Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 24, 1999, 437–464

BOUNDARIES OF UNBOUNDED FATOU COMPONENTS OF ENTIRE FUNCTIONS

I.N. Baker and P. Domínguez

Imperial College of Science, Technology and Medicine, Department of Mathematics London SW7 2BZ, United Kingdom; i.baker@ic.ac.uk, p.dominguez@ic.ac.uk

Abstract. An unbounded Fatou component U of a transcendental entire function is simplyconnected. The paper studies the boundary behaviour of the Riemann map Ψ of the disc D to U , in particular the set Θ of ∂D where the radial limit of Ψ is ∞ .

If U is not a Baker domain and ∞ is accessible in U , then Θ is dense in ∂D . If U is a Baker domain in which f is not univalent, Θ contains a non-empty perfect subset of ∂D . Examples show that Θ may be either countably infinite or residual in ∂D . The function f(z) = z + e^{−z} leads to a component U with a particularly interesting prime end structure.

1. Introduction

Suppose that f(z) is a non-linear entire function with iterates f^n(z), n ∈ N, and Fatou set F (f) such that F (f) contains an unbounded component U . (For basic results about the iteration of entire functions see e.g. [5]). Then U is necessarily simply-connected [1]. We shall consider the case when U is periodic; indeed it suffices to consider the case when U is invariant under f(z). The dynamics of f(z) in U then falls into four cases.

(i) There exists z_0 ∈ U with f(z_0) = z_0 and |f^′(z_0)| < 1. Then every point z ∈ U satisfies f^n(z) → z_0 as n → ∞. The point z_0 is called an attractive fixed point and U is called the immediate attracting basin of z_0 .

(ii) There exists z_0 ∈ ∂U , z_0 ≠ ∞ with f(z_0) = z_0 and f^′(z_0) = 1. Every point z ∈ U satisfies f^n(z) → z_0 as n → ∞. The point z_0 is called either a fixed point of multiplier one or a parabolic point and U is called a parabolic basin.

(iii) There exists an analytic homeomorphism ψ: U → D where D is the unit disc such that ψ � f � ψ^{−1}(z) � = e^{2πiα}z for some α ∈ R \ Q. In this case, U is called a Siegel disc.

(iv) For every z ∈ U , f^n(z) → ∞ as n → ∞. In this case the domain U is called a Baker domain.

It is natural to study U and its boundary in connection with the Riemann map Ψ: D = D(0, 1) → U . R.L. Devaney and L.R. Goldberg [10] examined the case when f(z) = λe^z , λ = te^{−t} , |t| < 1, for which F (f) = U is a single unbounded component, which contains the attracting fixed point t. They described

1991 Mathematics Subject Classification: Primary 30D05, 58F08.

438 I.N. Baker and P. Domínguez

the structure of ∂U , which in this case is the whole Julia set and consists of a Cantor set of curves. They showed that the Riemann map Ψ, normalized by Ψ(0) = t, is highly discontinuous on ∂D although the radial limit Ψ(e^{iθ}) = lim_{r→1−} Ψ(re^{iθ} )

exists (possibly = ∞) for every e^{iθ} ∈ ∂D .

For e^{iθ} ∈ ∂D and g analytic in D the cluster set C(g, e^{iθ}) is the set of all w ∈ ^C for which there exist sequences z_n in D such that z_n → e^{iθ} and g(z_n) → w as n → ∞. If in the previous definition we restrict z_n to lie on the radius from 0 to e^{iθ} we obtain the radial cluster set C_ϱ(g, e^{iθ}). The cluster sets C(g, e^{iθ}) and C_ϱ(g, e^{iθ}) are either a continuum or a single point (see e.g. [9]). I.N. Baker and J.W. Weinreich [3] proved the following result.

Theorem A. If f(z) is transcendental entire and if U is an unbounded invariant component of F (f), then in cases (i), (ii), and (iii) listed above, ∞ ∈ C(Ψ, e^{iθ}) for every e^{iθ} ∈ ∂D , where Ψ is a Riemann map of D onto U .

It was also shown in [3] that Theorem A no longer holds in general when f(z) falls under case (iv), i.e. when f^n → ∞ in U . An example was given where f^n → ∞ in U and ∂U is a Jordan curve, so that each C(f, e^{iθ}) is a different singleton. This was shown to occur for f(z) = z + γ + e^{2πiz} for some choices of the real constant γ . W. Bergweiler [7] showed that 2 − log 2 + 2z − e^z has the same property.

Masashi Kisaka [14] studied the set Θ = � e^{iθ} : Ψ(e^{iθ}) exists and = ∞ � , and obtained an analogue of Theorem A under a number of further assumptions.

Let N = (sing f^{−1} ) denote the set of singular values of the inverse function f^{−1} of f , that is the critical values and asymptotic values of f . Write

(1) P (f) =^∞ � n=o f^n(N).

Kisaka proves the following two theorems.

Theorem B. Let U be an unbounded invariant component of F (f) of a transcendental entire function f , Ψ: D → U be a Riemann map and P (f) be as in (1).

Suppose that there exists a finite point q ∈ ∂U with q /∈ P (f) and a continuous curve C(t) ⊂ U (0 ≤ t < 1) such that C(t) → q as t → 1 and f(C) ⊃ C . Suppose further that in the cases when U is (i) an attracting basin, (ii) a parabolic basin or (iii) a Siegel disc the point ∞ is accessible in U . If U is (iv) a Baker domain suppose that f | U is not univalent.

Then the set Θ is dense in ∂D in the case (i), (ii) or (iii). In the case of (iv), the closure Θ of Θ contains a certain perfect set in ∂D . In particular, J(f) is disconnected in all cases.

Boundaries of unbounded Fatou components of entire functions 439

Theorem C. Let U , f and Ψ be as in Theorem B. Suppose that U is either an attracting basin or a parabolic basin and ∞ ∈ ∂U is accessible. If there exist a point q ∈ ∂U and a continuous curve C(t) ⊂ U (0 ≤ t ≤ 1) such that C(t) → q , t → 1 and f(C) ⊃ C , or if there exist two pairs of q_i and C_i (i = 1, 2) with the same property as above, then J(f) is disconnected.

We shall remove some of the assumptions in Theorems B and C. In fact the only assumption beyond those of Theorem A is that ∞ should be an accessible boundary point of U . It seems an interesting open problem whether ∞ might not be accessible in U .

Theorem 1.1. If f(z) is a transcendental entire function and U is an unbounded invariant component of F (f), such that ∞ is accessible in U along some path Γ in U , and U is either an attracting basin, a Siegel disc, or a parabolic basin, then Θ is dense in ∂D .

Theorem 1.2. If f(z) is a transcendental entire function and U is an unbounded invariant component of F (f), which is a Baker domain, such that f | U is not univalent, then Θ contains a non-empty perfect set in ∂D .

Remark 1. It is automatically true in Theorem 1.2 that ∞ is accessible in U .

Corollary 1.3. Under the assumptions of Theorem 1.1 and Theorem 1.2 the boundary of U and J(f) are disconnected sets of C.

The Riemann map Ψ conjugates f and its iterates as maps of U to an inner function g and its iterates as maps of D(0, 1). In Section 2 and 3 we collect some results about inner functions which are used in the proofs of Theorem 1.1 and Theorem 1.2, Section 4.

One may ask whether the three cases listed in Theorem 1.1 can arise. For f(z) = λe^z , 0 < λ < e^{−1} , the set U = F (f) is a single unbounded attracting basin. It is easy to see that U contains a half-plane so that ∞ is accessible in U . Putting λ = e^{−1} in λe^z the same results hold except that U is now an unbounded parabolic basin in which ∞ is accessible. In the course of proving Theorem 5.1 we show that f(z) = ze^{−z} gives another parabolic example.

The case of a Siegel disc is more difficult. M. Herman [13] showed that we may choose the constant a so that e^{az} has a Siegel disc U , whose rotation number satisfies a Diophantine condition and that U is then unbounded. P.J. Rippon [22] gives a fairly simple proof that almost all λ such that |λ| = 1 the function e^{λz} − 1 has an unbounded Siegel disc. These proofs seem, however, to give no information as to whether ∞ is accessible from within the disc.

The necessity in Theorem 1.2 of the condition that f | U is univalent follows from the examples quoted after the statement of Theorem A, for instance f(z) = 2 − log 2 + 2z − e^z which has an unbounded invariant domain U in which f^n → ∞ while the corresponding set Θ is a singleton.

440 I.N. Baker and P. Domínguez

In Section 5 we give an example of an entire function f(z) = z + e^{−z} which has an (unbounded) invariant Baker domain U in which f(z) is conjugate to the self-map g(z) = (3z^2 + 1)/(3 + z^2) of the unit disc, so that Theorem 1.2 applies to f . In fact Θ = ∂D (Theorem 5.2).

Now recall (see e.g. [9]) that for our Riemann map Ψ: D → U , the point e^{iθ} ∈ ∂D is said to correspond to a prime-end of Types 1 to 4 as follows.

Type 1: C_ϱ(Ψ, e^{iθ}) = C(Ψ, e^{iθ}) a singleton, Type 2: C_ϱ(Ψ, e^{iθ}) a singleton, ≠ C(Ψ, e^{iθ}), Type 3: C_ϱ(Ψ, e^{iθ}) = C(Ψ, e^{iθ}) not a singleton, and Type 4: C_ϱ(Ψ, e^{iθ}) not a singleton, ≠ C(Ψ, e^{iθ}).

Let E_i denote the set of e^{iθ} in D which correspond to prime ends of U of Type i, 1 ≤ i ≤ 4.

In Section 6 we show that for the function f(z) = z + e^{−z} and the Baker domain described in Section 5 the set Θ is countable, and further, for this U we have E_1 = ∅, Θ ⊂ E_2 , while E_3 is a residual subset of ∂D . This same example gives a natural dynamical example of another result in prime end theory. The notion of asymmetric prime end is defined in [9] and it is known that the set of asymmetric prime ends of any simply-connected domain is countable. In the preceding example every e^{iθ} ∈ Θ corresponds to an asymmetric prime end, so that U has a dense countable set of asymmetric prime ends. These results are contained in Theorems 6.1–6.4. It is interesting to note that the iteration of f(z) = z + e^{−z} arises from applying Newton’s method to solve the equation e^{−ez} = 0.

In Section 7 we note some further examples where Θ is countable. This is not, however, the case for the example f(z) = λe^z , 0 < λ < e^{−1} , U = F (f) discussed above. The result of R.L. Devaney and L.R. Goldberg [10] is equivalent to statement that in this case ∂D = E_1 ∪ E_2 , E_3 = ∅. From Theorem A we have E_1 ⊂ Θ while (see e.g. [9]) E_1 ∪ E_3 is residual for any simply-connected domain. Thus Θ is a residual subset of ∂D for the example of R.L. Devaney and L.R. Goldberg.

Finally in Section 7 we examine a class of functions which include f(z) = z + 1 + e^{−z} and show that all these functions have a Baker domain for which Θ = ∂D . Noting these and the other cases of Theorem 1.2 which have been computed suggests the open problem:

With the assumptions of Theorem 1.2 is it necessarily the case that Θ = ∂D ? In Section 8 we give a new proof of the result of R.L. Devaney and L.R. Goldberg.

The second author wishes to thank CONACyT (Consejo Nacional de Ciencia y Tecnología) and Universidad Autonoma de Puebla for their financial support.

2. Lemmas on inner functions

Let D = D(0, 1) and g: D → D be an analytic function. Then the radial limit g(e^{iθ}) exists a.e. on ∂D . If |g(e^{iθ})| = 1 a.e. then g is called an inner function.

Boundaries of unbounded Fatou components of entire functions 441

Lemma 1 ([9, Theorem 5.4]). If g is an inner function then for any singularity e^{iθ0} of g we have C(g, e^{iθ}) = D.

Lemma 2 ([17, p. 36]). If g is an inner function, if D(α, ϱ) ⊂ D , and if e(w, w_0) is an analytic function element of the inverse function of g(z) such that w_0 ∈ D(α, ϱ), then there exists some path γ which joins w_0 to α inside D(α, ϱ) such that e(w, w_0) can be continued analytically along γ , except perhaps at α.

Lemma 3 ([17, p. 34]). If g is analytic and |g(z)| < 1 in D , and if E_1 is a set on ∂D such that for all e^{iθ} ∈ E_1 we have |g(e^{iθ})| = 1 then the set E_2 of values g(e^{iθ}), e^{iθ} ∈ E_1 satisfies m^∗(E_2) > 0 provided m_∗(E_1) > 0, where m^∗ and m_∗ denote outer and inner Lebesgue measure respectively.

Lemma 4. If g is an inner function then all iterates g^n , n ∈ N, are inner functions.

Proof. If g and h are inner then k = h(g): D → D and g(e^{iθ}), k(e^{iθ}) exist a.e. If |k(e^{iθ})| < 1 on a set E_1 of positive measure we can assume |g(e^{iθ})| = 1 on E_1 , g(E_1) = E_2 then has positive outer measure. e^{iϕ} ∈ E_2 is the radial limit g(e^{iθ}), e^{iθ} ∈ E_1 say, so there is a path to e^{iϕ} in D on which h(z) has the asymptotic value k(e^{iθ}). But then also h(e^{iϕ}) = k(e^{iθ}) which has modulus less than 1. Since m^∗(E_2) > 0 this contradicts the assumption that h is inner. Thus h(g) is inner. Lemma 4 follows by induction.

Definition. A Stolz angle at ϱ ∈ ∂D is of the form Δ = � z ∈ D : | arg(1 − ϱz)| < α, |z − ϱ| < ψ (0 < α <^1_2 π, ψ < 2 cos α) � . If l: l(t), 0 ≤ t < 1, is a path in D and λ ∈ ∂D , we write l → λ if l(t) → λ as t → 1.

Lemma 5. Let e^{iθ0} be a singular point of the inner function g . For any q ∈ ∂D and Stolz angle Δ at q there exists θ_n → θ_0 , θ_n ≠ θ_0 , n ∈ N, so that there is a path l_n , n ∈ N, which tends to e^{iθn} in D such that g(l_n) = λ_n → q in Δ.

Proof. Let I be an interval on ∂D which contains e^{iθ0} . Since g(e^{iθ}) exists for almost all θ , while by the theorem of the brothers Riesz [21] the set θ for which g(e^{iθ}) has a given value is a set of measure zero, there are e^{iα} , e^{iβ} in I such that α < θ_0 < β and g(e^{iα}), g(e^{iβ}) exist, have modulus 1 and are different from q . Fix r with 0 < r < 1 and let μ be the curve formed by the union {se^{iα}, r ≤ s ≤ 1} ∪ {re^{iθ} , α ≤ θ ≤ β} ∪ {se^{iβ} , r ≤ s ≤ 1} (see Figure 1). Then g(μ) has distance δ > 0 from q . Let A denote the component of D \ μ whose boundary contains e^{iθ0} .

442 I.N. Baker and P. Domínguez

Figure 1. The curve μ .

Let Δ be a Stolz angle at q which is contained in D(q, δ) ∩ D and whose bisector is the radius 0q . Further, let w_n ∈ Δ ∩ 0q , r_n > 0 where n ∈ N, be such that all w_n are different and w_{n−1} ∈ D(w_n, r_n) ⊂ Δ, w_n → q as n → ∞. It follows from Lemma 1 that there is some z^′ ∈ A such that w^′ = g(z^′) is near w_1 in D(w_2, r_2), w^′ ≠ w_1 and g^′(z^′) ≠ 0. The branch e of g^{−1} with e(w^′) = z^′ can be continued, by Lemma 2, along some path λ_1 in D(w_2, r_2) to a point w^′_2 (near w_2 ) ∈ D(w_3, r_3) (see Figure 2). By repeating this process we see that e may be continued along a path λ(t), 0 ≤ t < 1, which starts at w^′ , lies in Δ, and tends to q as t → 1.

Now e(λ) is a path in D which starts at z^′ in A and cannot cross μ, since g � e(λ) � = λ is inside D(q, δ). Any limit point p of e � λ(t) � as t → 1 satisfies g(p) = q , so p ∈ ∂D . If there is more than one such limit point then the set of limit points forms an arc of ∂D on which g has radial limit q . Since this is impossible there exists e^{iθ1} ∈ ∂D ∩ ∂A ⊂ I such that l(t) = e � λ(t) � → e^{iθ1} as t → 1 and g � l(t) � = λ(t) → q in a Stolz angle Δ.

We note that g(e^{iθ1} ) exists and equals q . If g(e^{iθ0} ) either fails to exist or is unequal to q we have θ_1 ≠ θ_0 and the theorem is proved by choice of successively shorter intervals I in the preceding argument.

If g(e^{iθ0} ) = q , take any q^′ ∈ ∂D \ {q}. Then there exist S_n ∈ ∂D , n ∈ N, such that S_n → e^{iθ0} and g(S_n) = q^′ . We may suppose that S_n = e^{iϕn} , ϕ_{n−1} < ϕ_n < θ_0 . If g is analytic on the arc σ = [S_{n−1} S_n] of ∂D , then g(σ) ⊃ ∂D so that there is a point e^{iθn} ∈ σ where g is analytic with g(e^{iθn} ) = q . We may then take l_n in the theorem to be a radial path tending to e^{iθn} . If on the other hand g is singular at e^{iϕn} we may apply the argument of the first part to find a path l_n which tends to some e^{iθn} ∈ [S_{n−1} S_n] such that g(l_n) → q in the Stolz angle Δ. The proof is complete.

Corollary. With g , θ_n and q as in Lemma 5 we have g(e^{iθn} ) = q .

Boundaries of unbounded Fatou components of entire functions 443

Figure 2. e may be continued along λ(t) .

Definition. If the inner function g has at least one singularity on ∂D then we define H = {e^{iθ} : e^{iθ} is a singularity of g^n for some n ∈ N}.

Lemma 6. Any singularity b of g^m is a limit point of H .

Proof. By assumption g has a singularity p on ∂D . Now, taking b = e^{iθ0} , and q = p and applying Lemma 5 to g^m , we see that there is a sequence θ_n such that θ_n ≠ θ_0 , θ_n → θ_0 , and g^m(e^{iθn} ) = p.

Thus either e^{iθn} is a singular point of g^m and then e^{iθn} ∈ H by definition, or g^m is analytic at e^{iθn} . In the latter case C(g^{m+1}, e^{iθn} ) = C(g, p) = D(0, 1) so that g^{m+1} has a singularity at e^{iθn} which by definition is in H . This shows that b = e^{iθ0} is a limit point of H .

Lemma 7. Closure H is a non-empty perfect set provided g has at least one singularity on ∂D .

Proof. We assume that g has a singularity on ∂D so that H ≠ ∅. Take a = e^{iθ0} in H and let I be an open interval on ∂D with a ∈ I . The interval I contains some b ∈ H , so that b is a singularity of say g^m . It follows from

444 I.N. Baker and P. Domínguez

Lemma 6 that b is a limit point of H and also of H . Hence I contains infinitely many points of H therefore a is a limit point of H . Thus H is a non-empty perfect set in ∂D .

3. Dynamics of inner functions

An inner function g may fail to have singularities on ∂D . In this case it follows from the Schwarz reflection principle that g has a continuation to ^C which is analytic except for a finite number of poles and therefore rational. For a rational function g the iterates g^n , n ∈ N, are rational functions and the Fatou set F (g) is the maximal set in which {g^n} is a normal family while the Julia set J(g) is ^C \ F (g). We make the following definition which applies to all inner functions other than Möbius transformations, whether rational or not.

Definition. If g is an inner function which is not a Möbius transformation the Fatou set F (g) is the maximal open set F such that D ⊂ F , that g^n , n ∈ N, has an analytic continuation which is meromorphic in F , and (g^n) forms a normal family in F . The Julia set J(g) is D \ F (g).

We remark that with this definition F (g) is either (i) D or (ii) it consists of D together with D^′ = {z : |z| > 1} and some open subset of ∂D . In the case of rational g this means that in case (i) our definition of F (g) differs from the usual one, which gives D ∪ D^′ . We shall not, however, find any confusion arising from this. Moreover J(g) = ∂D will agree with the usual definition for rational inner functions.

If g is a non-rational inner function and F_1 = ∂D \H then F_1 is the maximal open subset of ∂D in which all g^n are analytic. If p ∈ F_1 then p_1 = g(p) ∈ ∂D and if h is the branch of g^{−1} for which h(p_1) = p, then for all n ∈ N, g^n = g^{n+1}(h) shows that p_1 ∈ F_1 . Thus g(F_1) ⊂ F_1 . Suppose that we have F_1 ≠ ∅. Then F = D ∪ F_1 ∪ D^′ is the maximal open set containing D in which all g^n , n ∈ N, are meromorphic and g(F ) ⊂ F . Since F^c = H is perfect by Lemma 7, it contains infinitely many points and (g^n) is normal in F by Montel’s theorem. Thus J(g) = H . The latter statement is also true if F_1 = ∅, which is equivalent to H = ∂D , F = D .

Recalling also well-known results about rational iteration we state the following lemma.

Lemma 8. For any non-Möbius inner function g the Julia set J(g) is a perfect (non-empty) subset of ∂D . The Fatou set F (g) satisfies g(F ) ⊂ F . In the case of a non-rational inner function we have J(g) = H , where H is the set defined above before Lemma 6.

We describe two cases when J(g) = ∂D . These will be used in proving the main theorem.

Boundaries of unbounded Fatou components of entire functions 445

Lemma 9. Suppose that g is a non-Möbius inner function which has a fixed point α ∈ D . Then J(g) = ∂D .

Proof. If J(g) ≠ ∂D then the iterates g^n extend analytically to F which includes D and D^′ . The fixed point α is attracting and g^n → α in D as n → ∞, while the reflection principle shows that g^n → 1/α in D^′ . This contradicts the normality of g^n in F .

Lemma 10. Suppose that g is an inner function and α ∈ ∂D is such that for each z ∈ D the orbit z_n = g^n(z) approaches α in an arbitrarily small Stolz angle symmetric about [0 α]. Then g is non-Möbius and J(g) = ∂D .

Proof. It is easy to see that g is not Möbius. Suppose that g is Möbius and inner. By a conformal map we may replace D by H = {Im z > 0}, α by ∞ and suppose that all iterates g^n(z) → ∞ in a direction asymptotic to the vertical. Then g(∞) = ∞ so that g(z) has the form az + b, a > 0, b real. The behaviour of g^n(z) shows that a ≠ 1. Thus there is a second real fixed point which we may suppose to be zero. Thus g^n(z) = a^nz which does not have the assumed asymptotic behaviour.

We may suppose that α = −1. We assume that J(g) ≠ ∂D so that F_1 = F ∩ ∂D is non-empty and contains some arc I . Then for each n ∈ N the arc I_n = g^n(I) ⊂ F_1 and g is analytic on I_n . Denote by ω(z, I) the harmonic measure of I at a point z with respect to D . It follows from the maximum principle that ω � g(z), g(I) � ≥ ω(z, I). By iteration we have ω � g^n(z), I_n � ≥ ω(z, I) for all z ∈ D and n ∈ N.

Now take z_0 ∈ D so that ω(z_0, I) =^3_4 . Then z_n = g^n(z_0) lies in the region D_n in D which is bounded by I_n and a circular arc β_n which passes through the ends of I_n and makes an angle^1_4 π with I_n .

Map D to the half plane H : Re w > 0 in such a way that z = −1 maps to w = 0 and the real axes correspond.

Then D_n maps to a region D^′_n bounded by an arc I^′_n of ∂H and a circular arc θ^′_n , as shown in Figure 3, while z_n maps to w_n in D^′_n . Clearly D^′_n contains the isosceles triangle T cut out of D^′_n by drawing lines through w_n of inclination ±^1_4 π . Since arg(z_n + 1) and hence also arg w_n → 0 as n → ∞, we see that for large n the base of the triangle T is a segment of ∂H which contains w = 0. It follows that −1 ∈ I_n ⊂ F (g).

In particular, g is analytic at −1 and g(−1) = −1. For the orbits to behave as assumed, it is necessary that g^′(−1) = 1 and this implies that −1 ∈ J(g), a contradiction to −1 ∈ F (g). The lemma is proved.

The above proof develops an argument used in [3, proof of Theorem 1].

446 I.N. Baker and P. Domínguez

Figure 3. (left) T ⊂ D^′_n , (right) 0 ∈ ∂T , then 0 ∈ I^′_n .

4. Proof of Theorems 1.1 and 1.2

Let f be an entire function such that U is an unbounded invariant component of F (f). Let Ψ be a Riemann map from D to U and let Θ be the set defined in the introduction. We shall assume that Θ ≠ ∅ and may then suppose that 1 ∈ Θ.

Then the open subset E = ∂D \Θ of D is a countable (possibly empty) union of disjoint open intervals I_n . We note that Ψ conjugates f^n , n ∈ N, to the inner function g^n = Ψ^{−1}f^nΨ. Indeed for almost all θ , as z approaches e^{iθ} radially, so Ψ(z) approaches a finite α ∈ ∂U , f^nΨ(z) → f^n(α) ∈ ∂U and by Proposition 2.14 in [20] g^n(z) = Ψ^{−1}f^nΨ(z) approaches a point of ∂D .

With this notation we have the following lemma.

Lemma 11. The inner function g is analytic on E .

Proof. Suppose that g has a singularity at some point e^{iθ0} of I ⊂ E , where I is an interval of E . It follows from the proof of Lemma 5 that there exists e^{iθ1} ∈ I and a path l in D which tends to e^{iθ1} , such that g(l) = λ tends to 1 in a Stolz angle. Thus Ψ � g(l) � → ∞ and so f � Ψ(l) � = Ψ � g(l) � → ∞ which implies that Ψ(l) → ∞. It follows from Corollary 2.17 in [20] that in fact Ψ(e^{iθ1} ) = ∞ which is impossible since e^{iθ1} ∈ I ⊂ E . The lemma is proved.

Lemma 12. We have g(E) ⊂ E .

Proof. Let I be an interval of E . If g(I), which is an open subset of ∂D , meets Θ, then g(I) contains points of Θ, that is, there is e^{iθ1} = g(e^{iθ0} ) where e^{iθ0} ∈ I such that e^{iθ1} ∈ Θ. Thus lim_{r→1} Ψ(re^{iθ1} ) → ∞. Also for the branch of g^{−1} with g^{−1}(e^{iθ1} ) = e^{iθ0} we have that the path λ(r) = g^{−1}(re^{iθ1} ) → e^{iθ0} in D as r → 1 (in fact λ(r) lies in a Stolz angle at e^{iθ0} ). We have f � Ψ(λ(r) � = Ψg � λ(r) � = Ψ(re^{iθ1} ) → ∞ as r → 1 . Thus f → ∞ on Ψ � λ(r) � so Ψ � λ(r) � → ∞, that is, I contains the points e^{iθ0} of Θ against the assumption (I ⊂ E = ∂D \Θ). Thus g(I) ⊂ E .

Boundaries of unbounded Fatou components of entire functions 447

Lemma 13. If g is a non-Möbius inner function, then J(g) ⊂ Θ.

Proof. If g is a rational function it has degree greater than one. If the inverse orbit O^− (1) = {g^{−n}(1), n ∈ N} is finite, then 1 is a super-attracting periodic point which is impossible for an inner function g . Thus Θ, which contains O^− (1), has infinitely many elements. In D ∪ D^′ ∪ E the functions g^n omit all values in Θ, so that E ⊂ F (g).

In the case when g is non-rational, all g^n are analytic on E so that again E ⊂ F (g). This proves the lemma.

Proof of Theorem 1.1. Let f , U , Ψ, and Θ be as above. Further we suppose that ∞ is an accessible boundary point of U along a path Γ(t), 0 ≤ t < 1, in U such that Γ(t) → ∞ as t → ∞. We prove first that Θ ≠ ∅. It follows from Proposition 2.14 in [20] that γ = Ψ^{−1}(Γ) is a path in D which approaches ∂D , in fact γ tends to a single point of ∂D (or “lands” in ∂D ). Without loss of generality we can assume that γ lands at z = 1. It follows that the radial limit at 1, Ψ(1) = lim_{r→1} Ψ(r), exists and is equal to ∞. Thus 1 ∈ Θ and Θ ≠ ∅.

(i) Suppose that U is an attracting basin of the fixed point α. We see that 0 = Ψ^{−1}(α) is an attracting fixed point of g in D . Thus g cannot be a Möbius inner function and so by Lemma 9 J(g) = ∂D and Θ = ∂D by Lemma 13.

(ii) Suppose that U is a Siegel disc. Then the component U contains a fixed point α of the f(z) such that f^′(α) = e^{πiϱ} where ϱ is irrational and f/U is a homeomorphism. We may assume that Ψ(α) = 0. It follows that g = ze^{πiϱ} . Suppose that E ≠ ∅ and let I be an interval of E . It follows from Lemma 12 that

�_∞

n=1 g^n(I) ⊂ E . Now

�_∞

n=1 g^n(I) = ∂D , but this is not possible because 1 /∈ E .

(iii) Suppose that U is a parabolic basin. Then ∂U contains a point α ≠ ∞ such that f^n(z) → α for z ∈ U as n → ∞. We may assume that α = 0. The Taylor expansion of f(z) about zero has the form

(2) f(z) = z + ∞� k=m+1

a_kz^k, a_{m+1} ≠ 0,

for some m ∈ N. We may assume without loss of generality that a_{m+1} < 0 and that ∂U at zero has the tangential directions arg z = ±π/m. Indeed for any ε > 0 there exists a positive r such that {z : |z| < r, | arg z| < (π/m) − ε} ⊂ U ∩ D(0, r) ⊂ {z : |z| < r, | arg z| < (π/m) + ε}. See e.g. [4].

We may assume that Ψ maps −1 ∈ ∂D to the the prime end of U at zero corresponding to approach along R_+ . Then (see Lemma 3 in [3]) we have that, as z → 0 in | arg z| < (π/m)−δ , for any δ > 0, then arg � 1+Ψ^{−1}(z) � −(m/2) arg z → 0. In particular if z → 0, arg z → 0 in U then arg � 1 + Ψ^{−1}(z) � → 0.

448 I.N. Baker and P. Domínguez

Now for any z ∈ U the orbit z_n = f^n(z) → 0 tangent to the real direction. It follows that the orbits of g = Ψ^{−1}fΨ approach −1 tangent to the real direction. By Lemmas 10 and 13 we have Θ ⊃ J(g) = ∂D .

Proof of Theorem 1.2. We suppose that in this case f^n → ∞ in the unbounded component U of F (f). It follows from Theorem 2 in [2] that there exists a curve Γ which tends to ∞ in U . Thus ∞ is an accessible boundary point of U along Γ (and we do not have to assume this). Hence Θ ≠ ∅. We have assumed further that f is not univalent in U so that g = Ψ^{−1}fΨ is a non-Möbius inner function and Theorem 1.2 follows from Lemmas 8 and 13.

5. An example which has a Baker domain

In this section our aim is to give an example of a transcendental entire function f(z) whose domain of normality contains a Baker domain U in which f(z) is conjugate to a rational map g(z) of D .

Consider the function f(z) = z + e^{−z} . We shall prove the following theorem.

Theorem 5.1. There is an unbounded invariant component U which belongs to the Fatou set F (f) and contains the real axis, and for every z ∈ U , Re f^n(z) → ∞ as n → ∞. The Julia set of f(z) contains the lines y = ±π .

Proof. Consider the diagram (3) where C_∗ is the punctured plane, π = e^{−z} and f(z) and h(z) are entire functions such that the diagram commutes.

(3) C^f � π � C π � C_{∗ h} � C_∗

It was shown by Bergweiler in [6] that provided h(z) is not linear or constant, so provided f(z) is not of the form f(z) = kz^n , k ≠ 0, n ∈ Z, we have π^{−1} � J(h) � = J(f).

In particular we shall put f(z) = z + e^{−z} and obtain h(t) = te^{−t}: C_∗ → C_∗ , where t = e^{−z} , as a projection of f(z) to C_∗ . The singularities of h^{−1} are 0, e^{−1} and ∞. Thus h(t) belongs to the class S of entire functions E such that the set of singular points of the inverse function E^{−1} is finite. It follows from Proposition 3 in [11] that all components of F (h) are simply-connected.

The function h(t) has a parabolic fixed point at zero, which is in J(h), whose domain of attraction G belongs to F (h) and contains R_+ . The boundary of G is tangent to the negative real axis at zero. It follows from Theorem 1 in [11] that R_− ⊂ J(h) since h^n → ∞ on R_− .

Boundaries of unbounded Fatou components of entire functions 449

Lifting these results back to f(z) and using Bergweiler’s result we have a component U of F (f) such that π(U) = G in which f^n → ∞ and Re f^n → ∞. Thus R ⊂ U , where ∂U is tangent to the lines y = ±π at x = +∞. The component U is contained in the strip |y| < π , while the lines y = ±π are in J(f).

The function f(z) has the property f(z + 2πi) = f(z) + 2πi. Thus for every integer n the domain U_n = U + 2nπi is an invariant domain which lies within the strip bounded by the lines y = (2n ± 1)π , n ∈ Z, and such lines are in J(f).

Theorem 5.2. Let f(z) and U be as in Theorem 5.1.The map f(z): U → U is conjugate to the rational self-map g(z) = (3z^2 + 1)/(3 + z^2) of D .

Proof. Since f: U → U is a branched cover with U simply-connected and just one branch point of order 2 over f(0) = 1 we see that the valency of f(z) in U is 2, by the Riemann–Hurwitz relation.

Let Ψ: D → U be the Riemann map such that Ψ(0) = 0, Ψ maps R ∩ D → R, Ψ(1) = ∞, and Ψ(−1) = −∞. The inner function g: Ψ^{−1}fΨ is a rational map of degree two (since g has no singularities in ∂D and g is two to one by the above result).

Now f(−∞) = ∞, f(∞) = ∞. Thus we have that g(±1) = 1, g is real on [−1, 1], and g has no fixed point in D since f(z) has no fixed point in U . Thus g^′(1) ≤ 1. Take α ∈ (0, 1) such that Ψ(α) = 1. We see that g(z) = α, z ∈ U , if and only if f � Ψ(z) � = 1, that is Ψ(z) = 0 and hence z = 0. Consider the rational map k: D → D , which is two to one, given by

(4) k(z) = g(z) − α 1 − αg(z) .

The only solution of k(z) = 0 is z = 0. Since k is real on (−1, 1) and k(1) = 1 it follows that k(z) = z^2 . Therefore (4) can be written as

g(z) = α + z^2 1 + αz^2 . Next we claim that g^′(1) = 1 which implies that α =^1_3 .

Let d = distance (x, ∂U) for x ∈ R_+ . Since the Poincaré metric ϱ(x) on R_+ lies between 1/4d and 1/d, that is 1/4d ≤ ϱ(x) ≤ 1/d, we have some constants γ, β > 0 so that γ < ϱ(x) < β , x ≥ 0. The hyperbolic length of [0, x_n]_U is σ_n where x_n = f^n(x_0), x_0 ∈ R, and γx_n < σ_n < βx_n , for large n.

Now if v_n = e^{xn} , then

v_{n+1} − v_n = e^{xn} {e^{xn+1−xn} − 1} = {e^{xn+1−xn} − 1}/(x_{n+1} − x_n).

450 I.N. Baker and P. Domínguez

Since x_n → ∞ as n → ∞ we have x_{n+1} − x_n = e^{−xn} → 0 and v_{n+1} − v_n → 1. It follows that v_n ∼ n and x_n ∼ ln n as n → ∞. If Ψ(t_n) = x_n we have

[0, t_n]_D = 2 ln

1 + t_n 1 − t_n

= σ_n.

Thus 1 + t_n 1 − t_n

= e^{σn/2}

lies between n^{γ′} , n^{β′} or n^{−γ′} < 1 − t_n < 2n^{−β′} for some positive constants γ^′ and β^′ , as n → ∞.

From the theory of iteration of an analytic function g near a fixed point the above result can hold only if 1 is a parabolic fixed point of g . Thus in fact we have g^′(1) = 1 as claimed. Therefore α =^1_3 , so we have

g(z) = 1 3 + z^2 1 +^1_3 z^2

= 1 + (z − 1) −^1_4 (z − 1)^3 + · · · .

Since t_n → 1 in the real direction we can already say that it is a case of two ‘petals’ for g at 1 separated by J(g) = ∂D . Also since g^{′′}(1) = 0 and g^{′′′}(1) ≠ 0, convergence must be 1 − t_n = O(1/ √ n ).

Together with Lemma 13 the previous results imply the following corollary.

Corollary. For U the set Θ is dense in ∂D .

6. Further properties of the preceding example

Before proceeding we require some definitions and results which can be found in [9] and [20].

Let Ω be a simply-connected domain in C. A simple Jordan arc γ with one end-point on ∂Ω and all its other points in Ω is called an end-cut of Ω; if γ lies in Ω except for its two end-points γ is called a cross-cut.

A point p of ∂Ω is accessible from Ω if p is an end-point of an end-cut in Ω. We say that a sequence {γ_n} of cross-cuts is a chain of Ω if

1. γ_n ∩ γ_{n+1} = ∅, n = 0, 1, 2, . . . , 2. γ_n separates Ω into two domains, one of which contains γ_{n−1} and the other γ_{n+1} , n ∈ C, and 3. the diameter of γ_n → 0 as n → ∞.

It follows from 2 that one of the two sub-domains of Ω determined by γ_n , denoted by V_n , contains all the cross-cuts γ_v , v > n, while the other contains all cross-cuts γ_v , v < n.

Now let {γ^′_n} be another chain of Ω. We say that {γ^′_n} is equivalent to {γ_n} if for all values of n, the domain V_n contains all but a finite number of cross-cuts

Boundaries of unbounded Fatou components of entire functions 451

γ^′_n and the domain V^′_n defined by γ^′_n contains all but a finite number of crosscuts γ_n . This defines an equivalence relation between chains. The equivalence classes are called the prime ends of Ω. A chain belonging to such a class is said to belong to the prime end P . A sequence z_m on Ω converges to P if for a chain {γ_n} as above, and arbitrary choice of k , z_m belongs to V_k for all but finitely many m. Prime ends describe the correspondence between boundaries of domains under conformal mapping. The impression of P is defined by I(P ) = ∩V_n where V_n is the sub-domain of Ω given before. In particular if Ψ is a Riemann map of D to Ω, Ψ induces a one-to-one correspondence between e^{iθ} ∈ ∂D and prime ends P (e^{iθ}) of Ω. The set I � P (e^{iθ}) � = C(Ψ, e^{iθ}) which is a non-empty compact connected set and thus either a single point or a continuum.

A point p ∈ C is a principal point of the prime end P if P can be represented by a null-chain {γ_n} with γ_n ⊂ D(p, ε) for ε > 0, n > n_0(ε); thus {γ_n} belongs to P . We denote by Π(P ) the set of all principal points of P . In the above notation Π(P ) = C_ϱ(Ψ, e^{iθ}). Thus the set Π(P ) ⊂ I(P ) is not empty and is closed. The prime ends fall into the four disjoint classes which were listed in the introduction.

If E_i ⊂ ∂D , 1 ≤ i ≤ 4, consists of e^{iθ} which correspond to the prime ends of Ω of Type i, the results [9, p. 182–184] give the following lemma.

Lemma 14. E_1 ∪ E_2 has full measure in ∂D ; E_1 ∪ E_3 is residual in ∂D .

Since the complement of a residual set has category I it follows that E_2 has category I.

We also note the following definition.

Definition. The left-hand cluster set C^+(f, z_0) at z_0 ∈ ∂D consists of all w ∈ ^C for which there are {z_n} with z_n ∈ D , arg z_n > arg z_0 , z_n → z_0 , f(z_n) → w as n → ∞. The right-hand cluster set C^−(f, z_0) is defined similarly with arg z_n < arg z_0 . It is clear that C^±(f, z_0) ⊂ C(f, z_0).

We say that a prime end is symmetric if C^+(f, z_0) = C^−(f, z_0) = C(f, z_0); otherwise it is asymmetric.

Lemma 15 ([9, Theorem 9.13, p. 189]). The asymmetric prime ends of any simply-connected domain form a set which is at most countable.

Now we shall prove the following theorem using the above definitions. Let L^+(L^− ) be the line {x + iy : −∞ < x < ∞, y = π(y = −π)}.

Theorem 6.1. Let f(z) and U be as in Theorem 5.1. The lines L^+ , L^− are in ∂U . Indeed, with the conformal map Ψ defined in the proof of Theorem 5.2 the prime end Q which corresponds to 1 ∈ ∂D has the impression L^+ ∪L^− ∪{∞}. Any end-cut l : l(t), 0 ≤ t < 1, of U which approaches ∞ in such a way that Re l(t) → +∞ as t → 1, must converge to Q.

452 I.N. Baker and P. Domínguez

Proof. As in the proof of Theorem 5.1 we put h(z) = ze^{−z} and denote by G the immediate domain of attraction of the parabolic fixed point 0 of h. We recall that R_+ ⊂ G, R_− ⊂ J(h). The singularities of h^{−1} are 0, which is in J(h), and the algebraic branch point at 1/e which corresponds to the critical point at z = 1.

Let g denote the branch of h^{−1} whose expansion near z = 0 is g(z) = z + z^2 + · · ·. This may be continued analytically throughout H = {z : Im z > 0} and remains analytic on R except for a branch point of order two at 1/e.

Now g is univalent on H and g maps R_− to R_− , while it maps R_+ to a curve Γ_1 , formed by β_1 = (0, 1] (the image of (0, 1/e]) joined to a curve γ_1 which begins at 1 and enters H in the positive imaginary direction after which it runs to ∞ in H , � γ_1 = g � [e^{−1}, ∞) � . As x → ∞ in [e^{−1}, ∞) then w = u + iv = g(x) satisfies x = |w|e^{−u+i(arg w−v)} . But 0 < arg w < π so that 0 < v < π . Moreover x = |u + iv|e^{−u} → ∞ so that u → −∞ while v = arg w → π as x → ∞ (we note for future use by the same calculation that if w and h(w) are both in H , then arg h(w) < arg w ).

Figure 4.

�_∞

1 β_n = β_1 ∪ α_2 ∪ α_3 ∪ · · · is a Jordan curve C .

Denote the region in H bounded by R_− and Γ_1 by H_1 , then g(H) = H_1 ⊂ H . Since H_n = g^n(H) ⊂ H the functions g^n , n ∈ N, form a normal family in H . Local iteration theory shows that g^n → 0 in an open set close to zero in the intersection of H with the left-hand plane. Hence g^n → 0 locally uniformly in H .

Now we see inductively that ∂H_n = R_− ∪Γ_n where Γ_n = β_n ∪γ_n = g^n(R_+ ) ⊂ G and β_n = g(β_{n−1}), γ_n = g(γ_{n−1}). Moreover, β_n = β_{n−1} ∪ α_n , n ≥ 2, where β_{n−1} and α_n are arcs which meet only at their common end point g^{n−2}(1), g^n → 0 on α_3 , which is a compact subset of H . We see that

�_∞ 1 β_n = β_1 ∪ α_2 ∪ α_3 ∪ · · · is a Jordan curve C (see Figure 4) which leaves zero along β_1 and returns to zero along a direction tangent to R_− . We have g(C) = C and h(C) = C so that h^n is bounded in I = interior C . Hence I ⊆ F (h) and indeed I ⊆ G.

Boundaries of unbounded Fatou components of entire functions 453

Let K_n denote the unbounded domain in H_n cut off by the cross cut δ_n = �_∞

j=n+2 αj , n ∈ N, which runs from g

n(1) to zero. The boundary of K_n is R_− , δ_n and an arc γ^′_n of γ_n . We have g(K_n) = K_{n+1} , g(K_n) = K_{n+1} . Let Δ = ∩K_n . Clearly R_− ⊂ Δ. Also z ∈ Δ implies that h(z) ∈ Δ. Suppose that Δ contains some point z which is not in R_− , then we may suppose z chosen to have minimum argument Θ, and 0 < θ since Δ does not contain β_1 . But then h(z) ∈ H and, as observed earlier, arg h(z) < arg z = θ which gives a contradiction. Thus Δ = R_− .

Now by the symmetry of G we see that the curve l_n formed by γ^′_n ∪ δ_n together with its reflection in R is in G, except for the point zero.

For a sufficiently small r_n , n ∈ N, the circle C(0, r_n) meets δ_n but not γ^′_n . Let p_n = r_ne^{iθn} be the point with minimum θ_n > 0, n ∈ N, such that p_n ∈ ∂G. Since R_− ⊆ ∂G we have θ_n ≤ π and indeed θ_n < π because the arcs C_n : r_ne^{iθ} , −θ_n < θ < θ_n , determine a set of cross cuts which define a prime end P of G. If θ_n = π the impression of this prime end is bounded but we know from Theorem A that the impression contains infinity which is a contradiction. Thus θ_n < π .

Figure 5. The component D_n .

The arc C_n divides G into two components D_n , D^′_n . The component which contains^1_2 r_n , n ∈ N, is denoted by D_n (see Figure 5). We can see that D_n ⊂ � K_n ∪ K^−_n ∪ D(0, r_n) � where K^−_n is the reflection of K_n in R. (We note that the finite points of ∂K_n ∪ ∂K^−_n are in F (h) ∪ {0}.) Clearly the impression of the prime end P is R_− , since D_n ⊂ � K_n ∪K^−_n ∪ D(0, r_n) � we have I(P ) = ∩D_n where ∩D_n ⊂ ∩K_n = R_− . The impression is a continuum which contains zero and infinity therefore I(P ) = R_− .

Any end cut in G which tends to 0 must remain in D_n after some point. (0, ε) is such an end cut for ε > 0. Suppose τ (t), t ∈ (0, 1) is an end cut in G which tends to zero as t → 1. Thus given n, τ (t) is in D(0, r_n) for t > t_0 . If τ (t) is not contained in D_n we may suppose that τ ⊂ D^′_n and that Im τ (t) > 0. Thus τ (t) lies in the part of D(0, r_n) in the upper half-plane which lies below δ_n .

454 I.N. Baker and P. Domínguez

We may assume that τ (t_0) is joined by 0 in D^′_n to say 2r_n so that the union τ^′ of τ (t), t ≥ t_0 with ϱ and with [0, 2r_n] is a Jordan curve Γ in G, except for the point zero. Now p_n lies in the interior of Γ. Since the transcendental function h: G → G is 2 to 1 (by conjugacy with f | U ) there is some component G_1 = h^{−1}(G) ≠ G.

For z_1 ∈ G_1 there is some m ∈ N such that there is a value of h^{−m}(z_1) so close to p_n that it is inside Γ. The corresponding component h^{−m}(G_1) of F (h) is different to G and is unbounded. Hence h^{−m}(G_1) meets Γ in some open subset of Γ, so in points which are different from zero. But all such points of Γ are in G, this gives us a contradiction. Thus τ is in D_n .

We may now lift these results to the Baker domain U for the function f(t) = t + e^{−t} by noting that z = e^{−t} maps U to G so we have that ∂U contains the lines L^+ , L^− . Indeed e^{−t} is univalent in the region between L^+ , L^− , which includes U , so that the prime ends of U and G correspond under the mapping. Thus, corresponding to C_n we have cross cuts C^′_n : x = − log r_n , −θ_n < y < θ_n of U which cut off domains D^′_n in U such that e^{−D′n} = D_n . The prime end of U defined by (C^′_n) is denoted by Q and has impression L^+ ∪ L^− ∪ {∞}. For any x > 0, [x, ∞) is an end cut of U which converges to +∞ (and indeed to Q). Any end cut in U which converges to +∞ must remain in D^′_n from some point onwards and thus converges to Q.

Theorem 6.2. If g^n(e^{iθ} ) = 1, n ≥ 0, where g is the quadratic map of Theorem 5.2, then e^{iθ} corresponds to an asymmetric prime end of Type 2 of the domain U of Theorem 5.1.

Since the pre-images of 1 are dense in ∂D we have a natural example of the situation described in Lemma 15.

Proof. We denote by U^+ the part of U above R and by U^− the part of U below R. In a similar way denote D^+ and D^− such that

Ψ: D^+ → U^+, Ψ: D^− → U^− .

Clearly as x → 1 in D so Ψ(x) → +∞ and Ψ(1) = Q thus Q is in the second type (see the table about prime ends) with principal point ∞.

Then ∞ is also the angular cluster set of Ψ at 1 [9]. Since Ψ is real on R the cluster set of Ψ at 1, clearly splits into two ‘wings’ L^+ ∪ {∞} for the left-hand of Q and L^− ∪ {∞} for the right-hand wing, corresponding to z → 1 in D^+ or D^− . Thus Q is an asymmetric prime end of H .

Let z_0 be a predecessor of 1 under the conjugate quadratic map g: D → D , say g^m(z_0) = 1. Then Ψ(z_0) is also an asymmetric prime end, since if the lefthand cluster set of Ψ at z_0 is C^+(z_0) and at 1 is C^+(1) then Ψg^m = f^mΨ gives f^mC^+(z_0) = C^+(1) = L^+ ∪ {∞} while the right-hand cluster set has f^mC^−(z_0) = L^− ∪ {∞}.

Boundaries of unbounded Fatou components of entire functions 455

We return to the study of Θ for f and U .

Theorem 6.3. For f(z) = e^{−z} + z and U as above the set Θ consists precisely of the countable set of predecessors of 1 under the iterates g^n , n ≥ 0, with g as in Theorem 5.2.

Lemma 16. Given ε > 0 there exists A(ε) < 0 so that z = x + iy in U ∩ {z : x < A(ε)} we have either π − ε < |y| < π or |y| < ε.

Proof. Let S denote S = {z = x + iy, | Im z| ≤ π}. We know that f: L^± → L^± . We claim that the graph of f^{−1}(L^+) ∩ S = L^+ ∪ M^− is as in Figure 6.

In particular, as z → ∞ on M^− we have Re z → −∞ and Im z → 0_− or Im z → −π_+ . We also have f^{−1}(L^−) ∩ S = L^− ∪ M^+ where M^+ is the reflection of M^− in R.

To prove the claim we note that in the half plane H = {w : Re w > 0} we have Re f^′(w) > 0 so that f is univalent in H . Also f(H) ⊂ H − 1. Thus for large | Re z| the solutions of f(w) = z , z ∈ L^+ , w ∈ S \ L^+ have Re w large and negative. Therefore z = f(w) ∼ e^{−w} so that w ∼ − ln z and more accurately e^{−w} = z − w ∼ z + ln z . Thus w ∼ − ln(z + ln z) ∼ − ln z − ln z/z as z → ∞. Hence M^− = f^{−1}(L^+ ) ∩ {z = x + iy, | Im z| ≤ π} has one end which goes to ∞ like

w ∼ − ln(x + iπ) − ln(x + iπ) x + iπ as x → ∞

= −(ln x) � 1 + o(1) � − iπ x (1 + o(1)) as x → ∞.

For the other end

w ∼ − ln(−x + iπ) − ln(−x + iπ) −x + iπ as x → ∞

= −(ln x) � 1 + o(1) � + i � −π + 2π x � � 1 + o(1) � as x → ∞.

Further M^− , M^+ are symmetric with respect to the real axis. The assertion of Lemma 16 follows from the above.

456 I.N. Baker and P. Domínguez

Figure 6. f^{−1}(L^− ) ∩ S = L^− ∪ M^+ and f^{−1}(L^+ ) ∩ S = L^+ ∪ M^− .

Proof of Theorem 6.3. Let σ : re^{iα} be a radial path, 0 < r < 1, and suppose that the Riemann map Ψ → ∞ on σ (i.e. e^{iα} ∈ Θ). On g^n(σ): Ψ � g^n(σ) � = f^n � Ψ(σ) � → ∞ (e^{−z} + z → ∞ if z → ∞, z ∈ U ). Thus Ψ � g^n(σ) � → ∞ for each fixed n.

If Re Ψ(σ) → +∞ then by Theorem 6.1 Ψ(σ) → Q, that is e^{iα} = 1. If Re Ψ(σ) → −∞ in |y| < ε, then f � Ψ(σ) � → +∞ so Ψ � g(σ) � = f � Ψ(σ) � → Q, so in this case g(σ) → 1, and g(e^{iα}) = 1 (e^{iα} ≠ 1).

If Ψ(σ) → −∞ in π −ε < |y| < π , then we can assume that A(ε) is chosen so that x < A(ε) implies Re(e^{−z} +z) ≤ −2 Re z . Now for all n ∈ N Ψ � g^n(σ) � → ∞.

If we always have Re Ψ � g^n(σ) � → −∞ we must always have this happening in π − ε < |y| < π , so Re f^n � Ψ(σ) � < −2^n Re Ψ(σ) → −∞. But for any fixed z ∈ U , Re f^n(z) → +∞. Hence there is a first n so that Ψ � g^n(σ) � → −∞ in |y| < ε and this implies that Ψ � g^{n+1}(σ) � → +∞. Then g^{n+1}(e^{iα}) = 1, e^{iα} = g^{−(n+1)}(1).

Thus the set Θ consists entirely of the set of predecessors of one under g^n , that is the set corresponding to the asymmetric prime ends which were discussed before. Thus the theorem is proved.

Theorem 6.4. For f(z) = e^{−z} + z and U as above we have E_1 = ∅, Θ ⊂ E_2 while E_3 is residual.

Proof. Since Θ is dense in ∂D it follows that ∞ belongs to the impression of every prime end of U (i.e. for any θ , ∞ ∈ C(Ψ, e^{iθ}) because there exists θ_n → θ^′ , e^{iθn} ∈ Θ so ∞ ∈ C_ϱ(Ψ, e^{iθn} )). Thus E_1 ⊂ Θ. We have seen that Q, and similarly all members of Θ belong to E_2 . Thus E_1 = ∅. From Lemma 14 it follows that E_3 is residual.

Boundaries of unbounded Fatou components of entire functions 457

7. Further examples

1. J. Weinreich [23] showed that j(z) = e^{−z} + z − 1 has an unbounded invariant component U of F (j) in which j is conjugate to z^2 . Thus U contains a super-attractive fixed point at 0. Our results show that Θ = ∂D . Weinreich showed that Θ is a countable subset of E_2 while E_1 = ∅.

2. Our results in Section 5 showed that the domain of attraction G of the parabolic fixed point 0 of h(z) = ze^z is unbounded. By projecting the results for f , U in Section 6 we find that for h, G we have Θ = ∂D , Θ countable, E_1 = ∅.

3. Recalling the example f , U of Sections 6, 7 as well as 1, 2 above we have examples where Θ is a dense countable subset of ∂D for cases when U is either an attracting domain, a parabolic domain, or a Baker domain (with non-univalent f ).

4. In the case of f(z) = λe^z , 0 < λ < 1/e, discussed by R.L. Devaney and L.R. Goldberg [10] where F (f) is a single unbounded attracting domain, ∂D = E_1 ∪ E_2 and, as explained in the introduction, Θ = E_1 is residual, (that is its complement is of first category), and hence Θ is, in particular, non-countable.

5. Kisaka studies the example f(z) = e^{−z} + z + 1, which was one of the functions discussed in Fatou’s fundamental paper [1926] on the dynamics of entire functions. Kisaka proved that f has a Baker domain for which Θ contains a perfect set in ∂D . We shall improve this by showing that Θ = ∂D .

In fact we shall consider a slightly more general class of functions. Let ε ≥ 0 be a constant and let k be an entire function such that |k(z)| ≤ Min (ε, 1/|z|^2) outside the strip S = {z = x + iy : |y| < π, x < 0}.

The construction of a non-constant example of such functions is described for example in [12, p. 81]. Our example is the function G(z) = f(z) + ε + k(z), where f(z) = e^{−z} + z + 1.

We claim that G(z) has a Baker domain U in which the valency of G is infinite and for which Θ = ∂D .

We note that ε = 0 gives G(z) = f(z). In this case the result may be obtained more rapidly by lifting the corresponding result for h(t) = e^{−1}(te^{−t}) by π^{−1} , where π(z) = e^{−z} , but the method does not extend to general G.

Since G(z) = e^{−z} + z + (1 + ε) + k(z), we have in H = {z : Re z > 0} that Re G(z) ≥ ε + Re k(z) ≥ 0. By the open mapping theorem we have indeed Re G(z) > 0 so that G: H → H . Thus H ⊂ F (G) and z_n = G^n(z) → ∞ in H ‘like n’. Indeed for z ∈ H we have first that Re z_n is strictly increasing and so cannot have a finite limit. Then z_{n+1} −z_n = (1+ε)+e^{−zn} +k(z_n) = (1+ε)+o(1). From this it follows that z_n = O(n) and z_{n+1} − z_n = (1 + ε) + O(1/n^2 ) and hence z_n = (1 + ε)n + O(1). The component U of F (G) which contains H is a Baker domain.

Now G has fixed points where e^{−z} + 1 + k(z) = 0. Since |k(z)| < 1/|z|^2 , Rouché’s theorem shows that for j ∈ Z there is a fixed point z_j such that z_j − (2j + 1)iπ → 0 as |j| → ∞. But H ⊂ F (G) and z_j is not in U . It follows that

458 I.N. Baker and P. Domínguez

for each j there is a boundary point z^′_j of U such that z^′_j − (2j + 1)iπ → 0 as |j| → ∞.

Recall that the Poincaré metric ϱ(z)|dz| in U satisfies (5) 1 4d ≤ ϱ(z) ≤ 1 d , where d = d(z, ∂U).

For any z_0 in H we have z_n = g^n(z_0) = (1 + ε)n + O(1) and for any z^′_0 in U we have z^′_n = g^n(z^′_0) such that [z^′_n, z_n] ≤ [z^′_0, z_0], where [ ] denotes the hyperbolic distance in U . Since there is a constant K such that d(z, ∂U) < x + K for z = x + iy ∈ H it follows from (5) that

[z_n, ∂H] >

�_{Re zn} 0 dx 4(x + K)

which tends to ∞ as n → ∞. This implies that z^′_n ∈ H for all sufficiently large n. But then from our earlier results z^′_n = (1 + ε)n + O(1). Thus for any z^′_0 , z^′_n → ∞ in H in a horizontal direction.

We form a Riemann map Ψ: D → U , where Ψ(1) is the prime end P of U which corresponds to the approach to ∞ in U with Re z → ∞.

We quote a result of A. Ostrowski [18]: Suppose that S is a simply-connected domain which satisfies A and B below.

A. For every ϕ in 0 < ϕ <^1_2 π there exists u(ϕ) such that S(ϕ) = {w = u + iv : u > u(ϕ), |v| ≤ ϕ} ⊂ S .

B. There are sequences w_n = u_n + iv_n , w^′_n = u^′_n + iv^′_n in ∂S such that u_0 < u_1 < · · · < u_n → ∞, u_{n+1} − u_n → 0, v_n →^1_2 π , and u^′_0 < u^′_1 < · · · < u^′_n → ∞, u^′_{n+1} − u^′_n → 0, v^′_n → −^1_2 π .

Suppose that z(w) maps S conformally onto the strip {z = x + iy : |y| <^1_2 π} so that lim_{u→0} z(u + i0) = ∞. Then if 0 < ϕ <^1_2 π , we have as Re w → ∞, w ∈ S(ϕ), lim � y(w) − v � = 0.

By applying this result together with a suitable logarithmic transformation we see that as z → ∞ in a horizontal direction in H , so Ψ^{−1}(z) → 1 in D in a direction tangent to the real axis.

We conclude that for the inner functions g = Ψ^{−1}GΨ: D → D the orbit of any z_0 ∈ D is such that g^n(z_0) → 1 in a direction tangent to the real axis. By Lemma 10 g is not a Möbius transformation and J(g) = ∂D . It follows from Lemma 13 that Θ = ∂D . Our claim is proved.

It is not hard to show G has valency ∞ in U . For z = x+iy , R_v = R+2πiv , v ∈ Z − {0} we have Re G(z) ≥ e^{−x} + x + (1 + ε) − |k(z)| ≥ e^{−x} + x + 1 ≥ 2. Thus G(R_v) ⊂ H and, by the complete invariance of F (G), R_v belongs to the component U of F (G) which contains H .

Boundaries of unbounded Fatou components of entire functions 459

Let T_v = {z = x + iy : x < 0, (2v − 1)π < y < (2v + 1)π}, v ≠ 0, and Γ_v = ∂T_v . Then for z on Γ_v we have Re G(z) ≤ 2 + 2ε. We may choose z_0 = x_0 + 2πiv ∈ R_v ∩ T_v , so that w_0 = G(z_0) ∈ K = {z : Re z > 2 + 2ε}.

Let z = γ(w) denote the branch of the inverse of G such that γ(w_0) = z_0 . As we continue g along any path δ which starts at w_0 and remains in K we cannot meet any transcendental singularity of γ , for a such a singularity would correspond to an asymptotic path λ of G which runs to ∞ in T_v (since G(λ) ⊂ K) and such that G has a finite limit as z → ∞ on λ. Clearly no such path exists since G(z) → ∞ as Re z → −∞, z ∈ T_v .

Thus γ has at most algebraic singularities on δ and the values remain in T_v . By complete invariance of F (G) we have γ(K) ⊂ U . Thus G(U ∩ T_v) ⊃ K for each v ∈ Z − {0} and any value w ∈ K is taken infinitely often by G in U .

8. The results of Devaney and Goldberg on λe^z

Let C = {λ ∈ C : λ = te^{−t}, |t| < 1}. Then for λ ∈ C the function f = f_λ given by f_λ(z) = λe^z has an attracting fixed point z = t where f^′(t) = t. In fact F (f) is a simply-connected completely invariant domain in which f^n(z) → ∞ as n → ∞.

Figure 7. S_j , j ∈ Z .

Let Ψ denote the Riemann map of D = D(0, 1) onto F (f), which we may normalize so that Ψ(0) = t, Ψ^′(0) > 0. R.L. Devaney and R.L. Goldberg [10] proved that the radial limit Ψ(e^{iθ}) exists for every e^{iθ} ∈ ∂D .

This result is important for our present chapter and has also been the starting point of further topological studies and conjectures (see e.g. W. Bula and L.G. Oversteegen [8] and J.C. Mayer [16]). For this reason it seems appropriate to give a proof, slightly different from that of Devaney and Goldberg, of their result.

460 I.N. Baker and P. Domínguez

First note that for any two values λ, λ^′ ∈ C there is a quasiconformal homeomorphism of the plane which conjugates f_λ to f_λ′ and maps F (f_λ) to F (f_λ′ ). Thus we may assume that λ is real in the range 0 < λ < e^{−1} corresponding to 0 < t < 1. From now on λ will have this fixed value.

Then f = f_λ has two real fixed points t, s such that 0 < t < 1 < s. The half-plane H = {z : Re z < s} is invariant under f and therefore belongs to F (f). Clearly f^n(z) does not tend to t for all z ∈ [s, ∞). Hence [s, ∞) and all its translates by multiples of (2πi) belong to J(f). Since s → 1 as λ → 1/e we may suppose λ has been chosen so that s < 2.

Let S_j = {z : Re z > s, 2πj < Im z < 2π(j +1)}, j ∈ Z, denote the half-strip, see Figure 7.

If we take the branch of log z whose argument lies between 2πj and 2π(j +1) defined in the plane cut along the positive real axis [0, ∞), then l_j (z) = log(z/λ) is a branch of the inverse of f which maps the domain {z : |z| > s, arg z ≠ 0} onto S_j .

The segments σ_j = {s + iy : 2πj < y < 2π(j + 1)} form cross cuts of F : σ_j ⊂ F since f(σ_j ) ⊂ F .

Correspondingly τ_j = Ψ^{−1}(σ_j ) form cross cuts of D , disjoint (except for their end points). We note that by the symmetries of F about R, Ψ is real on R ∩ D and Ψ(−1) = ∞, Ψ(1) = s.

We denote the inner function Ψ^{−1}fΨ by g . Then g(0) = 0 and τ_j separates 0 from Ψ^{−1}(S_j ) (see Figure 8). In Ψ^{−1}(S_0) the function g takes each value at most once, so that g must be analytic at points of ∂D in the boundary of Ψ^{−1}(S_0), except perhaps at the ends of the arc τ_0 . A slight variation of the cross cuts σ_0 , σ_1 , σ_{−1} allows us to show that g is analytic at the ends of τ_0 also. Similarly for the other τ_j so that g is analytic on ∂D − {−1}. Since g | D is infinitely many valued (like f | F ) we see that g is singular at −1.

Suppose that for some k ∈ N, g^k is analytic at e^{iθ} and that g^k(e^{iθ}) = −1. It follows from Ψg^k = f^k Ψ that Ψ has the asymptotic value ∞ along some path which tends to e^{iθ} . Consequently the radial limit Ψ(e^{iθ}) = ∞.

Similarly if g^k(e^{iθ}) = 1 for some k ∈ N it follows that Ψ(e^{iθ}) exists and satisfies f^k � Ψ(e^{iθ}) � = s.

Thus if e^{iθ} is a preimage under g of +1 or −1 the radial limit Ψ(e^{iθ}) exists.

Boundaries of unbounded Fatou components of entire functions 461

Figure 8. Ψ^{−1}(S_0) .

If e^{iθ} is not a preimage of +1 or −1 under g we call it a ‘general’ e^{iθ} . For

each fixed n ∈ N ∪ {0}, e^{iθ} is not the end of any g^{−n}(τ_j ), nor a limit point of

such curves, since these are the singular points of g^n , i.e. preimages of −1 (see

Figure 9). Hence e^{iθ} is separated from 0 by one of g^{−n}(τ_j ), j = j(n) say, and in

fact one of the arcs, say τ^{(n)} of g^{−n}(τ_{j(n)}). We have f^n � Ψ(τ^{(n)}) � = Ψg^n(τ^{(n)}) =

Ψ(τ_{j(n)}) = σ_{j(n)} .

By Lemma 9 we have J(g) = ∂D so that the predecessors of −1 are dense in

∂D and the distance apart on ∂D of end points of the arcs τ^{(n)} → 0 as n → ∞.

Further, each general e^{iθ} defines a unique sequence j(n), n ∈ N ∪ {0}, as above.

Figure 9. Diagram showing τ_j , g^{−1}(τ_j ) = Ψ^{−1}f^{−1}(σ_j) .

We shall now construct a path in F which corresponds to a ‘general’ e^{iθ} .

For n = 1, 2, . . . let γ_n be the path shown in Figure 10, that is � −s, −s + � 2j(n) + 1 � iπ � ∪ � −s + � 2j(n) + 1 � iπ, −s + � 2j(n) + 1 � iπ + s � . Thus γ_n ∈ F .

Then Γ_n = l_{j(0)} ∘ l_{j(1)} ∘ · · · l_{j(n−1)}(γ_n), lies in F and joins q_{n−1} = l_{j(0)} ∘ l_{j(1)} ∘ · · · ∘

462 I.N. Baker and P. Domínguez

l_{j(n−1)}(−s) with q_n inside S_{j(0)} ∩ F . It follows that w_n = Ψ^{−1}(Γ_n) joins points on τ^{(n−1)} , τ^n in the component K_{n−1} of D−τ^{(n−1)} which does not contain 0. If we orient w_n from Ψ^{−1}(q_{n−1}) to Ψ^{−1}(q_n), then Ω =

�_∞ 1 w_n is a path in D which lies in K_{n−1} from some point onwards. Since Ψ(Ω) = Γ, where Γ =

�_∞ 1 Γ_n , our result will be proved if we prove the following theorem.

Figure 10. The path γ_n .

Theorem 8.1. Γ, parametrized from each q_{n−1} to q_n , has a unique end point, possibly ∞.

For the end α of Γ is in J(f) since its orbit does not tend to t. Then Ψ^{−1}(Γ) lands at a point of ∂D which can only be e^{iθ} .

To prove the theorem above we need two lemmas.

Let K denote a fixed constant such that K ≥ 4, which implies that e^K > 1 + K +^1_2 K^2 > 1 + K + 2π .

Lemma 17. Suppose that z_1 , z_2 ∈ S_j , j ∈ Z, and that Re z_1 ≤ Re z_2 + K . Then |z_1| < e^K |z_2|. Conversely, if |z_1| ≥ e^K |z_2|, then Re z_1 > Re z_2 + K .

Proof. If z_k = x_k + iy_k , then if x_1 ≤ x_2 we have

|z_1| = |x_1 + iy_1| ≤ |x_2 + iy_1| = |z_2 + iδ| ≤ |z_2| + 2π

for some real δ with |δ| < 2π .

If x_1 > x_2 , then we have x_2 < x_1 < x_2 + K . Hence for some 0 < α < K and some β with |β| < 2π we have z_1 = z_2 + α + iβ and |z_1| ≤ |z_2| + K + 2π .

In either case we have, since |z_2| ≥ s > 1, that

|z_1| ≤ |z_2| + K + 2π ≤ |z_2|(1 + K + 2π) < e^K |z_2|.

Lemma 18. Suppose that α ∈ γ_n and β is either a point which lies on γ_n , after α in the orientation we have chosen, or is a point in S_{j(n)} . Then |α| ≤ |β|+c, where c = π + 2s.

Boundaries of unbounded Fatou components of entire functions 463

Corollary. |α| < e^K |β|, since |α| ≥ e^K |β| implies that 3|β| + π > |β| + π + 2s = |β| + c ≥ e^K |β| which is impossible for |β| > 1 and K ≥ 4.

Proof of Lemma 18. (i) If α, β are in the vertical segment of γ_n , then |α| < |β|.

(ii) If α is in the vertical segment of γ_n , whose end point is denoted by β^′ , and if β is on the horizontal segment of γ_n then |α| ≤ |β^′|, |β^′| ≤ |β| + 2s so that |α| ≤ |β| + 2s.

(iii) If α, β are both in the horizontal segment of γ_n , then |α| ≤ |β| + 2s. (iv) If α ∈ γ_n , β ∈ S_{j(n)} , then |β| > |2j(n)|π and |α| ≤ (|2j(n) + 1|)π + s ≤ |β| + π + s.

Proof of Theorem 8.1. 1. Suppose that there are points z , z^′ on Γ with z^′ after z , such that Re z > Re z^′ + K . We may suppose that z ∈ Γ_n . Then f^p(z), f^p(z^′) ∈ S_{j(p)} , 1 ≤ p ≤ n − 1. We obtain (inductively) from Lemma 17 that |f^p(z)| > e^K |f^p(z^′)| and hence Re f^p(z) > Re f^p(z^′) + K . Hence we have |f^n(z)| > e^K |f^n(z^′)|, and f^n(z) ∈ γ_n , while f^n(z^′) is either on γ_n after z or in S_{j(n)} . It follows from the corollary of Lemma 18 that |f^n(z)| < e^K |f^n(z^′)|, this contradiction shows in fact that for any z^′ on Γ which comes after z we have Re z^′ ≥ Re z − K .

2. Recall that Γ lies in S_{j(0)} . If there is a sequence of z_n in Γ such that Re z_n → ∞, the result of 1 shows that Γ → ∞.

If Γ does not tend to ∞ it follows that Re z is bounded on Γ and, by 1, lim sup Re z − lim inf Re z ≤ K . Thus for all sufficiently large n,

�_∞ j=n Γ_j , which we denote by ~Γ_n , lies in a set of the form S_{j(0)} ∩ {z : a ≤ Re z ≤ a + K + 1}.

Fix m ∈ N. Then for n > m we have f^m(~Γ_n) is a union of curves l_{j(m)} ∘ . . . ∘ l_{j(n+p−1)}(γ_{n+p}), p ≥ 0, defined in the same way as Γ_{n+p} . Hence for all sufficiently large n, f^m(~Γ_n) lies in the set S_{j(m)} ∩ {z : a^′ ≤ Re z ≤ a^′ + K + 1}, while f^r (~Γ_n), r = 0, 1, . . . , m all lie in {Re z > s}, where |f^′| > s. Thus ~Γ_n is a (univalent) image of f^m(~Γ_n) under f^{−m} , and diam ~Γ_n ≤ (2π + K + 1)s^{−m} , for all sufficiently large n. Since m may be chosen arbitrarily we see that in the present case Γ has a unique finite end point. The proof is complete.

References

[1] Baker, I.N.: The domains of normality of an entire function. - Ann. Acad. Sci. Fenn. Ser. A I Math. 1, 1975, 277–283.

[2] Baker, I.N.: Infinite limits in the iteration of entire functions. - Ergodic Theory Dynam. Systems 8, 1988, 503–507.

[3] Baker, I.N., and J. Weinreich: Boundaries which arise in the dynamics of entire functions. - Rev. Roumaine Math. Pures Appl. 36, 1991, 7–8, 413–420.

[4] Beardon, A.F.: Iteration of Rational Functions. - Grad. Texts in Math. 132, Springer- Verlag, New York, 1991.

464 I.N. Baker and P. Domínguez

[5] Bergweiler, W.: Iteration of meromorphic functions. - Bull. Amer. Math. Soc. (N.S.) 29, 1993, 151–188.

[6] Bergweiler, W.: On the Julia set of analytic self-maps of the punctured plane. - Analysis 15, 1995, 251–256.

[7] Bergweiler, W.: Invariant domains and singularities. - Math. Proc. Cambridge Philos. Soc. 117, 1995, 525–532.

[8] Bula, W., and L.G. Oversteegen: A characterization of smooth Cantor bouquets. - Proc. Amer. Math. Soc. 108, 1990, 529–534.

[9] Collingwood, E.F., and A.J. Lohwater: The Theory of Cluster Sets. - Cambridge University Press, 1966.

[10] Devaney, R.L., and L.R. Goldberg: Uniformization of attracting basins for exponential maps. - Duke Math. J. 55, 1987, 253–266.

[11] Eremenko, A.E., and M.Yu. Lyubich: Dynamical properties of some classes of entire functions. - Ann. Inst. Fourier (Grenoble) 42, 1992, 989–1020.

[12] Hayman, W.K.: Meromorphic Functions. - Oxford Math. Monogr., 1964. [13] Herman, M.R.: Are there critical points on the boundaries of singular domains? - Comm. Math. Phys. 99, 1985, 593–612.

[14] Kisaka, M.: On the connectivity of the Julia sets of transcendental entire functions. - Bull. Josai Univ. 1, 1997, 77–87.

[15] Löwner, K.: Untersuchungen über schlichte konforme Abbildungen des Einheitskreises I. - Math. Ann. 89, 1923, 103–121.

[16] Mayer, J.C.: Complex dynamics and continuum theory. - In: Continua, Cincinnati, Ohio, 1994, Conference Proceedings, Lecture Notes in Pure and Appl. Math. 170, Dekker, New York, 1995, 133–157.

[17] Noshiro, K.: Cluster Sets. - Springer-Verlag, Berlin, 1960.

[18] Ostrowski, A.: Zur Randverzerrung bei konformer Abbildung. - Prace Mat. Fisycz. 44, 1936, 371–471.

[19] Painlevé, P.: Leçons sur la théorie analytique des équations différentielles professées à Stockholm 1895. - Hermann, Paris, 1897.

[20] Pommerenke, Ch.: Boundary Behaviour of Conformal Maps. - Springer-Verlag, New York, 1992.

[21] Riesz, F., and M. Riesz: Über die Randwerte einer analytischen Funktion. - Proceedings of the Fourth Cong. Scand. Math. Stockholm, 1916, 27–44.

[22] Rippon, P.J.: On the boundaries of certain Siegel discs. - C. R. Acad. Sci. Paris 319, I, 1994, 821–826.

[23] Weinreich, J.: Boundaries which arise in the iteration of transcendental entire functions. - PhD. Thesis, Imperial College, 1990.

Received 8 October 1997