ARCHIVUM MATHEMATICUM (BRNO) Tomus 39 (2003), 299 – 307

g^∗g^∗g^∗-CLOSED SETS AND A NEW SEPARATION AXIOM IN ALEXANDROFF SPACES

PRATULANANDA DAS AND MD. MAMUN AR. RASHID

Abstract. In this paper we introduce the concept of g^∗-closed sets and investigate some of its properties in the spaces considered by A. D. Alexandroff [1] where only countable unions of open sets are required to be open. We also introduce a new separation axiom called T_w -axiom in the Alexandroff spaces with the help of g^∗-closed sets and investigate some of its consequences.

1. Introduction

The notion of a topological space can be generalized by requiring only countable unions of open sets to be open (A. D. Alexandroff [1]).

In this paper, starting with an equivalent form of generalised closed sets of Levine [10] as the definition, we obtain, a generalization of closed sets in the Alexandroff spaces [1] which we call g^∗-closed sets. We investigate various properties of these sets in Section 3 which shows that g^∗-closed sets do not always behave like generalized closed sets. In some of these cases we try to find out the conditions under which their behaviour appear to be same.

Finally in section 5, we use g^∗-closed sets to obtain a new separation axiom in the Alexandroff spaces, namely T_w-axiom, which is defined in the same way as Levine defined T_{1/2}-axiom in topological spaces [10] and compare it with T_{1/2}-axiom (see Note 5). Where needed, results are always substantiated by examples.

2. Preliminaries

Definition 1 ([1]). An Alexandroff space (or σ-space, briefly space) is a set X together with a system F of subsets satisfying the following axioms (i) the intersection of a countable number of sets from F is a set in F. (ii) The union of a finite number of sets from F is a set in F. (iii) ϕ and X are in F.

2000 Mathematics Subject Classification: 54A05, 54C08, 54D10. Key words and phrases: space, g^∗-closed sets, g^∗-open sets, T_w -space. Received October 25, 2001.

Members of F are called closed sets. Their complementary sets are called open sets. It is clear that instead of closed sets in the definition of an Alexandroff space, one may put open sets with subject to the conditions of countable summability, finite intersectability and the condition that X and ϕ should be open. The collection of all such open sets will sometimes be denoted by τ and the Alexandroff space by (X, τ). When there is no confusion, (X, τ) will simply be denoted by X.

Note 1. In general τ is not a topology as can be easily seen by taking X = R and τ as the collection of all F_σ sets in R.

Throughout the paper by a space we shall always mean an Alexandroff space.

Definition 2 ([1]). With every M ⊂ X we associate its closure M, the intersection of all closed sets containing M.

Note that M is not necessarily closed.

Definition 3 ([1]). A space (X, τ) is said to be bicompact if every open cover of it has a finite subcover.

Definition 4 ([8]). Two sets A, B in X are said to be weakly separated if there are two open sets U, V such that A ⊂ U, B ⊂ V and A ∩ V = B ∩ U = ϕ.

Definition 5 ([1]). (X, τ) is said to be a T_0 space if for any two distinct points x, y in X, there exists an open set U which contains one of them but not the other.

Definition 6 ([1]). (X, τ) is said to be a T_1 space if for any two distinct points x, y in X, there exist open sets U, V such that x ∈ U, y /∈ U, y ∈ V and x /∈ V .

Definition 7 ([5]). (X, τ) is called a regular space if for any x ∈ X and any closed set F such that x /∈ F , there exist U, V ∈ τ such that x ∈ U, F ⊂ V and U ∩ V = ϕ.

Definition 8 ([10]). A set A in a topological space is said to be generalized closed (g-closed for short) if and only if A ⊂ U whenever A ⊂ U and U is open.

We shall also make use of the following theorems

Theorem 1 ([5]). (X, τ) is regular if and only if for any x ∈ X and any open set U containing x, there is an open set V and a closed set F such that x ∈ V ⊂ F ⊂ U .

Theorem 2. (X, τ) is T_0 if and only if x ≠ y in X implies {x} ≠ {y}.

Throughout X stands for a space and unless otherwise stated, sets are always subsets of X. The letters R and Q stand respectively for the set of real numbers and the set of rational numbers.

3. g^∗-closed sets in a space

Definition 9 (cf. Definition 2.1 [10]). A set A is said to be a g^∗-closed set if and only if there is a closed set F containing A such that F ⊂ U whenever A ⊂ U and U is open.

Remark 1. Every closed set is g^∗-closed but the converse is not true as shown by the following example.

Example 1. Let X = R − Q and τ = {X, ϕ, G_i} where G_i runs over all countable subsets of R − Q. Then (X, τ) is a space but not a topological space. Let B be the set of all irrational numbers in (0, ∞). Then B is not closed but B is g^∗-closed, since X is the only open and closed set containing B.

Theorem 3 (cf. Theorem 2.2 [10]). A set A is g^∗-closed if and only if there is a closed set F containing A such that F − A does not contain any non-void closed set.

Proof. Let A be g^∗-closed. Then there is a closed set F containing A such that F ⊂ U whenever A ⊂ U and U is open. Assume F_1 ⊂ F − A and F_1 is closed. Since F^c_1 is open and A ⊂ F^c_1 where c denotes the complement operator, it follows that F ⊂ F^c_1 i.e. F_1 ⊂ F^c and so F_1 ⊂ F ∩ F^c = ϕ. Hence the condition is necessary.

Conversely suppose that the given condition is satisfied. Let A ⊂ U and U be open. If F ⊄ U, then F ∩ U^c is a non-void closed set contained in F − A, a contradiction. So A is g^∗-closed.

Corollary 1. A g^∗-closed set A is closed if and only if both A and A − A are closed.

Proof. If A is both closed and g^∗-closed then evidently A = A and A − A = ϕ are closed.

Conversely let A be a g^∗-closed set such that both A and A − A are closed. Since A is g^∗-closed, by Theorem 3 there is a closed set F containing A such that F − A does not contain any non-void closed set. Now since A − A is closed and A − A ⊂ F − A, A − A = ϕ i.e. A = A and so A is closed.

Theorem 4. A set A is g^∗-closed if and only if there is a closed set F containing A such that F ⊂ ker(A) = ⋂ {U; U is open and U ⊃ A}.

The proof is omitted.

Theorem 5. Union of two g^∗-closed sets is g^∗-closed.

The proof is omitted.

Note 2. Intersection of two g^∗-closed sets is not necessarily g^∗-closed as can be seen from Example 2.5 [10].

Theorem 6. If A is g^∗-closed and A ⊂ B ⊂ A, then B is g^∗-closed.

Proof. Let B ⊂ U and U is open. Then A ⊂ U. Since A is g^∗-closed, there is a closed set F containing A such that F ⊂ U. Now F ⊃ A ⊃ B and this shows that B is also g^∗-closed.

The following theorem is an improvement of Theorem 2.6 [10].

Theorem 7. Let B ⊂ A where A is open and g^∗-closed. Then B is g^∗-closed relative to A if and only if B is g^∗-closed.

Proof. Since A is g^∗-closed, there is a closed set F containing A such that F ⊂ U whenever A ⊂ U. Now since A ⊂ A and A is open, F ⊂ A, i.e. A = F and so A is closed.

Now let B be g^∗-closed. Then there is a closed set F_1 witnessing the g^∗-closeness of B. Now since A is open and B ⊂ A, F_1 ⊂ A. Also if B ⊂ U^′, U^′ is open in A, then U^′ is open in X and so F_1 ⊂ U^′. This shows that B is g^∗-closed in A.

Conversely let B be g^∗-closed in A. Then there is a closed set F_2 in A witnessing the g^∗-closeness of B in A. Since A is closed, F_2 is closed in X. Further if B ⊂ U_1, U_1 open in X, then B ⊂ U_1 ∩A where U_1 ∩A is open in A and so F_2 ⊂ U_1 ∩A ⊂ U_1. This completes the proof of the theorem.

Note 3. An open g^∗-closed set is closed.

Corollary 2. Let A be g^∗-closed and open. Then A ∩ B is g^∗-closed if B is g^∗-closed.

Theorem 8. If every subset of X is g^∗-closed then τ = c(τ) where c(τ) is the collection of all closed sets in (X, τ).

The proof follows from Note 3.

Remark 2. The converse of Theorem 8 is true for g-closed sets (recall Definition 8) in a topological space as shown by Theorem 2.10 in [10]. But this may not be true for g^∗-closed set as shown by:

Example 2. Let X = R − Q and τ = {X, ϕ, G_i, A_i} where G_i and A_i runs over all countable and co-countable subsets of X respectively. Then (X, τ) is a space but not a topological space where τ = c(τ). But the set B (say) of all irrational numbers in (0, ∞) is clearly not closed and so is not g^∗-closed since ker(B) = B.

However we have the following theorem.

Theorem 9. In a space (X, τ) with τ = c(τ), every subset of X is g^∗-closed if and only if X is a topological space.

Proof. If X is a topological space, then the proof is evident in view of Remark 2.

Conversely let every subset of X be g^∗-closed. Let {F_i} be an arbitrary collection of closed sets and F = ∩F_i. Now by the given condition F is g^∗-closed. Then there is a closed set F^′ containing F such that F^′ ⊂ ker(F ) (by Theorem 4). Now since each F_i ∈ c(τ) = τ and F ⊂ F_i, F^′ ⊂ ker(F ) ⊂ ⋂ F_i = F , i.e. F = F^′ and so F is closed. This shows that X is a topological space.

Remark 3. Levine showed that in a compact topological space, g-closed sets are compact (Theorem 3.1 [10]). But this is not true for g^∗-closed sets in a space as shown by:

Example 3. Let X = R − Q and τ = {X, ϕ, G_i} where G_i runs over all countable subsets of X − { √ 2}. Then (X, τ) is a space but not a topological space. X is clearly bicompact. Take B = the set of all irrational numbers in (0, 1). Then B is g^∗-closed, since X is the only open set containing B. But B is not bicompact.

Remark 4. Levine also showed that in a regular topological space compact sets are g-closed (Theorem 3.5 [10]). But in a regular space bicompact sets are not necessarily g^∗-closed as shown by:

Example 4. Let X = R − Q and τ = {ϕ, X, G_i, A_i} where G_i runs over all countable subsets of X −{ √ 2} and A_i runs over all cofinite subsets of X containing √ 2. Then (X, τ) is a space but not a topological space. We first show that X is regular. Let α ∈ X and F be a closed set such that α /∈ F . If α ≠ √ 2, then {α} and X − {α} are the two disjoint open sets containing α and F respectively. If α = √ 2, then F must be of the form X − A_i = {α_1, α_2, . . . , α_n} (say), α_k ≠ √ 2, for k = 1 to n. Clearly then F and V = X − F are the two disjoint open sets containing F and α respectively. This shows that X is regular.

Now let B be the set of all irrational numbers in (1, 2). Since √ 2 ∈ B, B is bicompact. Clearly B is not closed. Then B is not g^∗-closed, since here ker(B) ⊂ ⋂ {X − {ν}ν /∈ B} = B.

However the following theorem shows that the result of Remark 4 holds in a space under some additional supposition.

The following definition will be needed in Theorem 10.

Definition 10. A set A is called g^∗-open if and only if A^c is g^∗-closed.

Theorem 10. In a regular space X, bicompact subsets are g^∗-closed if and only if arbitrary union of open sets whose complement is the closure of a bicompact set is g^∗-open.

Proof. First let every bicompact subset of X be g^∗-closed. Let {U_i} be an arbitrary collection of open sets and U = ⋃ U_i be such that X − U = A (say) where A is a bicompact set. Now by our hypothesis A is g^∗-closed in X and so is then A (by Theorem 6). Hence U is g^∗-open and the condition is necessary.

Conversely let the given condition hold. Let A be bicompact. Let A ⊂ U where U is open. Let x ∈ A. Then x ∈ U. Since X is regular, by Theorem 1, there is an open set V_x and a closed set F_x such that

x ∈ V_x ⊂ F_x ⊂ U .

Now {V_x; x ∈ A} form an open cover of A. Since A is bicompact, there are finite number of points x_1, . . . , x_n ∈ A such that A ⊂ n⋃ i=1 V_{xi} ⊂ n⋃ i=1 F_{xi} ⊂ U

and so A ⊂ A ⊂^n ⋃ i=1 F_{xi} ⊂ U. Now X − A = ⋃ {X − F ; F is a closed set containing

A} whose complement A is the closure of a bicompact set A. Then by the given condition X − A is g^∗-open and so A is g^∗-closed. Hence there is a closed set F witnessing the g^∗-closeness of A. Now clearly A ⊂ A ⊂ F ⊂ U. Since this is true for all open sets U containing A, A is g^∗-closed.

Remark 5. The following example shows that the condition of Theorem 10 is strictly weaker than the requirement of (X, τ) to be a topological space.

Example 5. Let X = R −Q and τ = {ϕ, X, G_i, A_i} where G_i and A_i respectively runs over all countable and cofinite subsets of X. Then X is a space but not a topological space where for any set A, A = A and a set is bicompact only if it is finite. Hence the union of an arbitrary number of open sets whose complement is the closure of a bicompact set must be a cofinite set which is open and so g^∗-open.

We shall make use of the following theorem in Section 5.

Theorem 11. For each x ∈ X, {x} is closed or its complement {x}^c is g^∗-closed.

The proof is straight forward and so is omitted.

4. g^∗-open sets in a space

Theorem 12 (cf. Theorem 4.2 [10]). A set A is g^∗-open if and only if there is an open set U contained in A such that F ⊂ U whenever F is closed and F ⊂ A.

The proof is omitted.

Theorem 13 (cf. Theorem 4.5 [10]). A is g^∗-open if and only if there is an open set V ⊂ A such that V ∪ A^c ⊂ U and U is open implies U = X.

Proof. First suppose that A is g^∗-open. Then there is an open set V ⊂ A satisfying the properties of Theorem 12. Now let U be open and V ∪ A^c ⊂ U. Then U^c ⊂ V^c ∩ A. Since U^c is closed and U^c ⊂ A, U^c ⊂ V . Hence U^c ⊂ V ∩ V^c = ϕ, i.e. U = X.

Conversely let there be an open set V ⊂ A such that V ∪ A^c ⊂ U and U is open implies U = X. Let F be a closed set contained in A. Now V ∪ A^c ⊂ V ∪ F^c which is clearly open and so by the given condition V ∪ F^c = X which implies F ⊂ V . This proves the theorem.

Theorem 14 (cf. Theorem 4.9 [10]). If A is closed then A is g^∗-closed if and only if A − A is g^∗-open.

The proof of the theorem is parallel to Theorem 4.9 [10] and so is omitted.

Note 4. The requirement that A be closed in the preceeding theorem is essential as can be seen by taking A = { √ 2} in the space of Example 1.

Theorem 15. Union of two weakly separated g^∗-open sets is g^∗-open.

Proof. Let A_1 and A_2 be two weakly separated g^∗-open sets. Since A_1 and A_2 are weakly separated, there are open sets U_1, U_2 such that

A_1 ⊂ U_1 , A_2 ⊂ U_2 , U_1 ∩ A_2 = U_2 ∩ A_1 = ϕ .

Let F_i = U^c_i for i = 1, 2. Then F_i are closed and A_1 ⊂ F_2, A_2 ⊂ F_1. Again since A_1, A_2 are g^∗-open there are open sets V_1, V_2 witnessing the g^∗-openness of A_1,

A_2 respectively. Clearly V_1 ∪ V_2 is open and V_1 ∪ V_2 ⊂ A_1 ∪ A_2. Let F ⊂ A_1 ∪ A_2 and F be closed. Now F = F ∩ (A_1 ∪ A_2) = (F ∩ A_1) ∪ (F ∩ A_2) ⊂ (F ∩ F_2) ∪ (F ∩ F_1)

where F ∩ F_i is closed for i = 1, 2. Further F ∩ F_1 ⊂ (A_1 ∪ A_2) ∩ F_1 ⊂ A_2 and so F ∩ F_1 ⊂ V_2. Similarly F ∩ F_2 ⊂ V_1 and hence F ⊂ V_1 ∪ V_2 and so by Theorem 12, A_1 ∪ A_2 is g^∗-open.

5. T_w-spaces

Definition 11. A space X is called a T_w-space if and only if every g^∗-closed set is closed in X.

Note 5. Levine [10] defined a topological space to be a T_{1/2} space if and only if every g-closed set is closed and showed that it is properly placed between T_0 and T_1 axioms (Corollary 5.6 [10]). But T_w-axiom in a space does not have this property (see Example 6).

Theorem 16. Every T_w-space is T_0.

Proof. If possible let (X, τ) be a T_w-space which is not T_0. Then by Theorem 2, there exist x, y ∈ X such that x ≠ y but {x} = {y}. Let A = {x}^c. We first note that {x} is not closed for otherwise {x} = {x} ≠ {y}. Then by Theorem 11, A is g^∗-closed. But A is not closed for otherwise y ∈ {x}^c = A implies {y} ⊂ {x}^c and so {x} ≠ {y}, which is a contradiction. This shows that (X, τ) is T_0.

Example 6. The space of Example 1 is T_2 and so T_1 and also T_0 space. But it is not T_w.

We now recall the following example.

Example 7 ([10]). Let X = {a, b} and let τ = {ϕ, X, {a}}. Then (X, τ) is a T_{1/2} topological space and so a T_w-space which is not T_1.

Remark 6. Examples 6 and 7 show that the T_w and T_1 axioms in a space are independent of each other.

Remark 7. Dunham [6] showed that for a topological space Y the following are equivalent.

a) Y is T_{1/2}.

b) For each x ∈ Y , {x} is either open or closed.

c) Every subset of Y is the intersection of all open sets and all closed sets containing it.

But for a space to be T_w, though the conditions (b), (c) are necessary, they are not sufficient as can be seen from Example 1.

Next we find some necessary sufficient conditions for a space to be T_w. For this we introduce the following definition.

Definition 12 (cf. Definition 3.2 [7]). For any E ⊂ X, let E^∗ = ∩{A; E ⊂ A and A is g^∗-closed in X}. E^∗ is called the g^∗-closure of the set E.

Now we have the following theorems.

Theorem 17. A space X is T_w if and only if

a) for each x ∈ X, {x} is either open or closed and b) C = C^∗ where

C = {A; (X − A) is closed} and C^∗ = {A; (X − A)∗ is g^∗-closed}.

Proof. First let X be a T_w-space.

a) Let x ∈ X. If {x} is not closed then by Theorem 11, {x}^c is g^∗-closed and so is closed. Therefore {x} is open.

b) A ∈ C ⇒ (X − A) is closed ⇒ (X − A) is g^∗-closed ⇒ (X − A)∗ = (X − A) is g^∗-closed (since X is T_w) ⇒ A ∈ C^∗.

Similarly we can show that A ∈ C^∗ ⇒ A ∈ C. Hence C = C^∗. Conversely let the conditions (a) and (b) hold. Let A be any g^∗-closed set in X.

Then A^∗ = A is g^∗-closed and so A^c ∈ C^∗. Since by (b) C^∗ = C, A^c ∈ C i.e. A is closed. We shall show that A = A. If not, then there exists a x ∈ A − A. Since A is g^∗-closed, by Theorem 3, {x} can not be closed. Then by (a), {x} is open and so {x}^c is closed. But x /∈ A implies A ⊂ {x}^c which again implies A ⊂ {x}^c, a contradiction. Therefore A = A i.e. A is closed and this proves the theorem.

Theorem 18. A space X is T_w if and only if

a) every subset of X is the intersection of all open sets and all closed sets containing it.

b) C = C^∗ where C and C^∗ are as in Theorem 17.

The proof follows from Theorem 17 in view of the fact that the conditions (a) in Theorems 17 and 18 are equivalent (Corollary 2.6 [6]).

Definition 13. A space X is called a door space if and only if each subset of X is either open or closed.

Theorem 19. A door space X is T_w.

The proof is omitted.

Definition 14 (cf. Definition 8.1 [10]). A space X is called symmetric if and only if for any x, y ∈ X, x ∈ {y} ⇒ y ∈ {x}.

Remark 8. As in [10] it can be shown that a T_1-space is symmetric though the converse is not true. But while in a symmetric topological space, T_0, T_1 and T_{1/2} axioms are equivalent, in a symmetric space though T_0 and T_1 axioms are equivalent but a symmetric T_1 space may not be T_w as can be seen from Example 1. Remark 9. Levine showed that a topological space is symmetric if and only if {x} is g-closed for each x in X (Theorem 8.2 [10]). But Example 1 shows that a space may be symmetric without any of {x} being g^∗-closed.

So we introduce the following definition.

Definition 15. A space X is called strongly symmetric if {x} is g^∗-closed for each x in X.

Theorem 20. A strongly symmetric space is symmetric.

Proof. Let x ∈ {y} but y /∈ {x}. Then there is a closed set F containing x such that y /∈ F . Now since {y} is g^∗-closed and {y} ⊂ F^c which is open, then there is a closed set F^′ such that y ∈ F^′ ⊂ F^c which implies x ∈ {y} ⊂ F^′ ⊂ F^c which is a contradiction. This proves the theorem.

Corollary 3. In a strongly symmetric space, T_w axiom implies T_1 axiom.

The result follows from Theorems 16 and 20 and Remark 8.

References

[1] Alexandroff, A. D., Additive set functions in abstract spaces, Mat. Sb. (N.S.) 8(50) (1940), 307–348 (English, Russian summary).

[2] Alexandroff, A. D., Additive set functions in abstract spaces, Mat. Sb. (N.S.) 9(51) (1941), 563–628 (English, Russian summary).

[3] Das, P. and Samanta, S. K., Pseudo-topological spaces, Sains Malaysiana, 21(4) (1992), 101–107.

[4] Das, P. and Rashid, M. A., Semi-closed sets in a space, Bull. Gauhati Univ. Math. Ass., 6(1999), 27–36.

[5] Das, P. and Rashid, M. A., Certain separation axioms in a space, Korean J. Math. Sciences, 7(2000), 81–93.

[6] Dunham, W., T_{1/2}-spaces, Kyungpook Math. J., 17(2) (1977), 161–169. [7] Dunham, W., A new closure operator for not-T_1-topologies, Kyungpook Math. J., 22 (1982), 55–60.

[8] Lahiri, B. K. and Das, P., Semi open sets in a space, Sains Malaysiana, 24(4) (1995), 1–11. [9] Lahiri, B. K. and Das, P., Certain bitopological concepts in a bispace, Soochow J. of Math.

27(2) (2001), 175–185.

[10] Levine, N., Generalized closed sets in topology, Rend. Circ. Mat. Palermo 19(2) (1970), 89–96.

[11] Mashhour, A. S., Allam, A. A., Mahmoud, A. A. and Khedr, F. H., On supratopological spaces, Indian J. Pure Appl. Math. 14(4) (1983), 502–510.

[12] Varadarajan, V. S., Measures on topological spaces (Russian), Mat. Sb. (N.S.) 55(97) 1961, 33–100, Amer. Math. Soc. Translations, 78(2) (1965), 161–228.

Department of Mathematics, Jadavpur University Kolkata - 700 032, West Bengal, India E-mail: pratulananda@yahoo.co.in