ARCHIVUM MATHEMATICUM (BRNO) Tomus 41 (2005), 339 – 347

DISCRETE SINGULAR FUNCTIONALS

ROBERT MAŘÍK

Abstract. In the paper the discrete version of the Morse’s singularity condition is established. This condition ensures that the discrete functional over the unbounded interval is positive semidefinite on the class of the admissible functions. Two types of admissibility are considered.

1. Introduction

The relationship between the extremal values of the quadratic functional and the properties of the corresponding Euler-Lagrange differential equation is well known in both continuous and discrete case. One of the classical results of the calculus states that the quadratic functional is positive (semi-)definite on the class of admissible functions with zero boundary conditions if and only if the corresponding Euler-Lagrange differential equation is disconjugate, see [2] and [3] for details. This property has been extended in many directions which include among others the general boundary conditions, the vector case and the singular functionals. Řehák [9] studied for p > 1, r_k ∈ R \ {0} and c_k ∈ R the discrete p-degree functional

(1) J(x; 0, n) = n∑ k=0 r_k|Δx_k |^p − c_k|x_{k+1}|^p .

which can be viewed as a generalization of the discrete quadratic functional. The corresponding Euler-Lagrange equation for functional (1) is the equation

(2) L_k[y] = Δ(r_k ΔΦ(y_k)) + c_kΦ(y_{k+1}) = 0 ,

where Φ(y) = |y|^{p−2}y is a generalized power function. For p = 2 equation (2) is a linear equation, however in the general case p ≠ 2 the additivity of the set of the solutions is lost and only homogeneity remains. From this reason equation (2) is usually referred as a half-linear equation. In the sequel we introduce the

1991 Mathematics Subject Classification: 39A12.

Key words and phrases: difference equation, half-linear equation, functional, singular functional.

Supported by the Grant 201/01/0079 of the Czech Grant Agency. Received November 25, 2003, revised June 2004.

concept of oscillation which is connected with equation (2). Remark that under the interval I we actually mean the discrete set I ∩ N throughout the paper. Definition 1.1 (generalized zero). An interval (m, m + 1] is said to contain a generalized zero of a solution y = (y_k) of equation (2) if y_m ≠ 0 and r_my_my_{m+1} ≤ 0. Definition 1.2 (disconjugacy). Equation (2) is said to be disconjugate on the interval [m, n] if every solution of (2) has at most one generalized zero on the interval (m, n + 1] and the solution satisfying y_m = 0 has no generalized zero on the interval (m, n + 1]. Equation (2) is said to be disconjugate on the interval [m, ∞) if it is disconjugate on the interval [m, n] for every n, n > m.

Řehák [9] studied the positive definiteness of the functional (3) and proved the following theorem.

Theorem 1.1 (Řehák, [9]). The functional (1) satisfies the conditions (i) J(x; 0, n) ≥ 0 and (ii) J(x; 0, n) = 0 if and only if x = 0 for every sequence x = (x_k )^{n+1}_{k=0} with boundary conditions x_0 = 0 = x_{n+1} if and only if equation (2) is disconjugate on [0, n].

The aim of this paper is to extend Theorem 1.1 to the case of the singular functional (3) lim inf_{n→∞} J(x; 0, n)

where J(x; 0, n) is defined by (1). The functional is studied on the set of the real sequences x = (x_k )^∞_{k=0} which are admissible in the sense of the following definition. Definition 1.3 (admissibility). The sequence x = (x_k )^∞_{k=0} of the real numbers is said to be an admissible sequence if x_0 = 0 = lim_{k→∞} x_k

holds.

We will focus our attention on the necessary and sufficient condition for the positive semidefiniteness (rather than the positive definiteness as in [9]) of the singular functional (3).

Definition 1.4 (positive semidefiniteness). The functional (3) is said to be positive semidefinite on the class of the admissible sequences if (4) lim inf_{n→∞} J(x; 0, n) ≥ 0 for every admissible sequence x.

The interest in the study of the (continuous) singular quadratic functional

(5) lim inf_{b→∞}

∫_b a [ r(t)|η^′(t)|^2 − c(t)|η(t)|^2 ] dt has been initiated by Leighton and Morse in the paper [6] and continued by papers [1, 4, 5]. (In [6] is, in fact, the singular point t = 0 considered, instead of the singular point t = ∞ in (5). Nevertheless the transformation t →^1_t transforms the singular point 0 into ∞, as it is considered e.g. in [1].) In [6] it is showed that the disconjugacy of the Euler-Lagrange equation is no more sufficient for the positive semidefiniteness of the singular functional. To establish a necessary and sufficient condition for the positive semidefiniteness of (5) a concept of singularity condition is introduced. This condition together with disconjugacy presents the desired necessary and sufficient condition for positive semidefiniteness of (5) on the class of the admissible functions with zero boundary conditions.

The aim of this paper is to extend the Leighton-Morse’s concept of singularity condition for the case of the discrete p-degree functional (3).

2. Main results First let us present the discrete singularity condition.

Definition 2.1 (singularity condition). Let y = (y_k) be a solution of (2) given by the initial conditions

(6) y_0 = 0 and y_1 = 1.

The functional (3) is said to satisfy the singularity condition if

(7) lim inf_{n→∞} |x_n|^pr_n

Φ(Δy_n) Φ(y_n) ≥ 0 for every admissible sequence x along which the functional (3) is finite.

Lemma 2.1 (Picone identity, [9]). Let x = (x_k )^{n+1}_{k=0} , y = (y_k)^{n+2}_{k=0} be real sequences, L_k[y] = 0 for k ∈ [0, n] and y_k ≠ 0 for k ∈ [1, n + 1] (k ∈ [0, n + 1]). Then for k ∈ [1, n] (k ∈ [0, n])

(8) Δ { −|x_k|^pr_k

Φ(Δy_k) Φ(y_k) } = c_k|x_{k+1}|^p − r_k|Δx_k |^p + r_ky_k y_{k+1}

G_k (x, y)

where

(9) G_k(x, y) = y_{k+1} y_k

|Δx_k|^p − y_{k+1}Φ(Δy_k) y_kΦ(y_{k+1})

|x_{k+1}|^p + y_{k+1}Φ(Δy_k) y_kΦ(y_k)

|x_k |^p .

The function G satisfies

(10) G_k(x, y) ≥ 0

with equality if and only if Δx_k = x_k^{Δyk}_{yk} , i.e. if and only if x_{k+1} = x_k^{yk+1}_{yk} .

Lemma 2.2. If x_0 = 0 and equation (2) is disconjugate on the interval [0, n], then

(11) J(x; 0, n) = |x_{n+1}|^pr_{n+1}

Φ(Δy_{n+1}) Φ(y_{n+1}) + n∑ k=1 r_ky_k y_{k+1}

G_k(x, y) ,

where y = (y_k) is a solution of (2) which satisfies the initial conditions (6).

Proof. The sum of the Picone identity (8) over the interval [1, n] gives

J(x; 1, n) = |x_{n+1}|^pr_{n+1}

Φ(Δy_{n+1}) Φ(y_{n+1})

− |x_1|^pr_1

Φ(Δy_1) Φ(y_1) + n∑ k=1 r_k y_k y_{k+1}

G_k(x, y) .

From (2) follows r_1Φ(Δy_1) − r_0Φ(Δy_0) + c_0Φ(y_1) = 0 .

Since Δy_0 = y_1 we have from here r_1Φ(Δy_1) Φ(y_1)

− r_0 + c_0 = 0

and hence

J(x; 1, n) = |x_{n+1}|^pr_{n+1}

Φ(Δy_{n+1}) Φ(y_{n+1})

− r_0|x_1|^p + c_0|x_1|^p + n∑ k=1 r_ky_k y_{k+1}

G_k(x, y) .

The last relation with the fact that x_1 = Δx_0 imply J(x; 0, n) = J(x; 1, n) + r_0|x_1|^p − c_0|x_1|^p

= |x_{n+1}|^pr_{n+1}

Φ(Δy_{n+1}) Φ(y_{n+1}) + n∑ k=1 r_ky_k y_{k+1}

G_k(x, y) .

The proof is complete. □

Theorem 2.1. The functional (3) is positive semidefinite on the class of the admissible sequences if and only if equation (2) is disconjugate on the interval [0, ∞) and the functional (3) satisfies singularity condition (7).

Proof. Sufficient condition. Suppose that equation (2) is disconjugate and the singularity condition (7) is satisfied. Let x be an admissible sequence. If lim inf_{n→∞} J(x; 0, n) = ∞, then lim inf_{n→∞} J(x; 0, n) ≥ 0. Suppose that lim inf J_{n→∞}(x; 0, n) < ∞. Then (11) holds for every n > 0. Taking limes inferior of (11) and using inequality (10) we get

lim inf n→∞ J(x; 0, n) = lim inf_{n→∞} ( |x_{n+1}|^pr_{n+1}

Φ(Δy_{n+1}) Φ(y_{n+1}) + n∑ k=1 r_ky_k y_{k+1}

G_k(x, y) )

≥ lim inf n→∞ |x_{n+1}|^pr_{n+1}

Φ(Δy_{n+1}) Φ(y_{n+1}) . Hence (7) implies (4).

Necessary condition. Suppose that the functional is positive semidefinite for every admissible sequence x = (x_k)^∞_{k=0}. We will continue in two steps: first we will show that (2) is disconjugate and the solution given by the initial conditions (6) has no generalized zero on (0, ∞), and then we prove the validity of the singularity condition.

If the functional (3) is positive semidefinite and m is an arbitrary integer, then J(x; 0, m) is positive semidefinite on the class of the sequences satisfying zero boundary conditions x_0 = 0 = x_{m+1}. Really, if we define x_k = 0 for k > m + 1, then

(12) J(x; 0, m) = lim inf_{n→∞} J(x; 0, n) ≥ 0 .

Suppose, by contradiction, that the solution y = (y_k) of IVP (2),(6) has a generalized zero on (0, ∞). Then there exists n > 0 such that

r_ky_ky_{k+1} > 0 k ∈ (0, n − 1] r_ny_ny_{n+1} ≤ 0 .

Let us consider the cases y_{n+1} ≠ 0 and y_{n+1} = 0 separately. In each case we will show that the assumptions contradict (12).

Case I: y_{n+1} ≠ 0. Let us consider the sequence x = (x_k ) defined with

x_k = { y_k k ≤ n 0 k = n + 1 .

Summation by parts, the definition of the sequence x (namely the relations x_{n+1} = x_0 = 0, L_k[x] = 0 for k ≤ n − 2, Δx_{n−1} = Δy_{n−1}, x_n = y_n and Δx_n = −y_n) and the condition y_{n+1} ≠ 0 give

J(x; 0, n) = n∑ k=0 r_k|Δx_k |^p − c_k|x_{k+1}|^p

= [x_kr_k Φ(Δx_k )]^{n+1}_{k=0} − n∑ k=0 x_{k+1}L_k[x]

= − n∑ k=0 x_{k+1}L_k[x] = −x_nL_{n−1}[x]

= −x_n [ Δ(r_{n−1}Φ(Δx_{n−1})) + c_{n−1}Φ(x_n) ]

= −y_n [ r_nΦ(Δx_n) − r_{n−1}Φ(Δy_{n−1}) + c_{n−1}Φ(y_n) ]

= −y_n [ r_nΦ(Δx_n) − r_nΦ(Δy_n) ] = −y_nr_nΦ(−y_n) + y_nr_nΦ(Δy_n) = r_ny_ny_{n+1} y^2_{n+1}

|y_n|^p

[ y_{n+1} y_n + y_{n+1} y_n Φ ( y_{n+1} y_n − 1 )] . In view of the fact that α + αΦ(α − 1) > 0 for α ≠ 0 and y_{n+1} ≠ 0, the expression in brackets is positive and the term r_ny_ny_{n+1} is negative according to the assumptions. Hence it follows J(x; 0, n) < 0, a contradiction to (12).

Case II: y_{n+1} = 0. The summation by parts proceeded in the same way as in the Case I shows

J(y; 0, n) = − n∑ k=0 y_{k+1}L_k[y] = 0 .

Now let us consider the functional J(x; 0, n + 1) and the sequence x = (x_k ) defined

x_k = y_k k ≤ n λ k = n + 1 0 k = n + 2 .

We will show that there exists λ ∈ R such that J(x; 0, n + 1) < 0. The sequences x and y differ on the interval [0, n + 1] only in the terms x_{n+1} and y_{n+1}. Hence J(x; 0, n + 1) = J(x; 0, n) + r_{n+1}|Δx_{n+1}|^p − c_{n+1}|x_{n+2}|^p = J(y; 0, n) − r_n|Δy_n|^p + c_n|y_{n+1}|^p

+ r_n|Δx_n|^p − c_n|x_{n+1}|^p + r_{n+1}|Δx_{n+1}|^p − c_{n+1}|x_{n+2}|^p = 0 − r_n|y_n|^p + 0 + r_n|Δx_n|^p − c_n|x_{n+1}|^p + r_{n+1}|Δx_{n+1}|^p − 0 .

The definition of the sequence x gives

J(x; 0, n + 1) = −r_n|y_n|^p + r_n|λ − y_n|^p + c_n|λ|^p + r_{n+1}|λ|^p =: F (λ) . The function F (λ) satisfies F (0) = 0 and

F^′(0) = p [ r_nΦ(λ − y_n) + c_nΦ(λ) + r_{n+1}Φ(λ) ]| |_{λ=0} = −prnΦ(yn) ≠ 0 Hence, depending on the sign of the product r_nΦ(y_n), there exists either λ_0 > 0 or λ_0 < 0 such that J(x; 0, n + 1) = F (λ_0) < 0 which contradicts (12).

Hence neither Case I, nor Case II, can occur and the solution of the initial problem (2)–(6) has no generalized zero on (0, ∞). By the Sturm–type separation theorem for the solutions of equation (2) (see [9] for details) every other linearly independent solution of (2) has at most one generalized zero on (0, ∞).

The second step is to show that the singularity condition holds. Suppose that x is an admissible sequence for which (3) is finite. Let (n_t)^∞_{t=0} be an increasing unbounded sequence of the integers such that (13) lim inf_{n→∞} J(x; 0, n) = lim_{t→∞} J(x; 0, n_t) . We state that (14) lim inf_{t→∞} |x_{nt +1}|^pr_{nt +1}

Φ(Δy_{nt +1}) Φ(y_{nt+1})

≥ 0 .

To prove this let us consider the one-parametric family x^{(t)} = (x^{(t)}_k )^∞_{k=0} of sequences defined

x^{(t)}_k = { y_kx_{nt +1}/y_{nt+1} for k ≤ n_t x_k for k > n_t .

The sequence x^{(t)} is admissible for every t and equal to x for large k. Hence 0 ≤ lim inf n→∞ J(x^{(t)}; 0, n) = lim_{s→∞} J(x^{(t)}; 0, n_s) < ∞ for every t and clearly (15) lim inf_{t→∞} lim_{s→∞} J(x^{(t)}; 0, n_s) ≥ 0 .

Further

lim inf t→∞ lim_{s→∞}J(x^{(t)}; 0, n_s)

= lim_{t→∞} lim_{s→∞} J(x^{(t)}; n_t + 1, n_s) + lim inf_{t→∞} J(x^{(t)}; 0, n_t)

= lim_{t→∞} lim_{s→∞} J(x; n_t + 1, n_s) + lim inf_{t→∞}

|x_{nt +1}|^p |y_{nt} + 1|^p

J(y; 0, n_t)

= 0 + lim inf_{t→∞}

|x_{nt +1}|^p |y_{nt} + 1|^p

|y_{nt} + 1|^pr_{nt +1}

Φ(Δy_{nt +1}) Φ(y_{nt +1})

= lim inf t→∞ |x_{nt +1}|^pr_{nt +1}

Φ(Δy_{nt +1}) Φ(y_{nt+1}) . and (14) is a consequence of (15). From (11) we have the following relation

lim_{t→∞} J(x; 0, n_t) = lim_{t→∞} |x_{nt +1}|^pr_{nt +1}

Φ(Δy_{nt+1}) Φ(y_{nt +1})

+ lim_{t→∞}

n_t∑

k=1 r_ky_k y_{k+1}

G_k(x, y) .

(16)

Note that 0 ≤ lim_{t→∞} J(x; 0, n_t) < ∞ , (14) holds and all terms inside the sum are nonnegative. Hence both limits in the right-hand side of (16) really exist, are nonnegative and finite. We proved that (14) holds even with “lim” instead of “lim inf” and the limit

lim_{t→∞}

n_t∑

k=1 r_ky_k y_{k+1}

G_k(x, y)

exists as a finite number. This fact and the fact that all terms in the sum are nonnegative imply that the following limit exists as well

(17) lim_{n→∞} n∑ k=1 r_ky_k y_{k+1}

G_k(x, y) = lim_{t→∞}

n_t∑

k=1 r_k y_k y_{k+1}

G_k(x, y) < +∞ .

Taking limit of (11) we obtain

(18) lim inf_{n→∞} J(x; 0, n) = lim inf_{n→∞} |x_{n+1}|^pr_{n+1}

Φ(Δy_{n+1}) Φ(y_{n+1})

+ lim_{n→∞} n∑ k=1 r_ky_k y_{k+1}

G_k(x, y)

By (13) the left-hand sides of equalities (16) and (18) are both finite and equal and by (17) the second terms on the right-hand sides are finite and equal as well. We conclude from (16) and (18) that

lim inf n→∞ |x_{n+1}|^pr_{n+1}

Φ(Δy_{n+1}) Φ(y_{n+1})

= lim_{t→∞} |x_{nt +1}|^pr_{nt +1}

Φ(Δy_{nt+1}) Φ(y_{nt +1}) holds and the validity of the singularity condition follows from (14). The proof is complete. □

3. Singular functional with free end point In the last section we will use the approach from the preceding section to the case of the functional with free end point. The functional (19) S(x; 0, n) = α|x_0|^p + J(x; 0, n), α ∈ R defined on the class of real sequences x = (x_k)^{n+1}_{k=0} with a boundary condition x_{n+1} = 0 is studied in [8] as a modification of the functional (1). Now let us study the singular version of this functional, namely the singular functional with the free end point (20) lim inf_{n→∞} S(x; 0, n) on the class of the real sequences x = (x_k )^∞_{k=0} satisfying the boundary condition lim_{k→∞} x_k = 0. Hence the class of admissible sequences is more comprehensive than the class of admissible sequences for the functional (3).

Definition 3.1 (admissibility for the functional with free end point). The sequence x = (x_k )^∞_{k=0} of the real numbers is said to be an admissible sequence for the functional (20) if lim_{k→∞} x_k = 0 holds.

The following variant of Lemma 2.2 holds.

Lemma 3.1. Suppose that the solution y = (y_k) of (2) given by the initial conditions (21) y_0 = 1, y_1 = 1 + Φ^{−1} ( α r_0 ) , where Φ^{−1} is the inverse function to the function Φ, has no generalized zero on [0, n + 1]. Then for every sequence x = (x_k) we have

(22) S(x; 0, n) = |x_{n+1}|^pr_{n+1}

Φ(Δy_{n+1}) Φ(y_{n+1}) + n∑ k=0 r_ky_k y_{k+1}

G_k (x, y) ,

where G_k(x, y) is defined by (9).

Proof. The initial conditions (21) ensure that the sequence y satisfies

r_0Φ

(Δy_0

y_0 ) = α .

This fact and the summation of the Picone identity (8) over the interval [0, n] imply (22). □ In the case of the functional with free end point the following modification of the singularity condition is necessary.

Definition 3.2 (singularity condition for functional with free end point). Let y = (y_k) be the solution of (2) given by the initial conditions (21). The functional (20) is said to satisfy the singularity condition if (7) holds for every admissible sequence along which the functional (20) is finite.

The difference between the Definitions 2.1 and 3.2 lies in another specification of the sequence y. The necessary and sufficient condition for positive semidefiniteness of the functional (20) is introduced in the following theorem.

Theorem 3.1. The functional (20) is positive semidefinite on the class of the admissible sequences if and only if the solution y of equation (2) given by the initial conditions (21) has no generalized zero on the interval [0, ∞) and functional (20) satisfies singularity condition.

Proof. The proof is almost the same as the proof of Theorem 2.1 and is omitted here. □

References

[1] Došlá, Z., Došlý, O., Singular quadratic functionals of one dependent variable, Comment.

Math. Univ. Carolinae 36 (1995), 219–237.

[2] Hartman, P., Ordinary differential equations, J. Wiley & Sons, New York, (1964). [3] Kelley, W. G., Peterson, A. C., Difference equations — An introduction with applications, Academic Press (1991).

[4] Leighton, W., Principal quadratic functionals, Trans. Amer. Math. Soc. 67 (1949), 253–274. [5] Leighton, W., Martin, A. D., Quadratic functionals with a singular end point, Trans. Amer.

Math. Soc. 78 (1955), 98–128.

[6] Leighton, W., Morse, M., Singular quadratic functionals, Trans. Amer. Math. Soc. 40 (1936), 252-286.

[7] Mařík, R., Nonnegativity of functionals corresponding to the second order half-linear differential equation, Arch. Math. (Brno) 35 (1999), 155–164.

[8] Mařík, R., Comparison theorems for half-linear second order difference equations, Arch.

Math. (Brno) 36 (2000), 513–518.

[9] Řehák, P., Oscillatory properties of second order half–linear difference equations, Czech.

Math. J. 51, No. 2 (2001), 303–321.

Mendel University, Department of Mathematics Zemědělská 3, 613 00 Brno, Czech Republic E-mail: marik@mendelu.cz