ARCHIVUM MATHEMATICUM (BRNO) Tomus 40 (2004), 23 – 31

THE DIFFERENCE MATRICES OF THE CLASSES OF A SHARMA–KAUSHIK PARTITION

BHU DEV SHARMA AND NORRIS SOOKOO

Abstract. Sharma-Kaushik partitions have been used to define distances between vectors with n-coordinates. In this paper, “difference matrices” for the partitioning classes have been introduced and investigated. It has been shown that the difference matrices are circulant and that the entries of a product of matrices is an extended intersection number of a distance scheme. The sum of the entries of each row or columns of the product matrix has been obtained.

The algebra of matrices generated by the difference matrices of the classes of an SK-partition have another natural basis. The relationship between these two bases has been given.

1. Introduction

Sharma-Kaushik partitions were introduced by Sharma and Kaushik [10], who defined matrics in terms of these partitions. Metrics so obtained were used in the study of error-corresponding codes by Kaushik [3, 4, 5, 6, 7, 8], Sharma and Dial [9] and Sharma and Kaushik [11]. Sharma and Kaushik [12] also studied the algebra of Sharma-Kaushik partitions.

Matrices such as incidence matrices have proven useful in the study of graphs and other combinatorial structures. In this paper, we introduce and study “difference matrices” for the classes of a Sharma-Kaushik partition.

In Section 2, we present definitions used in this paper. In Section 3, we prove that difference matrices are circulant and that the entries of the product of difference matrices are extended intersection numbers of a distance scheme. We also obtain the sum of the entries in each row or column. Section 5 is devoted to the algebra of matrices generated by the set of difference matrices of the classes of a Sharma-Kaushik partition.

2000 Mathematics Subject Classification: 05A18, 05E99.

Key words and phrases: SK-partitions, distance scheme, extended intersection number. Received January 12, 2001.

2. Definitions and notations Delsarte’s [2] definition of association schemes, adopted by us, is as follows:

Definition. Given a set X with at least two elements, and a set of relations R = {R_0, R_1, . . . , R_N }, where N is a positive integer, (X, R) is called an association scheme if

1. R_0 = {(x, x) | x ∈ X}. 2. For each i = 0, 1, . . . , N R^{−1}_i = {(y, x) | (x, y) ∈ R_i} ∈ R .

3. For any three integers i, j, k = 0, 1, . . . , N, there exists a number c_{ijk} such that | |{z ∈ X | (x, z) ∈ R_i, (z, y) ∈ R_j } | | = c_{ijk} for any (x, y) ∈ R_k.

Also c_{ijk} = c_{jik} .

In this paper, X shall be the ring of integers modulo q, q ≥ 2, i.e., X = F_q = {0, 1, . . . , q − 1}, addition (+) mod q .

SK-partitions, introduced by Sharma and Kaushik [7], are defined next. Definition. Given F_q , q ≥ 2, a partition P = {B_0, B_1, . . . , B_{m−1}} of F_q is called an SK-partition if

1. B_0 = {0}, and q − a ∈ B_i if a ∈ B_i, i = 1, 2, . . . , m − 1. 2. If a ∈ B_i and b ∈ B_j , i, j = 0, 1, m . . . , m − 1, and if j precedes i in the order of the partition P , written as i > j, then min{a, q − a} > min{b, q − b} .

3. If i > j (i, j = 0, 1, . . . , m − 1) and i ≠ m − 1, then

|B_i| � |B_j | and |B_{m−1}| � 1 2 |B_{m−2}| ,

where |B_i| stands for the size of the set B_i.

Weight of an element with respect to an SK-partition P .

Given an SK-partition P of F_q , the weight W_P (a) of any element a of F_q is given by W_p(a) = i , if a ∈ B_i , i = 0, 1, . . . , m − 1 .

Also, if F^n_q is the direct product of n copies of F_q and x = (x_1, x_2, . . . , x_n) ∈ F^n_q , then the weight of x with respect to P is given by

W_P (x) = n∑ i=1 W_P (x_i) .

If y = (y_1, y_2, . . . , y_n) ∈ F^n_q , then the distance between x and y with respect to P is given by d_P (x, y) = W_P (x − y) .

Definition. Given an SK-partition P of F_q , let

R^{d,n,P} = { R^{d,n,P}_0 , R^{d,n,P}_1 , . . . , R^{d,n,P}_{n(m−1)} } , where

R^{d,n,P}_i = { (x, y) ∈ (F^n_q )^2 | d_P (x, y) = i } , i = 0, 1, . . . , m(n − 1)

(F^n_q , R^{d,n,P} ) is called the distance scheme over F^n_q .

Definition. An extended intersection number of (F_q , R^{d,l,P} ) is given by

C^{d,l,P}_{i1 ,i2,...,ia} (x, y) = | |{(z_1, z_2, . . . , z_h) ∈ F^h_q | (x_1, z_1) ∈ R^{d,l,P}_{il} , (z_1, z_2) ∈ R^{d,l,P}_{i2} , . . . , (z_h, y) ∈ R^{d,l,P}_{ih+1} }|

Notation. If T is a q ×q matrix, the entry in the (x+1)-th row and the (y +1)-th column is called the (x, y) entry of T , (x, y = 0, 1, . . . , q − 1), (cf. Delsarte [2]). Definition. Given an SK-partition P = {B_0, B_1, . . . , B_{m−1}} of F_q (the ring of integers modulo q), the q × q matrix B_i (i = 0, 1, . . . , m − 1) is called the difference matrix of B_i, if the (x, y) entry of B_i = { 1, if x − y ∈ B_i 0, otherwise.

3. Difference matrices Theorem 3.1. The difference matrix B_i (i = 0, 1, . . . , m−1) is a circulant matrix, for any SK-partition P = {B_0, B_1, . . . , B_{m−1}} of F_q . Proof. Since x −_q y = (x +_q 1) − (y +_q 1) the (x, y) entry and the (x +_q 1, y +_q 1) entries of B_i (i = 0, 1, . . . , m − 1) are equal for x, y = 0, 1, . . . , m − 1. □

Corollary. For any positive integer a, B_{i1} × B_{i1} × · · · × B_{in} (i_1, i_2, . . . , i_n = 0, 1, . . . , m − 1) is a circulant matrix.

Proof. From the fact that the product of any two circulant matrices is circulant (Davis [1]), it follows that B_{i1} × B_{i2} × · · · × B_{in} (i_1, i_2, . . . , i_n = 0, 1, . . . , m − 1) is circulant. □ We next show the relationship between difference matrices and extended intersection numbers (cf. Sharma and Sookoo [13]).

Theorem 3.2. Let P = {B_0, B_1, . . . , B_{m−1}} be an SK-partition of F_q . The (x, y) entry of B_{i1} ×B_{i2} ×· · ·×B_{ia} (i_1, i_2, . . . , i_a = 0, 1, . . . , m−1) is equal to the extended intersection number C^{d,l,P}_{i1 ,i1 ,...,ia} , . . . , i_a(x, y) of (F_q , R^{d,l,P} ) for a ∈ {2, 3, . . . }. Proof. First we establish the result for a = 2. The (x, y) entry of B_{i1} × B_{i2} = q−1∑ z=0 [ (the (x, z) entry of B_{i1} ) × (the (z, y) entry of B_{i2} ) ]

= | |{z ∈ F_q | the (x, z) entry of B_{i1} is one of the (z, y) entry of B_{i2} is one} | | = | |{z ∈ F_q | (x − z) ∈ B_{iq} , (z − y) ∈ B_{i2} } | | . Assuming that the result is true for a (a > 2), we have C^{d,l,P}_{i1 ,i2,...,ia} (x, z_a) = | |{(z_1, z_2, . . . , z_{a−1}) ∈ F^{a−1}_q | (x, z_1) ∈ R^{d,l,P}_{i1} , (z_1, z_2) ∈ R^{d,l,P}_{i2} , (z_2, z_3) ∈ R^{d,l,P}_{i3} , . . . , (z_{a−1}, z_a) ∈ R^{d,l,P}_{ia} }| . Next we have the (x, y) entry of

B_{i1} × B_{i2} × · · · × B_{ia+1} = ∑ z_a∈F_q [ (the (x, z_a) entry of B_{i1} × B_{i2} × · · · × B_{ia} )

× (the (z_a, y) entry of B_{ia+1} ) ] = ∑ z_a∈F_q [|{ (z_1, z_2, . . . , z_{a−1}) ∈ F^{a−1}_q | (x, z_1) ∈ R^{d,l,P}_i ,

(z_1, z_2) ∈ R^{d,l,P}_{i2} , (z_2, z_3) ∈ R^{d,l,P}_{i3} , . . . , (z_{a−1}, z_a) ∈ R^{d,l,P}_{ia} }| × (the (z_a, y) entry of B_{ia+1} ) ] = | |{(z_1, z_2, . . . , z_a) ∈ F^a_q | (x, z_1) ∈ R^{d,l,P}_{i1} , (z_1, z_2) ∈ R^{d,l,P}_{i2} , (z_2, z_3) ∈ R^{d,l,P}_{i3} , . . . , (z_a, y) ∈ R^{d,l,P}_{ia+1} }| = C^{d,l,P}_{i1 ,i2,ia+1} (x, y) showing that the result is true for a+1. By induction the result holds for a ∈ {2, 3, . . . }. □ We next look at the sums of the entries in the rows and columns of B_{i1} × B_{i2} × · · · × B_{ia} to determine the relationship these sums bear to the SK-partition P .

Theorem 3.3. Let P = {B_0, B_1, . . . , B_{m−1}} be an SK-partition of F_q , and let B_i be the difference matrix of B_i (i = 0, 1, . . . , m − 1). For any positive integer a > 1, the sum of the entries of each row and column of B_{i1} × B_{i2} × · · · × B_{ia} (i_1, i_2, . . . , i_a = 0, 1, . . . , m − 1) is |B_{i1} | × |B_{i2} | × · · · × |B_{ia} |.

Proof. From the previous theorem, it is clear that for x ∈ {0, 1, . . . , m − 1}, the sum of the entries in the x-th row of

B_{i1} × B_{i2} × · · · × B_{ia} = ∑ y∈F_q

C^{d,l,P}_{i1 ,i2 ,...,ia} (x, y) = ∑ y∈F_q | |{b_1, b_2, . . . , b_a ∈ F^a_q | x − y = b_1 + b_2 + · · · + b_a

and W_P (b_α) = i_α (α = 1, 2, . . . , a) }| (refer Theorem 4 of Sharma and Sookoo [13]) = |{ (b_1, b_2, . . . , b_a) ∈ F^a_q | b_α ≡ B_{iα} (α = 1, 2, . . . , a) }| = | B_{i1} | × | B_{i1} | × · · · × | B_{ia} | . Since B_i (i = 0, 1, . . . , m−1) is symmetric, the sum of the entries of each column is also | |B_{i1} | | × | |B_{i2} | | × · · · × | |B_{ia} | |. □

4. Algebra generated by the difference matrices of the classes of an SK-partition

The following definitions and notation (cf. Delsarte [2]) are now required.

Definition. Let P = {B_0, B_1, . . . , B_{m−1}} be an SK-partition of F_q and let B_i (i = 0, 1, . . . , m − 1) be the difference matrices of P . The Bose-Mesner algebra of P is the algebra generated by the B_i (i = 0, 1, . . . , m − 1).

Definition. Given an SK-partition {P = B_0, B_1, . . . , B_{m−1}} of F_q , the matrix τ_k is called the representer matrix of B_k (k = 0, 1, . . . , m − 1) if

τ_k(x, x) = { 1 , x ∈ B_k, x ∈ F_q 0 , otherwise τ_k(x, y) = 0 , x ≠ y, x, y, ∈ F_q

Remark. Clearly τ_rτ_s = δ_{r,s}τ_r, 0 � r, s � n where δ_{r,s} is the Kronecker symbol.

Notation. Given q × q matrix S and the partition P = {B_0, B_1, . . . , B_{m−1}} of F_q , let J_k = q^{−1}Sτ_kS^∗ (k = 0, 1, . . . , m − 1)

where τ_k is the representer matrix of B_k, and S^∗ is the conjugate transpose of S.

We make use of the following matrix (cf. Wallis, Street and Wallis [14]).

Definition. The matrix S of order q is

1 1 1 1 . . . 1 1 ω ω^2 ω^{(n−1)} 1 ω^2 ω^4 ω^{2(n−1)} . . . . . . . . 1 ω^{(n−1)} ω^{2(n−1)} ω^{(n−1)(n−1)}

where ω = cos^{2π}_q + i sin^{2π}_q .

Remark. Let F = q^{−1/2}S. F is unitary. Also S diagonalizes B (i = 0, 1, . . . , m − 1).

This can be shown as follows:

From the history of circulant matrices (refer Davis [1] ), we know that if C is a circulant matrix, then C = F^∗ΛF ,

where Λ is a diagonal matrix having the eigenvalues of C on its main diagonal. Hence B_i = F^∗Λ_iF ,

where Λ_i is the diagonal matrix of eigenvalues of B_i. Therefore

B_i = ( 1 √ q S ) Λ_i ( 1 √ q S^∗ ) = 1 q SΛ_iS^∗ . □

In the following theorem, which is based on Theorem 2.2 of Delsarte [2], we show that {J_k | k = 0, 1, . . . , m − 1} is a basis of the Bose-Mesner algebra and we show the relationship between this basis and {B_k | k = 0, 1, . . . , m − 1}.

Theorem 4.1. Let P = {B_0, B_1, . . . , B_{m−1}} be an SK-partition of F_q . There exists an SK-partition P^′ = {B^′_o, B^′_1, . . . , B^′_{m−1}} of F_q such that the set of J^′_i s (i = 0, 1, . . . , m − 1) form a basis of the Bose-Mesner algebra of P , where J_i = q^{−1}Sτ_iS^∗ and τ_i is the representer matrix of B^′_i. Also, if B_i (i = 0, 1, . . . , m − 1) is the difference matrix of B_i and λ^i_k (i = 0, 1, . . . , m − 1) are the eigenvalues of B_k, then

B_k = m−1∑ i=0 λ^i_kJ_i (k = 0, 1, . . . , m − 1) .

Proof. Let A be the Bose-Mesner algebra of P . Every matrix in A is circulant, since the sum or product of circulant matrices is also circulant (refer Davis [1]). Hence each matrix B in A is diagonalized by S. Therefore there is a diagonal matrix Λ_B having the eigenvalues of B on the main diagonal such that B = q^{−1}SΛ_B S^∗ As B varies over A, Λ_B varies over a subset A^′ of the algebra Q of q × q matrices with complex entries. It is easy to show that A^′ is a sub-algebra of Q and that

I: A^′ → A is an isomorphism if I(Λ) = q^{−1}SΛS^∗, ∀Λ ∈ A^′.

Let B^{(e)}A have the maximal number n^′ of distinct eigenvalues, the eigenvalues of B^{(e)} being λ_0, λ_1, . . . , λ_n′_{−1} and let Λ_B(e) be the matrix in A^′ corresponding to B^{(e)}. There exists a partition P^′ of F_q into n^′ classes B^′_ψ (ψ = 0, 2, . . . , n^′ − 1) such that

Λ_B(e) =

n^′ −1∑

ψ=0 λ_ψ τ_ψ

where τ_ψ is the representer matrix of B^′_ψ.

If Λ_B(e) has the eigenvalues λ_i in rows j^i_i , j^i_2, . . . , j^i_a, then B^′_i consists of the following elements of F_q : j^i_1, j^i_2, . . . , j^i_a.

We show that the τ_ψ ’s are all in A^′, by showing that each is a linear combination of powers of Λ_B(e) .

Since the Λ_i are all distinct, there exist polynomials f_r(z) such that

f_r(λ_i) = δ_{r,i} for r, i = 0, 1, . . . , n^′ − 1 .

Let f_r(z) =

(z − λ_0)(z − λ_1) . . . ^(z − λ_r) . . . (z − λ_n′_{−1})

(λ_r − λ_0)(λ_r − λ_1) . . . ^(λ_r − λ_r) . . . (λ_r − λ_n′_{−1}) where the factors

with the cap are the factors missing.

It is easy to see that τ_ψ ’s are mutually orthogonal and so

(Λ_B(e) )^t = λ^t_0τ_0 + λ^t_1τ_1 + · · · + λ^t_n′_{−1}τ_n′_{−1}

for any natural number t. Hence

f_r (Λ_B(e) ) = f_r(λ_0)τ_0 + f_r(λ_1)τ_1 + · · · + f_r(λ_n′_{−1})τ_n′_{−1} = τ_r ,

since f_r(λ_i) = δ_{r,i}.

Since Λ_B(e) ∈ A^′, τ_ψ (ψ ∈ {0, 1, . . . , n^′ − 1}) is also in A^′, as it is a linear combination of powers of Λ_B(e) . Since the τ_ψ’s are linearly independent, n^′ � m, because the dimension of A is m.

We now show that the τ_ψ generate the whole of A^′, so that n^′ = m. Let Λ_B be an arbitrary element of A^′ having n^{′′} distinct eigenvalues, α_ψ (ψ = 0, 1, . . . , n^{′′} −1).

Clearly there exists a partition Q^{′′} of F_q with n^{′′} classes ∋

Λ_B = n−1∑ ψ=0 α_ψτ_ψ

where {τ_ψ | ψ = 0, 1, . . . , n^{′′} − 1} is the set of representer matrices of Q^{′′}.

It is easy to show that τ_ψ is a function of Λ_B in the same way that we showed that τ_r is a function of Λ_B(e) . Hence τ_ψ ∈ A^′.

We show by contradiction that each τ_ψ (ψ = 1, 2, . . . , n^{′′}) is a linear combination of the τ_ψ’s (ψ = 1, 2, . . . , n^′).

Suppose that there exists some ψ such that τ_ψ is not a linear combination of the τ_ψ. Clearly Λ = τ_1 + 2τ_2 + · · · + n^′τ_n′ + 10n^′τ_ψ

has more than n^′ distinct numbers on the main diagonal. So the matrix in A corresponding to Λ has more than n^′ eigenvalues, contradicting the maximality of n^′. Hence each τ_ψ (ψ = 1, 2, . . . , n^{′′}) is a linear combination of the τ_ψ (ψ = 1, 2, . . . , n^′).

Thus each element in A can be expressed in terms of the τ_ψ (ψ = 1, 2, . . . , n^′). Therefore m � n^′.

Since we have already shown that n^′ � m, we have n^′ = m. So the τ_ψ form a basis of A^′ and so the J_ψ are a basis of A.

Finally, B_k = q^{−1}SΛ_{Bk} S^∗ ,

where Λ_{Bk} is the diagonal matrix of eigenvalues of B_k. Therefore

B_k = q^{−1}S

(_{m−1} ∑ i=0 λ^i_k τ_i ) S^∗

where the λ^i_k are the eigenvalues of B_k. Hence

B_k = m−1∑ i=0 λ^i_k q^{−1}Sτ_iS^∗ = m−1∑ i=0 λ^i_kJ_i . □

References

[1] Davis, P. J., Circulant matrices, John Wiley and Sons, New York 1979. [2] Delsarte, P., An algebraic approach to the association schemes of coding theory, Philips J. Res. Rep. Suppl. 10 (1973).

[3] Kaushik, M. L., Burst-error-correcting codes with weight contraints under a new metric, J. Cybern. 8 (1978), 183–202.

[4] Kaushik, M. L., Single error and burst error correcting codes through a new metric, J.

Cybern. 9 (1979), 1–15.

[5] Kaushik, M. L., Necessary and sufficient number of parity-checks correcting random errors and burst with weight constraints under a new metric, J. Cybern. 9 (1979), 81–90.

[6] Kaushik, M. L., Random error detecting and burst error correcting codes under a new metric, Indian J. Pure Appl. Math. 10 (1979), 1460–1468.

[7] Kaushik, M. L., A new metric in the study of error correcting codes, Ph.D. Thesis, University of Delhi (1979).

[8] Kaushik, M. L., Channels and bounds for class-metric codes, Rev. Roumaine Math. Pures Appl. 26 (1981), 1345–1350.

[9] Sharma, B. D. and Dial, G., Some tighter bounds on code size with Sharma-Kaushik metrics, Presented at the Intern. Conf. on Math., Mao, Menorca, June 15–17, 1987.

[10] Sharma, B. D. and Kaushik M. L., Error correcting codes through a new metric, 41st Annual Conf. Intern. Stat. Inst., New Delhi 1977.

[11] Sharma, B. D. and Kaushik M. L., Limites intensity random and burst error codes with class-weight considerations, Elektron. Inform.-verarb. Kybernetik 15 (1979), 315–321.

[12] Sharma, B. D. and Kaushik M. L., Algebra of Sharma and Kaushik’s metric inducing partitions of Z_q , J. Combin. Inform. System Sci. 11 (1986), 19–32.

[13] Sharma, B. D. and Sookoo, N., Association and other schemes related to Sharma-Kaushik class of distances over finite rings, Le Matematiche, Vol. XLV, Fasc. I (1990), 163–185.

[14] Wallis, W. D., Street, A. P. and Wallis, J. S., Lectures Notes in Mathematics, Combinatorics: Room Squares, Sum-Free Sets, Hadamard Matrices, Springer-Verlag, Berlin 1972.

Norris Sookoo Statistics Department, University of Virginia Halsey Hall, P.O. Box 400135 Charlottesville, VA 22904-4135, USA E-mail: nsookoo2002@yahoo.com