ARCHIVUM MATHEMATICUM (BRNO) Tomus 36 (2000), 33 – 44

GLOBAL EXISTENCE AND STABILITY OF SOME SEMILINEAR PROBLEMS

M. KIRANE AND N.-E. TATAR

Abstract. We prove global existence and stability results for a semilinear parabolic equation, a semilinear functional equation and a semilinear integral equation using an inequality which may be viewed as a nonlinear singular version of the well known Gronwall and Bihari inequalities.

1. Introduction

In this paper we shall present a work which improves a recent result of M. Medved [11] as well as the application of the method to other problems such as semilinear functional differential equations and semilinear integral equations. We first report Medved’s result from [11]. The author considered the Cauchy problem {_{du} dt + Au = f(t, u), u ∈ X u(0) = u_0 ∈ X (1) where X is an appropriate Banach space and A : X → X is a sectorial operator. It is known (see [7]) that there is a real number c such that if Ã := A + cI, then Re σ(Ã) > 0 where σ(Ã) is the spectrum of the operator Ã. The fractional power Ã^α of Ã is defined in the usual way as the inverse of Ã^{−α} := 1 Γ(α) ∫_∞ 0 t^{α−1}e^{−Ãt}dt for α > 0, where Γ(α) is the Eulerian Gamma function. If we

denote by X^α := D(Ã^α) the domain of Ã^α and ‖x‖_α := ‖ ‖ ‖Ã^αx ‖ ‖ ‖, x ∈ X^α, then (X^α, ‖.‖_α) is a Banach space. Furthermore, the operator −A is the infinitesimal generator of an analytic semi-group { e^{−tA} } t≥0 satisfying for Re σ(A) > b > 0 ‖ ‖e^{−tA}x ‖ ‖_α := ‖ ‖ ‖Ã^αe^{−tA}x ‖ ‖ ‖ ≤ dt^{−α}e^{−bt} ‖x‖ , t > 0, (2) for any x ∈ X^α, where d > 0 is a constant.

1991 Mathematics Subject Classification: 34D05, 35B35, 35K55.

Key words and phrases: semilinear parabolic equation, functional differential equation, integrodifferential equation, integral equation fractional evolution equation, global existence, stability, variation of parameters.

Received February 22, 1999.

If there is an α ∈ (0, 1) such that f : R × X^α → X, (t, u) → f(t, u) is locally Hölder in t and locally Lipschitz in u, then by a solution of (1) we mean a continuous function u : (0, T ) → X^α with u(0) = u_0 ∈ X^α such that f(., u(.)) : (0, T ) → X, t → f(t, u(t)) is continuous, u(t) ∈ D(A), t ∈ (0, T ) and u satisfies (1) on (0, T ). A solution u(t) of (1) coincides then (see [13]) with a solution of the integral equation

u(t) = e^{−At}u_0 + ∫_t 0 e^{−A(t−s)}f(s, u(s))ds , 0 < t ≤ T (3) for which u : (0, T ) → X^α is continuous and f(., u(.)) : (0, T ) → X, t → f(t, u(t)) is continuous.

Let R = (−∞, ∞) and R^+ = [0, ∞). M. Medved [11] proved the following theorem.

Theorem 1. Let A, f, b and d be as above and ‖f(t, u)‖ ≤ t^κη(t) ‖u‖^m_α , m > 1, κ ≥ 0 for all (t, u) ∈ R^+ × X^α, where η : (0, ∞) → R is a continuous, nonnegative function. Then the following assertions hold:

(1) Let 0 < α < min

{_1

2 ,^κ_m +^1_{2pm} } for some p > 1. Let the function t → t^{2qα} ∫_t 0 η(s)^{2q}e^{2q[(1−m)b+mε]s}ds be bounded on the interval (0, ∞) for some 0 < ε < b, where^1_p +^1_q = 1. Let u(t) be a solution of problem (1) satisfying u(0) = u_0 ∈ X^α, with

(m − 1)2^{2q−1} (d ‖u_0‖)^{2q(m−1)} K(ε)^q L(ε)^{qp} (dt^α)^{2q} ∫_t 0 η^{2q}e^{2q[(1−m)b+mε]s}ds < 1, where K(ε) = Γ(2β − 1) (2ε)^{2β−1} , L(ε) = Γ((2γ − 2)p + 1) (2γ − 2)p + 1 , β = 1 − α. Then u(t) exists on the interval (0, ∞) and lim_{t→∞} ‖u(t)‖_α = 0.

(2) Let^1_2 ≤ α < min{1,^κ_m +^1_{kqm} } for some k > 1, β = 1 − α =^1_{1+z} , z ≥ 1, q = z + 2. Assume that the function t → t^{rqα} ∫_t 0 η(s)^{rq} e^{rq[(1−m)b+mε]s} ds is bounded on the interval (0, ∞) for some 0 < ε < b, where^1_k +^1_r = 1. Let u(t) be a solution of problem (1) satisfying u(0) = u_0, where (m − 1)2^{rqm}(d ‖u_0‖)^{rq(m−1)}P (ε)t^{rqα} ∫_t 0 η(s)^{rq[(1−m)b+mε]s} ds { < 1 for rq(m − 1) even, ≠ 1 for rq(m − 1) odd, where P (ε) is the expression (M (ε)N (ε))^{rq} with M (ε) = [_{Γ(1−αp)} (pε)^{1−αp} ] 1_p and N (ε) = [_{Γ(kq(γ−1)+1)} (kqε)^{kq(γ−1)+1} ] 1_{kq} . Then u(t) exists on the interval (0, ∞) and lim_{t→∞} ‖u(t)‖_α = 0.

It is our task to weaken the assumptions of this theorem. To this end we use a crucial Lemma which may be found in [12]. This is done in section 2. In section 3 and 4 we discuss applications of this method to semilinear functional differential equations and integral equations respectively.

2. A Semilinear Parabolic Equation For our theorems we need the following lemmas. The first lemma was also used by Medved and can be found in [1]. The second one is crucial to our argument and is reported from [12] with its proof for the sake of completeness. For convenience we shall adopt the same notation as in [11].

Lemma 2. Let a(t), b(t), k(t), ψ(t) be nonnegative, continuous functions on the interval I = (0, T ) (0 < T ≤ ∞), ω : (0, ∞) → R be a continuous, nonnegative and nondecreasing function, ω(0) = 0, ω(u) > 0 for u > 0 and let A(t) = max_{0≤s≤t} a(s), B(t) = max_{0≤s≤t} b(s). Assume that ψ(t) ≤ a(t) + b(t) ∫_t 0 K(s)ω(ψ(s))ds, t ∈ I . Then ψ(t) ≤ Ω^{−1} [ Ω(A(t)) + B(t) ∫_t 0 K(s)ds ] , t ∈ (0, T_1) ,

where Ω(v) = v∫ v_0 dσ ω(σ) , v ≥ v0 > 0, Ω −1 is the inverse of Ω and T_1 > 0 is such that

Ω(A(t)) + B(t) ∫_t 0 K(s)ds ∈ D(Ω^{−1}) for all t ∈ (0, T_1).

Lemma 3. If μ, ν, τ > 0 and z > 0, then z^{1−ν} ∫_z 0 (z − ζ)^{ν−1}ζ^{μ−1} exp(−τ ζ)dζ ≤ Cτ^{−μ} (4) where C is a constant independent of z.

Proof. Let I(z) denote the left-hand side of (4). Then by a change of variables I(z) = z^μ ∫_1 0 (1 − ξ)^{ν−1}ξ^{μ−1} exp(−τ zξ)dξ . Observing that z^μ(1 − ξ)^{ν−1}ξ^{μ−1} exp(−τ zξ) ≤ { max(1, 2^{1−ν})z^μξ^{μ−1} exp(−τ zξ), 0 ≤ ξ ≤ 1/2 2(1 − ξ)^{ν−1}Γ(μ + 1)τ^{−μ}, 1/2 < ξ ≤ 1 , it follows that, I(z) ≤ max(1, 2^{1−ν})Γ(μ)(1 + μ/ν)τ^{−μ}. □ The next lemma is to be compared with lemma 3 in [11]. In fact it is the counterpart of lemma 3. Note the disappearance of the terms in ε and the appearance of new terms in B_1(t) and B_2(t).

Besides the use of the previous Lemma, the idea of the proof of this Lemma relies on Medved’s method; see Theorem 4 in [10] for the linear version of this result.

Lemma 4. Let a(t), F (t), ψ(t), b(t) be continuous, nonnegative functions on I = (0, T ) (0 < T ≤ ∞), β > 0, γ > 0, m > 1 and ψ(t) satisfies the inequality ψ(t) ≤ a(t) + b(t) ∫_t 0 (t − s)^{β−1}s^{γ−1}F (s)ψ(s)^m ds, t ∈ I = (0, T ). (5) Then the following assertions hold:

(1) If β > 1/2, γ > 1/2 and C is the constant of lemma 3, then ψ(t) ≤ Φ(t) := A^{1/2}_1 (t) [1 − (m − 1)Ξ_1(t)]^{12(1−m)} for all t ∈ I = (0, T ) for which the right-hand side is defined, where Ξ_1(t) = A_1(t)^{m−1}B_1(t) ∫_t 0 F (s)^2e^{2s}ds, A_1(t) = 2 max_{0≤s≤t} a(s)^2 and B_1(t) = C2^{2(1−γ)} max_{0≤s≤t} b(s)^2s^{2(β−1)}.

(2) If β =^1_{1+z} for some z ≥ 1, γ > 1 −^1_p and q = z + 2 then ψ(t) ≤ Ψ(t) := A^{1/q}_2 (t) [1 − (m − 1)Ξ_2(t)]^{1q(1−m)} for all t ∈ I = (0, T ) for which the right-hand side is defined, where for the constant C of lemma 3, Ξ_2(t) = A_2(t)^{m−1}B_2(t) ∫_t 0 F (s)^qe^{qs}ds, A_2(t) = 2^{q−1} max_{0≤s≤t} a(s)^q and B_2(t) = C^{q/p}p^{q(1−γ)− qp} max_{0≤s≤t} b(s)^q s^{q(β−1)} and^1_p +^1_q = 1.

Proof. (1) Observe that by the Schwarz inequality ∫_t 0 (t − s)^{β−1}s^{γ−1}F (s)ψ(s)^m ds ≤ (∫_t 0 (t − s)^{2(β−1)}s^{2(γ−1)}e^{−2s}ds )^1_2 (∫_t 0 F (s)^2e^{2s}ψ(s)^{2m}ds

)^1_2

and by our assumptions it is clear that 2(β − 1) > −1 and 2(γ − 1) > −1, so that we may apply lemma 3 (6) ∫_t 0 (t − s)^{β−1}s^{γ−1}F (s)ψ(s)^m ds ≤ ( C2^{1−2γ}t^{2(β−1)}

) 1_2 (∫ t 0 F (s)^2e^{2s}ψ(s)^{2m}ds

)^1_2 . Then (5) and (6) yield ψ(t) ≤ a(t) + b(t) ( C2^{1−2γ}t^{2(β−1)}

) 1_2 (∫ t 0 F (s)^2e^{2s}ψ(s)^{2m}ds

)^1_2 , this implies

ψ(t)^2 ≤ 2a(t)^2 + C2^{2−2γ}t^{2(β−1)}b(t)^2 ∫_t 0 F (s)^2e^{2s}ψ(s)^{2m}ds .

Finally, the application of Lemma 2 with ω(u) = u^m, Ω(v) =^1_{1−m} (v^{1−m} − v^{1−m}_0 ) and Ω^{−1}(z) = [ (1 − m)z + v^{1−m}_0 ] 1_{1−m} yields

ψ(t)^2 ≤ Ω^{−1} [ Ω(2 max_{0≤s≤t} a(s)^2) + C2^{2−2γ} max_{0≤s≤t} s^{2(β−1)}b(s)^2 ∫_t 0 F (s)^2e^{2s}ds ]

≤ 2 max_{0≤s≤t} a(s)^2 [1 − (m − 1)Ξ_1(t)]^{11−m} ,

where Ξ_1(t) is as in the Lemma.

(2) For the second part we use Hölder inequality, i.e. ψ(t) ≤ a(t) + b(t) (∫_t 0 (t − s)^{(β−1)p}s^{(γ−1)p}e^{−ps}ds )^1_p (∫_t 0 F (s)^q e^{qs}ψ(s)^{qm} ds )^1_q . Since from the assumptions (β − 1)p =^{−z(z+2)}_{(z+1)2} > −1 and (γ − 1)p > −1, lemma 3 implies ψ(t) ≤ a(t) + b(t) ( Cp^{(1−γ)p−1}t^{(β−1)p} ) 1_p (∫ t 0 F (s)^q e^{qs}ψ(s)^{qm} ds )^1_q . (7) Applying the inequality (a + b)^r ≤ 2^{r−1}(a^r + b^r), a ≥ 0, b ≥ 0, r > 1 to (7) with r = q we obtain ψ(t)^q ≤ 2^{q−1} { a(t)^q + C^{qp} p^{(1−γ)q−q}t^{(β−1)q}b(t)^q ∫_t 0 F (s)^q e^{qs}ψ(s)^{qm} ds } . □ We next apply lemma 2 as in part (1) to get the conclusion. We are now ready to state our main theorems.

Theorem 5. Let the operator A, the function f, the numbers b and d be as in the introduction and let ‖f(t, u)‖ ≤ t^κη(t) ‖u‖^m_α , m > 1, κ ≥ 0 (8) for all (t, u) ∈ R^+ × X^α, where η : (0, ∞) → R is a continuous, nonnegative function. Then the following assertions hold:

(1) If 0 < α < min

{_1

2 ,^1_m ( κ +^1_2 )} and the function t → ∫_t 0 exp {(2(1 − m)b + 2)s} η(s)^2ds

is bounded on the interval (0, ∞), then any solution u(t) of (1) such that u(0) = u_0 ∈ X^α and

(m − 1)C2^{2(1−γ)+m−1}d^{2m} ‖u_0‖^{2(m−1)} ∫_t 0 exp {(2(1 − m)b + 2)s} η(s)^2ds < 1 , where C is the constant of lemma 3, exists globally in time and is such that lim_{t→∞} ‖u(t)‖_α = 0.

(2) If^1_2 ≤ β < min { 1,^1_m ( κ +^1_p )} , β = 1 − α =^1_{1+z} , z ≥ 1, q = z + 2,^1_p +^1_q = 1 and the function t → ∫_t 0 exp {((1 − m)b + 1)qs} η(s)^q ds is bounded on the interval (0, ∞), then any solution u(t) of (1) such that u(0) = u_0 ∈ X^α and (m − 1)2^{m(q−1)}d^{mq}C^{qp} p^{(1−γ)q− qp} ‖u_0‖^{(m−1)q} ∫_t 0 exp {((1 − m)b + 1)qs} η(s)^q ds { < 1 for (m − 1)q even, ≠ 1 for (m − 1)q odd, exists globally in time and lim_{t→∞} ‖u(t)‖_α = 0.

Proof. (1) It follows from (3), (2) and (8) that (9) ‖u(t)‖_α ≤ dt^{−α}e^{−bt} ‖u_0‖ + d ∫_t 0 (t − s)^{−α}e^{−b(t−s)}s^κη(s) ‖u(s)‖^m_α ds . Multiplying both sides of (9) by e^{bt}t^α we obtain e^{bt}t^α ‖u(t)‖_α ≤ d ‖u_0‖ + dt^α ∫_t 0 (t − s)^{−α}e^{bs}s^κη(s) Let ψ(t) = e^{bt}t^α ‖u(t)‖_α , then ψ(t) ≤ d ‖u_0‖ + dt^α ∫_t 0 (t − s)^{−α}e^{b(1−m)s}s^{κ−mα}η(s)ψ(s)^m ds . It is clear from the assumptions that if β − 1 = −α and κ − mα = γ − 1 then β >^1_2 and γ >^1_2 . Hence we may apply part (1) of lemma 4 with a(t) = d ‖u_0‖, b(t) = dt^α and F (t) = e^{b(1−m)t}η(t) we obtain ψ(t) ≤ Φ(t) i.e.

‖u(t)‖_α ≤ t^{−α}e^{−bt}Φ(t) = t^{−α}e^{−bt}A^{12}_1 [1 − (m − 1)Ξ_1(t)]^{12(1−m)} , where A_1 = 2(d ‖u_0‖)^2, B_1 = 2^{2−2γ}C max_{0≤s≤t} s^{2(β−1)}b(s)^2 = 2^{2−2γ}Cd^2 and Ξ_1(t) = A^{m−1}_1 B_1 ∫_t 0 F (s)^2e^{2s}ds. As Φ(t) is bounded on the interval (0, ∞) the conclusion follows.

(2) This part is proved similarly using part (2) of lemma 4. □ Remark. Our method is also based on a generalization of Gronwall inequality, namely the nonlinear version stated in lemma 2 and the nonlinear singular version in lemma 4. Note however the important role played by lemma 3. It can be considered as a trick which gets rid of the terms t^{2qα} and t^{rqα} in the assumptions of theorem 1 in [11].

If the constants m and κ are such that^1_m ( κ +^1_2 ) <^1_2 and/or^1_m ( κ +^1_p ) < 1, then the cases^1_m ( κ +^1_2 ) ≤ α <^1_2 and /or^1_m ( κ +^1_p ) ≤ α < 1 are not covered by the preceding theorem. We next treat these cases. In fact the next theorem represents a stability (not exponentially, however) result for all 0 < α < 1. Let us first give a lemma (see [8]) which we shall need in the proof of the theorem.

Lemma 6. If 0 ≤ α < 1 and τ, μ, σ > 0, then ∫_t 0 q(t − τ )^{−α}e^{−τ(t−s)}(σs + 1)^{−μ}ds ≤ C(α, τ, μ, σ)(σt + 1)^{−μ} where C(α, τ, μ, σ) is a constant and q(t) = min{1, t}.

Theorem 7. Assume that the hypothesis of theorem 5 hold and let u(t) be a solution of (1) with u(0) = u_0 ∈ X^α. Then the following assertions hold:

(1) Let 0 < α <^1_2 and the function t −→ (t + 1)^{2(α+εκ)} ∫_t 0 s^{2(1−ε)κ−2αm}η(s)^2ds (10)

be bounded on (0, ∞) for some 0 < ε < 1. If

(m − 1)(2d^2)^mC ‖u_0‖^{2(m−1)} (t + 1)^{2(α+εκ)} ∫_t 0 s^{2(1−ε)κ−2αm}η(s)^2ds < 1 , (11)

where C is the constant of lemma 6, then u(t) exists on the interval (0, ∞) and lim_{t→∞} ‖u(t)‖_α = 0.

(2) Let^1_2 ≤ α < 1, α =^z_{z+1} , z ≥ 1, q = z + 2 and the function t −→ (t + 1)^{q(α+εκ)} ∫_t 0 s^{q(1−ε)κ−2αm}η(s)^q ds is bounded on (0, ∞) for some 0 < ε < 1. If

(m − 1)2^{m(q−1)}d^{mq} C^{qp} ‖u_0‖^{(m−1)q} (t + 1)^{(α+εκ)q} ∫_t 0 s^{[(1−ε)κ−αm]}η(s)^q ds { < 1 for (m − 1)q even, ≠ 1 for (m − 1)q odd, then u(t) exists on the interval (0, ∞) and lim_{t→∞} ‖u(t)‖_α = 0.

Proof. (1) It is clear that for 0 < ε < 1 (12) ‖u(t)‖_α ≤ dt^{−α}e^{−bt} ‖u_0‖ + d ∫_t 0 (t − s)^{−α}e^{−b(t−s)}(s + 1)^{εκ}s^{(1−ε)κ}η(s) ‖u(s)‖^m_α ds .

Multiplying both sides of (12) by t^α(t + 1)^δ for some δ > 0 (to be chosen later) and denoting by ψ(t) the expression t^α(t + 1)^δ ‖u(t)‖_α, we obtain ψ(t) ≤ d(t + 1)^δe^{−bt} ‖u_0‖ + dt^α(t + 1)^δ ∫_t 0 (t − s)^{−α}e^{−b(t−s)}(s + 1)^{εκ−δm}s^{(1−ε)κ−αm}η(s)ψ(s)^m ds , and by Schwarz inequality

ψ(t) ≤ d(t + 1)^δ ‖u_0‖

+dt^α(t + 1)^δ (∫_t 0 (t − s)^{−2α}e^{−2b(t−s)}(s + 1)^{2(εκ−δm)}ds )^1_2 (∫_t 0 s^{2[(1−ε)κ−αm]}η(s)^2ψ(s)^{2m}ds ) 1_2 . For a fixed ε > 0 satisfying the hypothesis (10) and (11), if δ is chosen so that εκ − δm < 0 then we may apply lemma 6 obtaining

ψ(t) ≤ d(t + 1)^δ ‖u_0‖ + dt^α(t + 1)^δ ( C(t + 1)^{2(εκ−δm)} ) 1_2 (∫_t 0 s^{2[(1−ε)κ−αm]}η(s)^2ψ(s)^{2m}ds )^1_2 . Hence

ψ(t)^2 ≤ 2d^2(t + 1)^{2δ} ‖u_0‖^2 + 2d^2Ct^{2α}(t + 1)^{2δ}(t + 1)^{2(εκ−δm)} (∫_t 0 s^{2[(1−ε)κ−αm]}η(s)^2ψ(s)^{2m}ds )^1_2 . Let us choose δ such that α + δ + εκ − δm = 0 i.e δ =^{α+εκ}_{m−1} . Observe then that the previous condition εκ − δm < 0 is satisfied. Next, applying lemma 4 we get ψ(t) ≤ √ 2d(t + 1)^δ ‖u_0‖ {1 − (m − 1)Ξ_1(t)}^{12(m−1)} , with

Ξ_1(t) = (2d^2)^mC ‖u_0‖^{2(m−1)} (t + 1)^{2(α+εκ)} ∫_t 0 s^{2(1−ε)κ−2αm}η(s)^2ds . We deduce the estimate ‖u(t)‖_α ≤ √ 2d‖u_0‖ t^α M, where M is a bound for the expres-

sion {1 − (m − 1)Ξ_1(t)}^{12(m−1)} .

(2) This part follows similarly using Hölder inequality as in theorem 5 and lemma 4. □

3. A Semilinear Functional Differential Equation Let A, X, X^α be as in the introduction and r a positive real number. We denote by C the Banach space C([−r, 0]; X) of all continuous functions from [−r, 0] into X. If z is a continuous function defined on [−r, b], then for any t ∈ [0, b], z_t will denote the function in C defined by z_t(θ) = z(t + θ) for θ ∈ [−r, 0].

We consider the (nonautonomous) semilinear partial functional differential prob- lem {_{du} dt + Au = f(t, u_t), t > 0 u_0 = ϕ ∈ C .

(13)

This problem has been investigated by many authors. Local existence, global existence, asymptotic behavior and regularity results may be found, for instance, in Travis and Webb [16,17], Fitzgibbon [3], Rankin [14], and Redlinger [15].

If C_α = C([−r, 0]; X^α) and ‖ψ‖_{Cα} = sup_{−r≤θ≤0} ‖ψ(θ)‖_α, then clearly (C_α, ‖.‖_{Cα} ) is a Banach space. The integral version of (13) is the following integral problem u(t) = e^{−At}ϕ(0) + ∫_t 0 e^{−A(t−s)}f(s, u_s)ds, t > 0 u_0 = ϕ ∈ C_α where f(., .) ∈ C([0, ∞) × C_α; X). Similar results to those in section 2 hold for this problem under the same hypothesis on the nonlinearity ‖f(t, v)‖ ≤ t^κη(t) ‖v‖^m_α , for t ≥ 0, v ∈ C_α, m > 1, κ ≥ 0 . Indeed, it suffices to note that for any solution u in C([−r, T ]; X^α), T > 0

‖u(t + θ)‖_α ≤ d(t + θ)^{−α}e^{−b(t+θ)} ‖ϕ(0)‖ +d ∫_{t+θ} 0 (t + θ − s)^{−α}e^{−b(t+θ−s)} ‖f(s, u_s)‖ ds ,

(14)

for t + θ ≥ 0, −r ≤ θ ≤ 0, t ≤ T. Multiplying both sides of (14) by (t + θ)^αe^{b(t+θ)} we obtain for t + θ ≥ 0 (t + θ)^αe^{b(t+θ)} ‖u(t + θ)‖_α ≤ d ‖ϕ(0)‖ + d(t + θ)^α ∫_{t+θ} 0 (t + θ − s)^{−α}e^{bs}s^κη(s) ‖u_s‖^m_{Cα} ds or (t + θ)^αe^{b(t+θ)} ‖u(t + θ)‖_α ≤ d ‖ϕ(0)‖ + d(t + θ)^α ∫_{t+θ} 0 (t + θ − s)^{−α}e^{−b(m−1)s}s^{κ−mα}s^{mα}e^{bms}η(s) ‖u_s‖^m_{Cα} ds . For the analogue to part (1) of theorem 5 for instance we use first Schwarz inequality (t + θ)^αe^{b(t+θ)} ‖u(t + θ)‖_α ≤ d ‖ϕ(0)‖ + d(t + θ)^α (∫_{t+θ} 0 (t + θ − s)^{−2α}e^{−2b(m−1)s}s^{2(κ−mα)}ds ) 1_2

(∫_t 0 s^{2mα}e^{2bms}η^2(s) ‖u_s‖^{2m}_{Cα} ds )^1_2 .

Lemma 3 now implies

(15) (t + θ)^αe^{b(t+θ)} ‖u(t + θ)‖_α ≤ d ‖ϕ(0)‖ + d ( C[2b(m − 1)]^{2(mα−κ)−1} ) 1_2 (∫ t 0 s^{2mα}e^{2bms}η^2(s) ‖u_s‖^{2m}_{Cα} ds )^1_2 . At this stage we pass to the sup over −r ≤ θ ≤ 0 in the left-hand side of (15), this yields ψ(t) ≤ d ‖ϕ(0)‖ + d ( C[2b(m − 1)]^{2(mα−κ)−1} ) 1_2 (∫ t 0 η^2(s)ψ(s)^{2m} ds

)^1_2 . The rest is exactly as in the proof of theorem 5.

4. A Semilinear Integrodifferential Equation

In this section we shall consider the semilinear integrodifferential problem {_{du} dt = ∫_t 0 a(t − s)Au(s)ds + f(t, u), t > 0 u(0) = u_0 ∈ X ,

(16)

where X is a Banach space with norm ‖.‖ . The autonomous case f(t, u) = f(u) was studied by Hattori and Lightbourne in [6]. A global result was established for small and smooth initial data and a nonlinearity satisfying ‖f(u)‖ ≤ C ‖u‖^m_α , m > 1 . The problem du dt = ∫_t 0 a(t − s)Au(s)ds, t > 0 u(0) = u_0

(17)

has been investigated by DaPrato and Iannelli [2] (see also references in [2]). In the case a(t) =^1_{Γ(α)} t^{−η} , η ∈ (0, 1) and A = −△, where △ is the Laplacian on Ω ⊂ R, problem (17) corresponds to the fractional evolution problem { D^β u(x, t) = △u(x, t), x ∈ Ω , t > 0, u(x, 0) = u_0(x), x ∈ Ω ,

(18)

where β = 2 − η, 1 < β < 2. D^β is the inverse of the Riemann-Liouville integral of order β

I^β g(t) = 1 Γ(β) ∫_t 0 (t − s)^{β−1}g(s)ds . Problem (18) is an interpolation of the heat equation and the wave equation.

For the unbounded domain Ω = R, Fujita [5] proved an existence and uniqueness result and gave an explicit representation of the solution by means of a probability density. The authors in [9] proved a stability and blow up result for the same specific linear problem with Ω = R and a forcing term f(x, t).

We claim that the method developped in section 2 apply to problem (16). To see this it is enough to recall a result from [6]:

Let A : D(A) ⊂ X → X be a closed linear operator, densely defined on X such that (a) the resolvent set of A satisfies ρ(A) ⊃ {λ ∈ C : |arg λ| < ϕ} ⋃ V where^π_2 < ϕ < π and V is a neighborhood of zero, (b) there exists M > 0 such that, for λ ∈ ρ(A), the resolvent of A, R(λ; A) = (λI − A)^{−1}, satisfies ‖R(λ; A)‖ ≤ M/(1 + |λ|) and the kernel a(t) is such that (c) there exists ϕ̃ ∈ (^π_2 , π) for which â(λ), the Laplace transform of a, is analytic and bounded in ∑ (ϕ̃), â(λ) ≠ 0 for λ ∈ ∑ (ϕ̃) and λ(â(λ))^{−1} ∈ ρ(A) for λ ∈ ∑ (ϕ̃), where ∑ (ϕ̃) = {λ ∈ C : |arg λ| < ϕ̃}. Then, if |â(λ)| ≤ L |λ|^r , for λ ∈ ∑ (ϕ̃), there exist positive constants M and δ such that ‖(−A)^αT (t)‖ ≤ M t^{−α(1+r)}e^{−δt}, t > 0 (19)

with

T (t) = ∫ γ(η,ε) e^{λt}(λ − â(λ)A)^{−1}dλ where η ∈ (^π_2 , ϕ̃), ε > 0 and γ(η, ε) = {λ = ρe^{±iη} , ρ ≥ ε} ⋃ {λ = εe^{iτ} : τ ∈ (−η, η)}. The problem is then approached, using the estimate (19), via the variation of parameters equation

u(t) = T (t)u_0 + ∫_t 0 T (t − s)f(s, u(s))ds .

References

[1] G. Butler and T. Rogers, A generalization of a lemma of Bihari and applications to pointwise estimates for integral equations, J. Math. Anal. and Appl. 33 No 1 (1971), 77–81.

[2] G. DaPrato and M. Iannelli, Regularity of solutions of a class of linear integrodifferential equations in Banach spaces, J. Integral Equations Appl. 8 (1985), 27–40.

[3] W. E. Fitzgibbon, Semilinear functional differential equations in Banach space, J. Diff. Eq.

29 (1978), 1–14.

[4] A. Friedman, Partial Differential Equations, Holt, Rinehart and Winston, New York, 1969. [5] Y. Fujita, Integrodifferential equation which interpolates the heat equation and the wave equation, Osaka J. Math. 27 (1990), 309–321.

[6] H. Hattori and J. H. Lightbourne, Global existence and blow up for a semilinear integral equation, J. Integral Equations Appl. V2, No4 (1990), 529–546.

[7] D. Henry, Geometric theory of semilinear parabolic equations, Springer-Verlag, Berlin, Heidelberg, New York, 1981.

[8] H. Hoshino, On the convergence properties of global solutions for some reaction-diffusion systems under Neumann boundary conditions, Diff. and Int. Eq. V9 No4 (1996), 761–778.

[9] M. Kirane and N. Tatar, Asymptotic stability and blow up for a fractional evolution equation, submitted.

[10] M. Medved’, A new approach to an analysis of Henry type integral inequalities and their Bihari type versions, J. Math. Anal. and Appl. 214 (1997), 349–366.

[11] M. Medved’, Singular integral inequalities and stability of semilinear parabolic equations, Archivum Mathematicum (Brno) Tomus 24 (1998), 183–190.

[12] M. W. Michalski, Derivatives of noninteger order and their applications, ”Dissertationes Mathematicae”, Polska Akademia Nauk, Instytut Matematyczny, Warszawa 1993.

[13] M. Miklavčič, Stability for semilinear equations with noninvertible linear operator, Pacific J. Math. 1, 118 (1985), 199–214.

[14] [14] S. M. Rankin, Existence and asymptotic behavior of a functional differential equation in a Banach space, J. Math. Anal. Appl. 88 (1982), 531–542.

[15] R. Redlinger, On the asymptotic behavior of a semilinear functional differential equation in Banach space, J. Math. Anal. Appl. 112 (1985), 371–377.

[16] C. Travis and G. Webb, Existence and stability for partial functional differential equations, Trans. Amer. Math. Soc. 200 (1974), 395–418.

[17] C. Travis and G. Webb, Existence, stability and compacteness in the α-norm for partial functional differential equations, Trans. Amer. Math. Soc. 240 (1978), 129–143.

Mokhtar KIRANE Université de Picardie Jules Vernes, Faculté de Mathématiques et d’Informatique 33, rue Saint Leu, 80039 Amiens Cedex 1, FRANCE E-mail: Mokhtar.Kirane@u-picardie.fr

Nasser-Eddine TATAR Institut de Mathématiques, Université Badji Mokhtar B.P.12, El-Hadjar, 23000 Annaba, ALGÉRIE