ARCHIVUM MATHEMATICUM (BRNO) Tomus 41 (2005), 209 – 227

SOLUTIONS OF A MULTI-POINT BOUNDARY VALUE PROBLEM FOR HIGHER-ORDER DIFFERENTIAL EQUATIONS AT RESONANCE (II)

YUJI LIU^{1,2} AND WEIGAO GE^1

Abstract. In this paper, we are concerned with the existence of solutions of the following multi-point boundary value problem consisting of the higherorder differential equation

(∗) x^{(n)}(t) = f(t, x(t), x^′(t), . . . , x^{(n−1)}(t)) + e(t) , 0 < t < 1 , and the following multi-point boundary value conditions

x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3 ,

x^{(n−1)}(0) = αx^{(n−1)}(ξ) , x^{(n−2)}(1) = mX i=1 β_ix^{(n−2)}(η_i) .

(**)

Sufficient conditions for the existence of at least one solution of the BVP (∗) and (∗∗) at resonance are established. The results obtained generalize and complement those in [13, 14]. This paper is directly motivated by Liu and Yu [J. Pure Appl. Math. 33 (4)(2002), 475–494 and Appl. Math. Comput. 136 (2003), 353–377].

1. Introduction

Recently, there has been considerable interest in the solvability of multi-point boundary value problems for second order differential equations, which can arise in many applications, we refer the reader to the monographs [1–3] and the references [6–11, 19–21].

In [14], Liu and Yu studied the existence of solutions of the following multi-point boundary value problem (1) { x^{′′}(t) = f(t, x(t), x^′(t)) + e(t) , 0 < t < 1 , x^′(0) = αx^′(ξ) , x(1) = βx(η) ,

1991 Mathematics Subject Classification: 34B15.

Key words and phrases: solution, resonance; multi-point boundary value problem, higher order differential equation.

The first author is supported by the Science Foundation of Educational Committee of Hunan Province and both authors by the National Natural Science Foundation of P. R. China.

Received July 20, 2003.

where f is continuous, α ≥ 0 and β ≥ 0, e ∈ L^1[0, 1]. They proved that, under some assumptions, BVP (1) has at least one solution in the following cases:

Case 1. α = 1, β = 0 (see [14, Theorem 2.2]); Case 2. α = 1, β = 1/η (see [14, Theorem 2.4]); Case 3. α = 1, β = 1 (see [14, Theorem 2.6]); Case 4. α = 0, β = 1 (see [14, Theorem 2.8]).

In [14], Liu studied the solvability of the following multi-point boundary value problem (2) { x^{′′}(t) = f(t, x(t), x^′(t)) + e(t) , 0 < t < 1 , x^′(0) = αx^′(ξ) , x(1) =

∑_m

i=1 β_ix(η_i) ,

where 0 < η_1 < · · · < η_m < 1, β_i ∈ R, 0 < ξ < 1, α ≥ 0 and f is continuous. He established the existence results for the following cases:

Case 1^′. α = 1,

∑_m

i=1 β_i = 0,

∑_m

i=1 β_iη_i ≠ 1 (see [15, Theorem 3.1]); Case 2^′. α = 1,

∑_m

i=1 β_iη_i = 1,

∑_m

i=1 β_iη^2_i ≠ 1 (see [15, Theorem 3.2]); Case 3^′. α = 1, 1 −

∑_m i=1 β_i =

∑_m

i=1 β_iη_i − 1 ≠ 1 (see [15, Theorem 3.3]); Case 4^′. α = 0,

∑_m

i=1 β_i = 1,

∑_m

i=1 β_iη_i − 1 = 1 and

∑_m

i=1 β_iη^2_i ≠ 1 (see [15, Theorem 3.4]).

We note that if | | | | 1 − α 0 1 − ∑_m

i=1 β_iη_i 1 −

∑_m i=1 β_i | | | | = 0 ,

then the linear operator Lx(t) = x^{′′}(t) defined in a suitable Banach space is not invertible, i.e. the problem

x^{′′}(t) = 0 , 0 < t < 1 , x^′(0) = αx^′(ξ) , x(1) =

∑_m

i=1 β_ix(η_i)

has non-trivial solutions, which is called resonance case, i.e. dim Ker L ≥ 1. In Cases 1^′ − 4^′ and 1-4 mentioned above, we find dim Ker L = 1. It is easy to check that if

α = 1 , m∑ i=1 β_iη_i = 1 and m∑ i=1 β_i = 1 ,

then dim Ker L = 2. However, this case was not discussed in [14, 15] by Liu and Yu. Furthermore, to the best of our knowledge, there has been no paper concerned with the existence of solutions of the multi-point boundary value problems for higher-order differential equations at resonance, although there were considerable papers concerned with the existence of positive solutions or solutions of higherorder differential equations at non-resonance cases, we refer the reader to [1–3] and the papers [4, 5, 16].

Motivated and inspired by Liu [14, 15], we are concerned with the following higher-order differential equation

(3) x^{(n)}(t) = f(t, x(t), x^′(t), . . . , x^{(n−1)}(t)) + e(t) , 0 < t < 1 ,

subjected to the following multi-point boundary value conditions (4) { x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3 , x^{(n−1)}(0) = αx^{(n−1)}(ξ) , x^{(n−2)}(1) =

∑_m

i=1 β_ix^{(n−2)}(η_i) ,

where 0 < ξ < 1, 0 < η_1 < · · · < η_m < 1, α ∈ R, β_i ∈ R(i = 1, . . . , m) are fixed and f is continuous, e ∈ L^1[0, 1]. The purpose of this paper is to generalize and complement the results in [14, 15]. By the way, we, in [17, 18], investigated the solvability of the following boundary value problems for higher-order differential equations

x^{(n)}(t) = f ( t, x(t), x^′(t), . . . , x^{(n−1)}(t) ) + e(t) , 0 < t < 1 , x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3 , x^{(n−1)}(0) = αx^{(n−1)}(ξ) , x^{(n−1)}(1) =

∑_m

i=1 β_ix^{(n−1)}(η_i) ,

and

x^{(n)}(t) = f ( t, x(t), x^′(t), . . . , x^{(n−1)}(t) ) + e(t) , 0 < t < 1 , x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3 , x^{(n−2)}(0) = αx^{(n−1)}(ξ) , x^{(n−1)}(1) = βx^{(n−2)}(η) , respectively. Using the similar method in this paper, we can study the solvability of the following boundary value problem similar to BVP (3) and (4)

x^{(n)}(t) = f ( t, x(t), x^′(t), . . . , x^{(n−1)}(t) ) + e(t) , 0 < t < 1 , x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3 , x^{(n−1)}(1) = αx^{(n−1)}(ξ) , x^{(n−1)}(0) =

∑_m

i=1 β_ix^{(n−1)}(η_i) .

We omit the details.

To obtain the main results, we need the following notations and an abstract existence theorem by Gaines and Mawhin [22, 23].

Let X and Y be Banach spaces, L : D(L) ⊂ X → Y be a Fredholm operator of index zero, P : X → X, Q : Y → Y be projectors such that

Im P = Ker L , Ker Q = Im L , X = Ker L ⊕ Ker P , Y = Im L ⊕ Im Q .

It follows that L|_{D(L)∩Ker P} : D(L) ∩ Ker P → Im L is invertible, we denote the inverse of that map by K_p.

If Ω is an open bounded subset of X, D(L) ∩ Ω ≠ ∅, map N : X → Y will be called L-compact on Ω if QN(Ω) is bounded and K_p(I − Q)N : Ω → X is compact.

Theorem GM ([22, 23]). Let L be a Fredholm operator of index zero and let N be L-compact on Ω. Assume that the following conditions are satisfied:

(i) Lx ≠ λNx for every (x, λ) ∈ [(D(L)/ Ker L) ∩ ∂Ω] × (0, 1); (ii) Nx /∈ Im L for every x ∈ Ker L ∩ ∂Ω;

(iii) deg(ΛQN |_{Ker L} , Ω ∩ Ker L, 0) ≠ 0, where Λ : Y/ Im L → Ker L is the isomorphism.

Then the equation Lx = Nx has at least one solution in D(L) ∩ Ω.

We use the classical Banach space C^k [0, 1], let X = C^{n−1}[0, 1] and Y = L^1[0, 1]. C^0[0, 1] is endowed with the norm ‖y‖_∞ = max_{t∈[0,1]} |y(t)|, X is endowed with the norm ‖x‖ = max { ‖x‖_∞, ‖x^′‖_∞, . . . , ‖x^{(n−1)}‖_∞ } . L^1[0, 1] is endowed the norm ‖x‖_1 for x ∈ L^1[0, 1]. We also use the Sobolev space W^{n,1}(0, 1) defined by

W^{n,1}(0, 1) = { x : [0, 1] → R such that x, x^′ . . . , x^{(n−1)} are absolutely continuous

on [0, 1] with x^{(n)} ∈ L^1[0, 1] } . Define the linear operator L and the nonlinear operator N by

L : X ∩ dom L → Y , Lx(t) = x^{(n)}(t) for x ∈ X ∩ dom L ,

N : X → Y , Nx(t) = f ( t, x(t), x^′(t), . . . , x^{(n−1)}(t) ) + e(t) for x ∈ X ,

respectively. This paper can be placed in the existence theory of boundary value problems for ordinary differential equations, The foundation and the most vital impact on this theory are closely related to mathematicians: Agarwal, O’Regan and Wong, whose scientific output is represented in monographs [1–3]. It is observed that this particular branch of differential equations has been constantly developed and gained prominence since the early 1980s.

2. Existence of solutions of BVP (3) and (4)

In this section, we establish the existence results for BVP (3) and (4) in the following cases:

Case (i) α = 1,

∑_m i=1 β_i = 1,

∑_m i=1 β_iη_i = 1;

Case (ii) α = 0,

∑_m i=1 β_i = 1;

Case (iii) α = 1,

∑_m i=1 β_i = 1,

∑_m i=1 β_iη_i ≠ 1;

Case (iv) α = 1,

∑_m i=1 β_i ≠ 1,

∑_m i=1 β_iη_i = 1.

We first consider Case (i). Let

dom L = { x ∈ W^{n,1}(0, 1), x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3,

x^{(n−1)}(1) = x^{(n−1)}(ξ), x^{(n−2)}(1) = m∑ i=1 β_ix^{(n−2)}(η_i) } . Lemma 2.1. The following results hold.

(i) Ker L = {at^{n−1} + bt^{n−2}, t ∈ [0, 1], a, b ∈ R}; (ii) Im L = {y ∈ Y,

∫_ξ 0 y(s) ds = 0,

∑_m i=1 β_i

∫_{ηi} 0 (η_i − s)y(s) ds =

∫_1 0 (1 − s)y(s) ds};

(iii) L is a Fredholm operator of index zero;

(iv) There is k ∈ {0, 1, . . . , m} such that m∑ i=1 β_iη^{k+1}_i = 1 and m∑ i=1 β_iη^{k+2} ≠ 1 ;

(v) There are projectors P : X → X and Q : Y → Y such that Ker L = Im P , Ker Q = Im L. Furthermore, let Ω ⊂ X be an open bounded subset with Ω ∩ dom L ≠, then N is L-compact on Ω;

(vi) x(t) is a solution of BVP (3)–(4) if and only if x is a solution of the operator equation Lx = Nx in dom L.

Proof. (i) Let x ∈ Ker L, then x^{(n)}(t) = 0 and x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3 and x^{(n−1)}(0) = x^{(n−1)}(ξ) and x^{(n−2)}(1) =

∑_m i=1 β_ix^{(n−2)}(η_i). It is easy to get x(t) = at^{n−1} + bt^{n−2}, thus x ∈ {at^{n−1} + bt^{n−2} : t ∈ [0, 1], c ∈ R }. On the other hand, if x(t) = at^{n−1} + bt^{n−2}, then we find that x ∈ Ker L. This completes the proof of (i).

(ii) For y ∈ ImL, then there is x ∈ dom L such that x^{(n)}(t) = y(t) and x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3 and x^{(n−1)}(0) = x^{(n−2)}(ξ) and x^{(n−1)}(1) = ∑_m

i=1 β_ix^{(n−2)}(η_i). Thus

x(t) =

∫_t 0 (t − s)^{n−1} (n − 1)!

y(s) ds + at^{n−1} + bt^{n−2} .

It follows from the boundary value conditions that (5) ∫_ξ 0 y(s) ds = 0 , m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)y(s) ds =

∫_1 0 (1 − s)y(s) ds .

On the other hand, if (5) holds, let

x(t) =

∫_t 0 (t − s)^{n−1} (n − 1)!

y(s) ds + at^{n−1} + bt^{n−2} , t ∈ [0, 1] .

Then x ∈ dom L ∩ X and Lx = y. Thus the proof of (ii) is completed.

(iii) and (iv) For an integer k, let

Δ_k = | | | | ∫_ξ 0 s^k ds

∫_ξ 0 s^{k−1} ds A_3 A_2 | | | | , where

A_1 =

∫_1 0 (1 − s)y(s) ds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)y(s) ds ,

A_2 =

∫_1 0 (1 − s)s^{k−1} ds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)s^{k−1} ds ,

A_3 =

∫_1 0 (1 − s)s^k ds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)s^k ds .

From (i), dim Ker L = 2. On the other hand, we claim that there is k ∈ {0, 1, . . . , m}

such that_m ∑ i=1 β_i

∫_{ηi} 0 (η_i − s)s^k ds ≠

∫_1 0 (1 − s)s^k ds .

In fact, if for all k ∈ {0, 1, . . . , m}, we have m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)s^k ds =

∫_1 0 (1 − s)s^k ds .

Consider the equations

x_0

∫_1 0 (1 − s)s^k ds + m∑ i=1 x_i

∫_{ηi} 0 (η_i − s)s^k ds = 0 , i = 0, 1, . . . , m .

Since the determinant of coefficients of above equations is

D = | | | | | |

∫_1 0 (1 − s) ds

∫_{η1} 0 (η_1 − s) ds . . .

∫_{ηm} 0 (η_m − s) ds . . . . . . ∫_1 0 (1 − s)s^mds

∫_{η1} 0 (η_1 − s)s^mds . . .

∫_{ηm} 0 (η_m − s)s^m ds

| | | | | | ,

it is easy to check that D ≠ 0 since 0 < ξ_1 < ξ_2 < · · · < ξ_m < 1. We get x_0 =

x_1 = · · · = x_m = 0, this contradicts

∑_m

i=1 β_i = 1. Together eith

∑_m i=1 β_iη_i = 1,

the proof of (iv) is complete.

If y ∈ Y , let k be defined in (iv), suppose

y − (At^k + Bt^{k−1}) ∈ Im L .

It follows that

∫_ξ 0 y(s) ds = A

∫_ξ 0 s^kds + B

∫_ξ 0 s^{k−1} ds ,

∫_1 0 (1 − s)y(s)ds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)y(s)ds

= A ( ∫ 1 0 (1 − s)s^kds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)s^kds )

+ B ( ∫ 1 0 (1 − s)s^{k−1}ds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)s^{k−1}ds ) . It is easy to see Δ_k ≠ 0 from (iv). Then we get A = 1 Δ_k | | | | ∫_ξ 0 y(s)ds

∫_ξ 0 s^{k−1}ds

A_1 A_2 | | | | , B = 1 Δ_k | | | | ∫_ξ 0 s^kds

∫_ξ 0 y(s)ds

A_3 A_1 | | | | . For y ∈ Y , let

y_0 = y − t^k

Δ_k | | | ∫_ξ 0 y(s) ds

∫_ξ 0 s^{k−1} ds

A_1 A_2 | | | + t^{k−1}

Δ_k | | | ∫_ξ 0 s^k ds

∫_ξ 0 y(s) ds

A_3 A_1 | | | .

It is easy to check that y_0 ∈ Im L. Let

R = {at^k + bt^{k−1} : t ∈ [0, 1], c ∈ R } .

We get Y = R + Im L. Again, R ∩ Im L = {0}, so Y = R ⊕ Im L. Hence dim Y/ Im L = 2. On the other hand, Im L is closed. So L is a Fredholm operator of index zero. This completes the proof of (iii).

(v) Define the projectors Q : Y → Y and P : X → X by

Qy(t) = t^k Δ_k | | | ∫_ξ 0 y(s) ds

∫_ξ 0 s^{k−1} ds A_1 A_2 | | | + t^{k−1} Δ_k | | | ∫_ξ 0 s^k ds

∫_ξ 0 y(s) ds A_3 A_1 | | | for y ∈ Y , and P x(t) = x^{(n−1)}(0) (n − 1)!

t^{n−1} + x^{(n−2)}(0) (n − 2)!

t^{n−2} for x ∈ X ,

respectively. It is easy to prove that Ker L = Im P and Im L = Ker Q. Then the inverse K_p : Im L → dom L ∩ Ker P of the map L : dom L ∩ Ker P → Im L can be written by

K_py(t) =

∫_t 0 (t − s)^{n−1} (n − 1)!

y(s) ds for y ∈ Im L .

In fact, for y ∈ Im L, we have (LK_p)y(t) = y(t). On the other hand, for x ∈ Ker P ∩ dom L, it follows that

(K_pL)x(t) = K_p(x^{(n)}(t)) =

∫_t 0 (t − s)^{n−1} (n − 1)!

x^{(n)}(s) ds = − x^{(n−1)}(0) (n − 1)!

t^{n−1} − x^{(n−2)}(0) (n − 2)!

t^{n−2} + x(t) = x(t) .

Furthermore, let ∧ : Ker L → R be the isomophism with ∧(at^{n−1} + bt^{n−2}) = at^k + bt^{k−1}. One has

QNx(t) = Q ( f(t, x(t), x^′(t), . . . , x^{(n−1)}(t)) + e(t) ) = t^k Δ_k | | | | ∫_ξ 0 ( f(t, x(t), x^′(t), . . . , x^{(n−1)}(t)) + e(t) ) ds ∫_ξ 0 s^{k−1} ds A_1 A_2 | | | | + t^{k−1} Δ_k | | | ∫_ξ 0 s^k ds

∫_ξ 0 ( f(t, x(t), x^′(t), . . . , x^{(n−1)}(t)) + e(t) ) ds A_3 A_1 | | | .

K_p(I − Q)Nx(t) = K_p [( f(t, x(t), x^′(t), . . . , x^{(n−1)}(t)) + e(t) )

− ( tk

Δ_k | | | ∫_ξ 0 ( f(t, x(t), x^′(t), . . . , x^{(n−1)}(t)) + e(t) ) ds ∫_ξ 0 s^{k−1} ds

A_1 A_2 | | | + t^{k−1}

Δ_k | | | | ∫_ξ 0 s^k ds

∫_ξ 0 ( f(t, x(t), x^′(t), . . . , x^{(n−1)}(t)) + e(t) ) ds A_3 A_1 | | | | )]

= ∫_t 0 (t − s)^{n−1}

(n − 1)! ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds − ( 1 Δ_k | | | ∫_ξ 0 ( f(t, x(t), x^′(t), . . . , x^{(n−1)}(t)) + e(t) ) ds ∫_ξ 0 s^{k−1} ds

A_1 A_2 | | | × ∫_t 0 (t − s)^{n−1}

(n − 1)!

s^k ds + 1 Δ_k | | | | ∫_ξ 0 s^k ds

∫_ξ 0 ( f(t, x(t), x^′(t), . . . , x^{(n−1)}(t)) + e(t) ) ds A_3 A_1 | | | | × ∫_t 0 (t − s)^{n−1}

(n − 1)!

s^{k−1} ds ) . Since f is continuous, using the Ascoli-Arzela theorem, we can prove that QN(Ω)

is bounded and K_p(I − Q)N : Ω → X is compact, thus N is L-compact on Ω.

(vi) The proof is simple and is omitted. □

Theorem 2.1. For Case (i), assume the following conditions hold.

(A_1) There exist functions a_i(i = 0, 1, . . . , n − 1), b and r ∈ L^1[0, 1] and a

constant θ ∈ [0, 1) such that for all x_i ∈ R(i = 0, 1, . . . , n − 1), the following

inequality hold:

|f(t, x_0, x_1, x_2, . . . , x_{n−1})| ≤ n−1∑ i−0 a_i(t)|x_i| + b(t)|x_{n−1}|^θ + r(t) ;

(A_2) There is M > 0 such that for any x ∈ dom L/ Ker L, if |x^{(n−1)}(t)| > M

for all t ∈ [0, 1], then either

∫_ξ 0 ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds ≠ 0 , or m∑ i=1 β_i

∫_{βi} 0 (β_i − s) ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds

− ∫_1 0 (1 − s) ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds ≠ 0 ;

(A_3) There is M^∗ > 0 such that for x(t) = at^{n−1} + bt^{n−2} either the equations

−λa = (1 − λ)^1_{Δk} | | | | | ∫_ξ 0 ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds ∫_ξ 0 s^{k−1} ds

A_1 A_2 | | | | | −λb = (1 − λ)^1_{Δk} | | | | ∫_ξ 0 s^k ds

∫_ξ 0 ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds A_3 A_1 | | | | or λa = (1 − λ)^1_{Δk} | | | | ∫_ξ 0 ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds ∫_ξ 0 s^{k−1} ds

A_1 A_2 | | | |

λb = (1 − λ)^1_{Δk} | | | | ∫_ξ 0 s^k ds

∫_ξ 0 ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds A_3 A_1 | | | | has no solution (a, b) satisfying |a| > M^∗ or |b| > M^∗;

(A_4) There exist α > 0, β ≥ 0 and L_1 ≥ 0 such that

|f(t, x_0, x_1, . . . , x_{n−1})| ≥ α|x_{n−2}| − β|x_{n−1}| − L_1

for all t ∈ [0, 1] and x_i ∈ R for i = 0, 1, . . . , n − 1;

(A_5)

(_β

α + 3 )( ∑_{n−1} i=0 ‖a_i‖_1 ) < 1.

Then BVP (3) and (4) has at least one solution.

Proof. To apply Theorem GM, we should define an open bounded subset Ω of X

so that (i), (ii) and (iii) of Theorem GM hold. To obtain Ω, we base it upon three

steps. The proof of this theorem is divide the proof into four steps.

Step 1. Let

Ω_1 = {x ∈ dom L/ Ker L, Lx = λNx for some λ ∈ (0, 1)} .

For x ∈ Ω_1, x /∈= Ker L, λ ≠ 0 and Nx ∈ Im L, thus QNx = 0. Then

(6)

∫_ξ 0 ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds = 0 ,

∫_1 0 (1 − s) ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds − m∑ i=1 β_i

∫_{βi} 0 (ξ_i − s) ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds = 0 .

Hence by (A_2), we know that there is t_0 ∈ [0, 1] such that |x^{(n−1)}(t_0)| ≤ M. Thus

|x^{(n−1)}(0)| ≤ |x^{(n−1)}(t_0)| + | | | ∫_{t0} 0 x^{(n)}(s) ds | | | ≤ M +

∫_1 0 |x^{(n)}(s)| ds ≤ M + ‖Nx‖_1 .

Similarly, we have |x^{(n−1)}(t)| ≤ M + ‖Nx‖_1. From (6), there t_1 ∈ [0, 1] such that f ( t_1, x(t_1), x^′(t_1), . . . , x^{(n−1)}(t_1) ) = 1 ξ ∫_ξ 0 e(s) ds .

By (A_4), we get 1 ξ ‖e‖_1 ≥ | |f(t_1, x(t_1), x^′(t_1), . . . , x^{(n−1)}(t_1)) | | ≥ α | |x^{(n−2)}(t_1) | | − β | |x^{(n−1)}(t_1) | | − L_1 .

This implies that | |x^{(n−2)}(t_1) | | ≤ β α | |x^{(n−1)}(t_1) | | + L^1 α + ‖e‖_1 αξ ≤ β α (M + ‖Nx‖_1) +

Ł_1 α + ‖e‖_1 αξ . Hence | |x^{(n−2)}(0) | | = | | | ∫_{t1} 0 x^{(n−1)}(t) dt − x^{(n−2)}(t_1) | | | ≤ ∫_1 0 | |x^{(n−1)}(t) | | dt + β α (M + ‖Nx‖_1) +

L_1 α + ‖e‖_1 αξ ≤ M + ‖Nx‖_1 + β α M + β α ‖Nx‖_1 +

L_1 α + ‖e‖_1 αξ = ( β α + 1 ) ‖Nx‖_1 + ( β α + 1 ) M + L_1 α + ‖e‖_1 αξ . So ‖P x‖ = ‖ ‖ x^{(n−1)}(0) (n − 1)!

t^{n−1} + x^{(n−2)}(0) (n − 2)!

t^{n−2} ‖ ‖ ≤ | |x^{(n−2)}(0) | | + | |x^{(n−1)}(0) | | ≤ ( β α + 2 ) ‖Nx‖_1 + ( β α + 2 ) M + L_1 α + ‖e‖_1 αξ . On the other hand, for x ∈ Ω_1, then x ∈ dom L/ Ker L and (I − P )x ∈ dom L ∩ Ker P and LP x = 0. By the definition of K_p, it is easy to prove that ‖K_py‖ ≤ ‖y‖_1. Hence

‖(I − P )x‖ = ‖K_pL(I − P )x‖ ≤ ‖L(I − P )x‖_1 = ‖Lx‖_1 ≤ ‖Nx‖_1 .

Thus one has

‖x‖ ≤ ‖P x‖ + ‖(I − P )x‖ ≤ ( β α + 2 ) ‖Nx‖_1 + ( β α + 2 ) M + L_1 α + ‖e‖_1 α + ‖Nx‖_1 = ( β α + 3 ) ‖Nx‖_1 + ( β α + 2 ) M + L_1 α + ‖e‖_1 α . It is easy to see for x ∈ X ∩ dom L that

‖x‖ = max { ‖x^{(n−2)}‖_∞, ‖x^{(n−1)}‖_∞ } . From (A_1), we get

‖x‖ ≤ ( β α + 3 )(^{n−1}∑ i=0 ‖a_i‖_1‖x^{(i)}‖_∞ + ‖b‖_1‖x^{(n−1)}‖^θ_∞ + ‖e‖_1 + ‖r‖_1 )

+ ( β α + 2 ) M + L_1 α + ‖e‖_1 αξ ≤ ( β α + 3 )(^{n−1}∑ i=0 ‖a_i‖_1‖x‖ + ‖b‖_1‖x‖^θ + ‖e‖_1 + ‖r‖_1 )

+ ( β α + 2 ) M + L_1 α + ‖e‖_1 αξ . Since θ ∈ [0, 1), from the above inequality, there is M_1 > 0 such that

‖x‖ = max { ‖x^{(n−2)}‖_∞, ‖x^{(n−1)}‖_∞ } ≤ M_1 .

It follows that Ω_1 is bounded. Step 2. Let

Ω_2 = {x ∈ Ker L : Nx ∈ Im L}.

For x ∈ Ω_2, then x(t) = at^{n−1} + bt^{n−2} for some a, b ∈ R. Nx ∈ Im L implies QNx = 0. Thus

(7) ∫_ξ 0 (f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s))ds = 0, ∫_1 0 (1 − s)(f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s))ds − ∑_m

i=1 β_i

∫_{βi} 0 (η_i − s)(f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s))ds = 0.

From (A_2), we get that there is t_1 ∈ [0, 1] such that |x^{(n−1)}(t_1)| ≤ M, i.e. a(n − 1)!| ≤ M. On the other hand, by (A_4), we get from (7) that there is t_2 ∈ [0, 1] such that 1 ξ ‖e‖_1 ≥ | |f(t_1, x(t_1), x^′(t_1), . . . , x^{(n−1)}(t_1)) | | ≥ α | |x^{(n−2)}(t_1) | | − β | |x^{(n−1)}(t_1) | | − L_1

= α|a(n − 1)!t_1 + b(n − 2)!| − β|a(n − 1)!| − L_1 ≥ α|b(n − 2)!| − α|a(n − 1)!t_1| − β|a(n − 1)!| − L_1 ≥ α|b(n − 2)!| − (α + β)|a(n − 1)!| − L_1 .

So α|b(n − 2)!| ≤ ‖e‖_1 + (α + β)M + L_1. This shows Ω_2 is bounded.

Step 3. If (a_1) in (A_3) holds, let

Ω_3 = {x ∈ Ker L : −λ ∧ x + (1 − λ)QNx = 0, λ ∈ [0, 1]} ,

where ∧ is the isomorphism given by ∧(at^{n−1} +bt^{n−2}) = at^k +bt^{k−1} for all a, b ∈ R. If (a_2) in (A_3) holds, Let

Ω_3 = {x ∈ Ker L : λ ∧ x + (1 − λ)QNx = 0, λ ∈ [0, 1]} .

Now, we prove that Ω_3 is bounded in both cases.

In fact, if (a_1) holds, and x = at^{n−1} + bt^{n−2} ∈ Ω_3, we have

− λ(at^k + bt^{k−1})

= (1 − λ) ( t^k Δ_k | | | | ∫_ξ 0 ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds ∫_ξ 0 s^{k−1} ds A_1 A_2 | | | | + t^{k−1} Δ_k | | | ∫_ξ 0 s^k ds

∫_ξ 0 ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds A_3 A_1 | | | ) . If λ = 1, then a = b = 0. Otherwise, we have

−λa = (1 − λ) 1 Δ_k | | | ∫_ξ 0 ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds ∫_ξ 0 s^{k−1} ds A_1 A_2 | | | −λb = (1 − λ) 1 Δ_k | | | | ∫_ξ 0 s^k ds

∫_ξ 0 ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds A_3 A_1 | | | | . It follows from (A_3) that |a| ≤ M^∗ and |b| ≤ M^∗. This shows that Ω_3 is bounded. Similarly to above argument, we can prove that Ω_3 is bounded if (a_2) holds.

In the following, we shall show that all conditions of Theorem GM are satisfied. Set Ω be an open bounded subset of X such that Ω ⊃ ∪^3_{i=1}Ω_i. By Lemma 2.1, L is a Fredholm operator of index zero and N is L-compact on Ω. By the definition of Ω, we have

(a) Lx ≠ λNx for x ∈ (dom L/ Ker L) ∩ ∂Ω and λ ∈ (0, 1); (b) Nx /∈ Im L for x ∈ Ker L ∩ ∂Ω.

Step 4. We prove

(c) deg(QN|_{Ker L}, Ω ∩ Ker L, 0) ≠ 0.

In fact, let H(x, λ) = ±λ ∧ x + (1 − λ)QNx. According the definition of Ω, we know H(x, λ) ≠ 0 for x ∈ ∂Ω ∩ Ker L, thus by homotopy property of degree,

deg(QN | Ker L, Ω ∩ Ker L, 0) = deg(H(·, 0), Ω ∩ Ker L, 0) = deg(H(·, 1), Ω ∩ Ker L, 0) = deg(∧, Ω ∩ Ker L, 0) ≠ 0 .

Thus by Theorem GM, Lx = Nx has at least one solution in dom L ∩ Ω, which is a solution of BVP (3)–(4). The proof is complete. □ Now, we consider BVP (3) and (4) in the Case (ii), let

dom L = {x ∈ W^{n,1}(0, 1), x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3, x^{(n−1)}(1) = 0

x^{(n−2)}(1) = m∑ i=1 β_ix^{(n−2)}(η_i)} .

We have the following lemma and theorem, whose proofs are similar to those of Lemma 2.1 and Theorem 2.1, respectively, and are omitted.

Lemma 2.2. The following results hold.

(i) Ker L = {ct^{n−2}, t ∈ [0, 1], c ∈ R}; (ii) Im L = { y ∈ Y,

∑_m i=1 β_i

∫_{ηi} 0 (η_i − s)y(s) ds =

∫_1 0 (1 − s)y(s) ds } ; (iii) L is a Fredholm operator of index zero; (iv) There is k ∈ {0, 1, . . . , m} such that

M = − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)s^k ds +

∫_1 0 (1 − s)s^k ds ≠ 0 ;

(v) There are projectors P : X → X and Q : Y → Y such that Ker L = Im P and Ker Q = Im L. Furthermore, let Ω ⊂ X be an open bounded subset with Ω ∩ dom L ≠ Φ, then N is L-compact on Ω;

(vi) x(t) is a solution of BVP (3)–(4) if and only if x is a solution of the operator equation Lx = Nx in dom L.

In fact, we have

P x(t) = x^{(n−2)}(0) (n − 2)!

t^{n−2} for x ∈ X ∩ dom L ,

Qy(t) = 1 M ( ∫ 1 0 (1 − s)y(s) ds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)y(s) ds ) for y ∈ Y ,

K_py(t) =

∫_t 0 (t − s)^{n−1} (n − 1)!

y(s) ds for y ∈ Im L .

Theorem 2.2. For Case (ii), assume the following conditions hold.

(A_1) There exist functions a_i(i = 0, 1, . . . , n − 1), b and r ∈ L^1[0, 1] and a constant θ ∈ [0, 1) such that for all x_i ∈ R(i = 0, 1, . . . , n − 1), the following inequality hold:

|f(t, x_0, x_1, x_2, . . . , x_{n−1})| ≤ n−1∑ i−0 a_i(t)|x_i| + b(t)|x_{n−1}|^θ + r(t) ;

(A_2) There is M > 0 such that for any x ∈ dom L/ Ker L, if |x^{(n−2)}(t)| > M for all t ∈ [0, 1], then

∫_1 0 (1 − s) ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s) ( f(s, x(s), x^′(s), . . . , x^{(n−1)}(s)) + e(s) ) ds ≠ 0 ;

(A_3) There is M^∗ > 0 such that for any c ∈ R if |c| > M^∗ then either c ( ∫ 1 0 (1 − s)f ( s, cs^{n−2}, c(n − 2)s^{n−3}, . . . , c(n − 2)!, 0 ) ds − m∑ i=1 α_i

∫_{ξi} 0 (ξ_i − s)f ( s, cs^{n−2}, c(n − 2)s^{n−3}, . . . , c(n − 2)!, 0 ) ds ) < 0 or c ( ∫ 1 0 (1 − s)f ( s, cs^{n−2}, c(n − 2)s^{n−3}, . . . , c(n − 2)!, 0 ) ds − m∑ i=1 α_i

∫_{ξi} 0 (ξ_i − s)f ( s, cs^{n−2}, c(n − 2)s^{n−3}, . . . , c(n − 2)!, 0 ) ds ) < 0 ;

(A_4)

∑_{n−1}

i=0 ‖a_i‖_1 <^1_2 .

Then BVP (3) and (4) has at least one solution.

For Case (iii), let

dom L = {x ∈ W^{n,1}(0, 1), x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3, x^{(n−1)}(0) = x^{(n−1)}(ξ)

x^{(n−2)}(1) = m∑ i=1 β_ix^{(n−2)}(η_i) } .

We have the following results, whose proofs are similar to those of Lemma 2.1 and Theorem 2.1.

Lemma 2.3. The following results hold.

(i) Ker L = {ct^{n−2}, t ∈ [0, 1], c ∈ R}; (ii) Im L = { y ∈ Y,

∫_ξ 0 y(s) ds = 0 } ;

(iii) L is a Fredholm operator of index zero; (iv) There is k ∈ {0, 1, . . . , m} such that m∑ i=1 β_iη^{k−1}_i = 1 and m∑ i=1 β_iη^k_i ≠ 1 ;

(v) There are projectors P : X → X and Q : Y → Y such that Ker L = Im P and Ker Q = Im L. Furthermore, let Ω ⊂ X be an open bounded subset with Ω ∩ dom L ≠ Φ, then N is L-compact on Ω;

(vi) x(t) is a solution of BVP (3)–(4) if and only if x is a solution of the operator equation Lx = Nx in dom L.

In fact, we have

P x(t) = x^{(n−2)}(0) (n − 2)!

t^{n−2} for x ∈ X ∩ dom L ,

Qy(t) = 1 ξ ∫_ξ 0 y(s) ds for y ∈ Y ,

K_py(t) =

∫_t 0 (t − s)^{n−1} (n − 1)!

y(s) ds − t^{n−1} 1 − ∑_m

i=1 β_iη_i

(^m∑ i=1 ∫_1

η_i

∫_s 0 y(u) du ds )

for y ∈ Im L.

Theorem 2.3. For Case (iii), assume the following conditions hold.

(A_1) There exist functions a_i(i = 0, 1, . . . , n − 1), b and r ∈ L^1[0, 1] and a constant θ ∈ [0, 1) such that for all x_i ∈ R(i = 0, 1, . . . , n − 1), the following inequality hold:

|f(t, x_0, x_1, x_2, . . . , x_{n−1})| ≤ n−1∑ i−0 a_i(t)|x_i| + b(t)|x_{n−1}|^θ + r(t) ;

(A_2) There is M > 0 such that for any x ∈ dom L/ Ker L, if |x^{(n−1)}(t)| > M for all t ∈ [0, 1], then m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)f ( s, x(s), x^′(s), . . . , x^{(n−1)}(s) ) ds

≠ ∫_1 0 (1 − s)f ( s, x(s), x^′(s), . . . , x^{(n−1)}(s) ) ds ;

(A_3) There is M^∗ > 0 such that for any c ∈ R if |c| > M^∗ then either c ( ∫ 1 0 (1 − s)f ( s, cs^{n−2}, c(n − 2)s^{n−3}, . . . , c(n − 2)!, 0 ) ds − m∑ i=1 α_i

∫_{ξi} 0 (ξ_i − s)f ( s, cs^{n−2}, c(n − 2)s^{n−3}, . . . , c(n − 2)!, 0 ) ds ) < 0 or c ( ∫ 1 0 (1 − s)f ( s, cs^{n−2}, c(n − 2)s^{n−3}, . . . , c(n − 2)!, 0 ) ds − m∑ i=1 α_i

∫_{ξi} 0 (ξ_i − s)f ( s, cs^{n−2}, c(n − 2)s^{n−3}, . . . , c(n − 2)!, 0 ) ds ) < 0 ;

(A_4) There exist α > 0, β ≥ 0 and L_1 ≥ 0 such that |f(t, x_0, x_1, . . . , x_{n−1})| ≥ α|x_{n−2}| − β|x_{n−1}| − L_1 for all t ∈ [0, 1] and x_i ∈ R for i = 0, 1, . . . , n − 1;

(A_5)

(_β α + 2

) ∑_{n−1}

i=0 ‖a_i‖_1 < 1.

Then BVP (3) and (4) has at least one solution.

For Case (iv), let

dom L = {x ∈ W^{n,1}(0, 1), x^{(i)}(0) = 0 for i = 0, 1, . . . , n − 3, x^{(n−1)}(1) = x^{(n−1)}(ξ)

x^{(n−2)}(1) = m∑ i=1 β_ix^{(n−2)}(η_i)} .

We have the following results, whose proofs are similar to those of Lemma 2.1 and Theorem 2.1.

Lemma 2.4. The following results hold.

(i) Ker L = {ct^{n−1}, t ∈ [0, 1], c ∈ R}; (ii) Im L = { y ∈ Y,

∫_ξ 0 y(s) ds = 0 } ; (iii) L is a Fredholm operator of index zero;

(iv) There are projectors P : X → X and Q : Y → Y such that Ker L = Im P and Ker Q = Im L. Furthermore, let Ω ⊂ X be an open bounded subset with Ω ∩ dom L ≠ Φ, then N is L-compact on Ω;

(v) x(t) is a solution of BVP (3)–(4) if and only if x is a solution of the operator equation Lx = Nx in dom L.

In fact, we have

P x(t) = x^{(n−1)}(0) (n − 1)!

t^{n−1} for x ∈ X ∩ dom L ,

Qy(t) = 1 ξ ∫_ξ 0 y(s) ds for y ∈ Y ,

K_py(t) =

∫_t 0 (t − s)^{n−1} (n − 1)!

y(s) ds − t^{n−2} 1 − ∑_m i=1 β_iη_i × ( ∫ 1 0 (1 − s)y(s) ds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)y(s) ds ) for y ∈ Im L.

Theorem 2.4. For Case (iv), assume the following conditions hold.

(A_1) There exist functions a_i(i = 0, 1, . . . , n − 1), b and r ∈ L^1[0, 1] and a constant θ ∈ [0, 1) such that for all x_i ∈ R(i = 0, 1, . . . , n − 1), the following inequality hold:

|f(t, x_0, x_1, x_2, . . . , x_{n−1})| ≤ n−1∑ i−0 a_i(t)|x_i| + b(t)|x_{n−1}|^θ + r(t) ;

(A_2) There is M > 0 such that for any x ∈ dom L/ Ker L, if |x^{(n−1)}(t)| > M for all t ∈ [0, 1], then m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)f ( s, x(s), x^′(s), . . . , x^{(n−1)}(s) ) ds

≠ ∫_1 0 (1 − s)f ( s, x(s), x^′(s), . . . , x^{(n−1)}(s) ) ds; (A_3) There is M^∗ > 0 such that for any c ∈ R if |c| > M^∗ then either c ( ∫ 1 0 (1 − s)f ( s, cs^{n−1}, c(n − 1)s^{n−2}, . . . , c(n − 1)! ) ds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)f ( s, cs^{n−1}, c(n − 1)s^{n−2}, . . . , c(n − 1)! ) ds ) < 0 or c ( ∫ 1 0 (1 − s)f ( s, cs^{n−1}, c(n − 1)s^{n−2}, . . . , c(n − 1)! ) ds − m∑ i=1 β_i

∫_{ηi} 0 (η_i − s)f ( s, cs^{n−1}, c(n − 1)s^{n−2}, . . . , c(n − 1)! ) ds ) < 0 ;

(A_4) There exist α > 0, β ≥ 0 and L_1 ≥ 0 such that

|f(t, x_0, x_1, . . . , x_{n−1})| ≥ α|x_{n−2}| − β|x_{n−1}| − L_1

for all t ∈ [0, 1] and x_i ∈ R for i = 0, 1, . . . , n − 1;

(A_5)

(_β

α + 2

) ∑_{n−1}

i=0 ‖a_i‖_1 < 1.

Then BVP (3) and (4) has at least one solution.

References

[1] Agarwal, R. P., O’Regan, D., Wong, P. J. Y., Positive solutions of differential, difference and integral equations, Kluwer Academic, Dordrecht 1999.

[2] Agarwal, R. P., Boundary value problems for higher order differential equations, World Scientific, Singapore 1986.

[3] Agarwal, R. P., Focal boundary value problems for differential and difference equations, Kluwer, Dordrecht 1998.

[4] Agarwal, R. P., O’Regan, D., Lakshmikantham, V., Singular (p, n−p) focal and (n, p) higher order boundary value problems, Nonlinear Anal. 42 (2000), 215–228.

[5] Eloe, P. W., Henderson, J., Positive solutions for (n − 1, 1) conjugate boundary value problems, Nonlinear Anal. 28 (1997), 1669–1680.

[6] Feng, W., Webb, J. R. L., Solvability of three-point boundary value problems at resonance, Nonlinear Anal. 30 (1997), 3227–3238.

[7] Feng, W., Webb, J. R. L., Solvability of m-point boundary value problems with nonlinear growth, J. Math. Anal. Appl. 212 (1997), 467–489.

[8] Gupta, C. P., A sharper conditions for the solvability of three-point second order boundary value problem, J. Math. Anal. Appl. 205 (1997), 579–586.

[9] Gupta, C. P., Solvability of a three-point nonlinear boundary value problem for a second order ordinary differential equation, J. Math. Anal. Appl. 168 (1992), 540–551.

[10] Il’in, V., Moiseev, E., Non-local boundary value problems of the second kind for a Sturm- Liouville operator, Differential Equations 23 (1987), 979–987.

[11] Il’in, V., Moiseev, E., Non-local boundary value problems of first kind for a Sturm-Liouville operator in its differential and finite difference aspects, Differential Equations 23 (1987), 803–810.

[12] Liu, B., Solvability of multi-point boundary value problems at resonance (III), Appl. Math.

Comput. 129 (2002), 119–143.

[13] Liu, B., Solvability of multi-point boundary value problems at resonance (IV), Appl. Math.

Comput. 143 (2003), 275–299.

[14] Liu, B., Yu, J., Solvability of multi-point boundary value problems at resonance (I), Indian J. Pure Appl. Math. 33(4) (2002), 475–494.

[15] Liu, B., Yu, J., Solvability of multi-point boundary value problems at resonance (II), Appl.

Math. Comput. 136 (2003), 353–377.

[16] Liu, Y., Ge, W., Positive solutions for (n − 1, 1) three-point boundary value problems with coefficient that changes sign, J. Math. Anal. Appl. 282 (2003), 816–825.

[17] Liu, Y., Ge, W., Solutions of a multi-point boundary value problem for higher-order differential equations at resonance (I), preprint.

[18] Liu, Y., Ge, W., Solutions of a multi-point boundary value problem for higher-order differential equations at resonance (III), preprint.

[19] Ma, R., Existence theorems for a second order three point boundary value problem, J. Math.

Anal. Appl. 212 (1997), 430–442.

[20] Ma, R., Existence theorems for a second order m-point boundary value problem, J. Math.

Anal. Appl. 211 (1997), 545–555.

[21] Ma, R., Positive solutions of nonlinear three-point boundary value problems, Electron. J.

Differential Equations 34 (1998), 1–8.

[22] Mawhin, J., Toplogical degree methods in nonlinear boundary value problems, in: NSFCBMS Regional Conference Series in Math., American Math. Soc. Providence, RI 1979.

[23] Mawhin, J., Toplogical degree and boundary value problems for nonlinear differential equations, in: P. M. Fitzpertrick, M. Martelli, J. Mawhin, R. Nussbanm (Eds.), Toplogical Methods for Ordinary Differential Equations, Lecture Notes in Math. 1537, Springer-Verlag, New York/Berlin, 1991.

1. Department of Applied Mathematics Hunan Institute of Science and Technology Hunan, 414000, P. R. China

2. Department of Mathematics Beijing Institute of Technology Beijing, 100081, P. R. China E-mail: liuyuji888@sohu.com