, 1], ν(1) = 1 and ν^′(1) < ∞. Because of this last condition ∫_1 0 dr 1 − ν(r) = ∞, making the corresponding metric e^{2σ}|dz|^2 complete. The resulting function u_f will have all z with |z| < ε as critical points. This completes the construction, and with it the proof of the theorem.

Finally, observe what happens with the reflection Λ_f when there is an extremal function f and an extremal geodesic γ . Suppose that γ has endpoints ζ_1, ζ_2 ∈ ∂D, and normalize f so that f(ζ_1) = f(ζ_2) = ∞. Let γ^∗ be the reflection of γ in |z| = 1. Corollary 4 states that grad u_f vanishes along γ , and so from the definition of Λ_f , and the relation ϱ_f ∘ f = u^2_f , we see that that Λ_f is identically ∞ along γ^∗ . That is, Λ_f collapses the reflection of an extremal geodesic to a point. By conformal naturality, (5.3), this holds regardless of whether f is normalized.

6. Visible boundary

We recall the unique limit point property (ULP), (ULP*) and the boundary point joining property (BPJ) from Section 1. In this section we give several sufficient conditions in terms of the conformal factor σ for the metric g = e^{2σ}|dz|^2 to have these properties. We continue to assume that the curvature is ≤ 0. We let r and θ denote the usual polar coordinates on D.

Theorem 7. (i) Suppose that g = e^{2σ}g_0 satisfies σ_r > 0, |σ_θ| ≤ C(1 − r)^{−α}σ_r, for some constants C ≥ 0 and α ∈ [0, 1). Then g satisfies ULP.

(ii) Suppose that σ_r (z) → ∞ as |z| → 1 and for some annulus r_0 ≤ |z| < 1 and a constant M < ∞ that |σ_θ(re^{iθ} )| ≤ M . Then (ULP*) and (BPJ) hold.

Proof. (i). We observe first that that a euclidean disk |z| ≤ r is convex in the metric g , for the condtion σ_r > 0 implies that |z| = r has positive geodesic curvature. As a consequence, |z| cannot have a local maximum in D along a maximally extended geodesic. Thus, if properly traced, |z| must be increasing along a tail of the geodesic.

In order to prove (ULP) we shall use polar coordinates to analyze the geodesic equation. With the metric in the form e^{2σ}(dr^2 + r^2dθ^2) the Christoffel symbols are Γ^r_r = σ_r ,

Γ^θ_{rr} = − 1 r^2 σ_θ, Γ^r_θ = σ_θ,

Γ^θ_{rθ} = 1 r + σ_r, Γ^r_{θθ} = −r − r^2σ_r ,

Γ^θ_θ = σ_θ.

General univalence criteria in the disk 125

Let γ(t) = ( r(t), θ(t) ) be a unit speed geodesic. Then ṙ^2 + r^2θ̇^2 = e^{−2σ} and the geodesic equations become

r̈ + σ_rṙ^2 + 2σ_θṙθ̇ − (r + r^2σ_r )θ̇^2 = 0, θ̈ − 1 r^2 σ_θṙ^2 + 2 ( 1 r + σ_r ) ṙθ̇ + σ_θθ̇^2 = 0.

We write this as the following first order system in the variables r , θ , ξ , and η : ṙ = e^{−2σ}ξ, θ̇ = 1

r^2 e^{−2σ}η, ξ̇ = σ_r + e^{2σ}rθ̇^2, η̇ = σ_θ. Fix a base point z_0 ≠ 0. Let γ be a geodesic starting at z_0 , and suppose the initial conditions are r(0) = r_0 = |z_0| > 0, θ(0) = θ_0 , ξ(0) = ξ_0 and η(0) = η_0 , with ξ_0 > 0, i.e., the geodesic is initially moving toward the boundary. Since ξ̇ > 0 we have ξ(t) > 0 for all t, hence r(t) is strictly increasing. It is therefore possible to consider θ as a function of r along the curve.

We want to estimate |dθ/dr|. Since |dθ/dr| = |θ̇/ṙ| = |η/r^2ξ|, we need to bound |η/ξ|. For this, |η̇| = |σ_θ| ≤ C(1 − r)^{−α}σ_r ≤ C(1 − r)^{−α}ξ̇, hence |η(t) − η_0| ≤ C ∫_t 0 ( 1 − r(s) )_{−α}˙ ξ(s) ds ≤ C ( 1 − r(t) )_{−α} ∫^t 0 ξ̇(s) ds, because r(s) is increasing. Thus |η(t) − η_0| ≤ C ( 1 − r(t) )_{−α}( ξ(t) − ξ_0 ) ≤ C ( 1 − r(t) )_{−α} ξ(t), or |η(t)| ≤ C ( 1 − r(t) )_{−α} ξ(t) + |η_0|, so | | | η(t) ξ(t) | | ≤ C(1 − r(t))^{−α} + |η^0| ξ(t) . Since |η_0| ξ(t) ≤ |η_0| ξ_0 ,

126 M. Chuaqui and B. Osgood

it follows, for some constant C_1 depending on r_0 and |η_0|/ξ_0 , that | |η(t) ξ(t) | | ≤ C_1(1 − r(t))^{−α}.

With this, | | | dθ dr | | = | | η r^2ξ | | ≤ C^1 r^2

(1 − r)^{−α} ≤ C_2(1 − r)^{−α}.

Now, |θ(r) − θ(r_0)| ≤ ∫_r r0 | |dθ dr | | dr, and by the estimate above the integral converges as r → 1. Therefore θ(r) has a limit as r → 1, and γ has a unique limit point on ∂D.

We next want to show that the end point of γ on ∂D varies continuously with the initial direction. The estimate we need for this is, essentially, a bound on the euclidean diameter of the tail of a geodesic. Take 0 ≤ t_1 < t_2 , with r_0 ≤ r_1 = |γ(t_1)| < |γ(t_2)| = r_2 . Then

|γ(t_2) − γ(t_1)| ≤ ∫_{r2} r1 √ 1 + r^2 ( dθ dr )_2 dr ≤ ∫_{r2} r1 √ 1 + C^2_2 r^2(1 − r)^{−2α} dr ≤ C_3 ∫_1 r1 (1 − r)^{−α} dr ≤ C_0(1 − r_1)^{1−α}.

The constant C_0 depends on α and on the initial data at the base point z_0 . In particular, the euclidean diameter of the tail of γ tends to zero.

Let γ_0 be a geodesic starting at z_0 with initial direction θ_0 and ending at a point ζ_0 on ∂D. We show continuity at θ_0 .

Let ε > 0. Let r_1 be such that C_0(1 − r_1)^{1−α} <^1_3 ε, with C_0 as in the estimate above. Choose r_2 so that 0 < r_2 − r_1 <^1_3 ε. There exists a t_1 ≥ 0 such that |ζ_0 − γ_0(t)| <^1_3 ε, and |γ_0(t)| ≥ r_1, if t ≥ t_1.

Let γ(t) be another geodesic starting at z_0 with initial direction θ . By continuity of the solution of the geodesic equation in the parameters, there exists a λ > 0 such that |θ − θ_0| < λ implies for 0 ≤ t ≤ t_1 that,

|γ(t) − γ_0(t)| < r_2 − r_1 <^1_3 ε.

Hence |γ(t_1)| > |γ_0(t_1)| − (r_2 − r_1) ≥ r_1.

General univalence criteria in the disk 127

If λ is small enough the constant, say C^′_0 , entering into the estimate on the tail of γ , will also satisfy C^′_0(1 − r_1)^{1−α} <^1_3 ε, and thus γ has a small tail after γ(t_1). So, for t ≥ t_1 ,

|ζ_0 − γ(t)| ≤ |ζ_0 − γ_0(t_1)| + |γ_0(t_1) − γ(t_1)| + |γ(t_1) − γ(t)| < ε.

Thus the endpoint ζ ∈ ∂D of γ has |ζ − ζ_0| < ε.

Finally, the estimate on the tails also implies that every point on ∂D is the limit point of a geodesic. Let ζ_0 be a point on ∂D that can be reached by a geodesic from z_0 . We show that we can reach some other point on ∂D, and this implies that all points on the boundary are visible. Let z_1 ∈ D be very close to, say, −ζ_0 . Choose a disk |z| ≤ r containing both z_0 and z_1 . Since this disk is convex in the metric g , the geodesic from z_0 stays in the disk. If |z_1| is sufficiently close to 1 then the tail of γ from z_1 to the boundary will be small, making it impossible for its endpoint to be ζ_0 . This completes the proof of part (i) of the theorem.

(ii). We first prove (ULP*), for which we need only consider the case when the diameter of the disk is finite. The euclidean curvature of a geodesic is given by the normal derivative ∂σ/∂n. Since σ_r → ∞ while σ_θ is bounded, it follows that the tangent vector to a geodesic tends to the radial direction as the geodesic tends to the boundary. Then it is easy to see that the ratio of the euclidean lengths of tails of geodesics with close initial conditions is uniformly bounded. Now, because |σ_θ| ≤ M , a euclidean rotation is a quasi-isometry for the metric g near the boundary. Thus the lengths of such tails must tend uniformly to zero, and one deduces the continuity of the length function in (ULP*) directly.

To prove that any two points on ∂D can be joined by a geodesic in D, whether or not g is complete, we first establish a property of the total curvature near the boundary. Namely:

If U is a relatively open subset of D containing a polar rectangle R = {re^{iθ} : r_1 ≤ r ≤ 1, α ≤ θ ≤ β}, then (6.1) ∫ U K(g) dA_g = −∞. For this, let R^′ = {re^{iθ}: r_1 ≤ r ≤ r_2 < 1,α ≤ θ ≤ β} ⊂ R. Then ∫ R0 K(g) dA_g = − ∫∫ R0 Δσ dx dy = − ∫ ∂R0 ∂σ ∂n |dz|. For the line integral, the contributions along the radial sides of R^′ are uniformly bounded by virtue of the assumption |σ_θ(re^{iθ} )| ≤ M . The arc of the inner circle

128 M. Chuaqui and B. Osgood

is fixed, while along the outer arc, ∂σ/∂n = σ_r → ∞ as r_2 → 1. We conclude that ∫ R K(g) dA_g → −∞ as r_2 → 1

hence ∫ U K(g) dA_g = −∞, which proves (6.1).

We sketch how the unique limit point property and (6.1) come into play in proving that any two points on ∂D can be joined by a geodesic. This is a standard part of the more general theory of visibility manifolds, and it is included here for the convenience of the reader. Let z_0 ∈ D be fixed. We consider all geodesics starting at z_0 . By (ULP), any such geodesic γ(t), 0 ≤ t ≤ T_γ , determines a point w = lim_{t→Tγ} γ(t) ∈ ∂D. We may consider w as a function of γ^′(0) in the tangent space T_{z0} D ∼= S^1 = ∂D. As in the proof of Theorem 3, w depends monotonically and continuously on γ^′_{z0} (0) and all such limit points must cover ∂D.

Let w_1, w_2 ∈ ∂D, and let γ_1 and γ_2 be two geodesics starting at z_0 which have w_1 and w_2 as asymptotic limits, respectively. Let a_n = γ_1(t_n), b_n = γ_2(t_n^′), a_n → w_1 , b_n → w_2 , and let Γ_n = Γ_n(t) be the (unique) geodesic joining a_n to b_n . (Since σ_r → ∞ it follows easily that such geodesics exist and lie in D.) A direct application of the Gauss–Bonnet theorem gives that the integrals ∫ Tn K(g) dA_g are uniformly bounded below, where T_n is the triangle bounded by γ_1|_{[0,tn]} , γ_2|_{[0,tn}0_] , and Γ_n . By (6.1) Γ_n cannot converge to ∂D. Hence, by passing to a subsequence of the Γ_n , there is sequence {z_n} on Γ_n with z_n → z_1 ∈ D, and also with the tangent vectors Γ^′_n at z_n converging to a direction θ_1 at z_1 . Then the geodesic through z_1 with direction θ_1 is the desired geodesic; when followed forward and backward from z_1 it will have w_1 and w_2 as asymptotic limits. This completes the proof of Theorem 7.

Next, we show that for complete metrics a condition on just the angular derivative of the conformal factor is sufficient to guarantee (ULP) and (BPJ). In many examples the conformal factor is a radial function, so this result is particularly useful.

Theorem 8. Let g = e^{2σ}g_0 be complete. Suppose for some annulus 0 < r_0 ≤ |z| < 1 and for some constant C < ∞ that (6.2) σ_{θθ}(re^{iθ} ) ≤ C. Then (ULP) and (BPJ) hold.

Proof. Let r_0 ≤ r < 1. On every circle |z| = r there is at least one point where σ_θ vanishes, and hence σ_θ ≤ 2πC . But then also σ_θ ≥ −2πC , and thus (6.3) |σ_θ(re^{iθ} )| ≤ 2πC.

General univalence criteria in the disk 129

From the curvature condition −e^{−2σ}Δσ ≤ 0 we then have that σ_{rr} + 1 r σ_r + 1 r^2 σ_{θθ} ≥ 0, or rσ_{rr} + σ_r ≥ − C r ≥ − C r_0 . We write this as

(6.4) (rσ_r )_r ≥ − C r_0 , from which (6.5) rσ_r ≥ −c > −∞ on r_0 ≤ |z| < 1. Next, as g is complete,

∫_1 0 e^{σ(x)} dx = ∞, and hence there exists a sequence {x_n}, x_n → 1, with σ(x_n) → ∞. We may assume that x_n is increasing and that σ(x_{n+1}) − σ(x_n) ≥ n. It follows from (6.3) that on any radius σ(x_ne^{iθ}) → ∞, and that σ(x_{n+1}e^{iθ}) − σ(x_ne^{iθ}) ≥ n − 4πC if x_n ≥ r_0 . For θ fixed, the mean value theorem then yields a sequence {y_n(θ)e^{iθ} }, x_n ≤ y_n(θ) ≤ x_{n+1} , such that σ_r ( y_n(θ)e^{iθ} ) → ∞. Now from (6.4) we deduce that (6.6) σ_r (z) → ∞ as |z| → 1. The preceding theorem now applies.

The conditions in Theorems 7 and 8 are certainly not optimal, but they are well suited to many applications and examples. Separately or together they seem to express the fact that the metrics we need to work with are ‘asymptotically radial’, but we do not put forward a definition.

7. An example We consider the family of metrics g = |dz|^2 (1 − |z|^2)^{2t} , 0 < t < 1, of negative curvature, for which D has finite diameter

δ = 2

∫_1 0 dx (1 − x^2)^t = √ π Γ(1 − t) Γ (_3 2 − t ) . The corresponding univalence criterion reads

(7.1) | |Sf(z) − 2t(1 − t)z̄^2 (1 − |z|^2)^2 | | ≤ 2t (1 − |z|^2)^2 + 2π^2 δ^2 1 (1 − |z|^2)^{2t} .

130 M. Chuaqui and B. Osgood

See [2] and [10].

The function σ(z) = −t log(1 − |z|^2) is radial, and

(7.2) σ_r = 2tr 1 − r^2 → ∞, r → 1. It follows from Theorem 7 that g satisfies both the properties (ULP*) and (BPJ). Let (7.3) F (z) = 1 c tan { c ∫_z 0 dζ (1 − ζ^2)^t } , c = π δ . It was shown in [6] that this function, which satisfies (7.1) with equality along (−1, 1), satisfies the inequality in the full disk if and only if^1_2 ≤ t < 1. Thus for this range of t, F is an extremal function for (7.1) and (−1, 1) is an extremal geodesic. By rotating F we get extremal functions and extremal geodesics for any diameter. Furthermore, one can check that the only geodesics having length δ are precisely the euclidean diameters. It then follows from Lemma 2 that F and its rotations account for all the extremal functions for the criterion (7.1) for 0 < t < 1. In particular, for 0 < t <^1_2 there are no extremal functions and any f satisfying (7.1) for a t in this range will map the disk onto a Jordan domain.

Now let f satisfy (7.1) and suppose that f is not an extremal function. We normalize so that u_f (0) = 1 and grad u_f (0) = 0. (Since e^{σ(0)} = 1 and 0 is a critical point for σ , this normalization for f is equivalent to |f^′(0)| = 1, f^{′′}(0) = 0.) Let γ = γ(t) be any radial segment, with γ(0) = 0. Then for U(t) = u_f ( γ(t) ) we have U^{′′} ≥ − π^2 δ^2 U, and since f is not extremal it follows that inf_{0≤t<δ/2} U(t) > 0. It is not difficult to show that this infimum is uniformly bounded below, independent of γ . Hence inf_{z∈}D u_f (z) = a > 0, and therefore |f^′(z)| ≤ 1 a^2 e^{σ(z)} = 1 a^2 1 (1 − |z|^2)^t . This inequality implies that f(D) is a bounded (Jordan) domain, and that f admits a (1 − t)-Hölder continuous extension to D; see e.g. [7].

Similar remarks apply to the family of complete metrics g = |dz|^2 (1 − |z|^2)^{2t} , where this time 1 < t ≤ 2. For the diameter (−1, 1) an extremal is again given by F (z) = ∫_z 0 dζ (1 − ζ^2)^t ,

General univalence criteria in the disk 131

but now F satisfies (1.5), which translates to

(7.4) | |Sf − 2t(1 − t)z̄^2 (1 − |z|^2)^2 | | ≤ 2t (1 − |z|^2)^2 , in D for the full range 1 < t ≤ 2; see [6] and [2]. In this case we do not know if there are any other extremal functions.

Suppose f is a non-extremal satisfying (7.4) and normalized by f^{′′}(0) = 0. Then the convexity of u_f gives |f^′(z)| ≤ e^{σ(z)} ( a + bd_g(0, z) )_2 ,

for some constants a, b. One checks that d_g(0, z) ∼ 1 (1 − |z|)^{t−1} , |z| → 1, and using this we get, |f^′(z)| = O ( 1 (1 − |z|)^{2−t} ) . This implies that f(D) is bounded and has a (t − 1)-Hölder continuous extension to D. A homeomorphic extension for f is induced by the reflection

Λ_f ( f(z) ) = f(z) +

(1 − |z|^2)f^′(z) tz̄ − (1 − |z|^2)(f^{′′} /2f^′)(z) . References

[1] Ahlfors, L.: Conformal Invariants: Topics in Geometric Function Theory. - McGraw Hill, New York, 1973.

[2] Ahlfors, L.: Sufficient conditions for quasiconformal extensions. - In: Discontinuous Groups and Riemann Surfaces, edited by L. Greenberg; Ann of Math. Studies 79, pp. 23–29, Princeton Univ. Press, 1974.

[3] Ahlfors, L., and G. Weill: A uniqueness theorem for Beltrami equations. - Proc. Amer. Math. Soc. 13, 1962, 975–978.

[4] Anderson, J.M., and A. Hinkkanen: Univalence criteria and quasiconformal extensions. - Trans. Amer. Math. Soc. 324, 1991, 823–842.

[5] Chuaqui, M.: The Schwarzian derivative and quasiconformal reflections on Sn . - Ann. Acad. Sci. Fenn. Ser. A I Math. 17, 1992, 315–326.

[6] Chuaqui, M.: A unified approach to univalence criteria in the disk and simply connected domains. - Proc. Amer. Math. Soc. 123, 1995, 441–453.

[7] Chuaqui, M., and B. Osgood: Sharp distortion theorems associated with the Schwarzian derivative. - J. London Math. Soc.(2) 48, 1993, 289–298.

132 M. Chuaqui and B. Osgood

[8] Chuaqui, M., and B. Osgood: Ahlfors–Weill extensions and critical points of the Poincaré metric. - Comment. Math. Helv. 69, 1994, 659–668.

[9] Chuaqui, M., and B. Osgood: Finding complete conformal metrics to extend conformal mappings. - In preparation.

[10] Chuaqui, M., and B. Osgood: John domains and a univalence criterion of Ahlfors. - Preprint.

[11] Chuaqui, M., B. Osgood, and Ch. Pommerenke: John domains, quasidisks, and the Nehari class. - J. Reine Angew. Math. 471, 1996, 77–114.

[12] Eberlein, P.: Spaces of nonpositive curvature. - Mem. Amer. Math. Soc. 218, Amer. Math. Soc., Providence, 1979.

[13] Epstein, C.: Visibility of the Martin boundary for quasiconformal mappings. - Contemp. Math. 51, Amer. Math. Soc., Providence, 1985.

[14] Epstein, C.: The hyperbolic Gauss map and quasiconformal reflections. - J. Reine Angew. Math. 372, 1986, 96–135.

[15] Epstein, C.: Univalence criteria in hyperbolic space. - J. Reine Angew. Math. 380, 1987, 196–214.

[16] Gehring, F.W., and Ch. Pommerenke: On the Nehari univalence criterion and quasicircles. - Comment. Math. Helv. 59, 1984, 226–242.

[17] Nehari, Z.: The Schwarzian derivative and schlicht functions. - Bull. Amer. Math. Soc. 55, 1949, 545–551.

[18] Osgood, B., and D. Stowe: A generalization of Nehari’s univalence criterion. - Comment. Math. Helv. 65, 1990, 234–242.

[19] Osgood, B., and D. Stowe: The Schwarzian derivative and conformal mapping of Riemannian mainfolds. - Duke Math. J. 67, 1992, 57–97.

Received 26 July 1996