ARCHIVUM MATHEMATICUM (BRNO) Tomus 41 (2005), 325 – 338

ON MONOTONIC SOLUTIONS OF SOME INTEGRAL EQUATIONS

J. CABALLERO^{(1)}, D. O’REGAN^{(2)} AND K.B. SADARANGANI^{(1)}

Abstract. The aim of this paper is to obtain monotonic solutions of an integral equation of Urysohn-Stieltjes type in C[0, 1]. Existence will be established with the aid of the measure of noncompactness.

1. Introduction

Integral equations arise naturally in applications of real world problems [5, 6, 7, 8]. The theory of integral equations has been well developed with the help of various tools from functional analysis, topology and fixed-point theory. The classical theory of integral equations can be generalized if one uses the Stieltjes integral with kernels dependent on one or two variables. The aim of this paper is to investigate the existence of monotonic solutions of so-called nonlinear integral equation of Urysohn-Stieltjes type. Equations of such kind contain, among others, the integral equation of Chandrasekhar which arises in radioactive transfer, neutron transport and the kinetic theory of gases [5, 6, 7, 8].

2. Definitions, notations and facts

Assume E is a real Banach space with norm ‖ · ‖ and zero element θ. Denote by B(x, r) the closed ball centered at x and with radius r and by B_r the ball B(θ, r). If X is a nonempty subset of E we denote by X and Conv X the closure and the convex closed closure of X, respectively. Finally, let us denote by M_E the family of nonempty bounded subsets of E and by N_E its subfamily consisting of relatively compact sets.

Definition 1 (see [2]). A mapping μ : M_E −→ [0, ∞) is said to be a measure of noncompactness in the space E if it satisfies the following conditions:

(1) The family ker μ = {X ∈ M_E : μ(X) = 0} is nonempty and ker μ ⊂ N_E . (2) X ⊂ Y ⇒ μ(X) ≤ μ(Y ).

1991 Mathematics Subject Classification: 45M99, 47H09.

Key words and phrases: measure of noncompactness, fixed point theorem, monotonic solutions.

Received July 24, 2003.

(3) μ(X) = μ(Conv X) = μ(X).

(4) μ(λX + (1 − λ)Y ) ≤ λμ(X) + (1 − λ)μ(Y ) for λ ∈ [0, 1]. (5) If {X_n}_n is a sequence of closed sets from M_E such that X_{n+1} ⊂ X_n for n = 1, 2, · · · and lim_{n→∞} μ(X_n) = 0 then

⋂_∞ n=1 X_n ≠ ∅.

For properties of measures of noncompactness and results related to them we refer the reader to [2].

In section 3 we will need the following fixed point principle (cf. [2]). This result was formulated and proved first by Darbo (cf. [9]) in the case of the Kuratowski measure of noncompactness (cf. [12]).

Theorem 1 ([2]). Let Q be a nonempty, bounded, closed and convex subset of the Banach space E and μ a measure of noncompactness in E. Let F : Q −→ Q be a continuous operator such that μ(F X) ≤ Kμ(X) for any nonempty subset of Q, where K ∈ [0, 1) is a constant. Then F has a fixed point in the set Q.

Remark 1. Under the assumptions of Theorem 1 the set Fix F of fixed points of F belonging to Q is a member of ker μ. In fact, as μ ( F (Fix F ) ) = μ(Fix F ) ≤ Kμ(Fix F ) and 0 ≤ K < 1, we deduce that μ(Fix F ) = 0.

Consider the space C[0, 1] of all real functions defined and continuous on the interval [0, 1] and equipped with the maximum norm

‖x‖ = sup{|x(t)| : t ∈ [0, 1]} .

For convenience, we write I = [0, 1] and C(I) = C[0, 1]. Next, we recall the definition of a measure of noncompactness in C(I) which be used in section 3. This measure was introduced and studied in [3]. Fix a nonempty and bounded subset X of C(I). For ε > 0 and x ∈ X denote by w(x, ε) the modulus of continuity of x defined by

w(x, ε) = sup{|x(t) − x(s)| : t, s ∈ I, |t − s| ≤ ε} .

Furthermore put

w(X, ε) = sup {w(x, ε) : x ∈ X} and w_0(X) = lim_{ε→0} w(X, ε) .

Next, let us define the following quantities:

i(x) = sup {|x(s) − x(t)| − [x(s) − x(t)] : t, s ∈ I, t ≤ s} and i(X) = sup{i(x) : x ∈ X} .

Observe that i(X) = 0 if and only if all functions belonging to X are nondecreasing on I.

Finally, let μ(X) = w_0(X) + i(X) .

It can be see [3] that the function μ is a measure of noncompactness in the space C(I). Moreover, the kernel kerμ consists of all sets X belonging to M_{C(I)} such that all functions from X are equicontinuous and nondecreasing on the interval I.

We now collect some auxiliary facts related to functions of bounded variation and the Stieltjes integral. Let x be a given real function defined on the interval I.

The symbol^1V_0 x will denote the variation of x on the interval I, defined by 1 V_0 x = sup_P

{_n ∑ i=1 |x(t_i) − x(t_{i−1})| :

P = {0 = t_0 < t_1 < · · · < t_n = 1} is a partition of I } .

If^1V_0 x is finite then we say that x is of bounded variation on I. Recall

a)^1V_0 x =^1V_0 (−x) b)^1V_0 (x + y) ≤^1V_0 x +^1V_0 y

c)^1V_0 (x − y) ≤^1V_0 x +^1V_0 y d) | | |^1V_0 x −^1V_0 y | | | ≤^1V_0 (x − y) .

For other properties of functions of bounded variation we refer the reader to the monographs [10] and [13]. Let g(t, s) : I × I −→ R be a function, then the symbol q V_{t=p}g(t, s) indicates the variation of the function t −→ g(t, s) on the interval [p, q] ⊂

I, where s is arbitrarily fixed in I. Similarly we define the quantity^qV_{s=p}g(t, s).

Now, let us assume that x, φ : I −→ R are bounded functions. Then, under some extra conditions ([10], [13]), we can define the Stieltjes integral

∫_1 0 x(t) dφ(t) of the function x with respect to the function φ. In this case, we say that x is Stieltjes integrable on the interval I with respect to φ. Recall the following results related to Stieltjes integrability (cf. [10], [13]). If x is continuous and φ is of bounded variation on the interval I, then x is Stieltjes integrable with respect to φ on I. Moreover, under the assumption that x and φ are of bounded variation on I, the Stieltjes integral

∫_1 0 x(t) dφ(t) exists if and only if the functions x and φ have no common points of discontinuity. Finally we recall a few properties of the Stieltjes integral which will be used later. These properties are contained in the following lemmas (cf. [10], [13]).

Lemma 1. If x is Stieltjes integrable on the interval I with respect to a function φ of bounded variation then | | | ∫_1 0 x(t) dφ(t) | | | ≤ ( sup 0≤t≤1

|x(t)|

)_1 V_0 φ .

Moreover, the following inequality holds | | | ∫_1 0 x(t) dφ(t) | | | ≤ ∫_1 0 |x(t)|d

(_t V_0 φ ) .

Corollary 1. If x is Stieltjes integrable with respect to a nondecreasing function φ then | | | ∫_1 0 x(t) dφ(t) | | | ≤ ( sup 0≤t≤1

|x(t)| )( φ(1) − φ(0) ) . Lemma 2. Let x_1, x_2 be Stieltjes integrable functions on the interval I with respect to a nondecreasing function φ and such that x_1(t) ≤ x_2(t) for t ∈ I. Then ∫_1 0 x_1(t) dφ(t) ≤

∫_1 0 x_2(t) dφ(t) .

Corollary 2. Let x be Stieltjes integrable function on the interval I with respect to a nondecreasing function φ and such that x(t) ≥ 0 for all t ∈ I. Then ∫_1 0 x(t) dφ(t) ≥ 0 .

Lemma 3. Let φ_1, φ_2 be nondecreasing functions on I such that φ_2 − φ_1 is a nondecreasing function. If x is Stieltjes integrable on I and x(t) ≥ 0 for t ∈ I then ∫_1 0 x(t) dφ_1(t) ≤

∫_1 0 x(t) dφ_2(t) .

We will also need later the Stieltjes integral of the form

∫_1 0 x(s)d_sg(t, s) where g is a function of two variables, g : I × I −→ R, and the symbol d_s indicates that the integration is taken with respect to s.

3. Main result

In this section we will study the integral equation of Urysohn-Stieltjes type

(1) x(t) = a(t) + k x^2(t) +

∫_1 0 u ( t, s, x(s) ) d_sg(t, s) , t ∈ I ;

here k ≥ 0. The functions a(t) and u(t, s, x) are given while x = x(t) is an unknown function.

We will examine this equation under the following assumptions:

(i) a ∈ C(I) and it is a nonnegative and nondecreasing function on the interval I.

(ii) g : I × I −→ R satisfies the following conditions:

(a) The function s −→ g(t, s) is a nondecreasing function on I for each t ∈ I.

(b) For all t_1, t_2 ∈ I such that t_1 < t_2 the function s −→ g(t_2, s)−g(t_1, s) is nondecreasing on I.

(c) The functions t −→ g(t, 0) and t −→ g(t, 1) are continuous on I. (iii) u : I × I × R −→ R is continuous function such that u : I × I × R_+ −→ R_+ and for arbitrarily fixed s ∈ I and x ∈ R_+ the function t −→ u(t, s, x) is nondecreasing on I.

(iv) the function u verifies the following conditions:

(a) There exists a continuous nondecreasing function ψ : [0, ∞) −→ [0, ∞) with |u(t, s, x)| ≤ ψ(|x|) for each x ∈ R and t, s ∈ I.

(b) For any M > 0 there exists a continuous nondecreasing function ϕ_M : [0, ∞) −→ [0, ∞) with ϕ_M (0) = 0, such that for each s ∈ I, x ∈ R with |x| ≤ M and for all t_1, t_2 ∈ I, t_1 < t_2 we have

|u(t_2, s, x) − u(t_1, s, x)| ≤ ϕ_M (t_2 − t_1)

(v) There exists r_0 > 0 with ‖a‖ + k r^2_0 + T ψ(r_0) ≤ r_0 and 2r_0 k < 1; here T = sup

{_1 V_{s=0}g(t, s) : t ∈ [0, 1] } (see Proposition 2 below).

Proposition 1. Assume that the function g : I × I −→ R satisfies (ii,b) and (ii,c). Then for every ε > 0 there exists δ > 0 such that for t_1, t_2 ∈ I, t_1 < t_2 with t_2 − t_1 ≤ δ we have 1 V_{s=0}[g(t_2, s) − g(t_1, s)] ≤ ε

Proof. Take an arbitrary partition 0 = s_0 < s_1 < · · · < s_n = 1 of the interval I. Now assumption (ii,b) yields n∑ i=1 |[g(t_2, s_i) − g(t_1, s_i)] − [g(t_2, s_{i−1}) − g(t_1, s_{i−1})]|

= n∑ i=1 ([g(t_2, s_i) − g(t_1, s_i)] − [g(t_2, s_{i−1}) − g(t_1, s_{i−1})])

= [g(t_2, 1) − g(t_1, 1)] − [g(t_2, 0) − g(t_1, 0)] .

Consequently 1 V_{s=0}[g(t_2, s) − g(t_1, s)] = [g(t_2, 1) − g(t_1, 1)] − [g(t_2, 0) − g(t_1, 0)] .

Finally from assumption (ii,c) we obtain the desired result. □

Proposition 2. Assume that the function g : I × I −→ R satisfies (ii,b) and (ii,c) and the function s −→ g(t, s) is of bounded variation on I for each t ∈ I. Then the function t −→^1V_{s=0}g(t, s) is continuous on I.

Proof. Now assumptions (ii,b) and (ii,c) and Proposition 1 imply that for every ε > 0 there exists δ > 0 such that for t_1, t_2 ∈ I, t_1 < t_2 with t_2 − t_1 ≤ δ we have 1 V_{s=0}[g(t_2, s) − g(t_1, s)] ≤ ε .

Notice since s → g(t, s) is of bounded variation on I and^1V_0 x =^1V_0 (−x) (see

section 2), the inequality above is valid for | t_1 − t_2 |≤ δ. Also, since | | |^1V_0 x −^1V_0 y | | | ≤

1 V_0 (x − y) (see section 2) we obtain | |^1V_{s=0}g(t2, s) −^1V_{s=0}g(t1, s) | | ≤^1V_{s=0}[g(t2, s) − g(t1, s)] ≤ ε .

Consequently the function t −→^1V_{s=0}g(t, s) is continuous on I. □

Remark 2. As every nondecreasing function is of bounded variation, in view of

Proposition 2 and the compactness of the interval I there exists a constant T > 0

such that^1V_{s=0}g(t, s) ≤ T for every t ∈ I if g satisfies (ii).

Next, we formulate our main result

Theorem 2. Under the assumptions (i)−(v) the integral equation (1) has at least

one solution x ∈ C(I) which is nondecreasing on I.

Proof. Let r_0 be chosen as in (v). Let M : [0, ∞) −→ [0, ∞) be

M(ε) = sup

{_1 V_{s=0} [ g(t_2, s) − g(t_1, s) ] : t_1, t_2 ∈ I, t_1 ≤ t_2, t_2 − t_1 ≤ ε } . Now Proposition 1 implies M(ε) → 0 as ε → 0. Consider the operator A defined

on C(I) by

(2) (Ax)(t) = a(t) + k x^2(t) +

∫_1 0 u ( t, s, x(s) ) d_s g(t, s) .

First we show that if x ∈ C(I) then Ax ∈ C(I). For this it is sufficient to show

that if x ∈ C(I) then Bx ∈ C(I) where

(Bx)(t) =

∫_1 0 u ( t, s, x(s) ) d_s g(t, s) .

Fix ε > 0 and take t_1, t_2 ∈ I with t_1 ≤ t_2 and t_2 − t_1 ≤ ε. Let x ∈ C(I) so there

exists M > 0 with ‖x‖ ≤ M. Then our assumptions and Lemma 1 yield

|(Bx)(t_2) − (Bx)(t_1)| = | | ∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) | | ≤ | | | ∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_2, s) | | | + | | | ∫_1 0 u ( t_1, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) | | | ≤ ∫_1 0 | |u(t_2, s, x(s)) − u(t_1, s, x(s)) | |d_s

(_s

V_{p=0}g(t_2, p) )

+ ∫_1 0 | u ( t_1, s, x(s) )| d_s

(_s V_{p=0} ( g(t_2, p) − g(t_1, p) ))

≤ ϕ_M (t_2 − t_1)^1V_{p=0}g(t_2, p) + ψ(‖x‖)^1V_{p=0} ( g(t_2, p) − g(t_1, p) ) ≤ ϕ_M (ε) · T + ψ(‖x‖)M(ε) .

Thus, we obtain the following estimate:

w(Bx, ε) ≤ ϕ_M (ε) · T + ψ(‖x‖)M(ε) .

Now w(Bx, ε) → 0 as ε → 0 so Bx ∈ C(I).

Next, we show that A is a continuous operator. In order to prove this result it is sufficient to show the continuity of the operator B. Fix ε > 0 and let x ∈ C(I). Next let y ∈ C(I) with ‖x − y‖ ≤ ε. Then, for fixed t ∈ I we have

|(Bx)(t) − (By)(t)| = | | ∫_1 0 u ( t, s, x(s) ) d_sg(t, s) −

∫_1 0 u ( t, s, y(s) ) d_sg(t, s) | |

≤ ∫_1 0 |u ( t, s, x(s) ) − u ( t, s, y(s) ) |d_s

(_s

V_{p=0}g(t, p) )

≤ β(ε)^1V_{p=0}g(t, p) ≤ β(ε) · T

where β(ε) is given by

β(ε) = sup { |u(t, s, y)−u(t, s, y^′)| t, s ∈ I , y, y^′ ∈ [−‖x‖−ε, ‖x‖+ε], |y−y^′| ≤ ε } . From the uniform continuity of the function u(t, s, x) on the set I × I × [−‖x‖ − ε, ‖x‖ + ε] we have that β(ε) → 0 as ε → 0. This fact and the last inequality prove that the operator B is continuous and consequently the operator A is continuous. Thus A transforms the space C(I) into itself. Next assumption (iv) yields

|(Ax)(t)| = | |a(t) + kx_2(t) +

∫_1 0 u ( t, s, x(s) ) d_sg(t, s) | |

≤ ‖a‖ + k‖x‖^2 +

∫_1 0 |u ( t, s, x(s) ) |d_s

(_s V_{p=0}g(t, p) )

≤ ‖a‖ + k‖x‖^2 + ψ(‖x‖)^1V_{p=0}g(t, p)

≤ ‖a‖ + k‖x‖^2 + ψ(‖x‖) · T .

Thus if ‖x‖ ≤ r_0 we obtain from (v) that

(3) ‖Ax‖ ≤ ‖a‖ + kr^2_0 + ψ(r_0) · T ≤ r_0 .

As a result A transforms the ball B(0, r_0) into itself.

Consider the operator A on the subset B^+_{r0} of the ball B_{r0} defined by

B^+_{r0} = {x ∈ B_{r0} : x(t) ≥ 0 for t ∈ I} .

Obviously, the set B^+_{r0} is nonempty, bounded, closed and convex. Let x ∈ B^+_{r0} . Notice that in view of our assumptions (i) and (iii) if x(t) ≥ 0 for t ∈ I then (Ax)(t) ≥ 0 for t ∈ I. Thus A transforms the set B^+_{r0} into itself. Moreover, A is continuous on B^+_{r0} ⊂ C(I). Let X be a nonempty subset of B^+_{r0} . Fix ε > 0 and choose x ∈ X and t_1, t_2 ∈ I such that |t_2 − t_1| ≤ ε. Without loss of generality we may assume that t_1 ≤ t_2. Notice

|(Ax)(t_2) − (Ax)(t_1)| = | | |a(t2) + kx^2(t2) +

∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s)

− a(t_1) − kx^2(t_1) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) | | ≤ |a(t_2) − a(t_1)| + k|x(t_2) − x(t_1)| |x(t_2) + x(t_1)| + | | ∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_2, s) | | + | | | ∫_1 0 u ( t_1, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) | | | ≤ w(a, ε) + 2r_0 kw(x, ε) + ∫_1 0 | u ( t_2, s, x(s) ) − u ( t_1, s, x(s) )| d_s

(_s

V_{p=0}g(t_2, p) )

+ ∫_1 0 | |u(t_1, s, x(s)) | |d_s

(_s

V_{p=0} ( g(t_2, p) − g(t_1, p) ))

≤ w(a, ε) + 2r_0 kw(x, ε) + ϕ_{r0} (t_2 − t_1)^1V_{p=0}g(t_2, p)

+ ψ(‖x‖)

(_1

V_{p=0} ( g(t_2, p) − g(t_1, p) )) ≤ w(a, ε) + 2r_0 kw(x, ε) + T · ϕ_{r0} (ε) + ψ(r_0)M(ε) .

Hence,

w(Ax, ε) ≤ w(a, ε) + 2r_0 kw(x, ε) + T · ϕ_{r0} (ε) + ψ(r_0)M(ε) .

Thus

sup_{x∈X} w(Ax, ε) ≤ w(a, ε) + 2r_0 k · sup_{x∈X} w(x, ε) + T · ϕ_{r0} (ε) + ψ(r_0)M(ε)

so let ε → 0 to obtain

(4) w_0(AX) ≤ 2r_0 k · w_0(X) .

Let x ∈ X and t_1, t_2 ∈ I, t_1 ≤ t_2. Then

|(Ax)(t_2) − (Ax)(t_1)| − [(Ax)(t_2) − (Ax)(t_1)] = | | |a(t2) + kx^2(t2) +

∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s)

− a(t_1) − kx^2(t_1) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) | | |

− [ a(t_2) + kx^2(t_2) +

∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s)

− a(t_1) − kx^2(t_1) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) ]

≤ |a(t_2) − a(t_1)| − [a(t_2) − a(t_1)] + k ( |x(t_2) − x(t_1)| − [x(t_2) − x(t_1)] ) [x(t_2) + x(t_1)] + | | ∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) | | − [ ∫ 1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) ]

≤ 2r_0 k · i(x) + | | | ∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) | | | − [ ∫ 1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) ] . (5) We next prove that

∫_1 0 u ( t_2, s, x(s) ) d_s g(t_2, s) −

∫_1 0 u(t_1, s, x(s))d_sg(t_1, s) ≥ 0.

In fact notice ∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) = ∫_1 0 u ( t_2, s, x(s) = ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_2, s) + ∫_1 0 u ( t_1, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) . (6) Moreover,

∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_2, s) = ∫_1 0 [ u ( t_2, s, x(s) ) − u ( t_1, s, x(s) )] d_sg(t_2, s)

so assumption (iii) and Corollary 2 yield (7) ∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_2, s) ≥ 0 .

On the other hand,

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) = ∫_1 0 u ( t_1, s, x(s) ) d_s ( g(t_2, s) − g(t_1, s) ) .

Moreover, we have that g(t_2, s) − g(t_1, s) is a nondecreasing function ( assumption (ii-b) ) , u(t_1, s, x) ≥ 0 ( assumption (iii) ) and g(t_2, s), g(t_1, s) are nondecreasing functions ( assumption (ii-a) ) . From these facts and Lemma 3 we deduce that (8) ∫_1 0 u ( t_1, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) ≥ 0 .

Now (6), (7) and (8) imply

∫_1 0 u ( t_2, s, x(s) ) d_sg(t_2, s) −

∫_1 0 u ( t_1, s, x(s) ) d_sg(t_1, s) ≥ 0 .

This together with (5) yields

i(Ax) ≤ 2r_0 k · i(x)

and so

(9) i(AX) ≤ 2r_0 k · i(X) .

Finally, combining (4) and (9) we get

μ(AX) ≤ 2r_0 k · μ(X) .

Now, Theorem 1 guarantees that there exists x ∈ B^+_{r0} a solution of (1). Also, such a solution is nondecreasing in view of Remark 1 and the definition of the measure of noncompactness μ given in section 2. □

Remark 3. Suppose k = 0 and there exist c, d ≥ 0 with ψ(x) = c + dx with dT < 1 then it is easy to see that there exists r_0 > 0 with ‖a‖ + (c + dr_0)T ≤ r_0.

Remark 4. The result in Theorem 2 holds for the integral equation

x(t) = a(t) + kx^n(t) +

∫_1 0 u ( t, s, x(s) ) d_s g(t, s)

with n ∈ {1, 2, . . . } provided assumption (v) is changed to: There exists r_0 > 0 with ‖a‖ + k r^n_0 + T ψ(r_0) ≤ r_0 and n r^{n−1}_0 k < 1. Note the case n = 1 is easier since we can rewrite the equation as

x(t) = 1 1 − k a(t) + 1 1 − k

∫_1 0 u ( t, s, x(s) ) d_s g(t, s) .

4. Remarks and Examples

First we discuss assumption (ii-a). Notice we cannot replace (ii-a) with the function s −→ g(t, s) is of bounded variation on I. In fact, if we take g(t, s) = e^{−s}, it is easy to show that this function is decreasing and consequently is of bounded variation. Moreover, if we take a(t) = 0 and u(t, s, x) = 1, the integral equation (with k = 0) has the form

x(t) =

∫_1 0 d_sg(t, s) =

∫_1 0 −se^{−s}ds ≤ 0.

Therefore, the operator A defined in the proof of Theorem 2 will not transform the set B^+_{r0} into itself.

Next, we give some examples of functions g(t, s) which verify the assumptions of Theorem 2.

Example 1. Let us take a function p : I × I −→ R_+ which is bounded and integrable. Then, we consider the function g(t, s) defined by

g(t, s) =

∫_s 0 ( ∫ t 0 p(z, v) dv ) dz .

Now, we show this function satisfies the assumptions of Theorem 2.

(ii-a) Fix t ∈ [0, 1] and take s_1, s_2 ∈ I such that s_1 < s_2. Now p ≥ 0 yields ∫_{s2} 0 ( ∫ t 0 p(z, v) dv ) dz ≥

∫_{s1} 0 ( ∫ t 0 p(z, v) dv ) dz and consequently, the function s −→ g(t, s) is nondecreasing for each t ∈ [0, 1].

(ii-b) Take t_1, t_2 ∈ I such that t_1 < t_2. Then the function s −→ g(t_2, s)−g(t_1, s) is nondecreasing. In fact, if we take s_1, s_2 ∈ I such that s_1 < s_2 we obtain ( g(t_2, s_2) − g(t_1, s_2) ) − ( g(t_2, s_1) − g(t_1, s_1) ) = ∫_{s2} 0 ( ∫ t2 0 p(z, v) dv ) dz −

∫_{s2} 0 ( ∫ t1 0 p(z, v) dv ) dz − ∫_{s1} 0 ( ∫ t2 0 p(z, v) dv ) dz +

∫_{s1} 0 ( ∫ t1 0 p(z, v) dv ) dz = ∫_{s2} 0 ( ∫ t2 t_1

p(z, v) dv ) dz −

∫_{s1} 0 ( ∫ t2 t_1

p(z, v) dv ) dz = ∫_{s2}

s_1 ( ∫ t2 t_1

p(z, v) dv ) dz ≥ 0 .

(ii-c) If s = 0 then

g(t, 0) =

∫_0 0 ( ∫ t 0 p(z, v) dv ) dz = 0 ,

so the function t −→ g(t, 0) is continuous. We next claim the function

t −→ g(t, 1) =

∫_1 0 ( ∫ t 0 p(z, v) dv ) dz is continuous. Fix ε > 0 and t_0 ∈ I. Then there exists δ =^ε_{‖p(z,v)‖} > 0 (where ‖p(z, v)‖ = sup{|p(z, v)| : p, v ∈ I}) such that if t ∈ I, |t − t_0| ≤ δ and t_0 ≤ t then

|g(t, 1) − g(t_0, 1)| = | | ∫_1 0 ( ∫ t 0 p(z, v) dv ) dz −

∫_1 0 ( ∫ t0 0 p(z, v) dv ) dz | | = | | | ∫_1 0 ( ∫ t t_0

p(z, v) dv ) dz | | | ≤ ∫_1 0 ( ∫ t t_0

|p(z, v)| dv ) dz ≤ ‖p(z, v)‖(t − t_0) ≤ ‖p(z, v)‖ · δ ≤ ε .

Therefore, the function t −→ g(t, 1) is continuous.

These facts imply that the function g(t, s) =

∫_s 0 (∫_t 0 p(z, v) dv ) dz satisfies as-

sumption (ii). In this case, d_sg(t, s) =

∫_t 0 p(s, v) ds and the integral equation has the following form

(10) x(t) = a(t) + k x^2(t) +

∫_1 0 u ( t, s, x(s) )( ∫^t 0 p(s, v) dv ) ds which is an integral equation of Hammerstein type.

Note if we take suitable functions a(t) and u(t, s, x) (which satisfy the assumptions of Theorem 2) then the integral equation (10) has a nondecreasing solution on C(I).

Example 2. Let us take the function g : I × I −→ R defined by

g(t, s) = { t · ln

(_{t+s} t ) for t ∈ (0, 1], s ∈ [0, 1] 0 for t = 0, s ∈ [0, 1] .

We easily see that the function s −→ g(t, s) in nondecreasing for each t ∈ [0, 1]. In order to prove that g(t, s) satisfies assumption (ii,b) and (ii,c), we fix t_1, t_2 ∈ [0, 1], t_1 ≤ t_2 and we obtain

g(t_2, s) − g(t_1, s) = { t_2 · ln

(_{t2 +s}

t_2 ) for t_1 = 0 t_2 · ln

(_{t2 +s}

t_2 ) − t_1 · ln

(_{t1+s}

t_1 ) for t_1 > 0 .

It is clear that the function s −→ g(t_2, s) − g(t_1, s) is nondecreasing on the interval [0, 1]. Moreover the functions g(t, 0) and g(t, 1) are continuous on [0, 1]. As

d_sg(t, s) = t t + s the integral equation (1) has the form

x(t) = a(t) + k x^2(t) +

∫_1 0 u ( t, s, x(s) ) t t + s ds which is related to the Chandrasekhar equation [5, 6, 7, 8]. If we take suitable functions a(t) and u(t, s, x) then by Theorem 2 we know this integral equation has a nondecreasing solution on C(I).

Example 3. Consider the following integral equation

(11) x(t) = t^2 + 2t + 1 + 1 e ∫_1 0 s ( t + ln(1 + |x(s)|) ) d_s ( e^{ts} ) . Here a(t) = t^2 + 2t + 1 which is continuous, nonnegative and bounded on the interval I. Thus, the function a satisfies assumption (i). Moreover, the function g(t, s) is defined by g(t, s) = e^{ts}. Now, we will prove that this function satisfies assumption (ii).

(ii-a) Fix t ∈ I. The function s −→ g(t, s) = e^{ts} is nondecreasing on I. In fact, d ds ( e^{ts} ) = te^{ts} ≥ 0 , t, s ∈ I .

(ii-b) For all t_1, t_2 ∈ I such that t_1 < t_2 the function s −→ e^{t2s} − e^{t1s} is nondecreasing. In fact, d ds ( e^{t2s} − e^{t1s} ) = t_2e^{t2s} − t_1e^{t1s} > 0 .

(ii-c) The functions t −→ g(t, 0) = 1 and t −→ g(t, 1) = e^t are continuous. Consequently, the function g(t, s) = e^{ts} satisfies assumption (ii). If u(t, s, x) is given by

u(t, s, x) = 1 e s ( t + ln(1 + |x|) ) , then assumptions (iii) and (iv) of Theorem 2 are satisfied. Clearly u(t, s, x) is a continuous function such that u : I × I × R_+ −→ R_+. Moreover for fixed s ∈ I and x ∈ R_+ the function t −→ u(t, s, x) is nondecreasing on I. In fact, d dt (1 e s ( t + ln(1 + |x|) )) = 1 e s ≥ 0 ,

so the function u satisfies (iii). Also we have the following estimate

|u(t, s, x)| = | | | s e ( t + ln(1 + |x|) )| | ≤ 1 e ( t + ln(1 + |x|) ) ≤ 1 e (1 + |x|) = 1 e + |x| e . Therefore, u(t, s, x) satisfies (iv-a) with ψ(x) = c + dx and c = d =^1_e . Finally, for each s ∈ I, x ∈ R and for all t_2, t_1 ∈ I, t_1 < t_2, we have

|u(t_2, s, x) − u(t_1, s, x)| = | | | 1 e s ( t_2 + ln(1 + |x|) ) − 1 e s ( t_1 + ln(1 + |x|) )| | = s e (t_2 − t_1) ≤ 1 e (t_2 − t_1) .

In view of the last inequality we can deduce that u(t, s, x) satisfies assumption (iv-b). Now

T = sup

{_1 V_{s=0}g(t, s) : t ∈ [0, 1] } = sup{e^t − 1 : t ∈ [0, 1]} = e − 1 ,

so d · T =^1_e · (e − 1) < 1.

As a result the assumptions of Theorem 2 (see Remark 3) are satisfied. Thus, this integral equation has a nondecreasing solution in C(I).

References

[1] Argyros, I. K., On a class of quadratic integral equations with perturbations, Funct. Approx.

Comment. Math. 20 (1992), 51–63.

[2] Banás, J., Goebel, K., Measures of noncompactness in Banach Spaces, Marcel Dekker, New York and Basel 1980.

[3] Banás, J., Olszowy, L., Measures of noncompactness related to monotonicity, Ann. Soc.

Math. Pol., Commentat. Math. 41 (2001), 13–23.

[4] Banás, J., Rodríguez, J. R., Sadarangani, K., On a class of Urysohn-Stieltjes quadratic integral equations and their applications, J. Comput. Appl. Math. 113 (2000), 35–50.

[5] Busbridge, I. W., On the H-function of Chandrasekhar, Quart. J. Math. Oxford Ser. (2) 8 (1957), 133–140.

[6] Chandrasekhar, S., The transfer of radiation in stellar atmospheres, Bull. Amer. Math. Soc.

53 (1947), 641–711.

[7] Chandrasekhar, S., Radiative Transfer, Oxford Univ. Press London, 1950. [8] Crum, M., On an integral equation of Chandrasekhar, Quart. J. Math. Oxford Ser. (2) 18 (1947), 244–252.

[9] Darbo, G., Punti uniti in transformazioni a condominio non compatto, Rend. Sem. Mat.

Univ. Padova 24 (1955), 84–92.

[10] Dunford, N., Schwartz, J., Linear Operators I, Int. Publ. Leyden, 1963. [11] Kelly, C., Approximation of solutions of some quadratic integral equations in transport theory, J. Integral Equations 4 (1982), 221–237.

[12] Kuratowski, K., Sur les espaces completes, Fund. Math. 15 (1930), 301–309. [13] Natanson, I., Theory of functions of a real variable, Ungar, New York, 1960.

(1) Departamento de Matemáticas, Universidad de Las Palmas de Gran Canaria Campus de Tafira, Baja, 35017 Las Palmas de Gran Canaria, Spain E-mail: jmena@ull.es, ksadaran@dma.ulpgc.es

(2) Department of Mathematics, National University of Ireland Galway, Ireland E-mail: donal.oregan@nuigalway.ie