ARCHIVUM MATHEMATICUM (BRNO) Tomus 40 (2004), 383 – 393

ON θ-CLOSED SETS AND SOME FORMS OF CONTINUITY

MOHAMMAD SALEH

Abstract. In this paper, we further the study of θ-compactness a generalization of quasi-H-closed sets and its applications to some forms of continuity using θ-open and δ-open sets. Among other results, it is shown a weakly θ-retract of a Hausdorff space X is a δ-closed subset of X.

1. Introduction

The concepts of δ-closure, θ-closure, δ-interior and θ-interior operators were first introduced by Veličko. These operators have since been studied intensively by many authors. Although θ-interior and θ-closure operators are not idempotents, the collection of all δ-open sets in a topological space (X, Γ) forms a topology Γ_s on X, called the semiregularization topology of Γ, weaker than Γ and the class of all regular open sets in Γ forms an open basis for Γ_s. Similarly, the collection of all θ-open sets in a topological space (X, Γ) forms a topology Γ_θ on X, weaker than Γ.

So far, numerous applications of such operators have been found in studying different types of continuous like maps, separation of axioms, and above all, to many important types of compactness [6], [7], [8], [10], [11], [12], [15], [16], [17]. A subset A of a space X is called a closure compact subset of X if every open cover of A has a finite subcollection whose closures cover A. A closure compact Hausdorff space is called H-closed, first defined by Alexandroff and Urysohn.

In the present paper, we further the study of θ-compactness a generalization of quasi-H-closed sets and its applications to some forms of continuity using θ-open and δ-open sets. Among other results, it is shown a weakly θ-retract of a Hausdorff space X is a δ-closed subset of X.

We also give a new generalization of closure continuity (c.c.) using θ-open sets. In Section 2, we give several characterizations to weak θ-continuity (w.θ.c.), and we study the relations between these functions and their graphs. Among other results, it is shown that a function f : X → Y is w.θ.c. iff its graph mapping

2000 Mathematics Subject Classification: 54C08, 54D05, 54D30. Key words and phrases: almost closure continuity, θ-open, θ-closed, quasi-H-closed, S-Hausdorff spaces, n-compactness.

Received November 25, 2002.

g = (x, f(x)) is w.θ.c. Theorem 3.1 proves that an w.θ.c. retract of a Hausdorff space is δ-closed which is a stronger result of Theorem 5 in [8] and Theorem 3.1 in [16].

For a set A in a space X, let us denote by Int (A) and A for the interior and the closure of A in X, respectively. Following Veličko, a point x of a space X is called a θ-adherent point of a subset A of X iff U ∩ A ≠ ∅, for every open set U containing x. The set of all θ-adherent points of A is called the θ-closure of A, denoted by cls_θ A. A subset A of a space X is called θ-closed iff A = cls_θ A. The complement of a θ-closed set is called θ-open. Similarly, the θ-interior of a set A in X, written Int_θ A, consists of those points x of A such that for some open set U containing x, U ⊆ A. A set A is θ-open iff A = Int_θ A, or equivalently, X\A is θ-closed. A point x of a space X is called a δ-adherent point of a subset A of X iff Int (U) ∩ A ≠ ∅, for every open set U containing x. The set of all δ-adherent points of A is called the δ-closure of A, denoted by cls_δ A. A subset A of a space X is called δ-closed iff A = cls_δ A. The complement of a δ-closed set is called δ-open. Similarly, the δ-interior of a set A in X, written Int_δ A, consists of those points x of A such that for some regularly open set U containing x, U ⊆ A. A set A is δ-open iff A = Int_δ A, or equivalently, X\A is δ-closed.

A function f : X → Y is almost continuous at x ∈ X if given any open set V in Y containing f(x), there exists an open set U in X containing x such that f(U) ⊆ Int (V ). If this condition is satisfied at each x ∈ X, then f is said to be almost continuous (briefly, a.c.). A function f : X → Y is said to be almost strongly θ-continuous at x ∈ X if given any open set V in Y containing f(x), there exists an open set U in X containing x such that f(U) ⊂ Int (V ). If this condition is satisfied at each x ∈ X, then f is said to be almost strongly θ-continuous (briefly, a.s.c.). A function f : X → Y is closure continuous or θ-continuous at x ∈ X if given any open set V in Y containing f(x), there exists an open set U in X containing x such that f(U) ⊆ V . If this condition is satisfied at each x ∈ X, then f is said to be closure continuous (θ-continuous) (briefly, θ.c.). A function f : X → Y is weakly continuous at x ∈ X if given any open set V in Y containing f(x), there exists an open set U in X containing x such that f(U) ⊆ V . If this condition is satisfied at each x ∈ X, then f is said to be weakly continuous (briefly, w.c.). A function f : X → Y is δ-continuous at x ∈ X if given any open set V in Y containing f(x), there exists an open set U in X containing x such that f(Int (U)) ⊂ Int (V ). If this condition is satisfied at each x ∈ X, then f is said to be δ-continuous (briefly, δ.c.). A function f : X → Y is super continuous (in the sense of Munshi and Basan) at x ∈ X if given any open set V in Y containing f(x), there exists an open set U in X containing x such that f(Int (U)) ⊂ V. If this condition is satisfied at each x ∈ X, then f is said to be super continuous (briefly, s.c.). A function f : X → Y is weak θ-continuous at x ∈ X if given any open set V in Y containing f(x), there exists an open set U in X containing x such that f(Int (U)) ⊂ V . If this condition is satisfied at each x ∈ X, then fis said to be weak θ-continuous (briefly, w.θ.c.). A function f : X → Y is strongly θ-continuous at x ∈ X if given any open set V in Y containing f(x), there exists an open set U in X containing x such that f(U) ⊆ V . If this condition is satisfied at each x ∈ X, then f is said to be strongly θ-continuous (briefly, s.θ.c.). A space X is called Urysohn if for every x, y ∈ X, there exists an open set U containing x and an open set V containing y such that U ∩ V = ∅. A space X is called semi-regular if for every x ∈ X and for every open set U of x there exists an open set W such that x ∈ W ⊂ Int (W ) ⊂ U. A space X is called almost regular if for every regularly closed set F and for every x /∈ F there exists disjoint open sets U, V such that x ∈ U, F ⊂ V . Equivalently, a space X is almost-regular if for every x ∈ X and for every regularly open set U containing x there exists a regularly open set W containing x such that x ∈ W ⊂ W ⊂ U.

2. Basic Results

One could easily prove the following, s.θ.c. ⇒ s.c. ⇒ continuity ⇒ a.c. ⇒ θ.c. ⇒ w.θ.c. ⇒ w.c., s.θ.c. ⇒ s.c. ⇒ δ.c. ⇒ a.c., and s.θ.c. ⇒ a.s.c. ⇒ a.c., but neither continuity implies δ.c. nor δ.c. implies continuity, neither a.s.c. implies continuity nor a.s.c. implies continuity, and neither a.s.c. implies δ.c. nor s.c. implies a.s.c.

Example 2.1. Let X = {1, 2, 3}, with ℑ_X = {∅, {1}, {2}, {1, 2}, {1, 3}, {1, 2, 3}}, Y = {1, 2, 3} with ℑ_Y = {∅, {1}, {2}, {1, 2}, {1, 2, 3}}. Let f : X → Y be the identity map then f is continuous but f is not δ.c. nor a.s.c. since Int ({1}) = {1} in Y , but Int ({1}) = {1, 3} in X and {1} = {1, 3} in X, but Int ({1}) = {1} in Y .

Example 2.2. Let f : (R_U ) → (R_C ) be the identity map, where R_U , R_C the usual and the cocountable topologies, respectively. Then f is a.s.c. and δ.c. but neither s.c. nor continuous.

Example 2.3. Let X = R with the topology ℑ generated by a basis with members of the form (a, b) and (a, b)\K, where K = {^1_n : n ∈ Z^+}. Let f : (X, ℑ) → (X, ℑ), be the identity map. Then f is continuous but not strongly θ-continuous.

Example 2.4. Let X = {1, 2, 3, 4} with ℑ_X = {∅, {1, 2, 3}, {3}, {3, 4}, {1, 2, 3, 4}}, Y = {1, 2, 3} with ℑ_Y = {∅, {2}, {4}, {2, 4}, {1, 2}, {1, 2, 4}, {2, 3, 4}, {1, 2, 3, 4}}. Let f : X → Y be the identity map. Then f is weakly continuous but f is not w.θ.c. since {2} = {1, 2, 3} in Y , but Int ({1, 2, 3}) = {1, 2, 3, 4} in X.

Example 2.5. Let X = R with the cocountable topology and let Y = {1, 2, 3} with ℑ_Y = {∅, {1}, {2}, {1, 2}, {1, 2, 3}}. Let f : X → Y be defined as f(x) = 1, if x is rational, and f(x) = 2, if x is irrational. Then f is w.θ.c. but f is not even weakly continuous and thus not θ.c.

The proofs of the following follow straightforward from the definitions.

Theorem 2.6. Let f : X → Y be an a.c. function and let X be an almost regular space then f is δ.c.

Theorem 2.7. Let f : X → Y be δ.c. and let Y be an almost regular space then f is s.c.

Theorem 2.8. Let f : X → Y be an a.c. function and let X be a regular space then f is a.s.c.

Theorem 2.9. Let f : X → Y be an open w.θ.c. function. Then f is δ.c. Theorem 2.10. Let f : X → Y be an a.s.c. function and let Y be a semi-regular space then f is s.θ.c.

Theorem 2.11. Let f : X → Y be an θ.c. function and let Y be an almost-regular space then f is a.s.c.

Corollary 2.12. An open map f is w.θ.c. iff fis δ.c. Corollary 2.13. An open a.c. map is δ.c. Corollary 2.14. An open continuous map is δ.c.

Theorem 2.15. Let f : X → Y be an δ.c. function and let Y be an almost regular space then fis s.c.

Theorem 2.16. Let f : X → Y be an a.s.c. function and let Y be an almost regular space then f is s.c.

Theorem 2.17. Let f : X → Y be a continuous function and let X be an almost regular space then f is s.c.

Corollary 2.18. Let f : X → Y be a continuous function and let X be an almost regular space then f is δ.c.

Theorem 2.19. Let f : X → Y be an w.θ.c. function and let X be a regular space then f is θ.c.

Theorem 2.20. Let f : X → Y be an w.c. function and let X be an almost regular space then f is w.θ.c.

Theorem 2.21. Let f : X → Y be an w.θ.c. function and let Y be a regular space then f is s.c.

Theorem 2.22. Let f : X → Y be a function and let X, Y be regular spaces. Then the following are equivalent: f is w.c., f is θ.c., f is a.c., f is continuous, f is a.s.c., f is s.θ.c., f is δ.c., f is w.θ.c., f is s.c.

The following is a useful characterization of weak θ-continuity. Theorem 2.23. Let f : X → Y . Then the following are equivalent: (a) f(cls_δ A) ⊂ cls_θ f(A) for every A ⊂ X; (b) the inverse image of θ-closed is δ-closed;

(c) the inverse image of the closure of every open set is δ-open; (d) for every x ∈ X, and for every V an open subset of Y containing f(x) there exists a regularly open set U_x such that f(U_x)⊂ V ;

(e) f is weakly θ-continuous.

In [7] it is shown that a function f is almost continuous iff its graph mapping g, where g(x) = (x, f(x)) is almost continuous. In [10] this result was extended to weak continuity and in [19] this was extended it to faint and quasi-θ-continuity. Similarly, it is shown in [13] that a function f is weakly θ-continuous iff its graph mapping g, where g(x) = (x, f(x)) is weakly θ-continuous.

Similar to δ-continuity [12] and following a similar argument as in [7, Theorems, 6, 7], we get the following results.

Theorem 2.24. Let f : X → ∏ α∈I ∏ X_α be given. Then f is w.θ.c. iff the composition with each projection π_αw.θ.c.

Theorem 2.25. Define ∏ α∈I f_α : ∏ α∈I X_α → ∏ α∈I Y_α{x_α} → {f_α(x_α)}. Then ∏ α∈I f_α is w.θ.c. iff each f_α : X_α → Y_α is w.θ.c.

3. Hausdorffness and Weak Forms of Compactness

Definition 3.1. A space X is said to be S-Hausdorff if for every x ≠ y ∈ X, there exists θ-open sets U_x, V_y such that U_x∩V_y = ∅.

Lemma 3.2. A space X is Hausdorff if for every x ≠ y ∈ X, there exist regularly- -open sets U_x, V_y such that U_x ∩ V_y = ∅.

It is clear that every S-Hausdorff space is Urysohn, but a Urysohn space need not be S-Hausdorff [19].

By a weak θ-retraction we mean a weak θ-continuous function f : X → A where A ⊂ X and f|_A is the identity function on A. In this case, A is said to be a weak θ-retraction of X.

The next theorem is an improvement of Theorem 5 in [8] and Theorem 3.1 in [21].

Theorem 3.3. Let A ⊂ X and let f : X → A be a weak θ-retraction of X onto A. If X is Hausdorff, then A is an δ-closed subset of X.

Proof. Suppose not, then there exists a point x ∈ cls_δ A\A. Since f is a weak θ-retraction we have f(x) ≠ x. Since X is Hausdorff, there exist regularly open sets U and V of x and f(x) respectively, such that U ∩ V = ∅. Now let W be any open set in X containing x. Then U ∩ Int (W ) is a regularly open set containing x and hence Int (U) ∩ Int (W ) ∩ A ≠ ∅, since x ∈ cls_δ A. Therefore, there exists a point y ∈ Int (U) ∩ Int (W ) ∩ A. Since y ∈ A, f(y) = y ∈ Int (U) and hence f(y) /∈ V . This shows that f(Int (W )) is not contained in V . This contradicts the hypothesis that f is a weak θ-continuous. Thus A is δ-closed as claimed.

Corollary 3.4 (Theorem 3.1 [12]). Let A ⊂ X and let f : X → A be a closure retraction of X onto A. If X is Hausdorff, then A is an δ-closed subset of X.

Theorem 3.5. Let f : X → Y be an w.θ.c. and injective function. If Y is Urysohn, then X is Hausdorff.

Proof. For any distinct points x_1 ≠ x_2 ∈ X, we have f(x_1) ≠ f(x_2) since f is injective. Since Y is Urysohn, there exist open sets V_1, V_2 containing f(x_1) and f(x_2), respectively, such that V_1 ∩ V_2 = ∅. But since f is w.θ.c. there exist open sets U_1, U_2 containing x_1, x_2, respectively, such that f(Int (U_1)) ⊂ V_1, and f(Int (U_2)) ⊂ V_2. Thus Int (U_1) ∩ Int (U_2) = ∅, proving that X is Hausdorff.

Corollary 3.6. Let A ⊂ X and let f : X → A be a w.θ.c. and bijective map. If A is Urysohn, then A is an δ−closed subset of X.

Theorem 3.7. Let f, g be w.θ.c. from a space X into a Urysohn space Y . Then the set A = {x ∈ X : f(x) = g(x)} is an δ-closed set.

Proof. We will show that X\A is δ-open. Let x ∈ A^c. Then f(x) ≠ g(x). Since Y is Urysohn, there exist open sets W_{f (x)} and V_{g(x)} such that W ∩ V = ∅. By w.θ.c. of f and g there exist regularly open sets U_1, U_2 of x such that f(U_1) ⊂ W and g(U_2) ⊂ V . Clearly U = U_1 ∩ U_2 ⊂ X\A. Thus X\A is δ-open and hence A is δ-closed.

The above theorem leads to a generalization of a well-known principle of the extension of identities.

Recall that a subset A of a space X is called θ-dense if cls_θ A = X.

Corollary 3.8. Let f, g be w.θ.c. from a space X into a Urysohn space Y . If f and g agree on a θ-dense subset of X then f = g every where.

Theorem 3.9. Let f : X → Y be w.θ.c. map and let A ⊂ X. Then f : A → Y is w.θ.c.

Proof. Straightforward.

Remark 3.10. If a function f : X → Y is w.θ.c. map. Then f : X → f(X) need not be w.θ.c.

Example 3.11. Let X = R with the usual topology, Y = R with the cocountable topology and let f : X → Y be defined as f(rationals) = 1, f(irrationals) = 0 then f is δ.c, s.a.c., but f : X → f(X) is not even w.c.

In [2] it is shown that the image of compact is closure compact under weakly continuous functions. Similarly, the image of closure compact is closure compact under closure continuous functions and the image of closure compact is compact under strongly θ-continuous functions. The following results are similar to that applied to almost closure continuity.

Definition 3.12. A subset A of a space X is called closure compact or quasi-H-closed if every open cover of A has a finite subcollection whose closures cover A.

Clearly every compact set is closure compact but not conversely as it is shown in the next example.

Example 3.13. Let X be any uncountable space with the cocountable topology then every subset of X is closure compact but the only compact subsets of X are the finite ones.

Definition 3.14. A subset A of a space X is said to be theta-compact (briefly, θ-compact) if every cover of θ-open sets has a finite subcover.

Definition 3.15. A subset A of a space X is called nearly compact (briefly, n- -compact) if every open cover has a finite subcollection whose interior of the closures cover the space.

Lemma 3.16. A subset A of a space X is n-compact iff every cover of δ-open sets has a finite subcover.

Theorem 3.17. Let f : X → Y be w.θ.c. and let K be an n-compact subset of X. Then f(K) is a closure compact subset of Y .

Proof. Let V be an open cover of f(K). For each k ∈ K, f(k) ∈ V_k for some V_k ∈ V. By w.θ.c. of f, f^{−1}(V_k) is regularly open. The collection {f^{−1}(V_k) : k ∈ K} is a regular open cover of K and so since K is compact there is a finite subcollection {f^{−1}(V_k) : k ∈ V_0} where V_0 is a finite subset of K and {f^{−1}(V_k) : k ∈ V_0} covers K. Clearly {V_k : k ∈ V_0} covers f(K) and thus f(K) is a closure compact subset of Y .

It is well-known that every closed subset of a compact space is compact. The next theorem approximates this result for n.compactness. Theorem 3.18. An n-compact subset of a Hausdorff space is δ-closed. Proof. Let A be a nearly compact subset of a Hausdorff space X. We will show that X\A is δ-open. Let x ∈ X\A then for each a ∈ A there exist δ-open sets U_{x,a} and V_a such that U_{x,a} ∩ V_a = ∅. The collection {V_a : a ∈ A} is a δ-open cover of A. Therefore, there exists a finite subcollection V_1, . . . , V_n that covers A. Let U = U_1 ∩ · · · ∩ U_n, then U ∩ A = ∅. Thus X\A is δ-open, proving that A is δ-closed.

Theorem 3.19. Every δ-closed subset of an n-compact space is n-compact. Proof. Let X be an n-compact and let A be an δ-closed subset of X. Let C be an δ-open cover of A, then C plus X\A is an δ-open cover of X. Since X is n-compact, this collection has a finite subcollection that covers X. But then C has a finite subcollection that covers A as we need.

Theorem 3.20. An n-compact subset of an S-Hausdorff space is θ-closed. Proof. Let A be a nearly compact subset of an S-Hausdorff space X. We will show that X\A is θ-open. Let x ∈ X\A then for each a ∈ A there exist θ-open sets U_{x,a} and V_a such that U_{x,a} ∩ V_a = ∅. The collection {V_a : a ∈ A} is a θ-open cover of A. Therefore, there exists a finite subcollection V_1, . . . , V_n that covers A. Let U = U_1 ∩ · · · ∩ U_n, then U ∩ A = ∅. Thus X\A is θ-open, proving that A is θ-closed.

Theorem 3.21. Let f : X → Y be a surjective w.θ.c. and let X be connected. Then Y is connected.

Proof. Suppose Y is disconnected. Then there exist disjoint open sets V , W such that Y = V ∪ W . By weak θ-continuity of f, f^{−1}(V ) = f^{−1}(V ) and f^{−1}(W ) = f^{−1}(W ) are open in X. But X = f^{−1}(W ) ∪ f^{−1}(V ) and f^{−1}(W ) ∩ f^{−1}(V ) = ∅. Thus X is disconnected, a contradiction. Therefore, Y is connected.

4. Some extensions of open and closed maps.

In this section we give some characterizations of regularly closed and regularly open maps.

Definition 4.1. A function f is said to be θ-open if the image of every open set is θ-open. Similarly, a function f is said to be θ-closed if the image of every closed set is θ-closed.

Definition 4.2. A function f is said to be almost open if the image of every δ- -open set is open. Similarly, a function f is said to be almost closed if the image of every δ-closed set is closed.

Definition 4.3. A function f is said to be almost θ-open if the image of every δ-open set is θ-open. Similarly, a function f is said to be almost θ-closed if the image of every δ-closed set is θ-closed.

Definition 4.4. A function f is said to be δ-open if the image of every δ-open set is δ-open. Similarly, a function f is said to be δ-closed if the image of every δ-closed set is δ-closed.

Definition 4.5. A function f is called regularly open if the image of every regularly open set is open. Similarly, a function f is called regularly closed if the image of every regularly closed set is closed.

Definition 4.6. A function f is said to be θ-regularly open if the image of every regularly open set is θ-open. Similarly, a function f is said to be θ-regularly closed if the image of every regularly closed set is θ-closed.

The next theorems are improvements of [18, Theorem 2.13].

Theorem 4.7. Let f : X → Y be weakly θ-continuous 1-1, onto. If X is ncompact, Y Urysohn then f is almost θ-open.

Proof. Let U be an δ-open subset of X, and thus X\U is an δ-closed subset of X. Hence, by Theorem 4.3 X\U is n-compact. Since f is weakly θ-continuous, f(X\U) is closure compact. Therefore, f(X\U) = Y \f(U) is θ-closed, and thus f(U) is almost θ-open.

Theorem 4.8. Let f : X → Y be weakly θ-continuous. If X is n-compact, Y Urysohn then f is almost θ-closed.

Proof. Let U be an δ-closed subset of X. Then U is n-compact. Since f is weakly θ-continuous, f(U) is closure compact. Therefore, f(U) is θ-closed. Thus, f is almost θ-closed.

Following similar arguments as in the above two theorems we get the following.

Theorem 4.9. Let f : X → Y be w.θ .c. 1-1, onto. If X is compact, Y Urysohn then f is θ-open.

Theorem 4.10. Let f : X → Y be w.θ.c. If X is compact, Y Urysohn then f is θ-closed.

Theorem 4.11. Let f : X → Y be w.θ.c. 1-1, onto. If X is n-compact, Y Hausdorff then f is almost θ- open.

Theorem 4.12. Let f : X → Y be w.θ.c. If X is n-compact, Y Hausdorff then f is almost closed.

Theorem 4.13. Let f : X → Y be θ-continuous 1-1, onto. If X is closure compact, Y Hausdorff then f is δ-open.

Theorem 4.14. Let f : X → Y be θ-continuous. If X is closure compact, Y Hausdorff then f is regularly closed.

Theorem 4.15. Let f : X → Y be θ-continuous 1-1, onto. If X is closure compact, Y Urysohn then f is θ-regularly open.

Theorem 4.16. Let f : X → Y be θ-continuous. If X is closure compact, Y Urysohn then f is θ-regularly closed.

Theorem 4.17. Let f : X → Y be a continuous 1-1, onto. If X is compact, Y Hausdorff then f is θ-open.

Theorem 4.18. Let f : X → Y be continuous. If X is compact, Y then f is θ-closed.

Theorem 4.19. Let f : X → Y be δ.c. 1-1, onto. If X is n-compact, Y S- -Hausdorff then f is δ-open.

Theorem 4.20. Let f : X → Y be δ.c. If X is n-compact, Y Hausdorff then f is δ-closed.

Theorem 4.21. Let f : X → Y be s.c. 1-1, onto. If X is n-compact, Y Hausdorff then f is almost θ-open.

Theorem 4.22. Let f : X → Y be s.c. If Xis n-compact, Y Hausdorff then f is almost θ-closed.

Theorem 4.23. Let f : X → Y be a.s.c. 1-1, onto. If X is n-compact, Y Hausdorff then f is θ-open.

Theorem 4.24. Let f : X → Y be a.s.c. 1-1, onto. If X is n-compact, Y Hausdorff then f is θ-closed.

Theorem 4.25. Let f : X → Y be a.s.c. If X is n-compact, Y Hausdorff then f is θ-closed.

Remark 4.26. A function f : (X, Γ) → (Y, ℑ) is a.s.c. iff f : (X, Γ_θ) → (Y, ℑ_δ) is continuous and f : (X, Γ) → (Y, ℑ) is a.c. iff f : (X, Γ) → (Y, ℑ_δ ) is continuous.

Remark 4.27. A subset K⊂ (X, Γ) is an n-compact subset iff K ⊂ (X, Γ_δ) is compact and K⊂ (X, Γ) is a θ-compact subset iff K ⊂ (X, Γ_θ) is compact.

One might prove directly most of the results in Sections 3, 4 using Remarks 4.1 and 4.2. Also from these Remarks and the facts that f : (X, Γ) → (Y, ℑ) is strongly θ-continuous iff f : (X, Γ_θ) → (Y, ℑ) is continuous, we get Theorems 14, 15 in [9].

Acknowledgment. Part of this paper was written during the stay of the author at Ohio University under a Fulbright scholarship. The author wishes to thank the members of the Department of Mathematics and the Center of Ring Theory for the warm hospitality and the Fulbright for the financial support.

References

[1] Alexandroff, P. and Urysohn, P., Memoire sur les espaces topologiques compacts, Verh.

Nederl. Akad. Wetensch. Afd. Natuurk. Sect. I 14 (1929), 1–96.

[2] Andrew, D. R. and Whittlesy, E. K., Closure continuity, Amer. Math. Monthly 73 (1966), 758–759.

[3] Chew, J. and Tong, J., Some remarks on weak continuity, Amer. Math. Monthly 98 (1991), 931–934.

[4] Fomin, S., Extensions of topological spaces, C. R. Dokl. Akad. Sci. URSS (M.S.) 32 (1941), 114–116.

[5] Levine, N., A Decomposition of continuity in topological spaces, Amer. Math. Monthly 68 (1961), 44–46.

[6] Long, P. E. and Carnahan, D. A., Comparing almost continuous functions, Proc. Amer.

Math. Soc. 38 (1973), 413–418.

[7] Long, P. E. and Herrington, L., Strongly θ-continuous functions, J. Korean. Math. Soc. 18 (1981), 21–28.

[8] Long, P. E. and Herrington, L., The T_θ -topology and faintly continuous functions, Kyungpook Math. J. 22 (1982), 7–14.

[9] Mukherjee, M. N. and Raychaudhuri, S., Some applications of θ-closure operators, Indian J. Pure Appl. Math. 26 (1995), 433–439.

[10] Noiri, T., On weakly continuous mappings, Proc. Amer. Math. Soc. 46(1) (1974), 120–124. [11] Noiri, T., On δ-continuous functions, J. Korean. Math. Soc. 18 (1980), 161–166. [12] Noiri, T. and Popa, V., Weak forms of faint continuity, Bull. Math. Soc. Sci. Math. Rouman.

34(82) (1990), 263–270.

[13] Noiri, T., Properties of θ-continuous functions, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis.

Mat. Natur. (8) 58 (1975), 887–891.

[14] Saleemi, B., Shahzad, N. and Alghamdi, M., Almost continuity vs closure continuity, Arch.

Math. (Brno) 37 (2001), 39–44.

[15] Saleh, M., Some remarks on closure and strong continuity, An Najah Univ. J. Res. 12 (1998), 7–20.

[16] Saleh, M., Some applications of δ-sets to H-closed spaces, Q&A Topology 17 (1999), 203– 211.

[17] Saleh, M., On almost strong θ-continuity, FJMS 2000, 257-267.

[18] Saleh, M., On super and δ-continuities, Mathematics and Mathematics Education, World Scientific, 2002, 281–291.

[19] Saleh, M., On faint and quasi-θ-continuity, FJMS 11 (2003), 177–186. [20] Saleh, M., On θ-continuity and strong θ-continuity, Applied Mathematics E-Notes (2003), 42–48.

[21] Singal, M. K. and Singal, A. R., Almost continuous mappings, Yokohama Math. J. 16 (1968), 63–73.

[22] Veličko, N. V., H-closed topological spaces, Trans. Amer. Math. Soc. 78 (1968), 103–118.

Department of Mathematics, Birzeit University P.O. Box 14, West Bank, Palestine E-mail: msaleh@birzeit.edu; salehm@math.ohiou.edu