Annales Academiæ Scientiarum Fennicæ Mathematica Volumen 24, 1999, 123–132

ON COMPACTNESS OF EMBEDDING FOR SOBOLEV SPACES DEFINED ON METRIC SPACES

Agnieszka Kałamajska

Uniwersytet Warszawski, Instytut Matematyki ul. Banacha 2, PL-02-097 Warszawa, Poland; kalamajs@mimuw.edu.pl

Abstract. We generalize the classical Rellich–Kondrachov compactness theorem for Sobolev spaces defined on metric spaces.

1. Introduction

In the classical setting Sobolev spaces were defined on subdomains of R^n or on Riemannian manifolds. It seemed to be essential to define Sobolev spaces on a sufficiently smooth object, as the classical definition requires L^p -summability of the gradient.

However, the theory has been recently extended to the setting of metric spaces. Particularly many authors deal with Sobolev spaces associated with a family of vector fields. This leads to Sobolev-type inequalities on balls with respect to the Carnot–Carathéodory metric; see the works of Capogna, Coulhon, Danielli, Franchi, Gallot, Gutiérrez, Jerison, Garofalo, Lanconelli, Lu, Nhieu, Rothschild, Saloff-Coste, Stein, Wheeden, Varopoulos, [2], [3], [7], [10], [11], [13], [8], [9], [14], [16], [25], [28], [29], [34], [35], [37] and many others. There is, however, a much more general approach to Sobolev inequalities. Biroli and Mosco, [1] and Sturm, [36] investigate inequalities for Dirichlet forms on metric spaces, while Hajłasz, [17], defines Sobolev spaces on an arbitrary metric space equipped with a locally finite Borel measure. Franchi Lu and Wheeden [12] deal with representation formulas in metric spaces, and Hajłasz and Koskela, [20], [21] give an approach to Sobolev inequalities on metric spaces, different from that of Hajłasz, [17]. The approach of Hajłasz to Sobolev spaces has been employed by Hajłasz and Kinnunen, [19], Hajłasz and Martio, [22], Heinonen and Koskela, [24], Kinnunen and Martio, [26] and Koskela and MacManus, [27].

There are quite a lot of papers concerned with the Sobolev type inequalities in metric setting and a few results concerning compact embedding. To our knowledge, the compact embedding theorems for vector fields are obtained in Danielli, [4], Garofalo and Lanconelli, [15], Garofalo and Nhieu, [16], Lu, [30], Manfredini, [31], and Rothschild and Stein, [34]. Recently Hajłasz and Koskela, [21] obtained a

1991 Mathematics Subject Classification: Primary 46E35. The study is supported by a KBN grant no. 2-PO3A-034-08.

124 Agnieszka Kałamajska

more general result, namely, a compact embedding theorem in a general setting of metric spaces with doubling measure.

In this paper we establish a new criterion for the relative compactness in L^p and then apply it to a new compact embedding theorem for Sobolev spaces of Hajłasz, [17]. In all the above papers except [17] it is essential to assume that the measure with which the space is equipped satisfies a doubling condition (see below), while in [17] the condition is weaker, a lower boundary of the growth of the measure of a ball. The condition made in our paper concerning the measure is weaker than the doubling condition.

The approach to Sobolev spaces given in [17] covers the case of vector fields; see Franchi, Lu and Wheeden, [12] and Hajłasz and Koskela, [21]. In particular, our result covers most of the above-mentioned compact embedding theorems. It also deals with compactness of embedding for weighted Sobolev spaces considered by Heinonen, Kilpeläinen and Martio, [23].

Although the setting of our result is slightly different from that of Hajłasz and Koskela, [21], it is almost equivalent in the case when the measure is doubling; see [21]. The result of Hajłasz and Koskela was obtained independently of ours.

Now let us recall the definition of the Sobolev space. First start with the classical definition. If Ω ⊂ R^n is an open set and 1 ≤ p < ∞, we define W^{1,p}(Ω) as the closure of C^∞(Ω) in the norm ‖f‖_{1,p} = ‖f‖_Lp_{(Ω)} + ‖∇f‖_Lp_{(Ω)} .

If X is a metric space, d is the metric and μ a Borel measure on X finite on bounded sets Hajłasz, [17] defines the Sobolev space W^{1,p}(X, d, μ) for 1 ≤ p < ∞ as follows: f ∈ W^{1,p}(X, d, μ) if and only if f ∈ L^p(X, μ) and there exists a function 0 < g ∈ L^p(X, μ) such that

(1) |f(x) − f(y)| ≤ d(x, y) ( g(x) + g(y) )

almost everywhere, which means that there exists a set E ⊂ X with μ(E) = 0 such that the inequality (1) holds for all x, y ∈ X \ E . The space is equipped with the norm ‖f‖_W 1,p_{(X,d,μ)} = ‖f‖_Lp_{(X,μ)} + inf_g ‖f‖_Lp_{(X,μ)} , the infimum being over all functions g that satisfy inequality (1).

Hajłasz, [17], proved that if 1 < p ≤ ∞, X = Ω ⊂ R^n is a bounded domain with sufficiently regular boundary, say Lipschitz boundary, the metric is the Euclidean metric and the measure is the Lebesgue measure, the above definition is equivalent to the classical definition of the Sobolev space W^{1,p}(Ω); see also [22]. If p = 1, the equivalence fails, [18]. Then he proved that, in the metric setting, the lower boundary for the measure of the ball

(2) μ ( B(x, r) ) ≥ Cr^s

for all x ∈ X and r ≤ diam X implies the Sobolev embedding theorem with s playing the role of the dimension of the space.

On compactness of embedding for Sobolev spaces defined on metric spaces 125

In this paper we prove that slightly different condition from (2) implies compactness of embedding. In particular, our condition is satisfied when the measure is doubling, i.e., μ ( B(x, 2r) ) ≤ Cμ ( B(x, r) ) . In what follows the average value of the function over the set A will be denoted by f_A = μ(A)^{−1} ∫ A f dμ = ∫ −_A f dμ.

Acknowledgements. The author wishes to thank Piotr Hajłasz and Ela Kałamajska for helpful discussions during the preparation of the paper.

2. The main results

There are two main results obtained here. The first result is a criterion for the relative compactness in L^p(X, μ).

Theorem 1. Let X be a metric space equipped with a finite Borel measure μ, such that, for any r > 0, h(r) = inf { μ ( B(x, r) ) : x ∈ X } > 0. Then every bounded sequence {f_n} ⊂ L^p(X, μ), 1 ≤ p < ∞ such that

(3) sup_n ∫ X |f_n(x) − (f_n)_{B(x,r)}|^p dμ(x)^{r→0}−→ 0,

is relatively compact in L^p(X, μ).

The second result is a compact embedding theorem for Sobolev spaces on metric spaces. As we will see, the theorem is a fairly elementary consequence of the above criterion for compactness. We believe that the above result may be useful for proving compactness in other situations.

Theorem 2. Let X be a metric space equipped with a finite Borel measure μ, such that, for any r > 0, h(r) = inf { μ ( B(x, r) ) : x ∈ X } > 0. Assume that there exists a function N(r) such that r^pN(r) → 0, as r → 0, and one of the following conditions is satisfied:

1. Every ball B(x, r) can be covered by N(r) balls with radii^1_2 r and centers in B(x, r).

2. For every x ∈ X and r > 0 we have μ ( B(x, 2r) ) ≤ N(r)μ ( B(x, r) ) . Then any sequence {f_n}, bounded in W^{1,p}(X, d, μ), 1 ≤ p < ∞, is relatively compact in L^p(X, μ).

The following corollary directly applies to [22].

Corollary 1. Let X ⊂ R^n be a compact set, d(x, y) = |x − y|^λ for some 0 < λ ≤ 1, and let μ be an arbitrary finite Borel measure, supported on X by the property that h(r) = inf { μ ( B(x, r) ) : x ∈ X } > 0 for every r > 0. Then the embedding W^{1,p}(X, d, μ) ⊂ L^p(X, μ) is compact for every p ≥ 1.

126 Agnieszka Kałamajska

Proof. Obviously one can take a constant function N(r) with the property 1 in Theorem 2.

Proof of Theorem 1. We start with recalling two known facts (see e.g. [5, Corollary 11 and Theorem 12 of Section IV.8], [33, p. 20]).

Theorem 3 (Hahn–Saks–Vitali.) Let X be a measurable space equipped with a finite measure μ, 1 ≤ p < ∞, and let f_n, f ∈ L^p(X, μ). Then f_n → f in L^p(X, μ) if and only if the following two conditions are satisfied:

1. All the functions |f_n|^p are equi-integrable, i.e., for every ε > 0 there exists δ > 0 such that

μ(A) < δ =⇒ sup_n ∫ A |f_n(y)|^p dμ(y) < ε;

2. f_n converges to f in measure.

Theorem 4 (Dunford–Pettis). Let X be a measurable space equipped with a finite measure μ and let f_n ∈ L^1(X, μ). Then {f_n} is weakly relatively compact in L^1(X, μ) if and only if {|f_n|} is equi-integrable.

Now we can return to the proof of Theorem 1. We will check conditions 1 and 2 of Theorem 3 for a subsequence of {f_n}, starting with condition 1. Let A ⊂ X be a measurable subset. Given r > 0, we have (∫ A |f_n|^p dμ

)_{1/p} ≤ (∫ A |f_n(x) − (f_n)_{B(x,r)}|^p dμ(x)

)_{1/p}

+ (∫ A |(f_n)_{B(x,r)}|^p dμ(x)

)_{1/p}

≤ (∫ A |f_n(x) − (f_n)_{B(x,r)}|^p dμ(x)

)_{1/p}

+ μ(A)^{1/p}h(r)^{−1/p}‖f_n‖_Lp_{(X,μ)}.

By (3), for every ε > 0 we can find r > 0 (r does not depend on n) such that the first expression on the right-hand side is less than^1_2 ε. For that fixed r > 0, the second expression is less than^1_2 ε, provided μ(A) is sufficiently small. This ends the proof of 1. We are left with 2.

First, note that {f_n} is weakly relatively compact in L^p(X, μ). Indeed, for p > 1 the weak compactness follows from the reflexivity of L^p(X, μ), while for p = 1 the weak compactness follows from the equi-integrability of the family {|f_n|} just proved and from Theorem 4. Thus, we can choose a subsequence (still denoted by {f_n}) and f ∈ L^p(X, μ) such that f_n ⇀ f weakly in L^p(X, μ). It remains to show that f_n → f in measure, which means that for every ε > 0

L (n) = μ{x ∈ X : |f_n(x) − f(x)| > ε}^{n→∞}−→ 0.

On compactness of embedding for Sobolev spaces defined on metric spaces 127

Fix ε > 0. Obviously,

|f_n(x) − f(x)| ≤ |f_n(x) − (f_n)_{B(x,r)}| + |(f_n)_{B(x,r)} − f_{B(x,r)}| + |f(x) − f_{B(x,r)}|.

Hence L (n) ≤ μ ( A_1(n, r) ) + μ ( A_2(n, r) ) + μ ( A_3(n, r) ) , where A_1(n, r) = {x ∈ X : |f_n(x) − (f_n)_{B(x,r)}| ≥^1_3 ε}, A_2(n, r) = {x ∈ X : |(f_n)_{B(x,r)} − f_{B(x,r)}| ≥^1_3 ε}, A_3(r) = {x ∈ X : |f(x) − f_{B(x,r)}| ≥^1_3 ε}.

It follows from (3) and from Chebyschev’s inequality that

sup_n μ ( A_1(n, r) ) ≤ ( 3 ε )_p sup_n ∫ X |f_n(x) − (f_n)_{B(x,r)}|^p dμ(x)^{r→0}−→ 0.

By the same argument μ ( A_3(r)

)_{r→0} −→ 0,

provided we prove that (4) ∫ X |f(x) − f_{B(x,r)}|^p dμ(x)^{r→0}−→ 0.

Assume for a moment that we have established (4), and we show how to complete the proof of the theorem.

Since f_n ⇀ f weakly in L^p(X, μ), we obtain (f_n)_{B(x,r)} → f_{B(x,r)} for all x ∈ X and all r > 0. In particular, μ ( A_2(n, r) ) → 0 as n → ∞. Hence the above estimates for μ ( A_i(n, r) ) imply that L (n) → 0 as n → ∞.

Now it remains to prove (4). It follows from Banach–Steinhaus’ theorem, from (3) and the fact that

(5) f_n(x) − (f_n)_{B(x,r)} ⇀ f(x) − (f)_{B(x,r)}

weakly in L^p(X, μ) (as a function of the variable x). Note that since (f_n)_{B(x,r)} → (f)_{B(x,r)} pointwise and |(f_n)_{B(x,r)}| ≤ h(r)^{−1/p} sup_n ‖f_n‖_Lp_{(X,μ)} , we even have (f_n)_{B(x,r)} → (f)_{B(x,r)} strongly in L^p(X, μ), so (5) follows. The proof of Theorem 1 is complete.

In the proof of Theorem 2 we will need the following lemma.

128 Agnieszka Kałamajska

Lemma 1. Let X be a metric space equipped with a finite Borel measure μ, 1 ≤ p < ∞. Given a locally integrable function g on X , denote g_r(x) = g_{B(x,r)} . Assume that there exists a function N(r) which satisfies either condition 1 or condition 2 of Theorem 2. Then

‖g_r‖^p_{Lp (X,μ)} ≤ N(r)‖g‖^p_{Lp (X,r)}.

Proof. Applying Hölder’s inequality and then Fubini’s theorem we have ∫ X |g_r|^p dμ ≤ ∫ X ∫ −_{B(x,r)}|g(y)|^p dμ(y) dμ(x) = ∫ X |g(y)|^p (∫ B(y,r)

dμ(x) μ ( B(x, r) ) ) dμ(y).

Now it suffices to show that for all y ∫ B(y,r)

dμ(x) μ ( B(x, r)

) ≤ N(r).

Suppose first that condition 1 is satisfied. Let {B_i} be a covering of B(y, r) by N(r) balls with radii^1_2 r and centers in B(y, r). We have ∫ B(y,r)

dμ(x) μ ( B(x, r) ) ≤ N(r)∑

i=1 ∫ B_i

dμ(x) μ ( B(x, r) ) ≤ N(r)∑

i=1 ∫ B_i

dμ(x) μ(B_i)

= N(r).

Suppose now that condition 2 is satisfied. For x ∈ B(y, r), we have B(y, r) ⊂ B(x, 2r), and μ ( B(y, r) ) ≤ μ ( B(x, 2r) ) ≤ N(r)μ ( B(x, r) ) . This implies ∫ B(y,r)

dμ(x) μ ( B(x, r)

) ≤ N(r) ∫ (B,r)

dμ(x) μ ( B(y, r)

) = N(r).

This ends the proof of the lemma.

Proof of Theorem 2. It follows from definition (1) that f ∈ W^{1,p}(X, d, μ) satisfies |f(x) − f_{B(x,r)}| ≤ r ( g(x) + ∫ −_{B(x,r)} g(y) dμ(y) )

almost everywhere, and hence by Lemma 1 (∫ X |f(x) − f_{B(x,r)}|^p dμ(x)

)_{1/p}

≤ r‖g‖_Lp_{(X,μ)} + rN(r)^{1/p} ‖g‖_Lp_{(X,μ)}^{r→0}−→ 0.

Thus Theorem 2 follows directly from Theorem 1.

On compactness of embedding for Sobolev spaces defined on metric spaces 129

3. Some remarks

We start with a discussion of the connections between conditions 1 and 2 in the formulation of Theorem 2. Let N_1(x, r) be the smallest number of balls B(y,^1_2 r), y ∈ B(x, r) covering B(x, r). Define

N_1(r) = sup{N_1(x, r) : x ∈ X}.

Denote by N_2(r) the smallest constant such that for every x ∈ X

(6) μ ( B(x, 2r) ) ≤ N_2(r)μ ( B(x, r) ) . Remark 1. Conditions μ(X) < ∞ and h(r) = inf { μ ( B(x, r) ) : x ∈ X } > 0 imply that the diameter of X is finite.

Moreover, the number of disjoint balls of fixed radius r , contained in X , is bounded from above by μ(X)/h(r). This implies that the minimal number of balls with radii r covering X does not exceed μ(X)/h(^1_2 r). Indeed, take the maximal family {B(x_i,^1_2 r)} of pairwise disjoint balls. Then the number of balls in that family does not exceed μ(X)/h(^1_2 r) and X ⊂ ⋃ i B(x_i, r). By the same argument

N_1(x, r) ≤ μ ( B(x, 2r) ) h(^1_4 r) . Remark 2. Since the definition of N_1(r) has a purely geometric nature, it is not possible to estimate N_2(r) in terms of N_1(r). However, it is possible to estimate N_1(r) in terms of N_2(r). Condition (6) gives the upper bound for the maximal number N(r) of pairwise disjoint balls B(x_i,^1_4 r) with centers in B(x, r) in terms of N_2(r). N_1(r) ≤ N(r) since B(x, r) ⊂

⋃_{N(r)}

i=1 B(x_i,^1_2 r). See also Volberg and Konyagin [38] for deep related results.

Remark 3. The situation we deal with in Theorem 2 is more general than the situation investigated by Hajłasz in [17]. If we take for example X = [0, a] and any measure μ with property μ(X) < ∞, and h(r) = inf { μ ( B(x, r) ) : x ∈ X } > 0, the assumption of Theorem 1 is satisfied, so that the compactness property holds (even if the measure μ does not satisfy property 2 in the assumptions of Theorem 2). On the other hand, it is easy to show an example of a metric space X with measure μ, which satisfies condition 2 in Theorem 2, with r^pN(r) → 0 as r → 0, but is not s-regular in the sense of [17]. Let for example X = [0, 1/(2e^2)], and μ = ρ dx, with ρ = (e^{−1/2(log r)2} )^′ = −(log r)/r e^{−1/2(log r)2} . It is easy to calculate that μ ( B(x, 2r) ) ≤ C r^2 μ ( B(x, r) ) for some C > 0 and all x ∈ X , in particular, r^pN(r) → 0 as r → 0 for all p > 2, while μ ( B(0, r) ) = e^{−1/2(log r)2} can never exceed Cr^s for given C > 0, s > 0, and all r .

130 Agnieszka Kałamajska

Remark 4. Assume that the embedding W^{1,p}(X, d, μ) ⊂ L^q(X, μ) is compact. Then the set {|f|^q : ‖f‖_W 1,q ≤ 1} is relatively compact in L^1(X, μ), so by La Valleé-Pousin’s theorem (see e.g. [33, p. 19], [32, p. 176]) there is a smooth increasing convex function g: [0, ∞) → [0, ∞), g(t)/t → ∞ as t → ∞ such that sup ‖f‖_W 1,p ≤1 ∫ X g(|f|^p) dμ < ∞.

In fact this means that the space W^{1,p}(X, d, μ) is embedded in an Orlicz space which is smaller than L^1(X, μ). Thus the compactness of embedding implies that one can obtain an embedding in a better space. For the best embedding theorem in the case where the measure satisfies the growth condition μ ( B(x, r) ) ≥ Cr^s , see [17].

Remark 5. Theorem 1 can be used to obtain compactness results for weighted Sobolev spaces defined on subsets of R^n . Let f ∈ C^1(R^n). By Taylor’s formula, we have

f(y) − f(x) =

∫_1 0 ⟨ ∇f ( x + τ (y − x) ) , y − x ⟩ dτ. Hence, if |y − x| ≤ r ,

|f(x) − f(y)| ≤ r

∫_1 0 | ∇f ( x + τ (y − x) )| dτ. Now we average the above inequality over a ball B(x, r), with respect to the measure dμ(y), and obtain

(7) |f(x) − f_{B(x,r)}| ≤ rT_r (|∇f|)(x),

where

(8) T_rg(x) =

∫_1 0 ∫ −_{B(x,r)} g ( x + τ (y − x) ) dμ(y) dτ.

Hence (9) ∫ R^n

|f(x) − f_{B(x,r)}|^p dμ(x) ≤ r^p ∫ R^n ( T_r|∇f|(x)

)_p

dμ(x).

The weighted Sobolev space W^{1,p}(R^n, μ) is defined as the completion of C^1(R^n) in the norm

(10) ‖f‖_W 1,p_{(R}n_{,μ)} = ‖f‖_Lp_{(R}n_{,μ)} + ‖∇f‖_Lp_{(R}n_{,μ)}.

Assume that Ω ⊂ R^n has the property that μ(Ω) < ∞ and h(r) = inf { μ ( B(x, r) ) : x ∈ Ω } > 0 for every r > 0. If one can prove the inequality

(11) ‖T_rg‖^p_{Lp (Rn,μ)} ≤ N(r)‖g‖^p_{Lp (Rn ,μ)},

with r^pN(r) → 0 as r → 0, Theorem 1 and (9) imply that every bounded sequence in W^{1,p}(R^n, μ) is relatively compact in L^p(Ω, μ).

On compactness of embedding for Sobolev spaces defined on metric spaces 131

References

[1] Biroli, M., and U. Mosco: Sobolev inequalities on homogeneous spaces. - Potential Anal. 4, 1995, 311–324.

[2] Capogna, L., D. Danielli, and N. Garofalo: An embedding theorem and the Harnack inequality for nonlinear subelliptic equations. - Comm. Partial Differential Equations 18, 1993, 1765–1794.

[3] Capogna, L., D. Danielli, and N. Garofalo: The geometric Sobolev embedding for vector fields and the isoperimetric inequality. - Comm. Anal. Geom. 2, 1994, 203–215.

[4] Danielli, D.: A compact embedding theorem for a class of degenerate Sobolev spaces. - Rend. Sem. Mat. Univ. Politec. Torino 49, 1991, 399–420.

[5] Dunford, N., and J. Schwartz: Linear Operators, Part 1. - John Wiley & Sons Inc., New York, 1988.

[6] Fabes, E., C. Kenig, and R. Serapioni: The local regularity of solutions of degenerate elliptic equations. - Comm. Partial Differential Equations 7, 1982, 77–116.

[7] Franchi, B.: Weighted Sobolev–Poincaré inequalities and pointwise inequalities for a class of degenerate elliptic equations. - Trans. Amer. Math. Soc. 327, 1991, 125–158.

[8] Franchi, B., S. Gallot, and R.L. Wheeden: Sobolev and isoperimetric inequalities for degenerate metrics. - Math. Ann. 300, 1994, 557–571.

[9] Franchi, B., C.E. Gutiérrez, and R.L. Wheeden: Weighted Sobolev–Poincaré inequalities for Grushin type operators. - Comm. Partial Differential Equations 19, 1994, 523–604.

[10] Franchi, B., and E. Lanconelli: Hölder regularity theorem for a class of non uniformly elliptic operators with measurable coefficients. - Ann. Scuola Norm. Sup. Pisa 10, 1983, 523–541.

[11] Franchi, B., and E. Lanconelli: An embedding theorem for Sobolev spaces related to non smooth vector fields and Harnack inequality. - Comm. Partial Differential Equations 9, 1984, 1237–1264.

[12] Franchi, B., G. Lu, and R.L. Wheeden: A relationship between Poincaré type inequalities and representation formulas in spaces of homogeneous type. - Internat. Math. Res. Notices, 1996 1–14.

[13] Franchi, B., G. Lu, and R.L. Wheeden: Weighted Poincaré inequalities for Hörmander vector fields and local regularity for a class of degenerate elliptic equations. - Potential Anal. 4, 1995, 361–375.

[14] Franchi, B., and R. Serapioni: Pointwise estimates for a class of strongly degenerate elliptic operators: a geometric approach. - Ann. Scuola Norm. Sup. Pisa 14, 1987, 527–568.

[15] Garofalo, N., and E. Lanconelli: Existence and nonexistence results for semilinear equations for semilinear equations on the Heisenberg group. - Indiana Univ. Math. J. 41, 1992, 71–98.

[16] Garofalo, N., and D.M. Nhieu: Isoperimetric and Sobolev inequalities for Carnot– Carathéodory spaces and the existence of minimal surfaces. - Comm. Pure Appl. Math. 49, 1996, 1081–1144.

[17] Hajłasz, P.: Sobolev spaces on an arbitrary metric space. - Potential Anal. 5, 1996, 403–415.

[18] Hajłasz, P.: Geometric approach to Sobolev spaces and badly degenerate elliptic equations. - The Proceedings of Banach Center Minisemester: Nonlinear Analysis and

132 Agnieszka Kałamajska

Applications. GAKUTO International Series; Mathematical Sciences and Applications 7, pp. 141–168, 1995.

[19] Hajłasz, P., and J. Kinnunen: Hölder quasicontinuity of Sobolev functions on metric spaces. - Preprint.

[20] Hajłasz, P., and P. Koskela: Sobolev meets Poincaré. - C. R. Acad. Sci. Paris 320, 1995, 1211–1215.

[21] Hajłasz, P., and P. Koskela: Sobolev met Poincaré. - Preprint. [22] Hajłasz, P., and O. Martio: Traces of Sobolev functions on fractal type sets and characterization of extension domains. - J. Funct. Anal. 143, 1997, 221–246.

[23] Heinonen, J., T. Kilpeläinen, and O. Martio: - Nonlinear Potential Theory and Degenerate Elliptic Equations, Oxford Univ. Press, 1993.

[24] Heinonen, J., and P. Koskela: Quasiconformal maps on metric spaces with controlled geometry. - Acta Math. (to appear).

[25] Jerison, D.: The Poincaré inequality for vector fields satisfying Hörmander’s condition. - Duke Math. J. 53, 1986, 503–523.

[26] Kinnunen, J., and O. Martio: The Sobolev capacity on metric spaces. - Ann. Acad. Sci. Fenn. Math. 21, 1996, 367–382.

[27] Koskela, P., and P. MacManus: Sobolev classes and quasisymmetric maps. - Preprint. [28] Lu, G.: Weighted Poincaré and Sobolev inequalities for vector fields satisfying Hörmander’s condition and applications. - Rev. Mat. Iberoamericana 8, 1992, 367–439.

[29] Lu, G.: The sharp Poincaré inequality for free vector fields: An endpoint result. - Rev. Mat. Iberoamericana 10, 1994, 453–466.

[30] Lu, G.: Existence and size estimates for the Green’s functions of differential operators constructed from degenerate vector fields. - Comm. Partial Differential Equations 17, 1992, 1213–1251.

[31] Manfredini, M.: Compact embedding theorems for generalized Sobolev spaces. - Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 4, 1993, 251–263.

[32] McShane, E.J.: - Integration. - Princeton, N.J., 1947. [33] Meyer, P.A.: - Probability and Potentials. - Waltham, 1966.

[34] Rothschild, L.P., and E.M. Stein: Hypoelliptic differential operators and nilpotent groups. - Acta Math. 137, 1976, 247–320.

[35] Saloff-Coste, L.: A note on Poincaré, Sobolev, and Harnack inequalities. - Internat. Math. Res. Notices 2, 1992, 27–38.

[36] Sturm, K.T.: Analysis on local Dirichlet spaces III. The parabolic Harnack inequality. - J. Math. Pures Appl. 75, 1996, 273–297.

[37] Varopoulos, T., L. Saloff-Coste, and T. Coulhon: - Analysis and Geometry on Groups. - Cambridge Univ. Press, 1992.

[38] Volberg, A.L., and S.V. Konyagin: On measures with the doubling condition. - Izv. Acad. Nauk SSSR, 51, 1987, 666–675; English transl. in Math. USSR Izv. 30, 1988, 629–638.

Received 4 June 1997