ARCHIVUM MATHEMATICUM (BRNO) Tomus 39 (2003), 123 – 127

ON THE CONVERGENCE OF THE ISHIKAWA ITERATES TO A COMMON FIXED POINT OF TWO MAPPINGS

LJ. B. ĆIRIĆ, J. S. UME^∗ AND M. S. KHAN

Abstract. Let C be a convex subset of a complete convex metric space X, and S and T be two selfmappings on C. In this paper it is shown that if the sequence of Ishikawa iterations associated with S and T converges, then its limit point is the common fixed point of S and T . This result extends and generalizes the corresponding results of Naimpally and Singh [6], Rhoades [7] and Hicks and Kubicek [3].

In recent years several authors ([3], [7], [9], [11], [12]) have studied the convergence of the sequence of the Mann iterates [5] of a mapping T to a fixed point of T , under various contractive conditions.

The Ishikawa iteration scheme [4] was first used to establish the strong convergence for a pseudo contractive selfmapping of a convex compact subset of a Hilbert space. Very soon both iterative processes were used to establish the strong convergence of the respective iterates for some contractive type mappings in Hilbert spaces and then in more general normed linear spaces.

Recently, Naimpally and Singh [6] have studied the mappings which satisfy the contractive definition introduced in [2]. They proved the following:

Theorem 1 [6]. Let X be a normed linear space and C be a nonempty closed convex subset of X. Let T : C → C be a selfmapping satisfying

(A) ‖T x − T y‖ ≤ h max {‖x − y‖ , ‖x − T x‖ , ‖y − T y‖ , ‖x − T y‖ + ‖y − T x‖}

for all x, y in C, where 0 ≤ h < 1 and let {x_n} be the sequence of the Ishikawascheme associated with T , that is, x_0 ∈ C,

y_n = (1 − β_n)x_n + β_nT x_n , n ≥ 0 , x_{n+1} = (1 − α_n)x_n + α_nT y_n , n ≥ 0 ,

2000 Mathematics Subject Classification: 47H10, 54H25.

Key words and phrases: Ishikawa iterates, comon fixed point, convex metric space. ∗The second author was supported by Korea Research Foundation Grant (KRF-2001-015- DP0025).

Received April 3, 2001.

where 0 ≤ α_n, β_n ≤ 1. If {α_n} is bounded away from zero and if {x_n} converges to p, then p is a fixed point of T .

The purpose of this paper is to generalize the result of Naimpally and Singh to a pair of mappings S and T , defined on a convex metric space, which satisfy the following condition:

(B) d(Sx, T y) ≤ h [d(x, y) + d(x, T y) + d(y, Sx)] ,

where 0 < h < 1.

It is clear that the condition (B) is very general, since by the triangle inequality, condition (B) is always satisfied with h = 1.

We need the following definition.

Definition 1 [13]. Let X be a metric space and I = [0, 1] the closed unit interval. A continuous mapping W : X × X × I → X is said to be a convex structure on X if for all x, y in X, λ in I, d[u, W (x, y, λ)] ≤ λd(u, x) + (1 − λ)d(u, y) for all u in X. A space X together with a convex structure is called a convex metric space.

Clearly a Banach space, or any convex subset of it, is a convex metric space with W (x, y, λ) = λx + (1 − λ)y. More generally, if X is a linear space with a translation invariant metric satisfying d(λx+(1−λ)y, 0) ≤ λd(x, 0)+(1−λ)d(y, 0), then X is a convex metric space. There are many other examples but we consider these as paradigmatic.

Now we are in a position to state our main result.

Theorem 2. Let C be a nonempty closed convex subset of a convex metric space X and let S, T : X → X be selfmappings satisfying (B) for all x, y in C. Suppose that {x_n} is Ishikawa type iterative scheme associated with S and T , defined by

x_0 ∈ C , (1) y_n = W (Sx_n, x_n, β_n) , n ≥ 0 (2) x_{n+1} = W (T y_n, x_n, z_n) , n ≥ 0 (3) where {α_n} and {β_n} satisfy 0 ≤ α_n, β_n ≤ 1 and {α_n} is bounded away from zero. If {x_n} converges to some point p ∈ C, then p is the common fixed point of S and T . Proof. It is clear that

d(x, y) ≤ d [x, W (x, y, λ)] + d [W (x, y, λ), y] ≤ (1 − λ)d(x, y) + λd(x, y) = d(x, y)

implies the following:

d [x, W (x, y, λ)] = (1 − λ)d(x, y) ; d [y, W (x, y, λ)] = λd(x, y) .

From (3) it follows that d(x_n, x_{n+1}) = d [x_n, W (T y_n, x_n, α_n)] = α_nd(x_n, T y_n) .

Since x_n → p, d(x_n, x_{n+1}) → 0. Since {α_n} is bounded away from zero, it follows that (4) lim_{n→∞} d(x_n, T y_n) = 0 . Using (B) we get:

d(Sx_n, T y_n) ≤ h [d(x_n, y_n) + d(x_n, T y_n) + d(y_n, Sx_n)] . From (2) and (3) we have d(x_n, y_n) = d [x_n, W (Sx_n, x_n, β_n)] = β_nd(x_n, Sx_n) , d(Sx_n, y_n) = d [Sx_n, W (Sx_n, x_n, β_n)] = (1 − β_n)d(x_n, Sx_n) .

Thus we have d(Sx_n, T y_n) ≤ h [d(x_n, Sx_n) + d(x_n, T y_n)] .

Since d(x_n, Sx_n) ≤ d(Sx_n, T y_n) + d(x_n, T y_n), we get d(Sx_n, T y_n) ≤ h [d(Sx_n, T y_n) + 2d(x_n, T y_n)] .

Hence d(Sx_n, T y_n) ≤ 2h 1 − h d(x_n, T y_n) .

Taking the limit as n → ∞ we obtain, by (4), lim_{n→∞} d(Sx_n, T y_n) = 0 .

Since T y_n → p, it follows that Sx_n → p. Since d(x_n, y_n) = β_nd(x_n, Sx_n), it follows also that y_n → p.

From (B) again, we have d(Sx_n, T p) ≤ h [d(x_n, p) + d(x_n, T p) + d(p, Sx_n)] .

Taking the limit as n → ∞, we obtain d(p, T p) ≤ hd(p, T p) .

Since h < 1, d(p, T p) = 0. Hence T p = p. Similarly, from (B), d(Sp, T x_n) ≤ h [d(p, x_n) + d(p, T x_n) + d(x_n, Sp)] .

Taking the limit as n → ∞ we get d(Sp, p) ≤ hd(p, Sp) .

Hence Sp = p. Therefore, Sp = T p = p and the proof is complete. □

Corollary. Let X be a normed linear space and C be a closed convex subset of X. Let S, T : C → C be two mappings satisfying (B) and {x_n} be the sequence of Ishikawa-scheme associated with S and T ; for x_0 ∈ C,

y_n = (1 − β_n)x_n + β_nT x_n , n ≥ 0 , x_{n+1} = (1 − α_n)x_n + α_nT y_n , n ≥ 0 ,

If {α_n} is bounded away from zero and {x_n} converges to p, then p is a common fixed point of S and T .

Remark. Corollary with S = T is a generalization of Theorem 1 of Naimpally and Singh [6]. Therefore, Theorem 9 of Rhoades [9] is also a special case of Corollary, where (B) is replaced with the following condition, introduced in [1],

(B’) d(T x, T y) ≤ h max {d(x, y), d(x, T x), d(y, T y), d(x, T y), d(y, T x)} ,

where 0 < h < 1.

References

[1] Ćirić, Lj. B., A generalization of Banach’s contraction principle, Proc. Amer. Math. Soc. 45 (1974), 267–273.

[2] Ćirić, Lj. B., Quasi-contractions in Banach spaces, Publ. Inst. Math. 21 (1977), 41–48. [3] Hichs, L. and Kubicek, J. D., On the Mann iteration process in Hilbert spaces, J. Math. Anal.

Appl. 59 (1977), 498–504.

[4] Ishikawa, S., Fixed points by a new iteration method, Proc. Amer. Math. Soc. 44 (1974), 147–150.

[5] Mann, W. R., Mean value methods in iteration,, Proc. Amer. Math. Soc. 4 (1953), 506–510. [6] Naimpally, S. A. and Singh, K. L., Extensions of some fixed point theorems of Rhoades, J.

Math. Anal. Appl. 96 (1983), 437–446.

[7] Rhoades, B. E., Fixed point iterations using infinite matrices, Trans. Amer. Math. Soc. 196 (1974), 161–176.

[8] Rhoades, B. E., A comparison of various definitions of contractive mappings, Trans. Amer.

Math. Soc. 226 (1977), 257–290.

[9] Rhoades, B. E., Extension of some fixed point theorems of Ćirić, Maiti and Pal, Math. Sem.

Notes Kobe Univ. 6 (1978), 41–46.

[10] Rhoades, B. E., Comments on two fixed point iteration methods, J. Math. Anal. Appl. 56 (1976), 741–750.

[11] Singh, K. L., Fixed point iteration using infinite matrices, In ”Applied Nonlinear Analysis” (V. Lakshmikantham, Ed.), pp.689–703, Academic Press, New York, 1979.

[12] Singh, K. L., Generalized contractions and the sequence of iterates, In ”Nonlinear Equations in Abstract Spaces” (V. Lakshmikantham, Ed.), pp. 439–462, Academic Press, New York, 1978.

[13] Takahashi, W., A convexity in metric spaces and nonexpansive mappings, Kodai Math. Sem.

Rep. 22 (1970), 142–149.

Ljubomir Ćirić Faculty of Mechanical Engineering Belgrade, Yugoslavia E-mail: edule@alfa.mas.bg.ac.yu

Jeong Sheok Ume Department of Applied Mathematics Changwon National University Changwon 641-773, Korea E-mail: jsume@sharim.changwon.ac.kr

Mohammad Saeed Khan Department of Mathematics SQ University Al-Khod, Muskat E-mail: mohammad@squ.edu.om