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and their geometry
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Abstract. We study some embeddings of finite classical groups defined over field extensions,
focusing on their geometry. The embedded groups are subgroups of classical groups lying
outside the main Aschbacher classes. We concentrate on PG(8, ¢) where the embedded groups
can be seen as automorphism groups of natural geometric objects: Hermitian Veroneseans,
Twisted Hermitian Veroneseans and rational curves.

1 Introduction

Let G = G(n,q") denote a classical group with natural module V" of dimension n > 2
over the Galois field GF(¢’). Let Y : GF(¢') — GF(¢"), x — x9, be the Frobenius
automorphism of GF(¢’) and let ¥ denote the G-module ¥ with group action given
by v-g=uvg", where g% denotes the matrix g with its entries raised to the ¢'-th
power, i =0,...,t— 1. Also let J'* denote the G-module with group action given by
v-g =wvg*, where g* is the inverse-transpose of g.

Then one can form the tensor product module V' ® Me - ® VWH, a module
which can be realized over the field GF(g). This gives an embedding of G in a classical
group, say G, with an n’-dimensional natural module over GF(g), yielding an abso-
lutely irreducible representation of the group G. For ¢ even, there is a similar module
givenby VR VY @ VY ® - @ V¥, realizable over GF(g?). Such representa-
tions are given by Steinberg [15], and Seitz [14] goes so far as to describe the nor-
malizers of such embedded subgroups as an extended Aschbacher class of subgroups.

The geometry of maximal subgroups in the Aschbacher classes is well under-
stood (with the possible exception of the class %). Our main purpose is to describe
the geometry of subgroups lying outside the Aschbacher classes, little being known
at present. We concentrate on classical groups of low dimension, namely with ¢t =2
and n = 3, and study the embeddings of PGL(3,¢?) in PGL(9,q), PGL(3,4?) in
PU(9,¢%) and Q(3,¢?) in (9, ¢); in the last case ¢ is odd. We identify the normal-
izers of the embedded groups as (in most cases) maximal subgroups and stabilizers of
geometrical configurations.
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We mostly work inside Segre varieties since the geometrical configurations we shall
deal with are naturally contained in such varieties.

2 The Hermitian Veronesean of PG(2,4?)

2.1 Tensored spaces. Let V;, 1 <i<t be vector spaces of dimension n; over
the Galois field GF(g). Then V=11 ® --- ® V, is a vector space of dimension
Hle n; =n. Assuming that m;=mn;—1>1 for each i Ilet PG(m,q),
PG(ma,q),...,PG(m;,q) be the projective spaces over GF(g) corresponding to
Vi, Vs, ..., V.. The set of all vectors in V of the form v} ® --- ® v; with 0 # v; € V;
corresponds to a set of points in PG(n — 1, g) known as the Segre variety, Sy, ....m,, of
PG(mi,q),...,PG(m,,q), [7, 25.5].

2.2 A representation of GL(3,¢°). Let G = GL(3,¢?) and let y : GF(¢*) — GF(¢?)
be the Frobenius automorphism of GF(g?) given by x — x%; we sometimes write ¥
for x9. Let ¥; be the natural module for GL(3,¢2) over GF(¢?). Let ¥}’ be the G-
module with group action given by v - g = vg¥, where vg¥ denotes the matrix g with
its entries raised to the ¢g-th power and let V' = 1) ® Vo‘p. Then we have a represen-
tation p : G — GL(32,4%) with p(g9) = g ® g € GL(3,¢%) ® GL(3,¢?). This repre-
sentation of GL(3,¢?) is absolutely irreducible (c.f. [15]). The two representations p
and py are isomorphic, so this representation of G on V can be written over GF(q)
(c.f. [1, 26.3]). Moreover if v, is the Frobenius automorphism of GF(¢?) given by
x +— x? for any ¢qo < g, then p and py, are not isomorphic (c.f. [15]) and so p can-
not be written over GF(gj).

We can give a concrete construction of a GF(g)-subspace of V fixed by p(G). If
v1, 02,03 is a basis for ¥y and « € GF(¢?)\GF(q) is fixed, then the vectors v; ® v;,
i @ v+ v @v; and aw; ® v + alv; @ v; (i < j) form a basis for a 32-dimensional
GF(g)-subspace V, of V fixed by G. There is an involution 6 € GL(3%,4?) on V that
takes v; ® v; to v; ® v; for each i, j. We see that 0 fixes ¥, and normalizes p(G); it is
not difficult to show that 6 does not lie in p(G). Factoring out scalars we get an em-
bedding of PGL(3, ¢?) in PGL(3?2, ¢). Restricting to matrices with determinant one,
we find p(SL(3,¢?)) < SL(32,¢) so that PSL(3,¢?) is embedded in PSL(32,¢). The
involution —0 lies in SL(32, ¢) and normalizes p(SL(3, ¢?)).

The realization over GF(g) can be seen in another way. Let ¢: V — V, Auy Q@ up —
2%u; ® uy, with each u; being one of vy, v;, v3, extended linearly over GF(g). Then ¢ is
a semi-linear map that commutes with p(G). Let W be the set of all vectors in 7 that
are fixed by ¢. Then forallue W, g € G, ¢(g(u)) = g(¢(u)) = g(u), and so g(u) € W.
Thus the set W is fixed by G and it is a GF(g)-subspace of V. We observe that W
contains all the vectors in ¥, above. Moreover GF(qg)-linearly independent vectors
in W are linearly independent over GF(¢?). For otherwise, consider a minimally-
sized counterexample: wy,...,w, are linearly independent over GF(g) but not over
GF(g?). Then, there are scalars py,...,u, € GF(¢?) such that >/, g;w; = 0, with
not all 4, in GF(g), and we may assume, without loss of generality, that u, = 1. Now
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S ufw; = 0and so S (uf — p;)wi = 0. We get a contradiction to the minimality
of r. Given the absolute irreducibility of p(G) we conclude that W has dimension 32
over GF(q). Thus W = V.

2.3 The Hermitian embedding and its automorphism group. Every element z e
GF(g?) has a unique representation as x + oy with x, y € GF(q) and z = x + ay.
Let PG(2,¢?) denote the projective plane over GF(¢?) and consider the map ¢ :
PG(2,¢*) — PG(8, ¢?) defined as follows:

(Xo, X1, X2) — (X, X770 X5 Xo X, X0 X0, Xo X4, X Xo, X1 XY, X1 X0).

The map ¢ is well-defined and injective. ¢ is called the Hermitian embedding
of PG(2,¢?) and we denote by H the image of such a correspondence in PG(8, ¢2).
We note that H is contained in the Segre variety Sy, ~ PG(2,¢%) x PG(2,¢?). In
fact H = {(P,P)f : P € PG(2,¢%)}, where f is the Segre map sending PG(2, ¢?) x
PG(2,4¢?) onto S, 5. Indeed, the coordinate system for PG(8, ¢?) corresponds to the
basis v; ® v; (1 <i<3,1<,j<3)for ¥ and the points of H all lie in the Baer sub-
geometry of PG(8,¢?) determined by the subset V, = W of V. The point set Hisa
variety of the Baer subgeometry known as the Hermitian Veronesean of PG(2,q?)
[13], [5]. We denote the variety by # when regarding it as a variety in PG(8, ¢).

The variety # can also be described in terms of a normal line spread of
PG(5,q) [13]. If 7: PG(5, ¢*) — PG(S5, ¢?) is the map sending the point P(Xj, ..., Xs)
to P(X3, X4, Xs, Xo, X1, X2), then the points fixed by ¢ form a subgeometry % of
PG(5, ¢*) isomorphic to PG(5, ¢). If 7 is the plane with equations X3 = X4 = X5 = 0,
then the plane 7 with equations Xy, = X7 = X> is disjoint from 7. The set of lines of
PG(5,¢?) joining a point P € n with the point P e 7 is a normal line spread of %
which can be represented on the Grassmannian G s of lines of PG(5, g) by the vari-
ety . The variety # is a (¢* + ¢ + 1)-cap of PG(8,¢) and it is not contained in
any proper subspace of PG(8, ¢g) [13], [5].

Let G(#) = {{ e PGL(9,q) : {(#) = #}. The group G(#) is a subgroup of
PGL(9,q) containing PGL(3,¢?) [13], [5]. Given a projectivity ¢ of PG(2,¢?), the
corresponding projectivity of G(#) < PGL(9, ¢), denoted by ¢”, is called the Her-
mitian lifting of &, or briefly the s#-lifting of & [5].

Let ¢ be a linear collineation of PG(2,¢?) with matrix representation 4 = (a;),
i, j = 0,1,2. The matrix representation of the #-lifting &” of & is the matrix whose
generic column is

(@viaoy, aviarj, doiazj, Ayidoj, A1idyj, d1idaj, Aridoj, Aridij, rida;)

with 0 </, j <2. In particular, ¢” is the collineation induced by the Kronecker
product 4 ® AY. Hence, the embedding PGL(3, ¢%) < PGL(9, q) gives the represen-
tation of the group PGL(3, ¢?) as an automorphism group of the Hermitian Verone-
sean .#. Notice that the involutory Frobenius automorphism of GF(g?) induces a
collineation of PG(8, ¢) fixing # (actually, it interchanges the planes 7 and 7).

We briefly recall Aschbacher’s Theorem for classical groups over GF(g) [1]. Eight
classes of “large” subgroups of a given classical group G are defined: %, reducible
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subgroups; %», imprimitive subgroups; %3, stabilizers of field extensions of GF(g);
%4, €7, stabilizers of various tensor product decompositions; %’s, classical groups over
subfields of GF(q); %, symplectic-type groups; @3, other classical groups over GF(gq).
Aschbacher’s Theorem states that any subgroup of G, not containing the socle of G,
is either contained in a member of one of ;—% or is almost simple and is induced by
an absolutely irreducible subgroup modulo scalars. A full discussion of the theorem
is given in [9]. Moreover, the same source gives tables with details of the structure of
maximal subgroups in each class. In the following we make extensive use of Table
3.5.A (SL(n,q)). We remark that a complete list of maximal subgroups of SL(9, ¢) is
given by P. B. Kleidman in his Ph.D. Thesis [10]. However no proof is given there,
nor have the proofs been subsequently published elsewhere. A. S. Kondratiev has
results that give information on subgroups not contained in a maximal subgroup of
classes ¢1—%s but they do not apply to the subgroups we are interested in (c.f. [11] for
a survey). An unpublished work of Aschbacher [3] is relevant to our study but does
not lead to conclusions on maximality.

Proposition 2.3.1. The full stabilizer H of the Hermitian Veronesean # in PSL(9, q) is
almost simple and is induced by an absolutely irreducible subgroup of SL(9, q) modulo
scalars.

Proof. The stabilizer of # in PSL(9, ¢) contains at least PSL(3, ¢?). We immediately
see that H cannot be a member of %) or %3 because p(SL(3,¢?)) is absolutely ir-
reducible. Moreover p(SL(3,¢?)) cannot be realized over a subfield of GF(g) so H
cannot lie inside a member of #5. At the same time, we can read the structure of
members of %, €s and €7 from [9] and deduce that the orders of these subgroups are
not divisible by the order of PSL(3, ¢?). Thus H is not contained in a member of one
of these classes. We see also that PSL(9, ¢) contains no members of %4, so the only
possibility remaining is .

For %5 we abuse notation to denote by p the representation: SL(3,¢%) — SL(9, ).
Then p is equivalent to p* if and only if p(SL(S’, q?)) fixes a symmetric or symplectic
bilinear form, while p¥ is equivalent to p* if and only 1fp(SL(3 q )) fixes a Hermitian
form. But the module for p is given by Vo VY , 50 p* and p¥ are given by V' ® A0
and Vo ® ¥} respectively. Here p and p¥ are known to be equivalent, so we need only
show that p 1s not equivalent to p*. Stemberg s Tensor Product Theorem [15] tells us
that 1H ® Vo is equlvalent to V) ® V if and only if either 14 is equivalent to V" or
7y is equivalent to A , 1.e., if and only if p(PSL(3,¢?)) preserves a symmetric or
symplectic bilinear form or a Hermitian form on V}, clearly impossible. We conclude
that H cannot be contained in a member of 5. The required result follows from
Aschbacher’s Theorem.

Corollary 2 3.2. If Kleidman’s list in [10] is correct, then H is isomorphic to PSL(3, ¢%) -
[(q—1,3)?/(q —1,9)] - C; and is a maximal subgroup of PSL(9, q).

Proof. In Kleidman’s list there are four “sporadic”” maximal subgroups: My, 47,
L»(19) and PSL(3,4¢%) - [(¢ — 1,3)*/(q¢ — 1,9)] - C,. The first three are ruled out be-
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cause their orders cannot be divided by the order of PSL(3, ¢?). It follows that H lies
in the fourth maximal subgroup. To see that H is the whole of this maximal subgroup
we need to recall that PGL(3, ¢?) is embedded in PGL(9, ¢), intersecting PSL(9, ¢) in
a subgroup that contains PSL(3, ¢2) as a subgroup of index (g — 1, 3)2/(q —1,9), and
that the involution induced by —@ lies in PSL(9, ¢) preserving # (see Subsection 2.2).

2.4 Generalizations. In this section we discuss two possible generalizations of the
ideas above. The first concerns mappings from GL(n,¢") to GL(n',q). The second
concerns the possibility of infinite fields.

Remark 2.4.1. The concrete realization over GF(g) described above can be ex-
tended to a more general setting. Let G = GL(n g") and let ¥ : GF(q") — GF(q")
be the Frobenius automorphism of GF(g’) given by x — x?. Let ; be the natural

module for GL(n,q") over GF(g") with V'/’ the G-module with group action given
by V.g= vJ‘” andlet V=1, ® Vl/’ ® pr - ® VW B Then we have a represen-
tation p : G — GL(n',¢") with p(g) =g ® g‘/’ ® ® g‘” . As with the specific case
above, this representation of GL(n,¢") is absolutely irreducible, can be written over
GF(g) but over no subfield of GF(g). This time let {v;,v2,...,v,} be a basis of 7}
andlet¢: V=V, 1 Q@Qu® - Qu; — Au, ®u1 ® - -+ ® u;_1, with each u; be-
ing one of vy, vy,. .., v, extended linearly over GF(g). The set W of all vectors in V'
that are fixed by ¢ is fixed by G and is a GF(g)-subspace of V. Moreover GF(g)-
linearly independent vectors in W are linearly independent over GF(¢’) and we con-
clude that W has dimension n’ over GF(g). We can write down basis vectors for W as
follows. Let Q = {1,2,...,¢} and let ¢ = (1234...¢), a cyclic permutation of Q; we
can consider the action of ¢ on the set of partitions of Q into n (possibly empty) sub-
sets. For each orbit, A say, of ¢ on these partitions, choose an element £ of A (i.e., a
partition of Q into n subsets, O, 0, ..., 0, say) and a vectoru = u; @ ur ® --- ® u,
with each u; being one of vy, vs,..., v, and equalling v; if and only if i € ¢;. Let s be
the length of A. Then the vectors Z ' #/7'(Ju), as /. ranges over GF(¢*), span a
GF(q)-subspace V(A) of V of d1mens1on s, fixed by ¢ vector-wise. The direct sum
of such subspaces gives a GF(g)-subspace of dimension n’. A basis for GF(¢*) over
GF(q) gives rise to a basis for V(A).

Remark 2.4.2. Suppose that Fis any field with a non-trivial involutory automorphism:
.+ Jand let F, be the fixed subfield. Then a representation p: GL(n, F) — GL(n?, F)
can be defined as with finite fields; it is absolutely irreducible and can be realized
over Fj.

When n = 3 we also observe a connection of the Hermitian Veronesean with a
notable class of algebraic varieties, the so-called Severi varieties, see [12], [16].

3 The Twisted Hermitian Veronesean of PG(2,4?)

3.1 Embedding PGL(3,4%) in PU(9,¢?). The notation here is similar to that in
Section 2 with G = GL(3, ¢?), ¥ the Frobenius automorphism of GF(¢?) and V; the
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natural module for GL(3, ¢?) over GF(¢?). Let V" be the dual module of ¥} (with
group action given by v-g = vg* = v(g7) ") and let V = V; ® VO‘/’. Then we have
an absolutely irreducible representation p* : G — GL(32,¢%) with p*(g) = g* ® g” €
GL(3,¢%) ® GL(3,¢%) [15]. The module presented here is dual to Vo ® V,’* but is
a more convenient setting from our point of view. The modules V* = I ® (VO‘/’*)
and VV = (VO'/’*) ® ¥} are isomorphic and so p*(G) fixes a Hermitian form on V. In
general such a representation cannot be realized over a subfield of GF(g?) (see [2],
[9, Theorem 5.4.5]). Indeed, suppose V;* ® Vol/’ can be realized over a proper subfield
GF(qo) of GF(¢?%). Then Vy ® v~ VO%* ® VO'WO, where 1, is the automorphism
x> x4 of GF(g?). By [15] these two representations are equivalent if and only if,
either V' ~ V""" (i.e., ¥y ~ V), which is not possible, or V;* ~ V¥ and ¥ ~ /.
The latter can happen if and only if Yy = ¢ and Vg ~ V", which in turn is possible
if and only if GL(3,¢?) fixes a symmetric or symplectic bilinear form on V. As
GL(3,¢?) fixes no such form on Vj, its representation on V cannot be realized over
a proper subfield of GF(¢?). The same applies to SL(3, ¢?).

The representation of GL(3,¢%) may be stated explicitly as follows. Assume that
we have a fixed basis vy, vy, v3 for V4 as in the previous section. A non-degenerate
Hermitian form is defined by (u® v,w ® z) = (uz?T).(w¥v7) and this is preserved
by p*(g) = (¢7) "' @ gV for all g e G. It follows that PGL(3,¢?) can be embedded
in PU(9, ¢%). Recall that the involution 0 of V(9, ¢?) takes v; ® v; to v; ® v; for each
i, j; we now observe that @ lies in U(9, ¢*) and normalizes (but does not lie in) p*(G).
We find that p*(SL(3,¢%)) < SU(9,¢q) with PSL(3,¢?) embedded in PSU(9,¢?);
—0 e SU(9, ¢%) and normalizes p*(SL(3, ¢?)). We shall shortly see that the image of
PGL(3, ¢?) is an automorphism group of a variety that we call the Twisted Hermitian
Veronesean of PG(2, ¢?) and denote by #*.

3.2 The Twisted Hermitian Veronesean. In considering the action of G = GL(3, ¢%)
on V(9,¢?), we see that one orbit is given by {(v; ® v2)p*(9) : g € GL(3,¢?*)} and this
orbit consists of singular vectors. The corresponding orbit in PG(8, ¢?) is preserved
by (the image of) PGL(3,¢?). Let Z be the set of non-zero singular vectors of the
form 4 ® v. For any u ® ve # and any g € G we see that (u ® v)g = ug* ® vg¥ is
singular and so lies in £. It is straightforward to calculate that u ® v is singular if
and only if u.w¥T = 0, so singular vectors of the form v; ® w are precisely the vectors
given by w = Av, + uvs where 4,1 € GF(g?); such a singular vector is mapped to
v] ® vy by the inverse of

1 0 0
0 A7 uf |,
0 v (¢

where v,{ € GF(¢?) such that the matrix is non-singular. Thus G is transitive on 2,
i.e., # is precisely the orbit that we initially identified. The involution —@ preserves
the Hermitian form and preserves the tensor product ¥y ® ¥V, so it preserves Z.
Hence the stabilizer in U(9, ¢?) of # has a subgroup isomorphic to GL(3,¢?) - C,.
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Let #* be the set of points in PG(8,¢?) corresponding to #. We call this the
Twisted Hermitian Veronesean of PG(2, ¢?). This set is the intersection of the Her-
mitian variety corresponding to the given Hermitian form and the Segre variety S5 ».
As we have seen above, the points of J#* corresponding to v; ® w for various w are
just P(v; ® (Avy + pv3)), i.e., are the points on a line. It follows that s#* consists of
g* + ¢* + 1 disjoint lines of the form u ® L. At the same time 2 * can be expressed
as the disjoint union of lines of the form L ® u.

Proposition 3.2.1. The full stabilizer H* of the Twisted Hermitian Veronesean #™ in
PSU(9, ¢?) is almost simple and is induced by an absolutely irreducible subgroup of
SU(9, ¢*) modulo scalars.

Proof. The argument here is similar to that in the proof of Proposition 2.3.1. On this
occasion, the stabilizer of #* in PSU(9, ¢*) contains at least PSL(3, ¢%) and we look
at Table 3.5.B in [9]. As p*(SL(3,¢?)) is absolutely irreducible, H* is not contained
in a member of %, or %3, and as p*(SL(3, ¢*)) cannot be realized over a subfield of
GF(¢?), H* is not contained in a member of €. The order of H* does not divide the
orders of the maximal subgroups in the classes %, s and %7 and PSU(9, ¢?) contains
no subgroups in classes ¥4 and %s. The required result follows from Aschbacher’s
Theorem.

Corollary 3.2.2. If Kleidman’s list in [10] is correct, then H* is isomorphic to
PSL(3,¢%)[(qg+1,3)*/(q + 1,9)] - Cy and is a maximal subgroup of PSU(9, ¢%).
Proof. In Kleidman’s list there are three “sporadic” maximal subgroups: PSL(2, ¢),
Js and PSL(3,¢2)[(g+1,3)%/(¢ + 1,9)] - C,. The first two are ruled out because their
orders cannot be divided by the order of PSL(3,¢?). It follows that H* lies in the
third maximal subgroup. As in Corollary 2.3.2, we see that H* must be the whole of
this group.

3.3 Caps on the Twisted Hermitian Veronesean. Now let us suppose that S is a
Singer cycle of GL(3,¢?). Then S is similar in GL(3, ¢?) to the diagonal matrix

D= diag(a),w"z, wq4),

where o is a primitive element of GF(¢%) over GF(¢?). Consider the image S* of S
under the transpose-inverse involutory map on GL(3,¢?). Then S* = (ST)_1 is sim-
ilar in GL(3, ¢°%) to the diagonal matrix

D* = diag(afl,a)"’z, co"14).
Consider the Kronecker product S* ® S¥. This gives in GL(9, ¢°) the matrix

. _ 3_ 5_ _ 2 3_,2 5_,2 _ a4 3_ 4 5_ 4
diag(w?™!, w? Lot 1 ol of —1 o~ i1 0?1 ol .
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Then S* ® S¥ has a rational form which is the following block diagonal matrix

T = diag(S9~", 841, 5471,
Hence <T) fixes three planes, say 7;, 7, and n3 and all subspaces generated by them.
Lemma 3.3.1. The projective order of T is ¢* + ¢ + 1.

Proof. Let r=q*+¢>+1. Then ff = " € GF(¢?)\{0}. Since 0@ = ¢’ ~Dr =
o@D = B!, the order of T is at most r. On the other hand, if k is the order of T,
then this yields, for instance, w@~ 1k = @ =Dk from which we obtain @'~k = 1.
It follows that r | k and hence k = r.

Lemma 3.3.2. The action of {T) on PG(8,¢*)\{n1 UnyUn3} is semiregular.

Proof. Let P = (xo,...,x3) be a point in PG(8,¢?)\{n; Uny Uns}. Assume that P is
proportional to P - T7, with 0 < i < ¢* + ¢* + 1. Then there exists a non-zero element
/. € GF(g?) such that

A(x0,X1,X2) = (x0, X1, X2) SV

A(x3, X4, x5) = (x3’x4,x5)S(q3fl)i;
and

Ax6,x7,Xx3) = (x67x7’x8)5(q5—1)i'

This means that at least two of the linear transformations S(¢~1i S ~1i apd Sla*~i
have / as an eigenvalue. In particular, one of S § (@=1i has 1 as an eigenvalue.

Suppose that S 17 has A as an eigenvalue. The eigenvalues of S are the ele-
ments ¢’ @D with 0 <j < 2. If one of the eigenvalues of S~V is in GF(¢?), then
all of them are in GF(g? ) and they must be equal, so S~V = AI. But now similar
arguments apply to S@-Di and §@-Di: either S@ Vi = AI or S@ -V = iI. In the
former case S@=Di = j4* a1 — J4421 (since 1 e GF(q )) implies that )‘”1 =1, s0
that S’ Vi = J and (¢°—1)| (g% = 1)i. In the latter case S ~Di = 34'+4’+4 ey
22T 1mplles that 129D = 1, so that $2¢*~Vi = [ and (¢ — 1)|2(¢* — 1)i. In each
case (¢* +¢>+1)|i.

A similar drgument applies if §@’~1i hds A as an eigenvalue with the same con-
clusion that (¢* +¢%+ 1) | i. Given that i < ¢* + ¢ + 1 we conclude that i = 0. Hence
(T is semiregular.

Proposition 3.3.3. Each orbit of (T on the point set of PG(8,¢*)\{n1 Uy Uns}, not
contained in any subspace generated by two of the planes ©\, 7y, n3, is a cap.

Proof. Let P = (xo,...,xs) be a point in PG(8, ¢?)\{n; Un, Un;}, not contained in
any subspace generated by two of the planes 7|, 75, 3. Suppose that P, P- T, P- T/
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are distinct collinear points such that P+ AP - T' + uP - T’ is the zero vector, with
0<i<j<qg*+q*+1, ,,ue GF(q?). Thus P- (I + AT' + uT’) = 0. Expressing T
as the direct sum of the three 3 x 3 matrices S4~!, S7'~! and S ~!, we have

(xo,xl,xz)(l—l-/lS —l—,uS< 17y = (0,0,0),
(53, x4, x5) (1 + 2S00 4 uS1°=17) = (0,0,0),
(6,7, x8) (1 + A8V 4 uS@=7) = (0,0,0).

It follows that the determlnants of the matrices I + AS@Di 4 4 S@-DJ [ 4 556 -Di 4
uSC =Y and I + A8 )4 uS@=VJ are zero.

Now the GF(¢?)- algebra generated by S97!, say .7, is isomorphic to GF(¢%) an d
so the unique singular matrix of .7 is the null matr1x Hence I + 28D ¢ ,uS (¢-1)J
the nSul]l matrix. Similarly for the matrices 7 + AS (@*=Di 4 uS @7 and I + 18! 7= )
uS @1,

Consider the two equations

I+ ASta—Di — _'us(q—l)f
and

I+ 8@V = _yg@ -1,

Multiply each term of the first equation by the corresponding term of the second
equation raised to the ¢g-th power. Simple calculations show that S~ is a root of
the quadratic polynomidl 24 (1429 = /ﬂ“)/l)xl—}q’l € GF(¢?)[x]. This forces
the elgenvalues of S~V to generate a subfield of GF(¢®) which is either GF(¢?) or
GF(g*). The latter case can never occur.

As we have seen in proving the previous proposition, if the eigenvalues of S¢~1!
lie in GF(g?), then they are equal and S~ = yI for some y € GF(¢?). Similarly

§@=1J = 51 for some € GF(¢?). Thus, remembering that y?* =y, 59" =6, we now
have equations

1+ Ay 4w =0,
1+ 272 4+ w0 =0
and
1+ 221 4+ 55?17 = 0.
From these we deduce that y7t! = 67!, But then (SW-Di)4t = (§=Diyetl =,
from which we conclude that (¢* + ¢> + 1) |i and (¢* + ¢> + 1) | j, a contradiction to

0 <i<j<q*+q*+ 1. Hence no three points on this orbit of (T') are collinear, i.e.,
the orbit is a cap.

Remark 3.3.4. We see from the previous result that many of the orbits of p*(7') on
PG(8, ¢) are caps, three orbits are planes and the remainder is undetermined. From
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a different perspective we can consider the orbits of p*(T) on #*. If 0 <i <j<
g* +¢*> + 1, then for any non-zero vectors u,v € V(3,¢*) we have u, uS™ and uS’*
representing distinct points of PG(2,¢?) and v,vS% and vS/ representing distinct
points of PG(2,¢?). This means that (u ® v), (u ® v)p*(S’) and (u ® v)p*(S’/) must
be non-collinear in PG(8, ¢). Thus, in particular, each orbit of p*(T) on #* is a cap.
In other words #* is partitioned into caps of size g* 4+ ¢> + 1. In fact the Segre
variety is partitioned into caps of this size.

3.4 Generalizations. In an analogous manner to Subsection 2.4 we end this sec-
tion with discussion of two possible generalizations of the ideas above. The first
concerns mappings from GL(n, ¢) to U(n?, ¢*). The second concerns the possibility
of infinite fields.

Remark 3.4.1. As with the Section 2, the situation we have described is a part
of a more general picture. From [9, Lemma 2.10.15 ii, Theorem 5.4.5], there is
an absolutely irreducible representation p* of the group G = GL(n,¢?) on V =
Iy ® Vow over GF(g?) that fixes a Hermitian form, not generally realizable over
a subfield of GF(g?). As argued above, p* can be realized over a subfield of GF(g?)
if and only if GL(n,¢?) fixes a symmetric or symplectic bilinear form on V5, and
this can never happen. However, when we consider SL(n, ¢?), we find that it fixes
a non-degenerate symplectic bilinear form precisely when » = 2. In this one case,
p*(SL(2,¢?)) can be realized over GF(q), effectively we have the well known iso-
morphism between PSL(2,¢?) and Q (4,¢). The non-degenerate Hermitian form
defined by (u® v,w ® z) = (uz?T).(w¥v7) is preserved by p*(G). It now follows
that PGL(n, ¢*) can be embedded in PU(n?, ¢*). The involution @ lies in U(n?, ¢?)
and normalizes (but does not lie in) p*(G). We find that for n > 3 the image of
PGL(n, ¢?) acts transitively on the intersection of a Hermitian variety and a Segre
variety, the automorphism group of this intersection contains PGL(n,¢?) - C, and
so the full automorphism group is absolutely irreducible. This intersection can be
expressed as the disjoint union of subspaces of (projective) dimension n — 2 in two
ways.

Remark 3.4.2. Suppose that F is any field with a non-trivial involutory automor-
phism: / — 2 and let F be the fixed subfield. Then a representation p* : GL(n, F) —
GL(n?, F) can be defined as with finite fields and is absolutely irreducible. The con-
struction showing that p*(GL(n, F)) < U(n?, F) applies, with the image of PGL(n, F)
acting as a transitive automorphism group on the intersection of a Hermitian variety
and a Segre variety, this intersection again being the disjoint union of subspaces of
(projective) dimension n — 2.

4 PSL(2,4%) ~ Q(3,4%) < Q(9,9),q odd, as the stabilizer of a rational curve

4.1 Embedding Q(3,4?) in Q(9,9). Now suppose that ¢ is odd, that H <
GL(3,¢%) and that H fixes a non-degenerate symmetric bilinear form f, on V.
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Then one can define a non-degenerate symmetric bilinear form f =fy ® fy on V'
by f(u1 ® uz, w1 ® wa) = fo(vi, w1).fo(v2, wa), fixed by p(H). Assume that the basis
{v1, 02,03} chosen for ¥} is such that f,(v;, v;) € GF(q) for each i, j. Recall the semi-
linear map ¢ introduced in Section 2 (with W its space of fixed vectors). Then for any
u,veW =V, we have f(u,v) = f(¢(u), p(v)) = f (u,v)?. Hence f(u,v) e GF(q) for all
u,ve W.If H=0(3,¢?), then p(H) is absolutely irreducible on V" and therefore the
restriction of f to W is non-degenerate. Thus p(O(3,¢?)) < O(9, ¢q). Indeed (consid-
ering commutator subgroups) p(€(3, ¢%)) < Q(9, ¢) and the restriction of p to Q(3, ¢?)
is injective.

4.2 A rational curve in PG(8,42). Let S be a Singer cycle of SO(3,¢?). Then S is
similar in SO(3,¢*) to the diagonal matrix D = diag(w,w?’, 1), where @ has order
g% + 1 as an element of GF(¢*)". Consider the Kronecker product S ® S¥. Calcu-
lations show that it is similar to the matrix

T 0 0
A=10 T 0
0 0 1

where T = R%"! with R a Singer cycle in SL(4,¢). We observe that 7 has order
g% + 1 so both 4 and its image in PSL(9, ¢) have order ¢> + 1. Denote by V,, V), and
V. the subspaces of V' (9, ¢q) fixed by T, T9"!' and 1 respectively (having dimensions
4, 4 and 1). The collineation in PSL(4, g) corresponding to 7 has 2(¢ + 1) orbits of
length (¢* 4 1)/2 in PG(3, q), each being half of an elliptic quadric. Thus each orbit
spans PG(3, ¢) and T is irreducible on V. The same applies to T9*! on V. With re-
spect to the bilinear form on V' (9, ¢) preserved by A, the orthogonal complement of V,
must be V, @ V; and V, and V}, are either both totally isotropic or both non-isotropic.
The first possibility is ruled out by consideration of 4(*+1)/2 which has block-diagonal
form (—1Iy, I4, 1). Hence T preserves a non-degenerate quadratic form on ¥, and 77!
preserves a non-degenerate quadratic form on Vj. As SO (4,¢) has no element of
order (¢>+1)/2, the quadratic forms on ¥, and V), are each elliptic. Finally we
observe that an element of SO~ (4, ¢) of order ¢> + 1 is a Singer cycle of SO~ (4,¢)
and does not lie in Q™ (4,¢), while an element of order (g? 4 1)/2 is the square of
a Singer cycle of SO~ (4,¢) and must therefore lic in Q™ (4, ¢). It now follows that
4€850(9,9)\Q(9, ).

Let us specifically choose the basis vy, v5, v3 for ¥} so that the quadratic form cor-
responding to f; is given by Qo(A1v1 + v + A3v3) = /15 — A14y. Then the points on
the conic %, of Qp can be represented by (1,72, 1) : t e GF(¢?) together with (0, 1,0).
The image 4" of %) in the Hermitian Veronesean J# is then given by

{P(1, 2472 01 (24 42 ¢4 ¢ 1274 2471) - e GF(¢?)} U {P(0,1,0,...,0)}.

Thus 2 is a rational curve, all of whose points lie in a Baer subgeometry. Put
another way, 4 is just the orbit of p(SO(3, ¢%)) on PG(8, ¢?) given by {P(v;g ® vig¥) :
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g € SO(3,¢*)}, or indeed an orbit of p(<S)) where S is the Singer cycle in SO(3, ¢?)
given above. A point x ® x" of J# is singular precisely when x is singular. Hence if
2 is the quadric corresponding to the bilinear form f the points of 2 lying on # are
precisely the points of Z, i.e., Z is the intersection of /# and 2. No two points of Z
are orthogonal so Z is a partial ovoid.

There is a further geometric description. Using the geometric setting of Subsection
2.3, take a conic Cin 7 and C in 7. The lines joining a point on C with its conjugate
on C form a set % of ¢> + 1 lines defined over GF(g), and it lies in the subgeometry
% of PG(5, ¢*). The image of % on the Grassmannian G s of lines of PG(5, ¢), under
the Pliicker map, is the curve .

Proposition 4.2.1. Let X be the full stabilizer of the rational curve Z in Q(9, q) (q odd),
then X contains a subgroup isomorphic to PSL(2,¢?) - C;.

Proof. As we have seen, 2 is an orbit of p(SO(3,¢?)) so is fixed by both p(Q(3,¢?))
and p(SO(3,¢?)). Furthermore the involution @ introduced in Section 2 (0 is induced
by v; ® v; <> v; @;) fixes Z, preserves the bilinear form £, lies outside p(SO(3, ¢?)) but
normalizes Q(3,¢?) (the conjugate of g ® g¥ being g ® g). We already know that
—0 lies in SL(9,¢) so —0 € SO(9, ¢). It would be nice to think that —@ always lies in
Q(9, ¢) but in fact it does so precisely when 2 is square in GF(¢) (we omit the proof).
We have seen that if S is a Singer cycle of SO(3, ¢2), then p(S) € SO(9, ¢)\Q(9, ¢) and
clearly p(S) normalizes Q(3, ¢%). Hence one of —0, —0p(S) lies in (9, ¢)\ p(Q(3,¢?))
and normalizes p(©(3,¢?)). Hence we have identified a subgroup of Q(9, ¢) isomor-
phic to PSL(2,¢?) - C, that stabilizes Z.

Proposition 4.2.2. The full stabilizer X of the rational curve Z is almost simple and is
an absolutely irreducible subgroup of (9, q).

Proof. By Proposition 4.2.1, X has a subgroup isomorphic to PSL(2,¢?) - C. The
argument here is again similar to that in the proof of Proposition 3.1.1. This time we
look at Table 3.5.D in [9]. In Section 2, we saw that p(PSL(2, ¢?)) is absolutely irre-
ducible and not realizable over any proper subfield of GF(g) so the same must apply
to X. Hence X is not contained in a member of &, €3 or €5. There are no maximal
subgroups of Q(9, ¢) in classes %4, €5 or €s. The order of PSL(2, ¢?) does not divide
the orders of the maximal subgroups in the classes > and %7. The required result
follows by Aschbacher’s Theorem.

Corollary 4.2.3. Assume that q # 3. If Kleidman’s list in [10] is correct, then X is iso-
morphic to PSL(2,¢?) - C, and is maximal in PQ(9, q).

Proof. In Kleidman’s list there are seven ‘“‘sporadic” maximal subgroups (exis-
tence often dependent on ¢): PSL(2,8), PSL(2,17), Si1, PGL(2,q), A10.2, A1o and
PSL(2,¢?) - C,. The first five are ruled out because their orders cannot be divided
by the order of PSL(3,¢?) (for the corresponding values of ¢). It follows that X lies
in one of the last two maximal subgroups. The case A4,y exists only when ¢ = 3.
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Hence when ¢ # 3, X must be a subgroup of the last “sporadic”” maximal subgroup,
PSL(2,¢?) - C5, and as in Corollary 2.3.2, equality is readily established.

Suppose now that ¢ = 3. In this case 2" has 10 points and Q(3,9) can be embedded
in A;9. We can compare the embedding of Q(3,9) in Q(9,3) given by p with an
embedding arising from the deleted permutation module for A;y. Recall that Z =
{P(r1g ® v19¥) : g € Q(3,¢%)}. As shown earlier, we can take as representatives for
the points of 2" the vectors y = (0,1,0) and x; = (1,4, 1) for 2 € GF(9). We can
calculate that (y,x;) =1 and (x,,x;) = (l—u)z(q+l); given ¢ =3 we have (x,,x;) =1
when 4 # u.

The permutation module M for 4,y over GF(3) (c.f. [9] p. 185) is given by the action
of Ay on the coordinate vectors of ¥ (10, 3); the hyperspace M = {(ay,ay, ..., a) :
ay +ay+ -+ ajp = 0} is fixed globally by A,¢; there is a bilinear form on (10, 3)
given by ((al, ay, ... ,alo), (bl, by, ... ,blo)) = 2(Cllb1 +ayby + -+ Cll(]bl()) which is
non-degenerate on restriction to M and which is preserved by Ai9; thus 4;9 can be
embedded in Q(9,3) (M is known as the deleted permutation module for 49). We
therefore have an embedding of Q(3,9) in Q(9,3). Now consider the decomposi-
tion V=M @ M+ (with M+ being {(1,1,...,1))). The projections of the coordi-
nate vectors for V(10,3) onto M are the vectors zy, z, . . ., z19 With z; having 0 in the
i’th position and 1’s elsewhere: these are singular vectors spanning M, permuted
faithfully by 4o, with (z;,z;) = 1 for any i # .

A direct comparison between the two sets of 10 vectors shows that the two em-
beddings of Q(3,9) in Q(9,3) are equivalent and it follows that X must contain a
subgroup isomorphic to Ajy. Hence if Ay is maximal we must conclude that in this
case X is isomorphic to 4;9. We have established:

Corollary 4.2.4. If ¢ = 3 and Kleidman’s list in [10] is correct, then X is isomorphic to
Ao and is maximal in PQ(9, 3).

4.3 Generalizations. Once again we finish the section with discussion of possible
generalizations of the ideas above. On this occasion we consider different forms as
well as mappings from subgroups of GL(n, ¢*) to GL(n’, ¢), and we consider possible
embeddings of alternating groups.

Remark 4.3.1. If O(n, ¢") is the orthogonal group of a non-degenerate symmetric bi-
linear form f;, on V(n,q") (with ¢ odd) and if p is the representation of GL(n, ¢*) —
GL(n',q") described in Subsection 2.4, then p(O(n,q")) preserves a non-degenerate
symmetric bilinear form f=f ® - - ® f (¢ copies of f;). If an appropriate basis
is chosen for V5, then f is defined on 7, = W over GF(g) and p(O(n,q")) < O(n',q).
If we assume n > 3 and exclude the case O" (4, ¢"), the subgroup p(Q(n, q")) is abso-
lutely irreducible and cannot be written over a subfield of GF(q).

If Sp(n,q') is the symplectic group of a non-degenerate alternating form f; on
V(n,q") (with n even but ¢ odd or even), then p(Sp(n, ¢')) preserves the tensor pro-
duct form f. If ¢ is odd, then f is an alternating form and we find that p(Sp(n, ¢")) is
a subgroup of Sp(n’,q). If ¢ is even and ¢ is odd, then f is a symmetric bilinear form
and p(Sp(n, ¢")) is a subgroup of O(n’, ¢). If ¢ is even (and n must then be even), then



26 Antonio Cossidente and Oliver H. King

O(n,q') maybe regarded as a subgroup of Sp(n,¢') so p(O(n,q")) < Sp(n',q), but
more than this p(Sp(n, ¢")) preserves a quadratic form on V; = W so p(O(n,q")) <
p(Sp(n, q")) < O(n',q). If U(n,q") is the unitary group of a non-degenerate Hermi-
tian form f;, on V(n,q") (with ¢ square and ¢ odd), then the tensor product form f
is an Hermitian form preserved by p(U(n,¢')) and p(U(n,q")) < U(n', q). [Except
in the case of O"(4,¢"), the image under p is absolutely irreducible and cannot be
written over a subfield of GF(g).]

It is worth noting that the restrictions on n mean that there is no irreducible
subgroup p(Sp(3,¢2)) of SL(9,¢) and thus, for ¢ even, no irreducible subgroup
p(0(3,4?%)) of SL(9,q). The restriction on ¢ for U(n,¢") is more subtle. Steinberg’s
Tensor Product Theorem leads us to believe that for z even p(U(n,¢")) is not ab-
solutely irreducible. Indeed for the case r = 2 it is known that p(U(n, ¢?)) is reduc-
ible, for it follows from [6, Theorem 43.14] that p(U(n, ¢?)) fixes all vectors in a 1-
dimensional subspace of V' (n?, ¢*); moreover the restriction of the Hermitian form f
to V, = W is actually a symmetric bilinear form so p(U(n,q?)) is a subgroup of
0(n?, q) (for ¢ odd) or Sp(n?, q) (for ¢ even).

Remark 4.3.2. In Remark 4.2.4 we have seen that Q(3,9) ~ As < 410 < Q(9,3).
More generally, the embedding of Q(3,3") in Q(3,3) given by p is equivalent to an
embedding arising via the deleted permutation module and leads to an intermediary
alternating group. We can start with the curve 2 = {P(0;g @ 119" @ - ® v1g""') :
g €Q(3,3")} in PG(3' — 1, 3); again this is a rational curve and a partial ovoid. The
points in Z have representatives y =0, @ ® --- ® v and x; = u,, ®ui/’ ®--- ®uft 1
where u; = v; — 220y + Jvs € V and 4 ranges over GF(q'). As & has 3’ + 1 points
and is fixed globally by p(Q(3,¢")), we have an embedding of Q(3,3’) in As.
We see further that (y,x;) =1,(x;,x,) = (=1)', leading to a direct comparison
with the deleted permutation module for 43 (for z odd we need to replace y by
—y and consider the bilinear form on V(3" +1,3) given by ((a1,az,...,a341),
(b1,ba, ... b3y1)) = a1by + azby + - - - + az11b341). We deduce that the embedding
of Q(3,3") in Q(3,3) given by p is indeed equivalent to that arising from the deleted
permutation module and thus p(Q(3,3")) < 4341 < Q(3%,3).

Let us consider briefly whether a generic embedding of PQ(n, ¢") in PQ(n’, q) is
likely to lead to an intermediary alternating group. For example we can consider the
possibility that Q(3,¢4") < 4, < Q(3,¢) for some r, some odd ¢ and some ¢ > 2. Let
d be the minimal degree for a permutation representation of the group Q(3, ¢*). From
[4, Table 1] (reproduced in [9, Table 5.2.A]) we see that d = ¢’ + 1 if ¢* # 9 and 6 if
q" = 9. Furthermore, from [9, Proposition 5.3.7] we see that r < 3’ 4 2. Hence, with a
single exception, we have ¢’ + 1 < r < 3’ 4 2. It follows immediately that ¢ = 3 and
r=3"4+1or 3" + 2. By [9, Proposition 5.3.5], V' (the module for Q(3,¢)) is isomor-
phic to the fully deleted permutation module for 4,, with r = 3’ + 1. A similar consid-
eration of Q(5,¢") < 4, < Q(5',q) yields ¢* 4+ ¢* + ¢' + 1 < r < 5" + 2, which has
no solutions for ¢ odd and ¢ > 2, and indeed there are no other instances of inter-
mediary alternating groups for simple groups PQ(n, ¢*) embedded in PQ(n’, g) when
¢ is odd. Hence the only possibility for an intermediary alternating group is the one
we have already seen.
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