ARCHIVUM MATHEMATICUM (BRNO) Tomus 39 (2003), 129 – 139

ON FIRST ORDER IMPULSIVE SEMILINEAR FUNCTIONAL DIFFERENTIAL INCLUSIONS

M. BENCHOHRA, J. HENDERSON AND S. K. NTOUYAS

Abstract. In this paper the Leray-Schauder nonlinear alternative for multivalued maps combined with the semigroup theory is used to investigate the existence of mild solutions for first order impulsive semilinear functional differential inclusions in Banach spaces.

1. Introduction

This paper is concerned with the existence of mild solutions for the impulsive semilinear functional differential inclusion of the form:

y^′ − Ay ∈ F (t, y_t) , t ∈ J = [0, b] , t ≠ t_k , k = 1, . . . , m,

(1.1)

y(t^+_k ) = I_k(y(t^−_k )) , k = 1, . . . , m,

(1.2)

y_0 = ϕ ,

(1.3)

where F : J × D → 2^E is a closed, bounded and convex valued multivalued map D = {ψ : [−r, 0] → E | ψ is continuous everywhere except for a finite number of points s at which ψ(s^−) and ψ(s^+) exist and ψ(s^−) = ψ(s)}, ϕ ∈ C([−r, 0], E), A is the infinitesimal generator of a strongly continuous semigroup T (t), t ≥ 0 and E a real Banach space with the norm | · |, 0 = t_0 < t_1 < . . . < t_m < t_{m+1} = b, I_k ∈ C(E, E) (k = 1, 2, . . . , m), y(t^−_k ) and y(t^+_k ) represent the left and right limits of y(t) at t = t_k, respectively.

For any continuous function y defined on the interval [−r, b] − {t_1, . . . , t_m} and any t ∈ J, we denote by y_t the element of C([−r, 0], E) defined by

y_t(θ) = y(t + θ) , θ ∈ [−r, 0] .

Here y_t(.) represents the history of the state from time t − r, up to the present time t.

2000 Mathematics Subject Classification: 34A37, 34A60, 34G20, 35R10. Key words and phrases: initial value problem, impulsive functional differential inclusions, convex multivalued map, fixed point, mild solution.

Received April 19, 2001.

Impulsive differential equations have become more important in recent years in some mathematical models of real world phenomena, especially in the biological or medical domain (see the monographs of Lakshmikantham et al. [10], and Samoilenko and Perestyuk [16], and the papers of Agur et al. [1], Erbe et al. [6], Goldbeter et al. [7], Kirane and Rogovchenko [9], Liu et al. [12] and Liu and Zhang [13]).

This paper will be divided into three sections. In Section 2 we will recall briefly some basic definitions and preliminary facts from multivalued analysis which will be used throughout Section 3. In Section 3 we establish an existence theorem for (1.1)-(1.3). Our approach is based on the nonlinear alternative of Leray-Schauder type for multivalued maps combined with the semigroup theory [15].

In our results we do not assume any type of monotonicity condition on I_k, k = 1, . . . , m which is usually the situation in the literature, see for instance, [6], [9] and [12].

2. Preliminaries

We will briefly recall some basic definitions and facts from multivalued analysis that we will use in the sequel. Let the Banach space E. B(E) denotes the Banach space of bounded linear operators from E into E.

A measurable function y : J → E is Bochner integrable if and only if |y| is Lebesgue integrable. For properties of the Bochner integral, we refer to Yosida [17].

L^1(J, E) denotes the Banach space of functions y : J → E which are Bochner integrable normed by

‖y‖_L1 =

∫_b 0 |y(t)| dt for all y ∈ L^1(J, E) .

Let (X, ‖ · ‖) be a Banach space. A multivalued map G : X → 2^X is convex (closed) valued if G(x) is convex (closed) for all x ∈ X. G is bounded on bounded sets if G(B) = ∪_{x∈B} G(x) is bounded in X for any bounded set B of X (i.e. sup_{x∈B}{sup{‖y‖ : y ∈ G(x)}} < ∞).

G is called upper semicontinuous (u.s.c.) on X if for each x_∗ ∈ X the set G(x_∗) is a nonempty, closed subset of X, and if for each open set B of X containing G(x_∗), there exists an open neighbourhood V of x_∗ such that G(V ) ⊆ B.

G is said to be completely continuous if G(B) is relatively compact for every bounded subset B ⊆ X.

If the multivalued map G is completely continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed graph (i.e. x_n → x_∗, y_n → y_∗, y_n ∈ G(x_n) imply y_∗ ∈ G(x_∗). G has a fixed point if there is x ∈ X such that x ∈ G(x).

In the following BCC(X) denotes the set of all nonempty bounded, closed and convex subsets of X.

A multivalued map G : J → BCC(E) is said to be measurable if for each x ∈ E the function Y : J → R defined by

Y (t) = d(x, G(t)) = inf{|x − z| : z ∈ G(t)}

is measurable. For more details on multivalued maps see the books of Deimling [4] and Hu and Papageorgiou [8].

Definition 2.1. A multivalued map F : J×D → 2^E is said to be L^1-Carathéodory if (i) t → F (t, u) is measurable for each u ∈ D;

(ii) u → F (t, u) is upper semicontinuous for almost all t ∈ J; (iii) For each ρ > 0, there exists ϕ_ρ ∈ L^1(J, R_+) such that ‖F (t, u)‖ = sup{|v| :

v ∈ F (t, u)} ≤ ϕ_ρ(t) for all ‖u‖ ≤ ρ and for almost all t ∈ J. In order to define the mild solution of (1.1)-(1.3) we shall consider the following space

Ω = {y : [−r, b] → E : y_k ∈ C(J_k, E), k = 0, . . . , m and there exist y(t^−_k ) and y(t^+_k ), k = 1, . . . , m with y(t^−_k ) = y(t_k) with y(t) = ϕ(t), ∀t ∈ [−r, 0]}

which is a Banach space with the norm

‖y‖_Ω = max{‖y_k‖_∞, k = 0, . . . , m} ,

where y_k is the restriction of y to J_k = [t_k, t_{k+1}], k = 0, . . . , m.

So let us start by defining what we mean by a mild solution of problem (1.1)- (1.3).

Definition 2.2. A function y ∈ Ω is said to be a mild solution of (1.1)-(1.3) (see [15]) if there exists a function v ∈ L^1(J, E) such that v(t) ∈ F (t, y_t) a.e. on J_k, and

y(t) = ϕ(t), t ∈ [−r, 0] T (t)ϕ(0) +

∫_t 0 T (t − s)v(s) ds, t ∈ [0, t_1],

I_k(y(t^−_k )) +

∫_t

t_k

T (t − s)v(s) ds, t ∈ J_k, k = 1, . . . , m.

For the multivalued map F and for each y ∈ C([−r, b], E) we define S^1_{F,y} by

S^1_{F,y} = {v ∈ L^1(J, E) : v(t) ∈ F (t, y_t) for a.e. t ∈ J} .

Our main result is based on the following:

Lemma 2.3 [11]. Let I be a compact real interval and X be a Banach space. Let F : I × X → BCC(X); (t, y) → F (t, y) measurable with respect to t for any y ∈ X and u.s.c. with respect to y for almost each t ∈ I and S^1_{F,y} ≠ ∅ for any y ∈ C(I, X) and let Γ be a linear continuous mapping from L^1(I, X) to C(I, X). Then the operator

Γ ∘ S^1_F : C(I, X) → BCC(C(I, X)), y → (Γ ∘ S^1_F )(y) := Γ(S^1_{F,y}) is a closed graph operator in C(I, X) × C(I, X).

Lemma 2.4 (Nonlinear Alternative [5]). Let X be a Banach space with C ⊂ X convex. Assume U is a relatively open subset of C with 0 ∈ U and G : U → 2^C is a compact multivalued map, u.s.c. with convex closed values. Then either, (i) G has a fixed point in U; or (ii) there is a point u ∈ ∂U and λ ∈ (0, 1) with u ∈ λG(u).

Remark 2.5. By U and ∂U we denote the closure of U and the boundary of U respectively.

3. Main Result We are now in a position to state and prove our existence result for the IVP (1.1)-(1.3).

Theorem 3.1. Let t_0 = 0, t_{m+1} = b. Suppose:

(H1) A is the infinitesimal generator of a linear bounded compact semigroup T (t), t ≥ 0 and there exists M ≥ 1 such that |T (t)|_{B(E)} ≤ M;

(H2) F : J × D → BCC(E) is an L^1-Carathéodory multivalued map and for each fixed y ∈ C([−r, b], E) the set

S^1_{F,y} = { v ∈ L^1(J, E) : v(t) ∈ F (t, y_t) for a.e. t ∈ J } is nonempty;

(H3) there exists a continuous nondecreasing function ψ : [0, ∞) → (0, ∞) and p ∈ L^1(J, R_+) such that

‖F (t, u)‖ := sup{|v| : v ∈ F (t, u)} ≤ p(t)ψ(‖u‖) for a.e. t ∈ J and each u ∈ D with

∫_{tk}

t_{k−1}

p(s) ds <

∫_∞

N_{k−1} dτ ψ(τ)

, k = 1, . . . , m + 1 ,

where N_0 = M‖ϕ‖, and for k = 2, . . . , m + 1,

N_{k−1} = sup

y∈[−M_{k−2},M_{k−2}]

|I_{k−1}(y)| , M_{k−2} = Γ^{−1}_{k−1} ( M ∫_{tk−1}

t_{k−2}

p(s) ds )

with

Γ_l(z) =

∫_z

N_{l−1} dτ ψ(τ)

, z ≥ N_{l−1} , l ∈ {1, . . . , m + 1} .

Then the problem (1.1)-(1.3) has at least one mild solution y ∈ Ω. Remark 3.2. (i) If dimE < ∞, then for each y ∈ C([−r, b], E), S^1_{F,y} ≠ ∅ (see Lasota and Opial [11]).

(ii) If dimE = ∞ and y ∈ C([−r, b], E) the set S^1_{F,y} is nonempty if and only if the function Y : J → R defined by Y (t) := inf{|v| : v ∈ F (t, y_t)} belongs to L^1(J, R) (see Hu and Papageorgiou [8]). Proof. The proof is given in several steps.

Step 1. Consider the problem (1.1)-(1.3) on [−r, t_1]

y^′ − Ay ∈ F (t, y_t) , a.e. t ∈ J_0 ,

(3.1) y_0 = ϕ .

(3.2) We shall show that the possible mild solutions of (3.1)-(3.2) are a priori bounded, that is, there exists a constant b_0 such that, if y ∈ Ω is a mild solution of (3.1)-(3.2), then sup{|y(t)| : t ∈ [−r, 0] ∪ J_0} ≤ b_0 .

Let y be a (possible) mild solution to (3.1)-(3.2). Then for each t ∈ [0, t_1]

y(t) − T (t)ϕ(0) ∈

∫_t 0 T (t − s)F (s, y_s) ds .

From (H3) we get

|y(t)| ≤ M‖ϕ‖ + M

∫_t 0 p(s)ψ(‖y_s‖) ds , t ∈ [0, t_1] .

We consider the function μ_0 defined by μ_0(t) = sup{|y(s)| : −r ≤ s ≤ t} , 0 ≤ t ≤ t_1 .

Let t^∗ ∈ [−r, t] be such that μ_0(t) = |y(t^∗)|. If t^∗ ∈ [0, t_1], by the previous inequality we have for t ∈ [0, t_1]

μ_0(t) ≤ M‖ϕ‖ + M

∫_t 0 p(s)ψ(μ_0(s)) ds .

If t^∗ ∈ [−r, 0] then μ_0(t) = ‖ϕ‖ and the previous inequality holds since M ≥ 1.

Let us take the right-hand side of the above inequality as v_0(t), then we have v_0(0) = M‖ϕ‖ = N_0 , μ_0(t) ≤ v_0(t) , t ∈ [0, t_1] and v^′_0(t) = Mp(t)ψ(μ_0(t)) , t ∈ [0, t_1] .

Using the nondecreasing character of ψ we get v^′_0(t) ≤ Mp(t)ψ(v_0(t)) , t ∈ [0, t_1] .

This implies for each t ∈ [0, t_1] that ∫_{v0(t)}

N_0 dτ ψ(τ) ≤ M ∫_{t1} 0 p(s) ds .

In view of (H3), we obtain

|v_0(t^∗)| ≤ Γ^{−1}_1 ( M ∫_{t1} 0 p(s) ds ) := M_0 .

Since for every t ∈ [0, t_1], ‖y_t‖ ≤ μ_0(t), we have sup t∈[−r,t_1]

|y(t)| ≤ max(‖ϕ‖, M_0) = b_0 .

We transform this problem into a fixed point problem. A mild solution to (3.1)- (3.2) is a fixed point of the operator G : C([−r, t_1], E) → 2^{C([−r,t1],E)} defined by

G(y) := h ∈ C([−r, t_1], E) : h(t) = ϕ(t), t ∈ [−r, 0] T (t)ϕ(0) + ∫_t 0 T (t − s)v(s) ds, t ∈ J_0 where v ∈ S^1_{F,y}. We shall show that G satisfies the assumptions of Lemma 2.2.

Claim 1: G(y) is convex for each y ∈ C(J_0, E).

Indeed, if h, h belong to G(y), then there exist v ∈ S^1_{F,y} and v ∈ S^1_{F,y} such that

h(t) = T (t)ϕ(0) +

∫_t 0 T (t − s)v(s) ds , t ∈ J_0 and h(t) = T (t)ϕ(0) +

∫_t 0 T (t − s)v(s) ds , t ∈ J_0 .

Let 0 ≤ l ≤ 1. Then for each t ∈ J_0 we have

[lh + (1 − l)h](t) = T (t)ϕ(0) +

∫_t 0 T (t − s)[lv(s) + (1 − l)v(s)] ds .

Since S^1_{F,y} is convex (because F has convex values) then

lh + (1 − l)h ∈ G(y) .

Claim 2: G sends bounded sets into bounded sets in C(J_0, E).

Let B_q := {y ∈ C(J_0, E) : ‖y‖_∞ = sup_{t∈J0} |y(t)| ≤ q} be a bounded set in C(J_0, E)

and y ∈ B_q, then for each h ∈ G(y) there exists v ∈ S^1_{F,y} such that

h(t) = T (t)ϕ(0) +

∫_t 0 T (t − s)v(s) ds , t ∈ J_0 .

Thus for each t ∈ J_0 we get

|h(t)| ≤ M‖ϕ‖ + M

∫_t 0 |v(s)| ds

≤ M‖ϕ‖ + M‖ϕ_q‖_L1 .

Claim 3: G sends bounded sets in C(J_0, E) into equicontinuous sets.

Let r_1, r_2 ∈ J_0, r_1 < r_2, B_q := {y ∈ C(J_0, E) : ‖y‖_∞ ≤ q} be a bounded set in C(J_0, E) as in Claim 2 and y ∈ B_q. For each h ∈ G(y) there exists v ∈ S^1_{F,y} such that

h(t) = T (t)ϕ(0) +

∫_t 0 T (t − s)v(s) ds , t ∈ J_0 .

Hence,

|h(r_2) − h(r_1)| ≤ |(T (r_2)ϕ(0) − T (r_1)ϕ(0)| + | | | | ∫_{r2} 0 [T (r_2 − s) − T (r_1 − s)]v(s) ds | | | | + | | | ∫_{r2}

r_1

T (r_1 − s)v(s) ds | | | ≤ |(T (r_2)ϕ(0) − T (r_1)ϕ(0)| + | | | ∫_{r2} 0 [T (r_2 − s) − T (r_1 − s)]v(s) ds | | | + M ∫_{r2}

r_1

|v(s)| ds

≤ |(T (r_2)ϕ(0) − T (r_1)ϕ(0)| + | | | ∫_{r2} 0 [T (r_2 − s) − T (r_1 − s)]ϕ_r (s) ds | | | + M ∫_{r2}

r_1

|ϕ_r (s)| ds.

The equicontinuity for the cases r_1 < r_2 ≤ 0 and r_1 ≤ 0 ≤ r_2 are obvious.

Set U = {y ∈ C([−r, t_1], E) : ‖y‖_∞ < b_0 + 1} .

As a consequence of Claim 2 and Claim 3 together with the Arzela-Ascoli theorem we can conclude that G : U → 2^{C([−r,t1],E)} is a compact multivalued map.

Claim 4: G has a closed graph.

Let y_n → y_∗, h_n ∈ G(y_n) and h_n → h_∗. We shall prove that h_∗ ∈ G(y_∗). h_n ∈ G(y_n) means that there exists v_n ∈ S_{F,yn} such that h_n(t) = T (t)ϕ(0) +

∫_t 0 T (t − s)v_n(s) ds , t ∈ J_0 .

We must prove that there exists v_∗ ∈ S^1_{F,y∗} such that

h_∗(t) = T (t)ϕ(0) +

∫_t 0 T (t − s)v_∗(s) ds , t ∈ J_0 .

Consider the linear continuous operator Γ : L^1(J_0, E) → C(J_0, E) defined by (Γv)(t) =

∫_t 0 T (t − s)v(s) ds .

We have ‖(h_n − T (t)ϕ(0)) − (h_∗ − T (t)ϕ(0))‖_∞ → 0 as n → ∞ .

From Lemma 2.1 it follows that Γ ∘ S^1_F is a closed graph operator. Also from the definition of Γ we have that h_n(t) − T (t)ϕ(0) ∈ Γ(S^1_{F,yn} ) .

Since y_n → y_∗, it follows from Lemma 2.1 that h_∗(t) = T (t)ϕ(0) +

∫_t 0 T (t − s)v_∗(s) ds , t ∈ J_0 for some v_∗ ∈ S^1_{F,y∗} .

From the choice of U there is no y ∈ ∂U such that y ∈ λG(y) for any λ ∈ (0, 1). As a consequence of Lemma 2.2 we deduce that G has a fixed point y_0 ∈ U which is a mild solution of (3.1)–(3.2).

Step 2. Consider now the following problem on J_1 := [t_1, t_2] y^′ − Ay ∈ F (t, y_t) , a.e. t ∈ J_1 ,

(3.3) y(t^+_1 ) = I_1(y(t^−_1 )) .

(3.4)

Let y be a (possible) mild solution to (3.3)–(3.4). Then for each t ∈ [t_1, t_2] y(t) − I_1(y(t^−_1 )) ∈

∫_t

t_1

T (t − s)F (s, y_s) ds . From (H3) we get

|y(t)| ≤ sup_{t∈[−r,t1]} |I_1(y_0(t^−))| + M

∫_t

t_1

p(s)ψ(‖y_s‖) ds , t ∈ [t_1, t_2] . We consider the function μ_1 defined by μ_1(t) = sup{|y(s)| : t_1 ≤ s ≤ t} , t_1 ≤ t ≤ t_2 .

Let t^∗ ∈ [t_1, t] be such that μ_1(t) = |y(t^∗)|. Then we have for t ∈ [t_1, t_2] μ_1(t) ≤ N_1 + M

∫_t

t_1

p(s)ψ(μ_1(s)) ds .

Let us take the right-hand side of the above inequality as v_1(t), then we have v_1(t_1) = N_1 , μ_1(t) ≤ v_1(t) , t ∈ [t_1, t_2] and v^′_1(t) = Mp(t)ψ(μ_1(t)) , t ∈ [t_1, t_2] .

Using the nondecreasing character of ψ we get v^′_1(t) ≤ Mp(t)ψ(v_1(t)) , t ∈ [t_1, t_2] .

This implies for each t ∈ [t_1, t_2] that ∫_{v1(t)}

N_1 dτ ψ(τ) ≤ M ∫_{t2}

t_1

p(s) ds .

In view of (H3), we obtain |v_1(t^∗)| ≤ Γ^{−1}_2 ( M ∫_{t2}

t_1

p(s)ds ) := M_1 .

Since for every t ∈ [t_1, t_2], ‖y_t‖ ≤ μ_1(t), we have sup t∈[t_1,t_2]

|y(t)| ≤ M_1 .

A mild solution to (3.3)-(3.4) is a fixed point of the operator G : C(J_1, E) → 2^{C(J1,E)} defined by

G(y) := { h ∈ C(J_1, E) : h(t) = I_1(y(t^−_1 )) +

∫_t

t_1

T (t − s)v(s) ds : v ∈ S^1_{F,y} } . Set U = {y ∈ C(J_1, E) : ‖y‖_∞ < M_1 + 1} .

As in Step 1 we can show that G : U → 2^{C(J1,E)} is a compact multivalued map and u.s.c. From the choice of U there is no y ∈ ∂U such that y ∈ λG(y) for any λ ∈ (0, 1).

As a consequence of Lemma 2.2 we deduce that G has a fixed point y_1 ∈ U which is a mild solution of (3.3)-(3.4).

Step 3. Continue this process and construct solutions y_k ∈ C(J_k, E), k = 2, . . . , m to

y^′ − Ay ∈ F (t, y_t) , a.e. t ∈ J_k ,

(3.5) y(t^+_k ) = I_k(y(t^−_k )) .

(3.6)

Then

y(t) = y_0(t), t ∈ [−r, t_1] y_1(t), t ∈ (t_1, t_2] . . y_{m−1}(t), t ∈ (t_{m−1}, t_m] y_m(t), t ∈ (t_m, b]

is a mild solution of (1.1)-(1.3). □

References

[1] Agur, Z., Cojocaru, L., Mazur, G., Anderson, R. M. and Danon, Y. L., Pulse mass measles vaccination across age cohorts, Proc. Nat. Acad. Sci. USA 90 (1993), 11698–11702.

[2] Banas, J. and Goebel, K., Measures of Noncompactness in Banach Spaces, Marcel Dekker, New York, 1980.

[3] Corduneanu, C., Integral Equations and Applications, Cambridge Univ. Press, New York, 1990.

[4] Deimling, K., Multivalued Differential Equations, De Gruyter, Berlin, 1992. [5] Dugundji, J. and Granas, A., Fixed Point Theory, Monografie Mat. PWN, Warsaw, 1982. [6] Erbe, L., Freedman, H. I., Liu, X. Z. and Wu, J. H., Comparison principles for impulsive parabolic equations with applications to models of singles species growth, J. Austral. Math. Soc. Ser. B 32 (1991), 382–400.

[7] Goldbeter, A., Li, Y. X. and Dupont, G., Pulsatile signalling in intercellular communication:

Experimental and theoretical aspects, Mathematics applied to Biology and Medicine, Werz. Pub. Winnipeg, Canada (1993), 429–439.

[8] Hu, Sh. and Papageorgiou, N., Handbook of Multivalued Analysis, Volume I: Theory, Kluwer, Dordrecht, Boston, London, 1997.

[9] Kirane, M. and Rogovchenko, Y. V., Comparison results for systems of impulsive parabolic equations with applications to population dynamics, Nonlinear Anal. 28 (1997), 263–276.

[10] Lakshmikantham, V., Bainov, D. D. and Simeonov, P. S., Theory of Impulsive Differential Equations, World Scientific, Singapore, 1989.

[11] Lasota, A. and Opial, Z., An application of the Kakutani-Ky-Fan theorem in the theory of ordinary differential equations, Bull. Polish Acad. Sci., Ser. Sci. Math. Astronom. Phys. 13 (1965), 781–786.

[12] Liu, X., Sivaloganathan, S. and Zhang, S., Monotone iterative techniques for time-dependent problems with applications, J. Math. Anal. Appl. 237 (1999), 1–18.

[13] Liu, X. and Zhang, S., A cell population model described by impulsive PDEs-Existence and numerical approximation, Comput. Math. Appl. 36 (8) (1998), 1–11.

[14] Martelli, M., A Rothe’s type theorem for non compact acyclic-valued maps, Boll. Un. Mat.

Ital. 11 (Suppl. Fasc.) (1975), 70–76.

[15] Pazy, A., Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.

[16] Samoilenko, A. M. and Perestyuk, N. A., Impulsive Differential Equations, World Scientific, Singapore, 1995.

[17] Yosida, K., Functional Analysis, 6^{th} edn. Springer-Verlag, Berlin, 1980.

Département de Mathématiques, Université de Sidi Bel Abbès BP 89, 22000 Sidi Bel Abbès, Algérie E-mail: benchohra@univ.sba.dz

Department of Mathematics, Baylor University Waco, Texas 76798-7328, USA E-mail: Johny Henderson@baylor.edu

Department of Mathematics, University of Ioannina 451 10 Ioannina, Greece E-mail: sntouyas@cc.uoi.gr