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Minkowski versus Euclidean rank for products
of metric spaces
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Abstract. We introduce a notion of the Euclidean and the Minkowski rank for arbitrary metric
spaces and we study their behaviour with respect to products. We show that the Minkowski
rank is additive with respect to metric products, while additivity of the Euclidean rank does not
hold in general.

1 Introduction

For Riemannian manifolds there are various definitions of a rank in the literature
(compare e.g. [1], [6], [3]). A notion which can easily be generalized to arbitrary metric
spaces is the rank as the maximal dimension of a Euclidean subspace isometrically
embedded into the manifold.

It is known that for Riemannian manifolds this Euclidean rank is additive with re-
spect to products. This is not the case for more general metric spaces, even for Finsler
manifolds (see Theorem 3 below).

In contrary it turns out that the Minkowski rank defined as the maximal dimension
of an isometrically embedded normed vector space has a better functional behaviour
with respect to metric products.

Definition. For an arbitrary metric space (X, d) the Minkowski rank is

ranky (X,d) := sup {dim V|3 isometric map iy : (V]| -|) — (X,d)}.
CARD)

The Euclidean rank is defined as
rankg(X,d) := sup{n € N |3 isometric map ig» : E" — (X,d)}.
In special cases, e.g. for Riemannian manifolds, these rank definitions coincide,
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since normed subspaces are forced to be Euclidean. This is well known under the
hypothesis of local one sided curvature bounds in the sense of Alexandrov and fol-
lows for example from the existence of angles in such spaces (compare [5] p. 302). For
the convenience of the reader we give a short proof of the following statement (see
Section 2):

Theorem 1. Let X be a locally geodesic metric space with the property that every
point x € X has a neighborhood U such that the curvature in the sense of Alexandrov
is bounded from below or from above in U. Then

rank, (X) = rankg(X).

For more general metric spaces, the ranks may be different and they even have
different functional behaviour with respect to metric products.
The Minkowski rank is additive, i.e., we have

Theorem 2. Let (X;,d;), i = 1,2, be metric spaces and denote their metric product by
(X1 X Xz,d). Then

rank (X1, d;) + rank (X, dy) = ranky (X7 x X2, d).

In general the additivity of the Euclidean rank does not hold. In Section 4 we give
an example of two normed vector spaces (V3| - |;), i = 1,2, that do not admit an
isometric embedding of IE?, although IE* may be embedded in their product. Thus
rankg(V;) =1 for i = 1,2 but rankg (V) x V3) = 3 and we obtain:

Theorem 3. Let (X;,d;), i = 1,2, be metric spaces and denote their metric product by
(X1 x Xa,d). Then it holds

rankg (X1, d)) + rankg(Xa, da) < rankg(X) x Xo,d),
but there are examples such that the inequality is strict.

It is a pleasure to thank Andreas Bernig for useful discussions as well as the referee
for valuable improvements.

2 Minkowski rank for Alexandrov spaces

In this section we give a

Proof of Theorem 1. For the notion of (locally) geodesic metric spaces and bounds on
the curvature in the sense of Alexandrov we refer to [4]. We only recall that the idea
of curvature in the sense of Alexandrov is a comparison of triangles in X with trian-
gles in the standard 2-dimensional spaces M? of constant curvature. In our proof we
need to compare the distance between a vertex of a triangle to the midpoint of the
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opposite side. Let therefore a, b, ¢ be positive numbers such that there exists a triangle
in M? with corresponding side lengths. Then let /.(a, b; ) be the distance in M? of
the midpoint of the side with length ¢ to the opposite vertex. For ¢ > 0 we have the
scaling property t/.(a,b;c) = lo(ta,th;tc) and for x =0 we have the Euclidean
formula

lo(a, b;c) = 5 (2a* +2b* — ¢*)'/2

N —

In order to prove Theorem 1 we show that a normed vector space (V|| - ||) such that
the curvature in the sense of Alexandrov is bounded below or above by some con-
stant x in a neighborhood U of 0 is indeed a Euclidean space. To consider both pos-
sible curvature bounds let ~ be either < or > Let x, y be arbitrary vectors in }J and

let z > 0 be large enough such that the triangle 0,— , Z is contained in U and we can
compare it with a triangle in M,f We obtain !

1 Lix y X
= =t=|=+=| ~te| ||=
2”x+y” 2HZ+IH (z

———H) (el 0 = ),

Note that for  — oo the last expression converges to

1
Lo(xI[ wlls llx = »[l) = 5(2IIXII2 + 205017 = llx = yIH)2
Thus we have
I+ yI* + [lx = yI* ~ 2)lx]1* + 2]yl

and hence one inequality of the parallelogram equality for all x, y € V. Substituting
u=x+yand v = x — y we get that the inequality holds in the opposite direction for
all u,v € V as well. Hence V' is a Euclidean space.

3 Minkowski rank of products

In this section we prove that the Minkowski rank is additive for metric products. Let
therefore (X;,d;), i = 1,2, be metric spaces and consider the product X = X} x X3
with the standard product metric

d((x1,x2), (x],x3)) = (di(x1,x]) + d3 (x2,x3)) "%,

We need an auxiliary result: Let J be a real vector space and denote by A4 the
affine space on which ¥ acts simply transitively. Thus for « € 4 and v € V' the point
a+ve A and for a,b € A the vector b — a € V are defined. As usual a pseudonorm
on Vis a function || - || which satisfies the properties of a norm with the possible ex-
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ception that ||v|| = 0 does not necessarily imply v = 0. A pseudonorm || - || on V in-
duces a pseudometric d on 4 via

d(a,b) = ||b—a|| foralla,beA.

We denote the resulting pseudometric space by (4, || - ||). With this notation we
have:

Proposition 1. Let (X;,d;), i = 1,2, be metric spaces and ¢ : A — X1 X Xo, 0 = (91, 0,)
be an isometric map. Then there exist pseudonorms || - ||;, i = 1,2, on V, such that

. 2 2 2
D loll™ = {lolly + llolly and

i) ¢;: (4, -1, = (Xi,di), i = 1,2 are isometric.
For the proof of Proposition 1 we define o;; : A X ¥V — [0, 00), i = 1,2, via
%i(a, ) = di{p,(a), pi(a+v)).
Since ¢ is isometric, we have
w2(a,v) + B (a,v) = d*(p(a), pla, ) = lv]]> (1)
We will prove the following lemmata:
Lemma 1. o;(a,v) = a;(a+v,v) fori=1,2andac A, ve V.
Lemma 2. o;(a, tv) = |t|o;(a,v) fori=1,2andae A,ve V,teR.
Lemma 3. o;(a,v) = o;(b,v) fori=1,2and a,be A, ve V.

Lemma 4. o;(v+ w) < a;(v) +a;(w) for i = 1,2 and v,w € V, where o;(v) := a;(a,v)
with a € A arbitrary (compare with Lemma 3).

From Lemmata 1-4 it follows immediately, that | - ||; defined via ||v||; := o;(v) for
allve V,i=1,2, is a pseudonorm on V. Furthermore from

di(p;(a), (b)) = di(pi(a), pi(a + (b — a)))
=a;(b—a)
=||b—a|;, foralla,beA
it follows that

wl(A7H||l)_>(A/17 ||||1)7 i=12,

are isometric mappings.



Minkowski versus Euclidean rank for products of metric spaces 127

Proof of Lemma 1. The d;’s triangle inequality yields

ai(a,v) + ai(a+v,0) = aia,2v) (2)
and thus
o2 (a,v) + 2ui(a, v)o;(a + v,v) + oa2(a + v,v) > o3 (a,20). (3)

Using Equation (1) the sum of the Equations (3) for i = 1 and i = 2 becomes

al(avv) o (Cl+ U7U)
o] +2 ; + Jloll* = 4lJo)1%,
OCZ(a7 D) 062(614’ 1)71))
where (-, - denotes the standard scalar product on IR?. Thus we have
o1 (a,v) ay(a+v,0)
; > ol
aa(a,v) ar(a+v,v)
The Euclidean norm of the vectors (o (a,v), a2(a,v)) and (o (a + v,v), o2(a + v,0))
equals ||v]|, due to Equation (1). Therefore the Cauchy—Schwarz inequality yields

()= (o)

Proof of Lemma 2. The d;’s triangle inequality yields for all n e N

n—
Oci(av I/ll)) < OC,‘(a + kl), D) = I/lO(,-(a, U)v
0

>
i

where the last equation follows from Lemma 1 by induction. Thus we find
|0 = [lnvl|* = of (a,nv) + o5 (a, nv)
< n? (o (a, ) + o3(a,v))
=n?|v||* forallneN,veV,acd
and therefore
o;(a,nv) = na(a,v), i=1,2, forallneN,ve V,ae A.
Thus for p,q € N, it follows
qa,-(a,%v) = a;(a, pv) = poi(a,v),
ie.
o;(a, tv) = to;(a,v) forall te @,

and by continuity even for all 7e R,
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Finally note that for all 7 € R
ai(a, —tv) = a;(a — v, ) = a;(a, ) = ta;(a,v), fori=1,2,

where the first equality is just the symmetry of the metric d; and the second equality
follows from Lemma 1.

Proof of Lemma 3. For n € N we have
|oi(a, nv) — oi(b, nv)| = |di(pi(a), p(a + nv)) — di(g;(b), p(b + nv))|
< di(pi(a), (b)) + di(p;(a + nv), ¢;(b + nv))

< d(p(a), p(b)) + d(p(a+ nv), p(b+ nv))
=2||b—al|, fori=1,2,

and therefore

.1 1
oi(a,v) = lim —o;(a,nv) = lim —o;(b,nv) = a;(b,v), i=1,2.
n—owo n n—ow n

Proof of Lemma 4. The claim simply follows from
oi(v+w) =oi(a,v+w) < ai(a,v) + o(a+v,w) = o;(v) + o (w),

where the inequality follows from the d;’s triangle inequality and the last equation is
due to Lemma 3.

With that we are now ready for the
Proof of Theorem 2. i) Superadditivity follows as usual: Let i; : (Vj, || - [|;) — (X, ;)

be isometries of the normed vector spaces (¥}, | - ||) into the metric spaces (Xj,d}).
Then, with || - || : (7] x V2) — R defined via

(0, w)]| ==/ lloll} + ||, forallve Vi,we Va,

the map i:=i xir: (Vi x Va,||-||) = (X,d) := (X1 X Xa,+\/d} +d22) is an iso-
metry. Thus rank,, (X7, X2) > ranky, X; + ranky, X.
ii) Let ranky/(X,d) =n and let ¢ : 4 — X be an isometric map, where 4 is the

affine space for some n-dimensional normed vector space (V, || - ||). By Proposition 1
there are two pseudonorms || - [|;, i = 1,2, on ¥ such that || - |7 + || - || = || - ||* and
such that ¢; : (4, |- ||,) — (X;,d;) are isometric. Let V; be vector subspaces trans-
versal to kern|| - ||,. Then dim ¥} +dim V> = n and ¢, : (V,] - ||;) — X are isometric

maps. Thus ranky, (X;,d;) = dim V.



Minkowski versus Euclidean rank for products of metric spaces 129

4 Euclidean rank of products

In this section we prove Theorem 3. The superadditivity of the Euclidean rank is
obvious. Thus it remains to construct an example such that the equality does not
hold. Therefore we construct two norms || - ||;, i = 1,2, on IR?, such that

i) there does not exist an isometric embedding of E? in (R, || - ||,), i = 1,2, i.e.,
rankg (R || - ||,) =1, fori=1,2, and

ii) the diagonal of (IR*| ;) x (R | -|,) is isometric to the Euclidean space
E* = (IR, | -[|). i.e.
rankg (R, [| - [[) x (R, [| - 1)) = 3.

The norms will be obtained by perturbations of the Euclidean norm || - ||, in the
following way:

loll; = ¢; (ﬁ) llvll,, forallve R,
v e

where the @; are appropriate functions on S? that satisfy ¢, <ﬁ>: gﬂi(—ﬁ),
i=1,2, and g, = /2 — ¢}. Thus their product norm || - I, satisfies

2 2 2 2 2 2 2 2
1w, )17 2 = l[olly + [lolly = eillvll; + 2 = eDllvlle = 2]vll;

and the diagonal in (R®, || - ll1,,) is isometric to IE* and thus ii) is satisfied. It remains
to show that for ¢; suitable i) holds.

Note that for (pi( o ): 1 +s,~< o ), i=1,2, with ¢, Dg and DDeg; sufficiently

llell, llell,

bounded, the strict convexity of the Euclidean unit ball implies strict convexity of the

|| - ||,-unit balls. Since || - ||; is homogeneous by definition it follows that || - ||;, i = 1, 2,
are norms.
In order to show that rankg(IR?, || - ||;) = 1 for suitable functions ¢; = 1 + & we use

the following result:

Lemma 5. Let (V|| - ||) be a normed vector space with strictly convex norm ball and let
i: % — (V,| -||) be an isometric embedding. Then i is an affine map and the image of
the unit circle in B? is an ellipse in the affine space i(IE?).

Remark. We recall that the notion of an ellipse in a 2-dimensional vector space is
a notion of affine geometry. It does not depend on a particular norm. Let 4 be a
2-dimensional affine space on which ¥ acts simply transitively. A subset W < V' is
called an ellipse, if there are linearly independent vectors vy, v, € V' and a point a € A
such that

W = {a+ (cosov; +sinavy) |a € [0,27]}.
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Proof of Lemma 5. In a normed vector space (V|| - ||) the straight lines are geodesics.
If the norm ball is strictly convex, then these are the unique geodesics.

The isometry i maps geodesics onto geodesics and hence straight lines in IE? onto
straight lines in V. Note that the composition of i with an appropriate translation of
V yields an isometry that maps the origin of IE? to the origin of V. Let us therefore
assume that i maps 0 to 0. It follows that i is homogeneous. Furthermore it is easy to
see that parallels are mapped to parallels and this finally yields the additivity of i and
thus the claim.

Now we define functions ¢; = 1 +¢; on S? in a way such that the intersection of
the unit ball in (R?, | - ||,) with a 2-dimensional linear subspace is never an ellipse.
Therefore we will define the ¢;’s such that their null sets are 8 circles, 4 of which are
parallel to the equator y, the other 4 parallel to a great circle ¢ that intersects the
equator orthogonally; these null sets being sufficiently close to y and d such that each
great circle of S? intersects those circles in at least 8 points.

Furthermore no great circle of S? is completely contained in the null set.

Using spherical coordinates © € [0,7], ® € [0,27], r € R", we define

1(0,®,r) :=— Hsm<®+ >sin(®+(8_%>,

with n € N sufficiently large, such that the norm || - ||, we will obtain admits a strictly
convex unit ball. kot 8 — k)n

One can easily check that &(@®,®,r) = sin (G) + 8) sin (G) + 8> keN,
satisfies £K(®, ®,r) = &f(—O,®,r) and so does &. Since & is independent of @ it

satisfies &; <|| ||> =g ( I ||> Its null set is the union of the circles parallel to the

equator y at © = {in,gn,gnmn}
Define & analogous to & but with the null set consisting of circles parallel to ¢
instead of the equator j.

With that we set ¢, = 1+ &€, and || - ||; defined via
v
ol = (. el
1 lolle
is a norm on R® whose unit ball coincides with the || - ||,-unit ball exactly on the null

set of £1&;. Obviously
11l = /2 =il - .

is another norm on IR? whose unit ball also intersects the || - || ,-unit ball on the null
set of &;€;.
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— @=1
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3
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Figure 1. The dashed circles in this figure are the sections of the || - ||;-, || - ||,- and

I - ||,-unit balls.

We finally conclude that rankz(IR?, || - I)=1/=12

Assume to the contrary, that there ex1sts an isometric embedding i:IE? —
(R3, || - [;). By Lemma 5 we can assume (after a translation) that 7 is a linear iso-
metry and that the image of the unit circle S = IE? is an ellipse in the linear sub-
space i(IE%) which is in addition contained in the unit ball B; of || - ;- Note that
i(E*)NB; and i(E*)NS? are ellipses which coincide by constructlon in at least
8 points. Since two ellipses with more than 4 common points coincide, we have
i(E?) N B; = i(IE*) N S2. This contradicts the fact that by construction i(IE*) N B; N S>
is a discrete set.
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