ARCHIVUM MATHEMATICUM (BRNO) Tomus 41 (2005), 311 – 323

ASYMPTOTIC BEHAVIOUR OF A DIFFERENCE EQUATION WITH COMPLEX-VALUED COEFFICIENTS

JOSEF KALAS

Abstract. The asymptotic behaviour for solutions of a difference equation Δz_n = f(n, z_n), where the complex-valued function f(n, z) is in some meaning close to a holomorphic function h, and of a Riccati difference equation is studied using a Lyapunov function method. The paper is motivated by papers on the asymptotic behaviour of the solutions of differential equations with complex-valued right-hand sides.

1. Introduction

In [3]–[7], the asymptotic behaviour of solutions of a nonlinear differential equation

z^′ = G(t, z)[h(z) + g(t, z)] (1) is studied using Lyapunov function method. h is a holomorphic function defined in a complex simply connected region Ω containing 0, G is a real function and g is a complex function, t and z being a real and complex variable, respectively. It is supposed that the right-hand side of (1) is in a suitable meaning close to h. A Lyapunov-like function V (z) for the equation (1) is suggested in a following manner under the assumption that h^′(0) ≠ 0 and h(z) = 0 ⇐⇒ z = 0 in Ω:

V (z) = |v(z)| ,

where

v(z) = z exp

∫_z 0 r(ζ)dζ , r(z) = zh^′(0) − h(z) zh(z) for z ∈ Ω, z ≠ 0 ,

− h^{′′}(0) 2h^′(0) for z = 0 .

2000 Mathematics Subject Classification: 39A11.

Key words and phrases: difference equations, asymptotic behaviour, Lyapunov functions. Received November 18, 2003, revised January 2004.

The functions v, r are holomorphic in Ω. It is shown that there exists a number λ_0, 0 < λ_0 ≤ ∞ and a simply connected region K(λ_0) ⊆ Ω such that every set K̂(λ) := {z ∈ K(λ_0) : V (z) = λ}

is the geometric image of a certain Jordan curve for 0 < λ < λ_0 and

Int K̂(λ) = {z ∈ K(λ_0) : V (z) < λ} .

If we define K̂(0) := {0},

K(λ) : = ⋃ 0≤μ<λ

K̂(μ) for 0 < λ ≤ λ_0 ,

K(λ_1, λ_2) : = ⋃ λ_1<μ<λ_2

K̂(μ) for 0 ≤ λ_1 < λ_2 ≤ λ_0 ,

we have

K(λ) = Int K̂(λ) for 0 < λ < λ_0 , K(λ_1, λ_2) = K(λ_2) \ Cl K(λ_1) for 0 < λ_1 < λ_2 ≤ λ_0 and K(0, λ) = K(λ) \ {0} for 0 < λ ≤ λ_0 .

For details see e. g. [4]. Notice that the functions V , v, r and the sets K̂(λ), K(λ), K(λ_1, λ_2) are defined only by means of the function h.

It was shown that the trajectories of the equation z^′ = h(z) intersect the curves K̂(λ) for 0 < λ < λ_0 from their exterior to their interior or reversely, if Re h′(0) ≠ 0 is assumed. Therefore the Lyapunov-like function V is useful for the investigation of the asymptotic behaviour of the solutions of the equation (1), provided that the right-hand side of (1) is in a suitable meaning close to the function h. The results on the asymptotic behaviour of (1) can be applied to Riccati differential equation and allow to generalize the most of results of earlier papers on the asymptotic properties of Riccati equations with complex-valued coefficients published in [15]– [18].

Consider a difference equation

Δz_n = f(n, z_n) , (2) where f(n, z) is defined od N_0 × Ω, Ω ⊆ C being a simply connected region containing 0. Let h be a holomorphic function defined in Ω and satisfying the conditions h^′(0) ≠ 0, h(0) = 0 ⇐⇒ z = 0. Define the functions V , v, r and the sets K̂(λ), K(λ), K(λ_1, λ_2) as before. If the function f(n, z) is in some sense close to h(z), it can be expected then the function V and the sets K̂(λ), K(λ), K(λ_1, λ_2) might be also suitable for the investigation of the asymptotic behaviour of the solutions of (2). In the present paper we attempt to give several results on the asymptotic behaviour of the solutions of (2) and apply some of these results to a special type of difference equation – Riccati difference equation. The exact meanig of the closeness of f to h will be given by the assumptions of results. Notice that the scalar or matrix Riccati or generalized Riccati difference equation in real domain is studied in many papers, such as [1]–[2], [11]–[12] and [20], mainly in the connection with the investigation of the oscillation and asymptotic properties of linear difference equations of the second order. Observe that the method of Lyapunov functions for difference equations is described in several monographs, such as [14] and [13].

2. Results

Theorem 1. Suppose 0 < ν ≤ λ_0, f(n, 0) = 0 for n ∈ N_0. Assume that there is a sequence {α_n}^∞_{n=0} such that α_n ≥ 0 for n ∈ N_0,

sup_{n∈N0} n∏ k=0 α_k = κ < ∞ , (3) | | |1 + f(n, z) z | | | | | | exp

∫_{z+f (n,z)} z r(ϑ)dϑ | | | ≤ αn (4) for n ∈ N_0, z ∈ K(0, ν). If a solution {z_n}^∞_{n=0} of the equation (2) satisfies

z_n ∈ K(λ_0) for n ∈ N_0 , (5) z_0 ∈ Cl K(γ_0) , (6) where 0 < γ_0 max(1, κ) < ν, then

z_n ∈ Cl K(γ_0κ)

for n ∈ N.

Proof. Let {z_n}^∞_{n=0} be any solution of (2) satisfying (5), (6). With respect to (4) we have

ΔV (z_n) = V (z_{n+1}) − V (z_n) = |v(z_{n+1})| − |v(z_n)|

= |z_n + f(n, z_n)| | | exp ∫_{zn+f (n,zn)} 0 r(ϑ)dϑ | | − |z_n| | | exp ∫_{zn} 0 r(ϑ)dϑ | |

= V (z_n) [| |1 + f(n, z_n)

z_n | | | | | | exp

∫_{zn+f (n,zn)}

z_n

r(ϑ)dϑ | | | − 1 ]

≤ (α_n − 1)V (z_n) ,

for any n ∈ N_0 such that z_n ∈ K(0, ν). Hence

V (z_{n+1}) ≤ α_nV (z_n) . (7) In view of f(n, 0) = 0 the inequality (7) holds also if z_n = 0. Put β = γ_0κ. We shall prove that z_n ∈ Cl K(β) for n ∈ N. It holds z_0 ∈ K(ν). In view of (7) we obtain V (z_1) ≤ α_0V (z_0) ≤ α_0γ_0 ≤ β. This implies z_1 ∈ Cl K(β). Suppose now for the contrary that there is an n_1 ∈ N such that z_n ∈ Cl K(β) for n = 1, 2, . . . , n_1, z_{n1+1} ∉ Cl K(β). The inequality (7) yields

V (z_{n1+1}) ≤ α_{n1} V (z_{n1} ) ≤ α_{n1} α_{n1−1}V (z_{n1−1}) ≤ · · · ≤

(^n1∏ j=0 α_j ) V (z_0) ≤ κγ_0 = β ,

which is a contradiction with z_{n1+1} ∉ Cl K(β).

Remark 1. If V (z) ≥ λ_0 for z ∈ Ω\K(λ_0), then the condition (5) can be omitted, because (7) together with (3) imply z_n ∈ K(λ_0) for n ∈ N.

Theorem 2. Suppose 0 ≤ δ < ν ≤ λ_0. Assume there is a sequence {α_n}^∞_{n=0} such that α_n ≥ 0 for n ∈ N_0,

inf_{n∈N0} n∏ k=0 α_k = κ > 0 , (8) | | |1 + f(n, z) z | | | | | | exp

∫_{z+f (n,z)} z r(ϑ)dϑ | | | ≥ αn (9) for n ∈ N_0, z ∈ K(δ, ν). If a solution {z_n}^∞_{n=0} of (2) satisfies

z_n ∈ K(δ, ν) for n ∈ N_0 ,

(10)

z_0 ∈ K̂(γ_0) ,

(11)

where δ < γ_0 < ν, δ < γ_0κ < ν, then

z_n ∉ K(γ_0κ) for n ∈ N .

(12)

Proof. Let {z_n} be any solution of (2) satisfying (10), (11). Similarly as before we have

ΔV (z_n) = V (z_n) [| |1 + f(n, z_n) z_n | | | | | | exp

∫_{zn+f (n,zn)}

z_n

r(ϑ)dϑ | | | − 1 ]

≥ (α_n − 1)V (z_n)

and subsequently

V (z_{n+1}) ≥ α_nV (z_n)

for any n ∈ N_0 such that z_n ∈ K(δ, ν). Put β = γ_0κ. Then V (z_1) ≥ α_0V (z_0) ≥ α_0γ_0 ≥ κγ_0 and z_1 ∉ K(β). We have to prove that (12) holds. Suppose on the contrary that (12) is not true. Then there exists an n_1 ∈ N such that z_n ∈ K(δ, ν) and z_n ∉ K(β) for n = 1, 2, . . . , n_1, and, z_{n1+1} ∈ K(δ, β). Now

V (z_{n1+1}) ≥ α_{n1} V (z_{n1} ) ≥ α_{n1} α_{n1−1}V (z_{n1−1}) ≥ · · · ≥

(^n1∏ j=0 α_j ) V (z_0) ≥ κγ_0 = β .

This contradicts to z_{n1+1} ∈ K(δ, β).

Theorem 3. Suppose 0 ≤ δ ≤ β < γ_0 < ν ≤ λ_0, N ∈ N. Assume that there is a sequence {α_n}^∞_{n=0} such that 0 ≤ α_n ≤ 1 for n ∈ N_0, N∏ k=0 α_k < γ^{−1}_0 β ,

(13) | |1 + f(n, z) z | | | | exp

∫_{z+f (n,z)} z r(ϑ)dϑ | | ≤ αn

(14)

for n = 0, 1, . . . , N, z ∈ K(δ, ν). If a solution {z_n}^∞_{n=0} of (2) satisfies z_n ∈ K(λ_0) for n = 0, 1, . . . , N + 1 ,

(15)

z_0 ∈ K̂(γ_0) ,

(16)

then there is an n_1 ∈ N such that

z_{n1} ∈ K(β), z_n ∈ K(δ, ν) \ K(β) for n = 0, 1, . . . , n_1 − 1 .

Proof. Clearly z_0 ∈ K(δ, ν) \ K(β) holds. Suppose that z_k ∈ K(δ, ν), where k ∈ {0, 1, . . . , N}. Then ΔV (z_k) ≤ (α_k − 1)V (z_k) and V (z_{k+1}) ≤ α_kV (z_k) ≤ α_kα_{k−1}V (z_{k−1}) ≤ · · · ≤

(^k∏ j=0 α_j ) V (z_0) ≤ γ_0 < ν .

This implies that z_{k+1} ∈ K(ν) .

(17) If z_k ∉ K(β) for k = 0, 1, . . . , N + 1 then, in view of previous consideration, z_k ∈ K(δ, ν) \ K(β) for k = 0, 1, . . . , N + 1 and

β ≤ V (z_{N+1}) ≤

(^N∏ j=0 α_j ) V (z_0) < γ^{−1}_0 βγ_0 = β ,

which is a contradiction. Therefore there exists an n_1 ∈ {1, 2, . . . , N + 1} such that z_{n1} ∈ K(β) and z_n ∈ K(δ, ν) \ K(β) for n = 0, 1, . . . , n_1 − 1.

Remark 2. If V (z) ≥ ν for z ∈ Ω\K(λ_0), then the condition (15) can be omitted.

Theorem 4. Suppose 0 ≤ δ < γ_0 < β ≤ ν ≤ λ_0, N ∈ N. Assume that there is a sequence {α_n}^∞_{n=0} such that α_n ≥ 1 for n ∈ N_0, N∏ k=0 α_k > γ^{−1}_0 β ,

(18) | | |1 + f(n, z) z | | | | | | exp

∫_{z+f (n,z)} z r(ϑ)dϑ | | | ≥ αn

(19) for n = 0, 1, . . . , N, z ∈ K(δ, ν). If a solution {z_n}^∞_{n=0} of (2) satisfies z_n ∈ K(λ_0) for n ∈ N_0 ,

(20)

z_0 ∈ K̂(γ_0) ,

(21)

then there is an n_1 ∈ N such that

z_{n1} ∈ K(β, λ_0), z_n ∈ K(δ, ν) ∩ Cl K(β) for n = 0, 1, . . . , n_1 − 1 . Proof. It holds that z_0 ∈ K(δ, ν) ∩ Cl K(β). Suppose z_k ∈ K(δ, ν), where k ∈ {0, 1, . . . , N}. Now ΔV (z_k) ≥ (α_k − 1)V (z_k) and V (z_{k+1}) ≥ α_kV (z_k) ≥ α_kα_{k−1}V (z_{k−1}) ≥ · · · ≥

(^k∏ j=0 α_j ) V (z_0) ≥ γ_0 > δ .

This together with z_{k+1} ∈ K(λ_0) yields z_{k+1} ∈ K(δ, λ_0) .

(22) If z_k ∉ K(β, λ_0) for k = 0, 1, . . . , N + 1 then, in view of the previous consideration, z_k ∈ K(δ, ν) ∩ Cl K(β) for k = 0, 1, . . . , N + 1 and

β ≥ V (z_{N+1}) ≥

(^N∏ j=0 α_j ) V (z_0) > γ^{−1}_0 βγ_0 = β ,

a contradiction. Therefore there exists an n_1 ∈ {1, 2, . . . , N +1} such that V (z_{n1} ) ∈ K(β, λ_0), z_n ∈ K(δ, ν) ∩ Cl K(β) for n = 0, 1, . . . , n_1 − 1.

Theorem 5. Suppose 0 < ν ≤ λ_0, f(n, 0) = 0 for n ∈ N_0. Assume that there is a sequence {α_n}^∞_{n=0} such that 0 ≤ α_n ≤ 1 for n ∈ N_0,

lim_{n→∞} n∏ k=0 α_k = 0 ,

(23) | | |1 + f(n, z) z | | | | | | exp

∫_{z+f (n,z)} z r(ϑ)dϑ | | | ≤ αn

(24)

for n ∈ N_0, z ∈ K(0, ν). If a solution {z_n}^∞_{n=0} of (2) satisfies z_n ∈ K(ν) for n ∈ N_0 , then lim_{n→∞} z_n = 0 .

Proof. In view of the condition f(n, 0) = 0 it can be assumed without loss of generality that z_n ≠ 0 for n ∈ N_0. Put γ_0 = V (z_0). Similarly as before we have

V (z_{n+1}) ≤

(^n∏ k=0 α_k ) V (z_0) =

(^n∏ k=0 α_k ) γ_0 .

Using (23) we get lim_{n→∞} V (z_{n+1}) = 0. Since V is positive definite, we have lim_{n→∞} z_{n+1} = 0.

Remark 3. If V (z) ≥ ν for z ∈ Ω \ K(ν), then the condition z_n ∈ K(ν) for n ∈ N_0 can be replaced by z_0 ∈ K(ν).

Theorem 6. Suppose 0 ≤ δ < λ_0. Assume there is a sequence {α_n}^∞_{n=0} such that α_n ≥ 0 for n ∈ N_0,

lim inf n→∞ n∏ k=0 α_k = κ > 1 ,

(25) | | |1 + f(n, z) z | | | | | | exp

∫_{z+f (n,z)} z r(ϑ)dϑ | | | ≥ αn

(26) for n ∈ N_0, z ∈ K(δ, λ_0). If a solution {z_n}^∞_{n=0} of (2) satisfies z_n ∈ K(δ, λ_0) for n ∈ N_0 , and z_0 ∈ K̂(γ_0), where γ_0κ ≥ λ_0 then lim_{n→∞} V (z_n) = λ_0 .

Proof. Similarly as before we have

V (z_{n+1}) ≥

(^n∏ k=0 α_k ) V (z_0) =

(^n∏ k=0 α_k ) γ_0 ≥

(^n∏ k=0 α_k ) κ^{−1}λ_0 .

Moreover V (z_n) ≤ λ_0 in view of z_n ∈ K(δ, λ_0). With respect to (25) we obtain lim_{n→∞} V (z_n) = lim inf_{n→∞} V (z_n) = λ_0 .

3. Applications Consider a Riccati difference equation Δz_n =

(z_n − a)(b_n − z_n) z_n − q_n , (27) where a ∈ C, b_n, q_n ∈ C for n ∈ N_0. The equation (27) can be written in the form z_{n+1} =

[(a + b_n) − q_n]z_n − ab_n z_n − q_n . A substitution w = z − a transfers (27) to Δw_n = w_n(b_n − a − w_n) w_n + a − q_n . Writing z_n instead of w_n in the last equation, we have Δz_n = z_n(b_n − a − z_n) z_n + a − q_n . (28)

Notice that the function f(n, z) = z(b_n −a−z_n)/(z −a−q_n) satisfies the condition f(n, 0) = 0 which is required in Theorem 1 and Theorem 5. This is a reason for our supposition that a is constant in (27) and not a sequence.

The right-hand side of (28) can be written as 1 |z_n + a − q_n|^2 z_n (b_n − a − z_n)(z_n + a − q_n) .

(29)

If we replace z_n by z and suppose that b_n is sufficiently close to b ∈ C\{a}, then neglecting the real factor 1/|z_n +a−q_n|^2 and a nonholomorphic factor (z_n + a − q_n), we can try to suppose that the function (29) is close to a holomorphic function

h(z) = z(b − a − z) .

(30)

Putting Ω = {z ∈ C : 2 Re[(b̄ − ā)z] < |a − b|^2}, we observe h^′(z) = b − a − 2z, h^′(0) = b − a ≠ 0, r(z) = 1/(b − a − z), λ_0 = |a − b|,

v(z) = (a − b)z/(z − b + a) ,

V (z) = |a − b| |z| |z − b + a| . (31)

Then we have K(μ) = {z ∈ C : |a − b||z| < μ|z − b + a|} for 0 < μ ≤ |a − b| and K(λ_0) = K(|a − b|) = Ω. If 0 < μ < |a − b|, then K̂(μ) = {z ∈ C : |a − b||z| = μ|z − b + a|} and K̂(μ) are circles (see figure).

Im z

Re z b − a

0 K(μ) K̂(μ)

Ω = K(λ_0)

(b − a)/2

Suppose 0 < ν ≤ |a − b| and put f(n, z) = z(b_n − a − z)/(z + a − q_n). It holds that | | |1 + f(n, z) z | | | | | | exp

∫_{z+f (n,z)} z r(ζ)dζ | | |

= | |1 + f(n, z) z | | | | z + a − b z + f(n, z) + a − b | |

= | | |1 + b_n − a − z z + a − q_n | | | | | | | | z + a − b z +^{z(bn−a−z)}

z+a−q_n + a − b | | | | | .

Therefore | | |1 + f(n, z) z | | | | | | | exp ∫_{z+f (n,z)} z r(ζ)dζ | | | |

= | | | |1 + b_n − a − z

z + a − q_n | | | | | | | |1 + z(b_n − a − z)

(z + a − q_n)(z + a − b) | | | | −1

= |b_n − q_n| | | | |z + a − q^n + z(b_n − a − z)

z − b + a | | | | −1

= |b_n − q_n||z − b + a|

|(a + b_n − b − q_n)(z + a) − ab_n + bq_n| = |b_n − q_n| | |a + b_n − b − q_n + (b_n−b)(b−a)_{z+a−b} | | for z ∈ K(0, ν). Clearly z ∈ K(0, ν) if and only if 0 < |a − b||z|/|z − b + a| < ν.

Putting w = (a − b)z/(z − b + a), we obtain (a − b)z = (z − b + a)w, z =

(b − a)w/(w − a + b), z − b + a = −(b − a)^2/(w − a + b), 0 < |w| < ν. Hence | |1 + f(n, z) z | | | | exp ∫_{z+f (n,z)} z r(ζ)dζ | |

= |b_n − q_n| | |bn + a − b − qn +^{(w−a+b)(bn−b)}_{a−b} | | = |b_n − q_n||a − b|

|b_n − b| | | (b_n+a−b−q_n)(a−b)

b_n−b + w − a + b | |

= |b_n − q_n||a − b|

|b_n − b| | | |^{(a−qn)(a−b)}

b_n−b + w | | | ≤ |b_n − q_n||a − b|

|b_n − b| | | |^{(a−qn)(a−b)}

b_n−b + ν

(q_n−a)(a−b)

b_n−b

|b_n−b|

|q_n−a||a−b| | | | ≤ |b_n − q_n||a − b|

|q_n − a||a − b| − ν|b_n − b| , if we assume |b_n − b| < ν^{−1}|a − b||q_n − a|. Similarly we obtain the inequality | |1 + f(n, z) z | | | | exp

∫_{z+f (n,z)} z r(ζ)dζ | | ≥ |b_n − q_n||a − b|

|q_n − a||a − b| + ν|b_n − b| . Remark 4. The condition h(z) = 0 ⇐⇒ z = 0 is satisfied on Ω. However this

condition is not true on C. Nevertheles the functions h, v and V are defined not only on Ω but even on C. The function v is meromorphic on C with a pole at the point b−a. It can be easily seen that, on the assumption |b_n −b| < ν^{−1}|a−b||q_n−a|,

V (z_{k+1}) ≤

|b_k − q_k||a − b| |q_k − a||a − b| − ν|b_k − b|

V (z_k)

holds for any solution {z_n}^∞_{n=0} of (28) and any k ∈ N_0 such that z_k ∈ K(ν) without the supposition z_{k+1} ∈ Ω. Obviously Remarks 1–3 remain true if we replace Ω by C.

Theorem 7. Let a, b ∈ C, a ≠ b, b_n, q_n ∈ C for n ∈ N_0, 0 < ϑ ≤ 1 and |b_n − b| < ϑ^{−1} |q_n − a| for n ∈ N_0 .

Suppose there is a sequence {α_n}^∞_{n=0} such that α_n ≥ 0 for n ∈ N_0,

sup_{n∈N0} n∏ k=0 α_k = κ < ∞ and |b_n − q_n| |q_n − a| − ϑ|b_n − b|

≤ α_n

for n ∈ N_0. If a solution {z_n}^∞_{n=0} of (27) satisfies |z_0 − a| ≤ δ_0|z_0 − b|, where 0 < δ_0 max(1, κ) < ϑ, then |z_n − a| ≤ δ_0κ|z_n − b| for n ∈ N.

Proof. Put ϑ = ν|a − b|^{−1}, δ_0 = γ_0|a − b|^{−1} and define h and V by (30) and (31), respectively. Applying Theorem 1 to the equation (28) and transferring the variable z back to that of the equation (27), we obtain the given result. Notice that V (z) ≥ λ_0 for z ∈ C \ K(λ_0) and Remark 1 together with Remark 4 can be used.

Theorem 8. Let a, b ∈ C, a ≠ b, b_n, q_n ∈ C for n ∈ N_0, 0 ≤ θ < δ_0 < ϑ ≤ 1, N ∈ N, |b_n − b| < ϑ^{−1} |q_n − a| for n ∈ N_0 .

Assume that there is a sequence {α_n}^∞_{n=0} such that 0 ≤ α_n ≤ 1 for n ∈ N_0, N∏ k=0 α_k < δ^{−1}_0 θ and |b_n − q_n| |q_n − a| − ϑ|b_n − b|

≤ α_n

for n = 0, 1, . . . , N. If a solution {z_n}^∞_{n=0} of (27) satisfies |z_0 − a| = δ_0|z_0 − b|, then there is an n_1 ∈ N such that |z_{n1} − a| < θ|z_{n1} − b| , θ|z_n − b| ≤ |z_n − a| < ϑ|z_n − b| for n = 0, 1, . . . , n_1 − 1 .

(32)

Proof. Since 0 ≤ α_n ≤ 1, the assumptions of Theorem 7 are fulfilled with δ = 0, ϑ = ν|a − b|^{−1}, δ_0 = γ_0|a − b|^{−1}, θ = β|a − b|^{−1}, κ = 1. Hence |z_n − a| ≤ δ_0|z_n − b| for n ∈ N. From Theorem 3 and from Remarks 2,4 it follows that there is an n_1 ∈ N such that (32) holds true.

Theorem 9. Let a, b ∈ C, a ≠ b, b_n, q_n ∈ C for n ∈ N_0, 0 < ϑ ≤ 1 and |b_n − b| < ϑ^{−1} |q_n − a| for n ∈ N_0 .

Assume that there is a sequence {α_n}^∞_{n=0} such that 0 ≤ α_n ≤ 1 for n ∈ N_0,

lim_{n→∞} n∏ k=0 α_k = 0 and |b_n − q_n| |q_n − a| − ϑ|b_n − b|

≤ α_n for n ∈ N_0. If a solution {z_n}^∞_{n=0} of (27) satisfies |z_0 − a| < ϑ|z_0 − b|, then lim_{n→∞} z_n = a .

(33) Proof. Since 0 ≤ α_n ≤ 1, the assumptions of Theorem 7 are satisfied with κ = 1. Hence |z_n − a| < ϑ|z − b| for n ∈ N. Using Theorem 5 and Remarks 3,4 with ϑ = ν|a − b|^{−1}, we obtain (33).

Theorem 10. Let a, b ∈ C, a ≠ b, b_n, q_n ∈ C for n ∈ N_0, 0 < ϑ ≤ 1 and |b_n − b| < ν^{−1}|q_n − a| for n ∈ N_0. Assume there is a sequence {α_n}^∞_{n=0} such that α_n ≥ 0 for n ∈ N_0, inf_{n∈N0} n∏ k=0 α_k = κ > 0 , and |b_n − q_n| |q_n − a| + ϑ|b_n − b|

≥ α_n for n ∈ N_0. If a solution {z_n}^∞_{n=0} of (27) satisfies conditions 0 < |z_n−a| < ϑ|z_n−b| for n ∈ N_0, |z_0 − a| = δ_0|z_0 − b|, where 0 < δ_0 max(1, κ) < ϑ, then |z_n − a| ≥ δ_0κ|z_n − b| for n ∈ N.

Proof. Putting δ = 0, ϑ = ν|a − b|^{−1}, δ_0 = γ_0|a − b|^{−1} and applying Theorem 2, we obtain the statement of Theorem 10.

Theorem 11. Let a, b ∈ C, a ≠ b, b_n, q_n ∈ C for n ∈ N_0, 0 < δ_0 < θ < ϑ ≤ 1, N ∈ N and |b_n − b| < ν^{−1}|q_n − a| for n ∈ N_0. Assume that there is a sequence {α_n}^∞_{n=0} such that α_n ≥ 1 for n ∈ N_0, N∏ k=0 α_k > δ^{−1}_0 θ and |b_n − q_n| |q_n − a| + ϑ|b_n − b|

≥ α_n

for n = 0, 1, . . . , N. If a solution {z_n}^∞_{n=0} of (27) satisfies conditions |z_n − a| < |z_n − b| for n ∈ N_0, |z_0 − a| = δ_0|z_0 − b|, then there is an n_1 ∈ N such that θ|z_{n1} −b| < |z_{n1} −a| < |z_{n1} −b|, 0 < |z_n −a| ≤ θ|z_n−b| for n = 0, 1, . . . , n_1 −1 .

Proof. The result follows from Theorem 4, if we put δ = 0, ϑ = ν|a − b|^{−1}, δ_0 = γ_0|a − b|^{−1}, θ = β|a − b|^{−1}.

Theorem 12. Let a, b ∈ C, a ≠ b, b_n, q_n ∈ C for n ∈ N_0 and |b_n − b| < |q_n − a| for n ∈ N_0. Assume there is a sequence {α_n}^∞_{n=0} such that α_n ≥ 0 for n ∈ N_0 and

lim inf n→∞ n∏ k=0 α_k = κ > 1 ,

|b_n − q_n| |q_n − a| + |b_n − b|

≥ α_n

for n ∈ N_0. If a solution {z_n}^∞_{n=0} of (27) satisfies 0 < |z_n − a| < |z_n − b| for n ∈ N_0 and |z_0 − a| = δ_0|z_0 − b|, where δ_0κ ≥ 1, δ_0 < 1, then

lim_{n→∞}

|z_n − a| |z_n − b|

= 1 .

Proof. The result follows from Theorem 6, if we put δ = 0, δ_0 = γ_0|a − b|^{−1}.

Acknowledgement. This work was supported by the plan of investigations MSM143100001 of the Czech Republic. The author thanks the referee for his helpful suggestions and remarks.

References

[1] Bohner, M., Došlý, O., Kratz, W., Inequalities and asymptotics for Riccati matrix difference operators, J. Math. Anal. Appl. 221 (1998), 262–286.

[2] Hooker, J. W., Patula, W. T., Riccati type transformations for second-order linear difference equations, J. Math. Anal. Appl. 82 (1981), 451–462.

[3] Kalas, J., Asymptotic behaviour of the system of two differential equations, Arch. Math.

(Brno) 11 (1975), 175–186.

[4] Kalas, J., Asymptotic behaviour of the solutions of the equation dz/dt = f(t, z) with a complex-valued function f, Qualitative theory of differential equations, Vol. I, II (Szeged, 1979), pp. 431–462, Colloq. Math. Soc. János Bolyai, 30, North-Holland, Amsterdam-New York, 1981.

[5] Kalas, J., On the asymptotic behaviour of the equation dz/dt = f(t, z) with a complex-valued function f, Arch. Math. (Brno) 17 (1981), 11–22.

[6] Kalas, J., Asymptotic properties of the solutions of the equation ż = f(t, z) with a complexvalued function f, Arch. Math. (Brno) 17 (1981), 113–123.

[7] Kalas, J., Asymptotic behaviour of equations ż = q(t, z) − p(t)z^2 and ẍ= xφ(t, ẋx^{−1}), Arch.

Math. (Brno) 17 (1981), 191–206.

[8] Kalas, J., On certain asymptotic properties of the solutions of the equation ż = f(t, z) with a complex-valued function f, Czechoslovak Math. J. 33 (108) (1983), 390–407.

[9] Kalas, J., On one approach to the study of the asymptotic behaviour of the Riccati equation with complex-valued coefficients, Ann. Mat. Pura Appl. (4), 166 (1994), 155–173.

[10] Kalas, J., Ráb, M., Asymptotic properties of dynamical systems in the plane, Demonstratio Math. 25 (1992), 169–185.

[11] Keckic, J. D., Riccati’s difference equation and a solution of the linear homogeneous second order difference equation, Math. Balkanica 8 (1978),145–146.

[12] Kwong, M. K., Hooker, J. W., Patula, W. T., Riccati type transformations for second-order linear difference equations II, J. Math. Anal. Appl. 107 (1985), 182–196.

[13] Lakshmikantham, V., Matrosov, V. M., Sivasundaram, Vector Lyapunov functions and stability analysis of nonlinear systems, Kluver Academic Publishers, 1991.

[14] Lakshmikantham, V., Trigiante, D., Theory of difference equations, Academic Press, New York, 1987.

[15] Ráb, M., The Riccati differential equation with complex-valued coefficients, Czechoslovak Math. J. 20 (95) (1970), 491–503.

[16] Ráb, M., Equation Z^′ = A(t) − Z^2 coefficient of which has a small modulus, Czechoslovak Math. J. 21 (96) (1971), 311–317.

[17] Ráb, M., Global properties of a Riccati differential equation, University Annual Applied Mathematics 11 (1975), 165–175 (Državno izdatelstvo Technika, Sofia, 1976).

[18] Ráb, M., Geometrical approach to the study of the Riccati differential equation with complexvalued coefficients, J. Differential Equations 25 (1977), 108–114.

[19] Ráb, M., Kalas, J., Stability of dynamical systems in the plane, Differential Integral Equations 3 (1990), no. 1, 127–144.

[20] Řehák, P., Generalized discrete Riccati equation and oscillation of half-linear difference equations, Math. Comput. Modelling 34 (2001), 257–269.

Department of Mathematical Analysis Faculty of Science, Masaryk University Janáčkovo nám. 2a, 602 00 Brno, Czech Republic E-mail: kalas@math.muni.cz