
Adv. Geom. 4 (2004), 215–239 Advances in Geometry
( de Gruyter 2004

On the second sectional geometric genus of
quasi-polarized manifolds

Yoshiaki Fukuma

(Communicated by A. Sommese)

Abstract. Let ðX ;LÞ be a quasi-polarized manifold of dimX ¼ n. In a previous paper we gave
a new invariant (the i-th sectional geometric genus) of ðX ;LÞ, which is a generalization of the
degree and the sectional genus of ðX ;LÞ. In this paper we study some properties of the second
sectional geometric genus.
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0 Introduction

Let X be a projective variety of dimX ¼ n over the complex number field C, and let
L be a nef and big (resp. an ample) line bundle on X . Then we call the pair ðX ;LÞ a
quasi-polarized (resp. polarized ) variety, and ðX ;LÞ is called a quasi-polarized (resp.
polarized) manifold if X is smooth. In [6], we gave a new invariant of ðX ;LÞ which is
called the i-th sectional geometric genus giðX ;LÞ of ðX ;LÞ for 0c ic n. We note that
giðX ;LÞ is a generalization of the degree Ln and the sectional genus gðLÞ. (Namely
g0ðX ;LÞ ¼ Ln and g1ðX ;LÞ ¼ gðLÞ.) Here we recall the reason why we call this in-
variant the sectional geometric genus. Let ðX ;LÞ be a quasi-polarized manifold of
dimension nd 2 with BsjLj ¼ q, where BsjLj is the base locus of jLj. Let i be an
integer with 1c ic n, and let Y be the transversal intersection of general n� i ele-
ments of jLj. In this case Y is a smooth projective variety of dimension i. Then we
can prove that giðX ;LÞ ¼ hiðOY Þ, that is, giðX ;LÞ is the geometric genus of Y .

In [6] we study some fundamental properties of the i-th sectional geometric genus.
We find that we can generalize some problems about the sectional genus to the case
of the sectional geometric genus. For example, in [6] we proposed the following
conjecture:

Conjecture 0.1. Let ðX ;LÞ be a quasi-polarized manifold of dimX ¼ n and let i be an

integer with 0c ic n. Then giðX ;LÞd hiðOX Þ.



Here we note that if i ¼ 0, then this is true because g0ðX ;LÞ ¼ Ln d 1 ¼ h0ðOX Þ. If
i ¼ 1, then this is Fujita’s conjecture. (See [3, (13.7)] or [1, Question 7.2.11].) Namely
we can find that an inequality gðLÞd h1ðOX Þ is a generalization of an inequality
Ln d 1. In [6] we proved that this conjecture is true if BsjLj ¼ q. Moreover we clas-
sified polarized manifolds ðX ;LÞ which satisfy the following properties:

(A) dimX d 3, BsjLj ¼ q, and g2ðX ;LÞ ¼ h2ðOX Þ,

(B) dimX d 3, L is very ample, and g2ðX ;LÞ ¼ h2ðOX Þ þ 1.

In a future paper, we will classify polarized manifolds ðX ;LÞ such that L is very
ample and g2ðX ;LÞ � h2ðOX Þc 5. In [7] we study the conjecture for the case where
0c dim BsjLjc n� 1.

Furthermore in [6] we proved the following which is analogous to a theorem of
Sommese ([11, Theorem 4.1]):

Theorem 0.2 ([6, Corollary 3.5]). Let ðX ;LÞ be a polarized manifold of dimX ¼ nd 3.
Assume that L is spanned. Then the following are equivalent:

(1) g2ðX ;LÞ ¼ h2ðOX Þ,

(2) h0ðKX þ ðn� 2ÞLÞ ¼ 0,

(3) kðKX þ ðn� 2ÞLÞ ¼ �y,

(4) ðX ;LÞ is one of the types from (1) to (7-4) in Theorem 1.13 below.

In this way, it is interesting and very important to study the sectional geometric
genus, and we hope that by using this invariant we can study polarized manifolds
more deeply.

In this paper, we mainly study the second sectional geometric genus of (quasi-)
polarized manifolds. The contents of this paper are the following: In Section 1, we
prepare for some results which are used later. In Section 2, we give an explicit for-
mula of the second sectional geometric genus of quasi-polarized manifolds. In Sec-
tion 3, we study the second sectional geometric genus of polarized manifolds and we
obtain the following:

(1) We give a lower bound of g2ðX ;LÞ for dimX d 4 and kðXÞd 0. (Theorem 3.5
(1).) In particular we get that g2ðX ;LÞd h1ðOX Þ. (Corollary 3.5.2 (1).)

(2) We give some numerical conditions of ðX ;LÞ with g2ðX ;LÞ ¼ 0 if dimX d 4 and
kðX Þd 0. (Corollary 3.5.4.)

(3) We prove that g2ðX ; 2LÞd 0 for dimX ¼ 3. (Theorem 3.7 and Corollary 3.7.1.)

(4) We give a classification of ðX ;LÞ with dimX ¼ 3 and g2ðX ; 2LÞ ¼ 0. (Proposi-
tion 3.10 and Proposition 3.11.)

(5) We study the case where dimX d 3, KX is nef and kðX Þd 0. (Theorem 3.5 (2),
Corollary 3.5.2 (2), and Proposition 3.9.)
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The author would like to thank the referee for giving very valuable comments on
the first version of this paper. In particular, the assertion of Theorem 3.5 was im-
proved by the referee’s comment.

Notation and Conventions. In this paper, we shall study mainly a smooth projective
variety X over the complex number field C. The words ‘‘line bundles’’ and ‘‘Cartier
divisors’’ are used interchangeably.

OðDÞ: invertible sheaf associated with a Cartier divisor D on X .

OX : the structure sheaf of X .

wðFÞ: the Euler–Poincaré characteristic of a coherent sheaf F.

hiðFÞ ¼ dimHiðX ;FÞ for a coherent sheaf F on X .

hiðDÞ ¼ hiðOðDÞÞ for a divisor D.

jDj: the complete linear system associated with a divisor D.

KX : the canonical divisor of X .

kðDÞ: Iitaka dimension of a Cartier divisor D on X .

kðX Þ: Kodaira dimension of X .

Pn: projective space of dimension n.

Qn: hyperquadric surface in Pnþ1.

@ (or ¼): linear equivalence.

1: numerical equivalence.

1 Preliminaries

Definition 1.1. Let X be a normal projective variety of dimX ¼ n, and let E be a
vector bundle on X . Let U ¼ ðh1; . . . ; hn�1Þ be an ðn� 1Þ-tuple of numerically e¤ec-
tive Q-divisors on X . Then E is said to be U-semistable if

dUðFÞc dUðEÞ

for every nonzero subsheaf F of E, where

dUðGÞ :¼
c1ðGÞh1 . . . hn�1

rankG

for any torsion free sheaf G on X .

Theorem 1.2 (Harder–Narashimhan filtration). Let X be a normal projective variety of

dimX ¼ n and let E be a torsion free sheaf on X. Let U ¼ ðh1; . . . ; hn�1Þ be an ðn� 1Þ-
tuple of numerically e¤ective Q-divisors on X. Then there exists a unique filtration
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SU : 0 ¼ E0 YE1 Y � � �YEs ¼ E

that has the following properties: for any integer i with 1c ic s

(1) GriðSUÞ :¼ Ei=Ei�1 is a torsion free U-semistable sheaf,

(2) dUðGriðSUÞÞ is a strictly decreasing function on i.

Proof. See [10, Theorem 2.1]. r

Remark 1.2.1. We say that the above filtration SU of E is the Harder–Narashimhan

filtration of E with respect to U.

Definition 1.3. (1) The coherent subsheaf E1 in Theorem 1.2 is said to be the maximal

U-destabilizing subsheaf of E.
(2) Let X be a normal projective variety of dimX ¼ n and let U ¼ ðh1; . . . ; hn�2Þ

be a ðn� 2Þ-tuple of numerically e¤ective Q-divisors on X . A torsion free sheaf E on
X is said to be generically U-semipositive if for every numerically e¤ective Q-divisor
D on X , dðU;DÞððE�Þ1Þc 0, where E� denotes the dual of E, and ðE�Þ1 is the maximal
ðU;DÞ-destabilizing subsheaf of E�. (See [10, Section 6].)

Theorem 1.4. Let X be a normal projective variety of dimX ¼ n such that X is smooth

in codimension two. Let NAðX ÞH fPicðX Þ=numerical equivalencegnR be the ample

cone. Let E be a torsion free sheaf on X, with its first Chern class being a numerically

e¤ective Q-divisor. Assume that E is generically B-semipositive, where B ¼ ðh1; . . . ;
hn�2Þ and hi A NAðXÞQ for each i. Then

c2ðEÞh1 . . . hn�2 d 0:

Proof. See [10, Theorem 6.1]. r

Theorem 1.5. Let X be a smooth projective variety of dimX ¼ n. Let H1; . . . ;Hn�2 be

ample Cartier divisors on X. Then W1
X is generically ðH1; . . . ;Hn�2Þ-semipositive unless

X is uniruled. (For the definition that X is uniruled, see Definition 1.15 below.)

Proof. See [10, Corollary 6.4]. r

Theorem 1.6 (Hirzebruch–Riemann–Roch). Let X be a smooth complete variety and

let E be a locally free sheaf on X. Then

wðEÞ ¼
ð
X

chðEÞ tdðTX Þ;

where TX is the tangent bundle of X, chðEÞ (resp. tdðTX Þ) is the Chern character of E
(resp. the Todd class of TX ), and

Ð
X
denotes the degree of the zero-dimensional com-

ponent of ðchðEÞ tdðTX ÞÞV ½X �.
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Proof. See [9, Chapter Four]. r

Notation 1.7. Let ðX ;LÞ be a quasi-polarized manifold of dimX ¼ nd 3 and
BsjLj ¼ q. (Here BsjLj denotes the base locus of jLj.) We put X0 :¼ X and L0 :¼ L.
Let Xi A jLi�1j be a smooth member of jLi�1j and Li ¼ Li�1jXi

for 1c ic n� 1.

Definition 1.8. Let ðX ;LÞ be a quasi-polarized variety of dimX ¼ n, and let wðtLÞ be
the Euler–Poincaré characteristic of tL. Here we put

wðtLÞ ¼
Xn
j¼0

wjðX ;LÞ t
½ j�

j!
;

where t½ j� ¼ tðtþ 1Þ . . . ðtþ j � 1Þ for jd 1 and t½0� ¼ 1. Then the sectional genus

gðLÞ of ðX ;LÞ is defined by the following:

gðLÞ ¼ 1 � wn�1ðX ;LÞ:

Remark 1.8.1. If X is smooth, then the sectional genus of ðX ;LÞ can be expressed by
the following formula:

gðLÞ ¼ 1 þ 1

2
ðKX þ ðn� 1ÞLÞLn�1;

where KX is the canonical divisor of X .

Definition 1.9 (See [6, Definition 2.1]). Let ðX ;LÞ be a quasi-polarized variety of
dimX ¼ n. Then for an integer 0c ic n the i-th sectional geometric genus giðX ;LÞ
of ðX ;LÞ is defined by the following formula:

giðX ;LÞ ¼ ð�1Þ iðwn�iðX ;LÞ � wðOX ÞÞ þ
Xn�i

j¼0

ð�1Þn�i�j
hn�jðOX Þ:

(Here we use notation in Definition 1.8.)

Remark 1.9.1. (1) Since wn�iðX ;LÞ A Z, giðX ;LÞ is an integer by definition.

(2) If i ¼ 0 (resp. i ¼ 1), then giðX ;LÞ is equal to the degree (resp. the sectional genus)
of ðX ;LÞ.

(3) If i ¼ n, then gnðX ;LÞ ¼ hnðOX Þ, and gnðX ;LÞ is independent of L.

Theorem 1.10. Let ðX ;LÞ be a quasi-polarized manifold of dimX ¼ n. Let i be an inte-

ger such that 0c ic n� 1. Then

giðX ;LÞ ¼
Xn�i�1

j¼0

ð�1Þ j n� i

j

� �
h0ðKX þ ðn� i � jÞLÞ þ

Xn�i

k¼0

ð�1Þn�i�k
hn�kðOX Þ:
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Proof. See [6, Theorem 2.3]. r

Theorem 1.11. Let X be a variety of dimX ¼ n and let L1;L2;A1; . . . ;An�2 be nef

Q-bundles on X. Then

ðL1L2A1 . . .An�2Þ2
d ðL1L1A1 . . .An�2ÞðL2L2A1 . . .An�2Þ:

Proof. See [3, (0.4.6)], or [1, Proposition 2.5.1]. r

Definition 1.12. (1) Let X (resp. Y ) be an n-dimensional projective manifold, and L

(resp. A) an ample line bundle on X (resp. Y ). Then ðX ;LÞ is called a simple blowing

up of ðY ;AÞ if there exists a birational morphism p : X ! Y such that p is a blowing
up at a point of Y and L ¼ p�ðAÞ � E, where E is the p-exceptional reduced divisor.

(2) Let X (resp. Y ) be an n-dimensional projective manifold, and L (resp. A) an
ample line bundle on X (resp. Y ). Here we put ðX0;L0Þ :¼ ðX ;LÞ. Then we say
that ðY ;AÞ is the first reduction of ðX ;LÞ if there exist polarized manifolds ðXj;LjÞ
for 1c jc tþ 1 and birational morphisms mj : Xj ! Xjþ1 for 0c jc t such that
ðXtþ1;Ltþ1Þ ¼ ðY ;AÞ, ðXj;LjÞ is a simple blowing up of ðXjþ1;Ljþ1Þ for any j with
0c jc t, and ðY ;AÞ is not obtained by a simple blowing up of any polarized mani-
fold. The birational morphism m :¼ mt � � � � � m0 : X ! Y is called the first reduction

map.

Remark 1.12.1. If ðX ;LÞ is not obtained by a simple blowing up of any polarized
manifold, then ðX ;LÞ is the first reduction of itself.

Theorem 1.13. Let ðX ;LÞ be a polarized manifold of n ¼ dimX d 3. Then ðX ;LÞ is

one of the following types:

(1) ðPn;Oð1ÞÞ,

(2) ðQn;Oð1ÞÞ,

(3) a scroll over a smooth curve,

(4) KX @�ðn� 1ÞL, that is, ðX ;LÞ is a Del Pezzo manifold,

(5) a hyperquadric fibration over a smooth curve,

(6) a scroll over a smooth surface,

(7) let ðX 0;L 0Þ be the first reduction of ðX ;LÞ,
(7-1) n ¼ 4, ðX 0;L 0Þ ¼ ðP4;Oð2ÞÞ,
(7-2) n ¼ 3, ðX 0;L 0Þ ¼ ðQ3;Oð2ÞÞ,
(7-3) n ¼ 3, ðX 0;L 0Þ ¼ ðP3;Oð3ÞÞ,
(7-4) n ¼ 3, X 0 is a P2-bundle over a smooth curve C with ðF 0;L 0jF 0 Þ ¼ ðP2;Oð2ÞÞ

for any fiber F 0 of it,

(8) KX 0 þ ðn� 2ÞL 0 is nef.
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Proof. See [1, Proposition 7.2.2, Theorem 7.2.4, Theorem 7.3.2, and Theorem 7.3.4].
See also [4]. r

Remark 1.13.1. ðX ;LÞ is the type (1) (resp. the type (1), (2), or (3)) in Theorem 1.13 if
and only if KX þ nL (resp. KX þ ðn� 1ÞL) is not nef.

Proposition 1.14. Let ðX ;LÞ be a polarized manifold of dimX ¼ n, and let i be an

integer with 1c ic n. Let ðM;AÞ be the first reduction of ðX ;LÞ. Then giðX ;LÞ ¼
giðM;AÞ.

Proof. See [6, Proposition 2.6]. r

Definition 1.15. A variety X of dimension n is said to be uniruled if there exist a vari-
ety Y of dimension n� 1 and a dominant rational map P1 � Y dX . (Here we note
that Pn is uniruled.)

Definition 1.16 (See [1, (13.1)]). Let X be a normal and 1-Gorenstein projective vari-
ety of dimX ¼ n and let L be a line bundle on X . For an integer j with 0c jc n,
the j-th pluridegree djðLÞ of the pair ðX ;LÞ is defined as

djðLÞ :¼ ðKX þ ðn� 2ÞLÞ jLn�j;

where KX is the canonical sheaf of X .

Remark 1.16.1. Let ðX ;LÞ be as in Definition 1.16. Then by easy calculations, we
obtain the following:

(1) KXL
n�1 ¼ d1ðLÞ � ðn� 2Þd0ðLÞ,

(2) K 2
XL

n�2 ¼ d2ðLÞ � 2ðn� 2Þd1ðLÞ þ ðn� 2Þ2
d0ðLÞ.

Lemma 1.17. Let X be a smooth projective variety of dimX ¼ nd 3 and let L be an

ample line bundle on X. Assume that kðX Þd 0. Let ðM;AÞ be the first reduction of

ðX ;LÞ. Let djðAÞ be the j-th pluridegree of ðM;AÞ. Then for j ¼ 1; . . . ; n,

djðAÞd ðn� 2Þdj�1ðAÞ:

Furthermore if kðXÞd 1, then the inequalities are strict.

Proof. See [1, Lemma 13.1.3]. r

2 An explicit formula for the second sectional geometric genus

In this section we will give an explicit formula for the second sectional geometric
genus of quasi-polarized manifolds.
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Proposition 2.1. Let ðX ;LÞ be a quasi-polarized manifold of dimX ¼ 3. Then

g2ðX ;LÞ ¼ �1 þ h1ðOX Þ þ
1

12
ððKX þ 2LÞðKX þ LÞ þ c2ÞL;

where c2 is the second Chern class of X.

Proof. By the Hirzebruch–Riemann–Roch theorem (see Theorem 1.6), we get that

wð�LÞ ¼ � 1

6
L3 þ 1

4
c1L

2 � 1

12
ðc2

1 þ c2ÞLþ 1

24
c1c2;

where ci ¼ ciðTX Þ for the tangent bundle TX of X . By the Kawamata–Viehweg
vanishing theorem and the Serre duality, we have

�h0ðKX þ LÞ ¼ wð�LÞ:

Hence

h0ðKX þ LÞ ¼ 1

6
L3 � 1

4
c1L

2 þ 1

12
ðc2

1 þ c2ÞL� 1

24
c1c2:

By the Hirzebruch–Riemann–Roch theorem, we obtain that

wðOX Þ ¼
1

24
c1c2:

Therefore since c1 ¼ �KX , we get that

h0ðKX þ LÞ ¼ 1

6
L3 þ 1

4
KXL

2 þ 1

12
ðK 2

X þ c2ÞL� wðOX Þ

¼ 1

6
L3 þ 1

4
KXL

2 þ 1

12
ðK 2

X þ c2ÞL� ð1 � h1ðOX Þ þ h2ðOX Þ � h3ðOX ÞÞ

¼ 1

12
ð2L3 þ 3KXL

2 þ K 2
XLÞ þ

1

12
c2L� ð1 � h1ðOX Þ þ h2ðOX Þ � h3ðOX ÞÞ

¼ 1

12
ððKX þ 2LÞðKX þ LÞ þ c2ÞL� 1 þ h1ðOX Þ � h2ðOX Þ þ h3ðOX Þ:

So by Theorem 1.10 we get the assertion. r

Next we consider the case in which dimX d 4.

Proposition 2.2. Let ðX ;LÞ be a quasi-polarized manifold of dimX ¼ nd 4. Assume

that L is spanned. Then
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g2ðX ;LÞ ¼ �1 þ h1ðOX Þ þ
1

12
ððKX þ ðn� 1ÞLÞðKX þ ðn� 2ÞLÞ þ c2ÞLn�2

þ n� 3

24
ð2KX þ ðn� 2ÞLÞLn�1:

Proof. Here we use Notation 1.7. Then ðXn�3;Ln�3Þ is a quasi-polarized manifold
with dimXn�3 ¼ 3 and BsjLn�3j ¼ q. Then we can prove that by the adjunction
formula

ðKX þ ðn� 1ÞLÞðKX þ ðn� 2ÞLÞLn�2 ¼ ðKXn�3
þ 2Ln�3ÞðKXn�3

þ Ln�3ÞLn�3:

By the exact sequence

0 ! TXiþ1
! r�ðTXi

Þ ! OðLiÞjXiþ1
! 0;

we get that

cðr�ðTXi
ÞÞ ¼ cðTXiþ1

ÞcðOðLiÞjXiþ1
Þ;

where r : Xiþ1 ! Xi is the embedding, TXj
is the tangent bundle of Xj for j ¼ i, i þ 1,

and cðEÞ denotes the total Chern class of a vector bundle E. So we obtain that

c2ðXiÞjXiþ1
¼ c1ðXiþ1ÞOðLiÞjXiþ1

þ c2ðXiþ1Þ

¼ �KXiþ1
Liþ1 þ c2ðXiþ1Þ:

Here we note that

n� 3

2
ð2KX þ ðn� 2ÞLÞLn�1 ¼ ðKX þ LÞLn�1 þ � � � þ ðKX þ ðn� 3ÞLÞLn�1:

Therefore

c2ðXÞLn�2 þ n� 3

2
ð2KX þ ðn� 2ÞLÞLn�1

¼ c2ðXÞjX1
Ln�3

1 þ KX1
Ln�2

1 þ ðKX1
þ L1ÞLn�2

1 þ � � � þ ðKX1
þ ðn� 4ÞL1ÞLn�2

1

¼ c2ðX1ÞLn�3
1 þ ðKX1

þ L1ÞLn�2
1 þ � � � þ ðKX1

þ ðn� 4ÞL1ÞLn�2
1

¼ � � �

¼ c2ðXn�4ÞL2
n�4 þ ðKXn�4

þ Ln�4ÞL3
n�4

¼ c2ðXn�4ÞjXn�3
Ln�3 þ KXn�3

L2
n�3

¼ c2ðXn�3ÞLn�3:
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We also note that h1ðOX Þ ¼ h1ðOXn�3
Þ. By [6, Theorem 2.4] we get that g2ðXn�3;

Ln�3Þ ¼ g2ðX ;LÞ. Therefore

�1 þ h1ðOX Þ þ
1

12
ððKX þ ðn� 1ÞLÞðKX þ ðn� 2ÞLÞ þ c2ÞLn�2

þ n� 3

24
ð2KX þ ðn� 2ÞLÞLn�1

¼ �1 þ h1ðOXn�3
Þ þ 1

12
ððKXn�3

þ 2Ln�3ÞðKXn�3
þ Ln�3Þ þ c2ðXn�3ÞÞLn�3

¼ g2ðXn�3;Ln�3Þ

¼ g2ðX ;LÞ:

This completes the proof of Proposition 2.2. r

Corollary 2.3. Let ðX ;LÞ be a quasi-polarized manifold of n ¼ dimX d 3. Then

g2ðX ;LÞ ¼ �1 þ h1ðOX Þ þ
1

12
ððKX þ ðn� 1ÞLÞðKX þ ðn� 2ÞLÞ þ c2ÞLn�2

þ n� 3

24
ð2KX þ ðn� 2ÞLÞLn�1:

Proof. Let A be an ample line bundle on X . We put

f ðtÞ ¼ �1 þ h1ðOX Þ þ
1

12
ððKX þ ðn� 1ÞðLþ tAÞÞðKX þ ðn� 2ÞðLþ tAÞÞ þ c2Þ

� ðLþ tAÞn�2 þ n� 3

24
ð2KX þ ðn� 2ÞðLþ tAÞÞðLþ tAÞn�1:

Here we note that g2ðX ;Lþ tAÞ is a polynomial in one indeterminate t by Theorem
1.6 and Definition 1.9, and f ðtÞ is also a polynomial in one indeterminate t. If
BsjLþ tAj ¼ q, then g2ðX ;Lþ tAÞ ¼ f ðtÞ by Proposition 2.2. But since there are
infinitely many t with BsjLþ tAj ¼ q, we have g2ðX ;Lþ tAÞ ¼ f ðtÞ for any t. In
particular g2ðX ;LÞ ¼ f ð0Þ and we get the assertion. r

3 Properties of the second sectional geometric genus of polarized manifolds

In this section, we assume that X is smooth and L is ample. We study the second
sectional geometric genus of a polarized manifold ðX ;LÞ. First we prove the follow-
ing lemma.

Lemma 3.1. Let X be a smooth projective variety of dimX ¼ nd 3, and let L,
H1; . . . ;Hn�2 be ample Cartier divisors on X. We put U ¼ ðH1; . . . ;Hn�2Þ. Let E be a

vector bundle on X such that E is generically U-semipositive. Then EnL is also

generically U-semipositive.
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Proof. Let D be a numerically e¤ective Q-divisor on X and let W ¼ ðH1; . . . ;Hn�2;
DÞ. Let

SW : 0 ¼ ðE�Þ0 Y ðE�Þ1 Y � � �Y ðE�Þs ¼ E�

be the Harder–Narashimhan filtration of E� with respect to W. Then by Theorem
1.2 for any integer i with 1c ic s the following are satisfied:

ð€Þ GriðSWÞ :¼ ðE�Þi=ðE�Þi�1 is a torsion free W-semistable sheaf,

ð€€Þ dWðGriðSWÞÞ :¼ dWððE�Þi=ðE�Þi�1Þ is a strictly decreasing function on i.

Since E is generically U-semipositive, we get that

c1ððE�Þ1ÞH1 . . .Hn�2D

rankðE�Þ1

c 0:

Claim 3.1.1. The Harder–Narashimhan filtration of ðEnLÞ� with respect to W is the

following:

SW nL� : 0 ¼ ðE�Þ0 nL� Y ðE�Þ1 nL� Y � � �Y ðE�Þs nL�

¼ E� nL� ¼ ðEnLÞ�:

Proof. (A) First we prove that GriðSW nL�Þ is a torsion free W-semistable sheaf.
We find that GriðSW nL�Þ ¼ ððE�Þi nL�Þ=ððE�Þi�1 nL�Þ ¼ ððE�Þi=ðE�Þi�1ÞnL�

is torsion free. For any subsheaf F of ððE�Þi nL�Þ=ððE�Þi�1 nL�Þ we obtain that
FnL is a subsheaf of ðE�Þi=ðE�Þi�1 and by using ð€Þ we get that

c1ðFnLÞH1 . . .Hn�2D

rankðFnLÞ c
c1ððE�Þi=ðE�Þi�1ÞH1 . . .Hn�2D

rankððE�Þi=ðE�Þi�1Þ
:

Since

c1ðFnLÞH1 . . .Hn�2D

rankðFnLÞ ¼ c1ðFÞH1 . . .Hn�2D

rankF
þ LH1 . . .Hn�2D;

we get that

c1ðFÞH1 . . .Hn�2D

rankF
¼ c1ðFnLÞH1 . . .Hn�2D

rankðFnLÞ � LH1 . . .Hn�2D

c
c1ððE�Þi=ðE�Þi�1ÞH1 . . .Hn�2D

rankððE�Þi=ðE�Þi�1Þ
� LH1 . . .Hn�2D

¼ c1ðððE�Þi=ðE�Þi�1ÞnL�ÞH1 . . .Hn�2D

rankððE�Þi=ðE�Þi�1Þ

¼ c1ðððE�Þi nL�Þ=ððE�Þi�1 nL�ÞÞH1 . . .Hn�2D

rankðððE�Þi nL�Þ=ððE�Þi�1 nL�ÞÞ :

Therefore ððE�Þi nL�Þ=ððE�Þi�1 nL�Þ is W-semistable.
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(B) Next we prove that dWðGriðSW nL�ÞÞ is a strictly decreasing function on i. By
using ð€€Þ, we get that

dWðGriðSW nL�ÞÞ � dWðGriþ1ðSW nL�ÞÞ

¼ c1ðððE�Þi=ðE�Þi�1ÞnL�ÞH1 . . .Hn�2D

rankðððE�Þi=ðE�Þi�1ÞnL�Þ

�
c1ðððE�Þiþ1=ðE�ÞiÞnL�ÞH1 . . .Hn�2D

rankðððE�Þiþ1=ðE�ÞiÞnL�Þ

¼ c1ððE�Þi=ðE�Þi�1ÞH1 . . .Hn�2D

rankðððE�Þi=ðE�Þi�1ÞnL�Þ �
c1ððE�Þiþ1=ðE�ÞiÞH1 . . .Hn�2D

rankðððE�Þiþ1=ðE�ÞiÞnL�Þ

¼ c1ððE�Þi=ðE�Þi�1ÞH1 . . .Hn�2D

rankððE�Þi=ðE�Þi�1Þ
�
c1ððE�Þiþ1=ðE�ÞiÞH1 . . .Hn�2D

rankððE�Þiþ1=ðE�ÞiÞ
> 0:

Therefore SW nL� is the Harder–Narashimhan filtration of E� nL� with respect
to W. This completes the proof of Claim 3.1.1. r

By Claim 3.1.1, the maximal W-destabilizing subsheaf of E� nL� is ðE�Þ1 nL�.
Since E is generically U-semipositive and L is ample, we have

dðU;DÞððE� nL�Þ1Þ ¼ dðH1;...;Hn�2;DÞððE�Þ1 nL�Þ

¼ c1ððE�Þ1 nL�ÞH1 . . .Hn�2D

rankððE�Þ1 nL�Þ

¼ c1ððE�Þ1ÞH1 . . .Hn�2D

rankððE�Þ1 nL�Þ � LH1 . . .Hn�2D

¼ c1ððE�Þ1ÞH1 . . .Hn�2D

rankðE�Þ1

� LH1 . . .Hn�2Dc 0:

Hence EnL is generically U-semipositive. r

By Theorem 1.5 and Lemma 3.1 we get the following.

Corollary 3.2. Let X be a smooth projective variety of dimX ¼ nd 3, and let L;
H1; . . . ;Hn�2 be ample Cartier divisors on X. Then W1

X nL is generically ðH1; . . . ;
Hn�2Þ-semipositive unless X is uniruled.

Corollary 3.3. Let X be a smooth projective variety of dimX ¼ nd 3, and let L be an

ample divisor on X. If X is not uniruled, then c2ðW1
X nLÞLn�2 d 0.

Proof. By Corollary 3.2, we get that W1
X nL is generically ðL; . . . ;LÞ-semipositive.

On the other hand c1ðW1
X nLÞ ¼ KX þ nL is nef unless X is uniruled. (See Remark

1.13.1.) Hence by Theorem 1.4, we have c2ðW1
X nLÞLn�2 d 0. r
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Proposition 3.4. Let X be a smooth projective variety of dimX ¼ nd 3. Let L be an

ample Cartier divisor on X. If X is not uniruled, then

c2ðX ÞLn�2
d� n

2

� �
Ln � ðn� 1ÞKXL

n�1:

Proof. By [8, Example 3.2.2], we get that

c2ðW1
X nLÞ ¼

X2

i¼0

n� i

2 � i

� �
ciðW1

X ÞL2�i

¼ n

2

� �
L2 þ n� 1

1

� �
c1ðW1

X ÞLþ c2ðW1
X Þ

¼ n

2

� �
L2 þ n� 1

1

� �
KXLþ c2ðW1

X Þ:

Therefore

c2ðW1
X nLÞLn�2 ¼ n

2

� �
Ln þ n� 1

1

� �
KXL

n�1 þ c2ðW1
X ÞLn�2:

Because c2ðW1
X ÞLn�2 ¼ c2ðX ÞLn�2, by Corollary 3.3 we have

0c c2ðW1
X nLÞLn�2 ¼ n

2

� �
Ln þ n� 1

1

� �
KXL

n�1 þ c2ðX ÞLn�2:

Namely

c2ðX ÞLn�2
d� n

2

� �
Ln � ðn� 1ÞKXL

n�1:

This completes the proof of Proposition 3.4. r

Theorem 3.5. Let ðX ;LÞ be a polarized manifold of dimX ¼ n. Assume that kðXÞd 0.
Let ðM;AÞ be the first reduction of ðX ;LÞ, and let g be the number of points blown up

under the first reduction map.

(1) If nd 4, then

g2ðX ;LÞd�1 þ h1ðOX Þ þ
Ln þ g

12
ðn2 � 5nþ 5Þ:

(2) If nd 3 and KX is nef, then

g2ðX ;LÞd�1 þ h1ðOX Þ þ
1

24
ð3n2 � 11nþ 10ÞLn:
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Proof. (1) First we note that by Proposition 1.14, g2ðX ;LÞ ¼ g2ðM;AÞ. So we calcu-
late g2ðM;AÞ. Here we note that M is not uniruled because kðMÞd 0. So by Prop-
osition 3.4 we have

c2ðMÞAn�2
d� n

2

� �
An � ðn� 1ÞKMAn�1:

On the other hand,

ðKM þ ðn� 1ÞAÞðKM þ ðn� 2ÞAÞAn�2 þ c2ðMÞAn�2

d ðKM þ ðn� 1ÞAÞðKM þ ðn� 2ÞAÞAn�2 � n

2

� �
An � ðn� 1ÞKMAn�1

¼ ðKM þ ðn� 1ÞAÞðKM þ ðn� 2ÞAÞAn�2

� ðn� 1ÞðKM þ ðn� 2ÞAÞAn�1 þ ðn� 1Þðn� 2Þ � ðn� 1Þ n
2

� �
An

¼ KMðKM þ ðn� 2ÞAÞAn�2 þ ðn� 1Þ n

2
� 2

� �
An: ð3:5:aÞ

Let djðAÞ be the j-th pluridegree of ðM;AÞ, that is,

djðAÞ :¼ ðKM þ ðn� 2ÞAÞ jAn�j:

By (1) and (2) in Remark 1.16.1, we get that

KMðKM þ ðn� 2ÞAÞAn�2 þ ðn� 1Þ n

2
� 2

� �
An

¼ d2ðAÞ � ðn� 2Þd1ðAÞ þ
ðn� 1Þðn� 4Þ

2
d0ðAÞ; ð3:5:bÞ

ð2KM þ ðn� 2ÞAÞAn�1 ¼ 2d1ðAÞ � ðn� 2Þd0ðAÞ: ð3:5:cÞ

Therefore by Corollary 2.3 and by (3.5.a), (3.5.b), and (3.5.c), we obtain that

g2ðM;AÞ ¼ �1 þ h1ðOMÞ þ 1

12
ðKM þ ðn� 1ÞAÞðKM þ ðn� 2ÞAÞAn�2

þ 1

12
c2ðMÞAn�2 þ n� 3

24
ð2KM þ ðn� 2ÞAÞAn�1

d�1 þ h1ðOMÞ þ 1

12
KMðKM þ ðn� 2ÞAÞAn�2

þ 1

12
ðn� 1Þ n

2
� 2

� �
An þ n� 3

24
ð2KM þ ðn� 2ÞAÞAn�1
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¼ �1 þ h1ðOMÞ þ 1

12
ðd2ðAÞ � ðn� 2Þd1ðAÞÞ

þ ðn� 1Þðn� 4Þ
24

d0ðAÞ þ
n� 3

24
ð2d1ðAÞ � ðn� 2Þd0ðAÞÞ

¼ �1 þ h1ðOMÞ þ 1

12
ðd2ðAÞ � d1ðAÞ � d0ðAÞÞ:

Since kðXÞd 0, by Lemma 1.17 we get that for j ¼ 1; . . . ; n

djðAÞd ðn� 2Þdj�1ðAÞ:

Therefore

g2ðM;AÞd�1 þ h1ðOMÞ þ 1

12
ðd2ðAÞ � d1ðAÞ � d0ðAÞÞ

d�1 þ h1ðOMÞ þ 1

12
ððn� 2Þd1ðAÞ � d1ðAÞ � d0ðAÞÞ

d�1 þ h1ðOMÞ þ 1

12
ððn� 3Þðn� 2Þ � 1Þd0ðAÞ

¼ �1 þ h1ðOMÞ þ 1

12
ðn2 � 5nþ 5Þd0ðAÞ:

Since d0ðAÞ ¼ Ln þ g and h1ðOMÞ ¼ h1ðOX Þ, we get the assertion (1).
(2) Assume that nd 3 and KX is nef. In this case ðX ;LÞG ðM;AÞ because KX is

nef. We also note that c2ðX ÞLn�2 d 0 by Miyaoka’s theorem ([10, Theorem 6.6]).
Hence by Corollary 2.3

g2ðX ;LÞd�1 þ h1ðOX Þ þ
1

12
ðKX þ ðn� 1ÞLÞðKX þ ðn� 2ÞLÞLn�2

þ n� 3

24
ð2KX þ ðn� 2ÞLÞLn�1:

By using (1) and (2) in Remark 1.16.1 we obtain that

ðKX þ ðn� 1ÞLÞðKX þ ðn� 2ÞLÞLn�2 ¼ d2ðLÞ þ d1ðLÞ;

and

ð2KX þ ðn� 2ÞLÞLn�1 ¼ 2d1ðLÞ � ðn� 2ÞLn:

Hence

g2ðX ;LÞd�1 þ h1ðOX Þ þ
d2ðLÞ þ d1ðLÞ

12
þ n� 3

24
ð2d1ðLÞ � ðn� 2ÞLnÞ

¼ �1 þ h1ðOX Þ þ
d2ðLÞ

12
þ n� 2

12
d1ðLÞ �

n2 � 5nþ 6

24
Ln:
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By using Lemma 1.17, we obtain that

g2ðX ;LÞd�1 þ h1ðOX Þ þ
ðn� 2Þ2

6
� n2 � 5nþ 6

24

 !
Ln

¼ �1 þ h1ðOX Þ þ
3n2 � 11nþ 10

24
Ln:

We get the assertion (2). r

Remark 3.5.1. In both cases of Theorem 3.5, if kðXÞd 1, then the inequalities are
strict by Lemma 1.17.

Corollary 3.5.2. Let ðX ;LÞ be a polarized manifold of dimX ¼ n.

(1) If nd 4 and kðXÞd 0, then g2ðX ;LÞd h1ðOX Þ.

(2) If n ¼ 3, kðXÞd 0, and KX is nef, then g2ðX ;LÞd h1ðOX Þ.

Proof. (1) By Theorem 3.5 (1), we obtain that

g2ðX ;LÞd�1 þ h1ðOX Þ þ
Ln þ g

12
ðn2 � 5nþ 5Þ:

Since nd 4, gd 0, and Ln d 1, we get that

Ln þ g

12
ðn2 � 5nþ 5Þ > 0:

Hence g2ðX ;LÞ > h1ðOX Þ � 1. Because g2ðX ;LÞ is an integer, we obtain the assertion
(1).

(2) Assume that n ¼ 3, kðX Þd 0, and KX is nef. Then by Theorem 3.5 (2), we
obtain that

g2ðX ;LÞd�1 þ h1ðOX Þ þ
1

6
L3:

Since L3 d 1, we get that g2ðX ;LÞ > h1ðOX Þ � 1. Because g2ðX ;LÞ is an integer, we
obtain the assertion (2). r

Remark 3.5.3. (1) Let ðX ;LÞ be a polarized manifold of dimX ¼ n such that
kðX Þd 0.

(1.1) If nd 7, then by Theorem 3.5 (1) we get that g2ðX ;LÞd h1ðOX Þ þ 1.

(1.2) If KX is nef and nd 5, then by Theorem 3.5 (2) we get that g2ðX ;LÞd
h1ðOX Þ þ 1.
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(2) The inequality in Corollary 3.5.2 (2) is best possible. Namely, there exists an
example of ðX ;LÞ such that dimX ¼ 3, kðXÞd 0, KX is nef, and g2ðX ;LÞ ¼ h1ðOX Þ.
Let X ¼ Cð3Þ be a symmetric product of a smooth projective curve C of genus three.
Let p : C � C � C ! Cð3Þ be the natural map and let p : C � C � C ! C be the first
projection. We put L ¼ p�ðp�ðxÞÞ for x A C. Then kðXÞd 0 and KX is nef. Further-
more g2ðX ;LÞ ¼ 3 ¼ h1ðOX Þ.

By Theorem 3.5 (1), we can give numerical conditions for polarized manifolds
ðX ;LÞ with g2ðX ;LÞ ¼ 0, kðX Þd 0, and dimX d 4.

Corollary 3.5.4. Let ðX ;LÞ be a polarized manifold of dimX ¼ nd 4. Assume that

kðX Þd 0. Let g be the number of points blown up under the first reduction map. If
g2ðX ;LÞ ¼ 0, then h1ðOX Þ ¼ 0 and

(1) Ln þ gc 12 for n ¼ 4;

(2) Ln þ gc 2 for nd 5;
(2.a) If nd 5 and Ln þ g ¼ 2, then n ¼ 5;
(2.b) If nd 5 and Ln þ g ¼ 1, then n ¼ 5; 6.

Proof. Assume that g2ðX ;LÞ ¼ 0. By Corollary 3.5.2 (1), we get that h1ðOX Þ ¼ 0.
(1) If n ¼ 4, then

Ln þ g

12
ðn2 � 5nþ 5Þ ¼ L4 þ g

12
:

Because by Theorem 3.5 (1)

0 ¼ g2ðX ;LÞd�1 þ L4 þ g

12
;

we obtain that L4 þ gc 12 and we get the assertion (1).
(2) If nd 5, then

Ln þ g

12
ðn2 � 5nþ 5Þd 5

12
ðLn þ gÞ:

Hence by Theorem 3.5 (1)

0 ¼ g2ðX ;LÞd�1 þ 5

12
ðLn þ gÞ;

and we obtain that Ln þ gc 2 because Ln þ g is an integer.
(2.a) If Ln þ g ¼ 2, then

0 ¼ g2ðX ;LÞd�1 þ 1

6
ðn2 � 5nþ 5Þ:

Namely n2 � 5n� 1c 0. Since nd 5, we get that n ¼ 5.
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(2.b) If Ln þ g ¼ 1, then

0 ¼ g2ðX ;LÞd�1 þ 1

12
ðn2 � 5nþ 5Þ:

Namely n2 � 5n� 7c 0. Since nd 5, we get that 5c nc 6.
This completes the proof of Corollary 3.5.4. r

Here we consider the case where kðX Þ ¼ �y.

Proposition 3.6. Let ðX ;LÞ be a polarized manifold of dimX ¼ n such that

kðX Þ ¼ �y and X is not uniruled. Then

(1) If KX þ ððn� 2Þ=2ÞL is nef and nd 6, then g2ðX ;LÞd h1ðOX Þ.

(2) If KX þ L is nef and n ¼ 5, then g2ðX ;LÞd h1ðOX Þ.

Proof. (1) By the same argument as in the proof of Theorem 3.5 (1) (see (3.5.a)), we
get that

ðKX þ ðn� 1ÞLÞðKX þ ðn� 2ÞLÞLn�2 þ c2ðX ÞLn�2

dKX ðKX þ ðn� 2ÞLÞLn�2 þ ðn� 1Þ n

2
� 2

� �
Ln

because X is not uniruled. Furthermore

KX ðKX þ ðn� 2ÞLÞLn�2 þ ðn� 1Þ n

2
� 2

� �
Ln

¼ KX þ n� 2

2
L

� �2

Ln�2 � ðn� 2Þ2

4
Ln þ ðn� 1Þ n

2
� 2

� �
Ln

¼ KX þ n� 2

2
L

� �2

Ln�2 þ n2 � 6nþ 4

4
Ln:

Since KX þ ððn� 2Þ=2ÞL is nef and nd 6, we get that

KX þ n� 2

2
L

� �2

Ln�2 þ n2 � 6nþ 4

4
Ln

d 1

and

ð2KX þ ðn� 2ÞLÞLn�1
d 0:

Hence by Corollary 2.3 g2ðX ;LÞd h1ðOX Þ because g2ðX ;LÞ A Z.
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(2) Assume that n ¼ 5 and KX þ L is nef. Then by the same argument as in the
proof of Theorem 3.5 (1) (see (3.5.a)), we get that

ðKX þ 4LÞðKX þ 3LÞL3 þ c2ðXÞL3
dKX ðKX þ 3LÞL3 þ 2L5:

Hence

g2ðX ;LÞ þ 1 � h1ðOX Þd
1

12
KX ðKX þ 3LÞL3 þ 1

6
L5 þ 1

12
ð2KX þ 3LÞL4

¼ 1

12
KX ðKX þ 3LÞL3 þ 1

6
L5 þ 1

12
KXL

4 þ 1

12
ðKX þ 3LÞL4

¼ 1

12
ðKX þ LÞðKX þ 3LÞL3 þ 1

12
ðKX þ 2LÞL4:

Since KX þ L is nef, we obtain that

ðKX þ LÞðKX þ 3LÞL3
d 0 and ðKX þ 2LÞL4 > 0:

Therefore g2ðX ;LÞ > h1ðOX Þ � 1. Because g2ðX ;LÞ is an integer, we get that g2ðX ;LÞ
d h1ðOX Þ. This completes the proof of Proposition 3.6. r

Next we consider a lower bound of g2ðX ; 2LÞ for the case where dimX ¼ 3.

Theorem 3.7. Let ðX ;LÞ be a polarized manifold of dimX ¼ 3.

(1) Assume that kðX Þd 0. Let ðM;AÞ be the first reduction of ðX ;LÞ, and let g be the

number of points blown up under the first reduction map. Then

g2ðX ; 2LÞd�1 þ h1ðOX Þ þ
5

6
ðL3 þ gÞ:

(2) Assume that kðXÞ ¼ �y. Then

g2ðX ; 2LÞd h2ðOX Þd 0:

Proof. (I) The case where kðXÞd 0.
Let ðM;AÞ be the first reduction of ðX ;LÞ. By Theorem 1.10, we get that

g2ðX ; 2LÞ ¼ h0ðKX þ 2LÞ � h3ðOX Þ þ h2ðOX Þ:

On the other hand, since h0ðKX þ 2LÞ ¼ h0ðKM þ 2AÞ, h3ðOX Þ ¼ h3ðOMÞ, and
h2ðOX Þ ¼ h2ðOMÞ, we obtain that g2ðX ; 2LÞ ¼ g2ðM; 2AÞ.

Next we calculate g2ðM; 2AÞ. Since M is not uniruled, we have c2ðMÞAd�3A3 �
2KMA2 by Proposition 3.4. Hence

ððKM þ 4AÞðKM þ 2AÞ þ c2ðMÞÞA

¼ ðKM þ 4AÞðKM þ 2AÞAþ c2ðMÞA

d ðKM þ 4AÞðKM þ 2AÞA� 3A3 � 2KMA2: ð3:7:aÞ
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Since KM þ A is nef and kðMÞd 0, we get that

ðKM þ 4AÞðKM þ 2AÞA� 3A3 � 2KMA2

d 4ðKM þ 2AÞA2 � 2ðKM þ AÞA2 � A3

¼ 4ðKM þ AÞA2 þ 4A3 � 2ðKM þ AÞA2 � A3

¼ 2ðKM þ AÞA2 þ 3A3: ð3:7:bÞ

By Lemma 1.17 we get that ðKM þ AÞA2 dA3. Hence

ðKM þ 4AÞðKM þ 2AÞA� 3A3 � 2KMA2
d 5A3:

Therefore by Proposition 2.1

g2ðX ; 2LÞ ¼ g2ðM; 2AÞ

¼ �1 þ h1ðOMÞ þ 1

12
ððKM þ 4AÞðKM þ 2AÞ þ c2ðMÞÞð2AÞ

d�1 þ h1ðOMÞ þ 5

6
A3 ¼ �1 þ h1ðOX Þ þ

5

6
ðL3 þ gÞ:

Hence we get the assertion (1).
(II) The case where kðXÞ ¼ �y.
By Theorem 1.10 and the Serre duality, we have

g2ðX ; 2LÞ ¼ h0ðKX þ 2LÞ � k0ðKX Þ þ h2ðOX Þ

¼ h0ðKX þ 2LÞ þ h2ðOX Þd h2ðOX Þd 0:

This completes the proof of Theorem 3.7. r

Corollary 3.7.1. Let ðX ;LÞ be a polarized manifold of dimX ¼ 3. Assume that
kðX Þd 0. Then g2ðX ; 2LÞd h1ðOX Þd 0.

Proof. By Theorem 3.7 (1), we get that

g2ðX ; 2LÞd�1 þ h1ðOX Þ þ
5

6
ðL3 þ gÞ;

where g is the number of points blown up under the first reduction map.
Since L3 þ g > 0, we get that g2ðX ; 2LÞ > h1ðOX Þ � 1. Hence we get the assertion

because g2ðX ; 2LÞ is an integer. r

Here we note that if L is nef and big, dimX ¼ 3 and h0ðLÞd 1, then we get the
following:

Proposition 3.8. Let ðX ;LÞ be a quasi-polarized manifold. If dimX ¼ 3 and

h0ðLÞd 1, then g2ðX ;LÞd h2ðOX Þd 0.
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Proof. By Theorem 1.10 and the Serre duality we get that

g2ðX ;LÞ ¼ h0ðKX þ LÞ � h0ðKX Þ þ h2ðOX Þ:

If h0ðKX Þ ¼ 0, then

g2ðX ;LÞ ¼ h0ðKX þ LÞ þ h2ðOX Þd h2ðOX Þ:

If h0ðKX Þd 1, then h0ðKX þ LÞ � h0ðKX Þd h0ðLÞ � 1d 0 and so we get that

g2ðX ;LÞ ¼ h0ðKX þ LÞ � h0ðKX Þ þ h2ðOX Þd h2ðOX Þ:

This completes the proof of Proposition 3.8. r

Remark 3.8.1. By the same method as in the proof of Proposition 3.8, we can prove
that gn�1ðX ;LÞd hn�1ðOX Þ if X is a smooth projective variety of dimX ¼ n, and L is
a nef and big line bundle on X with h0ðLÞd 1.

Here we assume that dimX ¼ nd 3, KX is nef, and kðXÞd 0. In this case, by
Theorem 3.5 (2), we get that

g2ðX ;LÞd�1 þ h1ðOX Þ þ
1

24
ð3n2 � 11nþ 10ÞLn:

By using this inequality, we study ðX ;LÞ with g2ðX ;LÞ ¼ 0.

Proposition 3.9. Let ðX ;LÞ be a polarized manifold of dimX ¼ nd 3. Assume that KX

is nef and kðX Þd 0. If g2ðX ;LÞ ¼ 0, then n ¼ 3, h1ðOX Þ ¼ 0, and we obtain the fol-

lowing:

L3 KXL
2 K 2

XL c2ðXÞL gðLÞ

3 2 0 0 5
2 2 0 2 4
2 2 1 1 4
2 2 2 0 4
1 2 0 4 3
1 2 1 3 3
1 2 2 2 3
1 2 3 1 3
1 2 4 0 3
6 0 0 0 7
5 0 0 2 6
4 0 0 4 5
3 0 0 6 4
2 0 0 8 3
1 0 0 10 2
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Proof. Here we note that ðX ;LÞ is the first reduction of itself. We also note that by
Miyaoka’s theorem ([10, Theorem 6.6])

c2ðXÞLn�2
d 0: ð3:9:1Þ

Furthermore since KX is nef we get that

K 2
XL

n�2
d 0 and KXL

n�1
d 0: ð3:9:2Þ

Assume that g2ðX ;LÞ ¼ 0. By Corollary 3.5.2, we get that h1ðOX Þ ¼ 0. Hence by
Theorem 3.5 (2)

g2ðX ;LÞd�1 þ 1

24
ð3n2 � 11nþ 10ÞLn:

Claim. n ¼ 3.

Proof. If nd 5, then

1

24
ð3n2 � 11nþ 10ÞLn

d
5

4
Ln

and g2ðX ;LÞd 1. Therefore this is impossible.
Assume that n ¼ 4. Then

1

24
ð3n2 � 11nþ 10ÞLn ¼ 7

12
L4:

Since

0 ¼ g2ðX ;LÞd�1 þ 7

12
L4;

we obtain that L4 ¼ 1. In this case by Corollary 2.3 the second sectional geometric
genus of ðX ;LÞ is the following:

g2ðX ;LÞ ¼ �1 þ 1

12
K 2

XL
2 þ 1

2
KXL

3 þ 7

12
þ 1

12
c2ðXÞL2:

By (3.9.1) and (3.9.2), we obtain that KXL
3 ¼ 0 because g2ðX ;LÞ ¼ 0. But then

ðKX þ 3LÞL3 ¼ 3 and this is impossible because ðKX þ 3LÞL3 is even. This completes
the proof of this claim. r

Since n ¼ 3 and h1ðOX Þ ¼ 0, by Corollary 2.3 we get that

12 ¼ ððKX þ 2LÞðKX þ LÞ þ c2ðXÞÞL ¼ K 2
XLþ 3KXL

2 þ 2L3 þ c2ðXÞL: ð3:9:3Þ

By (3.9.1) and (3.9.2) we have L3 c 6. Here we note that KXL
2 þ 2L3 is even. Hence
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KXL
2 is even and we obtain that KXL

2 ¼ 0 or 2 by (3.9.3), and by (3.9.1), (3.9.2),
and (3.9.3) we get the list in Proposition 3.9. (Here we note that by Theorem 1.11
K 2

XL ¼ 0 if KXL
2 ¼ 0 because KX is nef.) r

Problem 3.9.1. Find an example of ðX ;LÞ such that dimX ¼ 3, KX is nef, kðXÞd 0,
and g2ðX ;LÞ ¼ 0.

Remark 3.9.2. There exists a Calabi–Yau 3-fold X such that there is an ample divisor
L on X with g2ðX ;LÞ ¼ 0 and L3 ¼ 1 or 2. (See [6, Example 4.3.3].)

In Theorem 3.7 and Corollary 3.7.1, we proved that g2ðX ; 2LÞd 0 if ðX ;LÞ is a
polarized 3-fold. Here we study a polarized 3-fold ðX ;LÞ with g2ðX ; 2LÞ ¼ 0.

Proposition 3.10. Let ðX ;LÞ be a polarized manifold of dimX ¼ 3. If g2ðX ; 2LÞ ¼ 0,
then kðX Þ ¼ �y.

Proof. Assume that kðX Þd 0. Let ðM;AÞ be the first reduction of ðX ;LÞ, and let
g be the number of points blown up under the first reduction map. Assume that
g2ðX ; 2LÞ ¼ 0. By Theorem 3.7 (1), we obtain that L3 ¼ 1, g ¼ 0, and h1ðOX Þ ¼ 0.
Hence ðX ;LÞG ðM;AÞ.

By (3.7.a) and (3.7.b) in the proof of Theorem 3.7, we get that

g2ðX ; 2LÞ ¼ �1 þ 1

6
ðKX þ 4LÞðKX þ 2LÞLþ 1

6
c2ðXÞL

d�1 þ 1

3
ðKX þ LÞL2 þ 1

2
L3

¼ �1 þ 1

3
KXL

2 þ 5

6
L3:

Hence KXL
2 ¼ 0 because g2ðX ; 2LÞ ¼ 0.

In this case

gðLÞ ¼ 1 þ 1

2
ðKX þ 2LÞðLÞ2 ¼ 2:

By [2, Theorem (1.10) and Remark (2.2)], OðKX Þ ¼ OX and DðLÞc 3, where DðLÞ ¼
3 þ L3 � h0ðLÞ. So we obtain that h0ðLÞd 1. On the other hand by Theorem 1.10
and the Serre duality,

0 ¼ g2ðX ; 2LÞ

¼ h0ðKX þ 2LÞ � h0ðKX Þ þ h2ðOX Þ

d h0ðKX þ 2LÞ � h0ðKX Þ

¼ h0ð2LÞ � 1
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since OðKX Þ ¼ OX . Hence h0ð2LÞ ¼ 1 since h0ð2LÞ > 0. On the other hand by the
Riemann–Roch theorem and the Kodaira vanishing theorem, we get that

h0ð2LÞ ¼ h0ðKX þ 2LÞ ¼ L3 þ 2h0ðKX þ LÞ ¼ L3 þ 2h0ðLÞd 3:

So this is impossible. Therefore we get the assertion. r

Proposition 3.11. Let ðX ;LÞ be a polarized manifold of dimX ¼ 3. Assume that

g2ðX ; 2LÞ ¼ 0 and h0ð2LÞd 2. Then ðX ;LÞ is one of the following type:

(1) ðX ;LÞ ¼ ðP3;OP3ð1ÞÞ,

(2) ðX ;LÞ ¼ ðQ3;OQ3ð1ÞÞ,

(3) ðX ;LÞ is a scroll over a smooth curve.

Proof. First we prove the following claim:

Claim 3.11.1. h0ðKX þ 2LÞ ¼ 0.

Proof. By Theorem 1.10 and the Serre duality, we obtain that

g2ðX ; 2LÞ ¼ h0ðKX þ 2LÞ � h0ðKX Þ þ h2ðOX Þ

d h0ðKX þ 2LÞ � h0ðKX Þ:

If h0ðKX Þ > 0, then 0 ¼ g2ðX ; 2LÞd h0ðKX þ 2LÞ � h0ðKX Þd h0ð2LÞ � 1d 1 and
this is a contradiction. Hence h0ðKX Þ ¼ 0 and 0 ¼ g2ðX ; 2LÞd h0ðKX þ 2LÞd 0.
Therefore h0ðKX þ 2LÞ ¼ 0. This completes the proof of Claim 3.11.1. r

Hence we obtain that KX þ 2L is not nef by [5, Corollary 2.7]. So ðX ;LÞ is one of the
above types by Theorem 1.13 and Remark 1.13.1. r

References

[1] M. C. Beltrametti, A. J. Sommese, The adjunction theory of complex projective varieties.
de Gruyter 1995. MR 96f:14004 Zbl 0845.14003

[2] T. Fujita, Classification of polarized manifolds of sectional genus two. In: Algebraic geom-

etry and commutative algebra, Vol. I, 73–98, Kinokuniya, Tokyo 1988. MR 90c:14025
Zbl 0695.14019

[3] T. Fujita, Classification theories of polarized varieties. Cambridge Univ. Press 1990.
MR 93e:14009 Zbl 0743.14004

[4] T. Fujita, On Kodaira energy and adjoint reduction of polarized manifolds. Manuscripta

Math. 76 (1992), 59–84. MR 93i:14032 Zbl 0766.14027
[5] Y. Fukuma, On the nonemptiness of the adjoint linear system of polarized manifolds.

Canad. Math. Bull. 41 (1998), 267–278. MR 99j:14006 Zbl 0955.14040
[6] Y. Fukuma, On the sectional geometric genus of quasi-polarized varieties, I. To appear in

Comm. Algebra.
[7] Y. Fukuma, On the sectional geometric genus of quasi-polarized varieties, II. To appear

in Manuscripta Math.

Yoshiaki Fukuma238

http://www.ams.org/mathscinet-getitem?mr=96f:14004
http://www.emis.de/MATH-item?0845.14003
http://www.ams.org/mathscinet-getitem?mr=90c:14025
http://www.emis.de/MATH-item?0695.14019
http://www.ams.org/mathscinet-getitem?mr=93e:14009
http://www.emis.de/MATH-item?0743.14004
http://www.ams.org/mathscinet-getitem?mr=93i:14032
http://www.emis.de/MATH-item?0766.14027
http://www.ams.org/mathscinet-getitem?mr=99j:14006
http://www.emis.de/MATH-item?0955.14040


[8] W. Fulton, Intersection theory. Springer 1998. MR 99d:14003 Zbl 0885.14002
[9] F. Hirzebruch, Topological methods in algebraic geometry. Springer 1966. MR 34 #2573

Zbl 0138.42001
[10] Y. Miyaoka, The Chern classes and Kodaira dimension of a minimal variety. In: Alge-

braic geometry, Sendai, 1985, volume 10 of Adv. Stud. Pure Math., 449–476, North-
Holland 1987. MR 89k:14022 Zbl 0648.14006

[11] A. J. Sommese, On the adjunction theoretic structure of projective varieties. In: Complex

analysis and algebraic geometry (Göttingen, 1985), volume 1194 of Lecture Notes in Math.,
175–213, Springer 1986. MR 87m:14049 Zbl 0601.14029

Received 21 June, 2002; revised 5 September, 2002

Y. Fukuma, Department of Mathematics, Faculty of Science, Kochi University, Akebono-
cho, Kochi 780-8520, Japan
Email: fukuma@math.kochi-u.ac.jp

On the second sectional geometric genus of quasi-polarized manifolds 239

http://www.ams.org/mathscinet-getitem?mr=99d:14003
http://www.emis.de/MATH-item?0885.14002
http://www.ams.org/mathscinet-getitem?mr=34:2573
http://www.emis.de/MATH-item?0138.42001
http://www.ams.org/mathscinet-getitem?mr=89k:14022
http://www.emis.de/MATH-item?0648.14006
http://www.ams.org/mathscinet-getitem?mr=87m:14049
http://www.emis.de/MATH-item?0601.14029

