ARCHIVUM MATHEMATICUM (BRNO) Tomus 41 (2005), 359 – 377

DIFFERENTIAL CALCULUS ON ALMOST COMMUTATIVE ALGEBRAS AND APPLICATIONS TO THE QUANTUM HYPERPLANE

CĂTĂLIN CIUPALĂ

Abstract. In this paper we introduce a new class of differential graded algebras named DG ρ-algebras and present Lie operations on this kind of algebras. We give two examples: the algebra of forms and the algebra of noncommutative differential forms of a ρ-algebra. Then we introduce linear connections on a ρ-bimodule M over a ρ-algebra A and extend these connections to the space of forms from A to M. We apply these notions to the quantum hyperplane.

1. Introduction

Let N be a C^∞ manifold and C^∞(N) the algebra of C^∞ functions on N. The basic properties of N are determinated by the purely algebraic properties of C^∞(N) : the derivations of C^∞(N) are vector fields on N and they form a C^∞(N) module in which forms and the tensor fields together with usual operations can be obtained within the framework of multilinear algebra of C^∞(N) modules. The algebraic skeleton of differential geometry suggests a piece of mathematics that can stand on its own and that be associated with an arbitrary commutative algebra. The next step is to generalize it to the case of noncommutative algebra and to obtain in this way the noncommutative version of differential geometry. Next we present the case when the algebra A is from a class of noncommutative algebras which are almost commutative algebras (ρ-commutative algebras).

In this paper we introduce the notion of differential graded ρ-algebra (DG ρalgebra) which is a generalization of DG-algebra and of the DG-superalgebras. We define Lie operations on a DG ρ-algebra which are the generalizations of Lie operations on a DG-algebra.

We give two examples of DG ρ-algebras: the algebra of forms Ω(A) of an almost commutative algebra and the algebra of noncommutative differential forms Ω_αA of a ρ-algebra A. We also present linear connections on a ρ-bimodule M over an

2000 Mathematics Subject Classification: 81R60, 16W99, 53C04.

Key words and phrases: noncommutative geometry, almost commutative algebra, linear connections, quantum hyperplane.

Received December 4, 2003, revised June 2005.

almost commutative algebra A, then we extend these connections to the space of forms Ω(A, M) of A with values in the ρ-bimodule M and we introduce the classical differential operators associated to a such connection. This differential calculus generalizes the fermionic differential calculus from [9] and extends the calculus over an almost commutative algebra from [1]. We also introduce distributions on a ρ-bimodule M over a ρ-algebra A, we present parallel and globally integrable distribution with respect to a M connection. We apply these notions to the quantum hyperplane.

The paper is organized as follows: In the second section we review the basic notions concerning almost commutative algebras and the derivations on this kind of algebras (see [1]). In the third section we define the DG ρ-algebras, the differential calculus over an almost commutative algebra and present two examples: the algebra of forms over an almost commutative algebra A denoted by Ω(A) and the algebra of noncommutative differential forms Ω_αA of A. Then we introduce the Lie operation of a ρ-Lie algebra in a DG ρ-algebra and, as examples, we present Lie operations on Ω(A) and Ω_αA. We also introduce the algebraic Frölicher-Nijenhuis bracket on the almost commutative algebra A.

In the fourth section we present linear connections on a ρ-bimodule M over a ρ-algebra A and extend these connections to the algebra Ω(A), we give the classical differential operators associated to a such connection and prove some relations between them. In the last section we apply these notions to the quantum hyperplane.

2. Almost commutative algebras

In this section we present shortly a class of noncommutative algebras which are almost commutative algebras, for more details see [1].

Let G be an abelian group, additively written, and let A be a G-graded algebra. This means that, as a vector space, A has a G-grading A = ⊕_{a∈G}A_a. Moreover, A_aA_b ⊂ A_{a+b} (a, b ∈ G). The G-degree of a (nonzero) homogeneous element f of A is denoted as |f|. Furthermore, let ρ : G × G → k be a map which satisfies

ρ(a, b) = ρ(b, a)^{−1} , a, b ∈ G , (1) ρ(a + b, c) = ρ(a, c)ρ(b, c) , a, b, c ∈ G . (2) This implies ρ(a, b) ≠ 0, ρ(0, b) = 1, and ρ(c, c) = ±1, for all a, b, c ∈ G, c ≠ 0. We define the ρ-commutator [f, g]_ρ = fg − ρ(|f| , |g|)gf, where f and g are homogeneous elements in A.

This expression as it is makes sense only for homogeneous elements f and g, but it can be extended linearly to general elements. The ρ-commutator has the following properties:

[A_a, A_b] ⊂ A_{a+b} , a, b ∈ G , (3) [f, g]_ρ = −ρ(|f| |g|)[g, f]_ρ , (4)

0 = ρ(|f| , |h|)^{−1}[f, [g, h]_ρ]_ρ + ρ(|g| , |f|)^{−1}[g, [h, f]_ρ]_ρ (5) + ρ(|h| , |g|)^{−1}[h, [f, g]_ρ]_ρ

for any homogeneous elements f, g, h ∈ A.

Eq. (4) may be called ρ-antisymmetry and Eq. (5) is the ρ-Jacobi identity. A Ggraded algebra A with a given cocycle ρ is called ρ-algebra. The ρ-algebra A is ρ-commutative if fg = ρ(|f| , |g|)gf for all homogeneous elements f and g in A. A ρ-commutative algebra is also called almost commutative algebra.

Let α be an element of the group G. A ρ-derivation X of A, of degree α, is a linear map X : A → A, of G-degree |X| i.e. X : A_∗ → A_{∗+|X|}, such that has for all elements f ∈ A_{|f |} and g ∈ A

(6) X(fg) = (Xf)g + ρ(α, |f|)f(Xg) .

Without any difficulties it can be obtained that if the algebra A is ρ-commutative, f ∈ A_{|f |} and X is a ρ-derivation of degree α, then fX is a ρ-derivation of degree |f| + α and the G-degree |f| + |X| i.e.

(fX)(gh) = ((fX)g)h + ρ(|f| + α, |g|)g(fX)h

and fX : A_∗ → A_{∗+|f |+|X|}.

We say that X : A → A is a ρ-derivation if it has the degree |X| and the G-degree |X| i.e. X : A_∗ → A_{∗+|X|} and X(fg) = (Xf)g + ρ(|X| , |f|)f(Xg) for any f ∈ A_{|f |} and g ∈ A.

It is known that the ρ-commutator of two ρ-derivations is again a ρ-derivation and the linear space of all ρ-derivations is a ρ-Lie algebra, denoted by ρ-Der A.

One verifies immediately that for an almost commutative algebra A, ρ-Der A is not only a ρ-Lie algebra but also a left A-module with the action of A on ρ-Der A defined by

(7) (fX)g = f(Xg) f, g ∈ A, X ∈ ρ- Der A .

Let M be a G-graded left module over a ρ-commutative algebra A, with the usual properties, in particular |fψ| =|f| + |ψ| for f ∈ A, ψ ∈ M. Then M is also a right A-module with the right action on M defined by ψf = ρ(|ψ| , |f|)fψ. In fact M is a bimodule over A, i.e. f(ψg) = (fψ)g, for any f, g ∈ A, ψ ∈ M.

3. Differential graded ρ-algebras

Next we introduce the notion of differential graded ρ-algebras which is a generalization of the usual DG-algebras and the DG-superalgebras. Let G be a group as in the previous section, ρ : G × G → k a cocycle which satisfies the relations (1) and (2). We denote by G^′=Z × G and we define the map ρ^′ : G^′ × G^′ → k by

(8) ρ^′ ((n, α) , (m, β)) = (−1)^{nm} ρ (α, β) .

It is obvious that ρ^′ satisfies the properties (1) and (2).

Definition 1. We say that Ω = ⊕_{(n,α)∈G′}Ω^n_α is a differential graded ρ-algebra (DG

ρ-algebra) if there is an element α ∈ G, a differential d of degree (1, α) and the

G^′−degree |d|^′ = (1, 0), i.e. there are the following properties: d^2 = 0 (9) and d(ωθ) = (dω) θ + (−1)^n ρ (α, |ω|) ωdθ

(10) for any ω ∈ Ω^n_{|ω|} and θ ∈ Ω.

Remark that if we denote by |ω|^′ = (n, |ω|) the G^′-degree of ω ∈ Ω^n_{|ω|}, the equality (10) may be written equivalently in the following manner: d(ωθ) = (dω)θ + ρ^′(|d|^′ , |ω|^′)ωdθ .

Without any difficulties it can be shown that Ω is a ρ^′-algebra. Example 2. In the case when the group G is trivial then the map ρ is identity and Ω is a DG ρ-algebra then Ω is the usual DG-algebra.

Example 3. When the group G is Z_2 and the map ρ(a, b) is (−1)^{ab} we obtain that Ω is DG-superalgebra.

Definition 4. Let A be a ρ-algebra. We say that � Ω (A) = ⊕_{(n,α)∈G′}Ω^n_α (A) , d �

is a ρ-differential calculus on A if Ω (A) is a differential graded ρ-algebra, Ω (A) is an A-bimodule and Ω^0 (A) = A.

In the following subsections we give other examples of ρ-differential calculus over a given ρ-algebra A.

3.1. The algebra of forms of a ρ-algebra. In this subsection we construct the algebra of forms Ω(A) of an almost commutative algebra A (see [1]).

The algebra of forms of an the ρ-algebra A is given in the classical manner: Ω^0(A) := A, and Ω^p(A) for p = 1, 2, . . . , as the G-graded space of p-linear maps α_p : ×^pρ-Der A → A, p-linear in sense of left A-modules α_p(fX_1, . . . , X_p) = fα_p(X_1, . . . , X_p) ,

(11)

α_p(X_1, . . . , X_j f, X_{j+1,} . . . , X_p) = α_p(X_1, . . . , X_j , fX_{j+1}, . . . X_p)

(12) and ρ-alternating (13) α_p(X_1, . . . , , X_j , X_{j+1,} . . . , X_p) = −ρ(|X_j | , |X_{j+1}|)α_p(X_1, . . . , X_{j+1}, X_{j,} . . . , X_p) for j = 1, . . . , p − 1; X_k ∈ ρ-Der (A), k = 1, . . . , p; f ∈ A and Xf is the right A-action on ρ-Der A. Ω^p(A) is in natural way a G-graded right A-module with (14) |α_p| = |α_p(X_1, . . . , X_p)| − (|X_1| + · · · + |X_p|) and with the right action of A defined as (15) (α_pf)(X_1, . . . , X_p) = α_p(X_1, . . . , X_p)f .

From the previous considerations, it follows that Ω(A) = ⊕^∞_{p=0}Ω^p(A) is again a G-graded A-bimodule.

One defines exterior differentiation as a linear map d : Ω^p(A) → Ω^{p+1}(A), for all p ≥ 0, as df(X) = X(f), and for p = 1, 2, . . . ,

dα_p(X_1, . . . , X_{p+1}) : = p+1� j=1 (−1)^{j−1}ρ( j−1� i=1 |X_i| , |X_j |)X_j α_p(X_1, . . . , ^X_j , . . . , X_{p+1})

+ � 1≤j<k≤p+1

(−1)^{j+k}ρ( j−1� i=1 |X_i| , |X_j |)ρ( j−1� i=1 |X_i| , |X_k|)

× ρ( k−1�

i=j+1

|X_i| , |X_k|)α_p([X_j , X_k]_ρ, . . . , X_1, . . . , ^X_j ,

. . . , ^X_k, . . . X_{p+1}) .

One can show that d has degree 0, and that d^2 = 0.

There is an exterior product Ω^p (A) × Ω^q (A) → Ω^{p+q} (A), (α_p , β_q ) → α_p ∧ β_q , defined by the ρ-antisymmetrization formula:

α_p ∧ β_q (X_1 , . . . , X_{p+q} ) = � σ sign (σ) (ρ-factor) α_p � X_{σ(1)}, . . . , X_{σ(p)} � β_q � X_{σ(p+1)}, . . . , X_{σ(p+q)} � . The sum is over all permutations σ of the cyclic group S_{p+q} such that σ (1) < · · · < σ (p) and σ (p + 1) < · · · < σ (p + q). The ρ-factor is the product of all ρ( � X_{σ(j)} � , |α_p |) for p + 1 ≤ j ≤ p + q and all ρ( � X_{σ(j)} � , � X_{σ(k)} � )^{−1} for j < k and σ(j) > σ(k).

Ω(A) is a G^′−graded algebra with the group G^′ = Z × G. Denote the G^′ degree of α_p as |α_p |^′ = (p, |α_p |). It is easy to see that the map ρ^′ : G^′ × G^′ → k defined by ρ^′((p, a), (q, b)) = (−1)^{pq}ρ(a, b) is a cocycle and that Ω(A) is a ρ^′- commutative algebra. Moreover, the map d is a ρ^′-derivation of Ω(A) with G^′- degree |d|^′ = (+1, 0).

3.2. The algebra of noncommutative differential forms of a ρ-algebra. Next we present our construction of the algebra of noncommutative differential forms Ω_αA of the ρ-algebra A. This is a generalization of the algebra of noncommutative differential forms of an associative algebra and also is a generalization of the algebra of noncommutative differential forms of a superalgebra ([10]).

Let α be an arbitrary element of G. By definition the algebra of noncommutative differential forms of the ρ-algebra A is the algebra Ω_αA generated by the algebra A and the symbols da, a ∈ A which satisfy the following relations:

1. da is linear in a.

2. the ρ-Leibniz rule: d(ab) = d(a)b + ρ(α, |a|)adb.

3. d(1) = 0.

Let Ω^n_αA the space of n-forms a_0 da_1 . . . da_n , a_i ∈ A for any 0≤ i ≤ n. Ω^n_αA is an A-bimodule with the left multiplication (16) a(a_0da_1 . . . da_n) = aa_0da_1 . . . da_n , and with the right multiplication:

(a_0da_1 . . . da_n)a_{n+1} = n� i=1 (−1)^{n−i}ρ(α, n� j=i+1

|a_j |)(a_0da_1 . . . d(a_ia_{i+1}) . . . da_{n+1})

+ (−1)^nρ(α, n� i=1 |a_j |)a_0a_1da_2 . . . da_{n+1} .

(17)

Ω_αA = ⊕_{n∈Z}Ω^n_αA is Z-graded algebra with the multiplication Ω^n_αA · Ω^m_α A ⊂ Ω^{n+m}_α A given by:

(a_0da_1 . . . da_n)(a_{n+1}da_{n+2} . . . da_{m+n}) = ((a_0da_1 . . . da_n)a_{n+1})da_{n+2} . . . da_{m+n}) , for any a_i ∈ A, 0≤ i ≤ n + m, n, m ∈ N.

We define the G-degree of the n-form a_0da_1 . . . da_n by

|a_0da_1 . . . da_n| = n� i=0 |a_i| .

It is obvious that |ω_n · ω_m| = |ω_n| + |ω_m| for any homogeneous forms ω_n ∈ Ω^n_αA and ω_m ∈ Ω^m_α A.

Remark 5. Ω_αA is a G^′ = Z × G-graded algebra with the G^′ degree of the nform a_0da_1 . . . da_n as follows |a_0da_1 . . . da_n|^′ = (n,^n � i=0 |a_i|).

We define the cocycle ρ^′ : G^′ × G^′ → k on the algebra Ω_αA in the following way:

ρ^′(|a_0da_1 . . . da_n|^′ , |b_0db_1 . . . db_m|^′) = (−1)^{nm}ρ

�^n� i=0 |a_i| , m� i=0 |b_i| � (18)

or, equivalently, ρ^′(|ω_n|^′ , |ω_m|^′) = (−1)^{nm} ρ(|ω_n| , |ω_m|)

(19) for any ω_n ∈ Ω^n_αA, ω_m ∈ Ω^m_α A. It is obvious that Ω_αA is a ρ^′-algebra. We obtain that the G^′-degree of the map d is (1, 0) i.e. d : Ω^n_{|ω|} → Ω^{n+1}_{|ω|} and the G^′-degree of an element x ∈ A is |x|^′ = (0, |x|).

Theorem 6 ([4]). d : Ω^∗_αA → Ω^{∗+1}_α A satisfies: d(ωθ) = (dω)θ + (−1)^n ρ(α, |ω|)ωdθ for any ω ∈ Ω^n_αA, θ ∈ Ω^m_α A.

If we use the notation |d|^′ = (1, α) we get that d is a graded derivation of degree |d|^′ and the G^′-degree (1, 0), i.e. d : Ω^∗_αA → Ω^{∗+1}_α A and d(ωθ) = (dω)θ + ρ^′(|d|^′ , |ω|^′)ωdθ.

Concluding we have the following result:

Theorem 7. (Ω_αA, d) is a ρ-differential calculus over A.

Ω_αA is called the algebra of noncommutative differential forms of the ρ-algebra A.

Remark 8. The algebra Ω_αA depends by the election of the element α ∈ G.

Example 9. In the case when the group G is trivial, A is an associative algebra and Ω_αA is the algebra of noncommutative differential forms of A from [6].

Example 10. If the group G is Z_2 and the cocycle is ρ(a, b) = (−1)^{ab} then A is a superalgebra and in this case Ω_αA is the superalgebra of noncommutative differential forms of A from [10].

3.3. Operations of a ρ-Lie algebra in a DG ρ-algebra. In this section we generalize the Lie operation of a Lie algebra into a DG-algebra from ([7]) and present our definition of an operation of a ρ-Lie algebra into a DG ρ-algebra.

Let L be a ρ-Lie algebra, Ω a DG ρ-algebra both over the group G and the cocycle ρ : G × G → k, G^′ = G × Z and ρ^′ : G^′ × G^′ → k be the cocycle from (8).

Definition 11. An operation of the ρ-Lie algebra L in the DG ρ-algebra Ω is a linear map X → i_X of L into the spaces of ρ-derivations of G^′-degree (−1, |X|) of Ω such that one has for any X, Y ∈ L: i_X i_Y + ρ(|X| , |Y |)i_Y i_X = 0 i.e. [i_X , i_Y ]_ρ′ = 0 .

The Lie-derivative L_X = [d, i_X ]_ρ′ is a ρ^′-derivation of G^′-degree (0, |X|) and satisfies the following relations [L_X , i_Y ]_ρ′ = i_{[X,Y ]ρ} and [L_X , L_Y ]_ρ′ = L_{[X,Y ]ρ} . This means that X → L_X is a ρ-Lie algebra homomorphism of L into the ρ-Lie algebra of ρ^′-derivations of Ω.

Next we present some examples of operations of a ρ-Lie algebra in a DG ρalgebra.

3.3.1. Lie operations of the ρ-Lie algebra ρ-Der A into the DG ρ-algebra Ω(A). There is a contraction i_X : Ω(A) → Ω(A) of G^′-degree (-1, |X|) defined in the following way:

(20) i_X α_p(X_1, . . . , X_{p−1}) := ρ

�^{p−1}� i=1 |X_i| , |X| � α_p(X, X_1, . . . , X_{p−1})

and i_X α_0 = 0, α_0 ∈ Ω^0(A). The Lie derivation L_X : Ω(A) → Ω(A) of G^′-degree (0,|X|) is given by

L_X α_p (X_1 , . . . , X_p ) : = ρ

�^p� i=1 |X_i | , |X| � X � α_p (X, X_1 , . . . , X_{p−1} ) �

− p� i=1 ρ �^p� i=1 |X_i | , |X| � α_p (X_1 , . . . , [X, X_i ]_ρ, . . . , X_p ) ,

(21)

The relations between i_X , L_X and d are:

[d, d]_ρ′ = 0, [d, i_X ]_ρ′ = L_X , [d, L_X ]_ρ′ = 0 ,

[i_X , i_Y ]_ρ′ = 0, [i_X , L_Y ]_ρ′ = i_{[X,Y ]ρ} ,

[L_{X,}L_Y ]_{ρ′} = L_{[X,Y ]ρ} .

So the map X → i_X is a Lie operation on the ρ-Lie algebra ρ-Der A into the DG ρ-algebra Ω(A).

In the second example we continue the noncommutative calculus on a ρ-algebra from the subsection 3.2.

3.3.2. The Frölicher -Nijenhuis bracket of a ρ-algebra. Next we study the case when the element α ∈ G is zero and A is a ρ-commutative algebra. In this case Ω_0A is denoted by ΩA.

First we describe the derivations of the algebra ΩA. Denote by Der^{alg} ΩA the submodule of ΩA of all algebraic derivations, i.e. the ρ-derivations X of ΩA such that X |_Ω0_A= 0.

Since any algebraic derivation is determined by its values on Ω^1A we get the isomorphism:

(22) Der^{alg}_{(k,α)} ΩA ⋍ Hom_α(Ω^1A, Ω^{k+1}A) ⋍ Der_α(Ω^{k+1}A)

where Der^{alg}_{(k,α)} ΩA is the space of all algebraic ρ^′-derivations of G^′-degree (k, α), Hom_α(Ω^1A, Ω^{k+1}A) is the space of all morphisms from Ω^1A to Ω^{k+1}A of G^′-degree (0,α) and Der_α(Ω^{k+1}A) is the space of ρ^′-derivations of G^′-degree (0,α).

For any derivation X ∈ Der_α(Ω^{k+1}A) we will denote by i_X the corresponding algebraic (inner) derivation of ΩA.

In other words the operator may be defined as a ρ^′-derivation in ΩA such that: 1) i_X : Ω^n_β A → Ω^{n+k}_{α+β} A, 2) i_X (ωθ) = i_X (ω)θ + (−1)^{jk} ρ(α, β)ωi_X (θ), 3) i_X (a) = 0, i_X (da) = X(a), where j, k ∈ N, α, β ∈ G, ω ∈ Ω^j_αA and a ∈ A.

The module of ρ^′-derivations is closed with respect to the ρ^′-commutator of derivations. Therefore we get a ρ^′-Lie algebra structure on

N ij(A) = � k∈Z, α∈G

Hom_α(Ω^1A, Ω^{k+1}A)

which it will be called the Nijenhuis algebra of the ρ-commutative algebra A and the bracket will be called a ρ-algebraic Nijenhuis bracket.

By definition the Nijenhuis bracket of the elements X ∈ Hom_α(Ω^1A, Ω^{k+1}A) and Y ∈ Hom_β (Ω^1A, Ω^{l+1}A) is given by formula:

[X, Y ] (ω) = i_X (Y (ω)) − (−1)^{kl}ρ(α, β)i_Y � X(ω) � , for all ω ∈ Ω^1A.

Any ρ-derivation X ∈ ρ-Der A determines an inner derivation i_X ∈ ρ-Der A of G^′ degree (-1,|X|) and a Lie derivation: L_X = [i_X , d].

For Lie derivations we have the same properties as for the usual ones.

Theorem 12. 1) L_X is a ρ-derivation of G^′ degree (k,|X|) of the algebra Ω^∗A : L_X (ω_1ω_2) = L_X (ω_1)ω_2 + (−1)^kρ(|X| , |ω_1|)ω_1L_X (ω_2).

2) The bracket [L_X , L_Y ] is a Lie derivation L_Z for some element Z = [X, Y ], and is called the Frölicher-Nijenhuis bracket.

3) The Frölicher-Nijenhuis bracket

Hom_α(Ω^1A, Ω^{k+1}A) × Hom_β (Ω^1A, Ω^{l+1}A) → Hom_{αβ} (Ω^1A, Ω^{k+l+2}A) determines a G^′-graded ρ-Lie algebra in the Nijenhuis algebra.

4. Linear connections on a differential calculus of a ρ-algebra Let A be a ρ-algebra, Ω (A) = ⊕_{n∈Z}Ω^n (A) a differential calculus over the ρalgebra A and M a ρ-bimodule over A. A linear connection ∇ on the A-bimodule M over the ρ-differential calculus Ω (A) is the linear map ∇ : M ⊗ Ω^n (A) → M ⊗ Ω^{n+1} (A) such that ∇(mω) = ∇ (m) ω + (−1)^n m ⊗ dω for any m ∈ M and ω ∈ Ω^n (A). If the A-bimodule M is Ω^1 (A) then ∇ is a linear connection on the differential calculus Ω (A).

4.1. Linear connections on a ρ-bimodule over an almost commutative algebra. In this subsection we present linear connections on a ρ-bimodule M over an almost commutative algebra A.

Definition 13. A linear connection on M is a linear map of ρ-Der A into the linear endomorphisms of M ∇ : ρ- Der A → End (M) , such that one has: ∇_X : M_p → M_{p+|X|} ,

(23) ∇_{aX} (m) = a∇_X (m) ,

(24) and ∇_X (am) = ρ(|X| , |m|)X(a)m + a∇_X (m) ,

(25) for all p ∈ G, a ∈ A, and homogeneous elements X ∈ ρ-Der A, and m ∈ M.

Let ∇ be a connection as above. Its curvature R is the map R : (ρ- Der A) × (ρ- Der A) → End (M) (X, Y ) −→ R_{X,Y} defined by:

(26) R_{X,Y} (m) = [∇_X , ∇_Y ]_ρ′ (m) − ∇_{[X,Y ]ρ} (m) for any X, Y ∈ ρ-Der A, and m ∈ M, where the brackets are: [∇_X , ∇_Y ]_ρ′ = ∇_X ∇_Y − ρ(|X| , |Y |)∇_Y ∇_X and [X, Y ]_ρ = X ∘ Y − ρ(|X| , |Y |)Y ∘ X .

Theorem 14. The curvature of any connection ∇ has the following properties:

1) A-linearity:

(27) R_{aX,Y} (m) = aR_{X,Y} ,

2) R_{X,Y} is right A-linear:

(28) R_{X,Y} (ma) = R_{X,Y} (m)a ,

3) R_{X,Y} is left A-linear:

(29) R_{X,Y} (am) = ρ(|X| + |Y | , |a|)R_{X,Y} (m) ,

4) R is a ρ-symmetric map:

(30) R_{X,Y} = −ρ(|X| , |Y |)R_{Y,X} for any a ∈ A_{|a|}, m ∈ M, X, Y ∈ ρ-Der A.

In the case when the ρ-bimodule M is ρ-Der A then we may introduce the torsion of the connection ∇ the following linear map T_∇ : (ρ- Der A) × (ρ- Der A) → ρ- Der A defined by T_∇(X, Y ) = [∇_X Y, ∇_Y X]_ρ − [X, Y ]_ρ , for any X, Y ∈ ρ-Der A.

4.2. Distributions. Here we introduce the notion of distribution on a ρ-bimodule M over the almost commutative algebra A.

Definition 15. A distribution on the ρ-bimodule M over A is a simply a ρsubbimodule N of M.

Let ∇ be a linear connection on M, we say that the distribution N is parallel with respect to the connection ∇ if ∇_X m ∈ N for any X ∈ ρ-Der A and for any m ∈ N.

A distribution D on a given differential calculus ΩA = ⊕_{n∈Z}Ω^nA over A, is a subbimodule of Ω^1A. The distribution D is totally integrable if there is a subalgebra B of the algebra A such that D is generated by A(dB).

4.3. Classical differential operators on Ω(A, M) associated to the connection ∇. In this section A is an almost commutative algebra, M is a ρ-bimodule over A and ∇ is a connection on M. Let Ω (A, M) = ⊕_{n∈Z}Ω^n (A, M) with Ω^n (A, M) the space of n- forms of A with values in the ρ-bimodule M (is defined in the same way like Ω(A) just that the values are in the ρ-bimodule M).

Next we define the classical differential operators on Ω(A, M) associated to the linear connection ∇ and we give some relations between them.

The classical operators attached to the connection ∇ are defined on the space Ω(A, M) in the following way: ∇∧ : Ω^p(A, M) → Ω^{p+1}(A, M)

(31)

(∇ ∧ α_p)(X_1, . . . , X_{p+1}) := p+1� j=1 (−1)^{j−1}ρ

�^{j−1}� l=1 |X_l| , |X_j | �

× ∇_{Xj} α_p(X_1, . . . , ^X_j , . . . , X_{p+1}) , for any X_1, . . . , X_{p+1} ∈ ρ-De r(A). The exterior differential attached to the connection ∇ is:

(32) d_∇ = d_0 + ∇∧ , where d_0 : Ω^p(A, M) → Ω^{p+1}(A, M) is defined by

d_0α_p(X_1, . . . , X_{p+1}) = � 1≤j<k≤p+1

(−1)^{j+k} ρ

�^{j−1}� i=1 |X_i| , |X_j | + |X_k| �

× ρ �^{k−1}�

i=j+1

|X_i| , |X_k| � α_p([X_j , X_k]_ρ, . . . , X_1, . . . , ^X_j , . . . , ^X_k, . . . X_{p+1}) ,

where ^x means omission of the element x.

Let X ∈ ρ-Der (A), we define the operator: L^0_X : Ω^p(A, M) → Ω^p(A, M)

(33)

(L^0_X α_p)(X_1, . . . , X_p) = − p� i=1 ρ �^p� l=j |X_i| , |X| � α_p(X_1, . . . , [X, X_j ]_ρ, . . . , X_p) ,

The extension of the connection ∇ to the space Ω(A, M) is: ∇_X : Ω^p(A, M) → Ω^p(A, M)

(34)

(∇_X α_p)(X_1, . . . , X_p) = ρ

�^p� l=1 |X_l| , |X| � ∇_X � α_p(X_1, . . . , X_p) � . The Lie derivative associated to the connection ∇ is defined in the following way: (35) L^∇_X = L^0_X + ∇_X and the inner derivation i_X : Ω^{p−1}(A, M) → Ω^p(A, M) is from formula (20).

The relations between the operators i_X , L^0_X and d_0 are given in the following theorem.

Theorem 16. 1) � i_X , L^0_Y � ρ^′ = i[X,Y ]^ρ ,

2) [i_X , L_Y ]_ρ′ = i_{[X,Y ]ρ} , 3) [i_X , i_Y ]_ρ′ = 0, 4) � L^0_X , L^0_Y � ρ^′ = L 0 [X,Y ]_ρ ,

5) [d_0, i_X ]_ρ′ = L^0_X , 6) [d_0, L_X ]_ρ′ = 0,

7) d^2_0 = 0.

There are the following relations between the extension of the connection ∇, the exterior differential associated to ∇ and the Lie derivative associated to ∇.

Theorem 17. 1) [∇∧, i_X ]_ρ′ = ∇_X ,

2) [d_∇ , i_X ]_ρ′ = L^∇_X , 3) [i_X , ∇_Y ]_ρ′ = 0, 4) � i_X , L^∇_Y � ρ^′ = i[X,Y ]^ρ .

Proof. 1) First remark that

[∇∧, i_X ]_ρ′ = ∇ ∧ i_X + i_X ∇ ∧ .

[∇∧, i_X ]_ρ′ (α_p)(X_1, . . . , X_p)

=∇ ∧ i_X (α_p)(X_1, . . . , X_p) + i_X ∇ ∧ (α_p)(X_1, . . . , X_p) = p� j=1 (−1)^{j−1}ρ

�^{j−1}� l=1 |X_l| , |X_j | � ∇_{Xj} (i_X α_p) � X_1, . . . , ^X_j , . . . , X_p) �

− p� j=1 ρ(|X_j | , |X|) � ∇ ∧ (α_p) � (X, X_1, . . . , X_p)

= p� j=1 (−1)^{j−1}ρ

�^{j−1}� l=1 |X_l| , |X_j |

�^p� i=1 ρ(|X_i| , |X|)

× ∇_{Xj} � α_p(X, X_1, . . . , ^X_j , . . . , X_p)) �

+ p� j=1 ρ(|X_j | , |X|) � ∇_X � α_p(X_1, . . . , X_p) �

+ p� j=1 (−1)^j ρ � |X| + j−1� l=1 |X_l| , |X_j | � ∇_{Xj} � α_p(X, X_1, . . . , ^X_j , . . . , X_p) �

= p� j=1 ρ(|X_j | , |X|)∇_X � α_p(X_1, . . . , X_p) � = ∇_X (α_p)(X_1, . . . , X_p) .

2) [d_∇, i_X ]_ρ′ = [d^0 + ∇∧, i_X ]_ρ′

= [d^0, i_X ]_ρ′ + [∇∧, i_X ]_ρ′ = L^0_X + ∇_X .

3) [i_X , ∇_Y ]_ρ′ (α_p)(X_1, . . . , X_p)

=i_X ∇_Y (α_p)(X_1, . . . , X_p) − ρ(|X| , |Y |)∇_Y i_X (α_p)(X_1, . . . , X_p) = p� j=1 ρ(|X_j | , |X|)∇_Y (α_p)(X, X_1, . . . , X_p)

− ρ(|X| , |Y |) p� j=1 ρ(|X_j | , |Y |)∇_Y � i_X α_p(X_1, . . . , X_p) �

= p� j=1 ρ(|X_j | , |X|) p� j=1 ρ(|X| + |X_j | , |Y |)∇_Y � α_p(X, X_1, . . . , X_p) �

− ρ(|X| , |Y |) p� j=1 ρ(|X_j | , |Y |) p� i=1 ρ(|X_i| , |Y |)

× ∇_Y � α_p(X, X_1, . . . , X_p) � = 0 . 4) � i_X , L^∇_Y � ρ^′ = � i_X , L^0_Y + ∇_Y � ρ^′ = i[X,Y ]^ρ . □

Next we define the extension of the curvature R to Ω(A, M) in the following way:

(36) R^∇_{X,Y} : Ω^p(A, M) → Ω^p(A, M) . It has the G-degree |X| + |Y | and is:

(37) R^∇_{X,Y} (α_p)(X_1, . . . , X_p) = p� i=1 ρ(|X_i| , |X| + |Y |)R^∇_{X,Y} � α_p(X_1, . . . , X_p) � . The relation between R^∇_{X,Y} , ∇_X and ∇_Y is given in the next theorem:

Theorem 18. R^∇_{X,Y} = [∇_X ,∇_Y ]_ρ′ − ∇_{[X,Y ]ρ} . Proof.

([∇_X , ∇_Y ]_ρ′ − ∇_{[X,Y ]ρ} )(α_p)(X_1, . . . , X_p) = � ∇_X ∇_Y − ρ(|X| , |Y |)∇_Y ∇_X − ∇_{[X,Y ]ρ} � (α_p)(X_1, . . . , X_p) = p� i=1 ρ(|X_i| , |X| + |Y |)∇_X � ∇_Y (α_p(X_1, . . . , X_p)) �

− ρ(|X| , |Y |) p� i=1 ρ(|X_i| , |Y | + |X|)∇_Y � ∇_X (α_p(X_1, . . . , X_p)) �

− p� i=1 ρ(|X_i| , |Y | + |X|)∇_{[X,Y ]ρ} � α_p(X_1, . . . , X_p) �

=R^∇_{X,Y} (α_p)(X_1, . . . , X_p) . □

Remark 19. R^∇_{X,Y} = [L^∇_X ,L^∇_Y ]_ρ′ − L^∇_{[X,Y ]ρ} .

We define the operator R^∇∧ : Ω^p(A, M) → Ω^{p+2}(A, M) of G-degree 0 thus:

R^∇ ∧ � α_p(X_1, . . . , X_{p+2}) � = − � 1≤j<k≤p+2

α_{j,k}ρ � |X_j | + |X_k| , p+2� i=1 |X_i| �

× R^∇_{Xj ,Xk} (α_p)(X_1, . . . , ^X_j , . . . , ^X_k, . . . X_{p+2}) where

α_{i,j} = (−1)^{j+k}ρ

�^{j−1}� i=1 |X_i| , |X_j | + |X_k| � ρ �^{k−1}�

i=j+1

|X_i| , |X_k| � . Finally we get the following theorem. Theorem 20. R^∇∧ = d^2_∇.

5. Linear connections on N-dimensional quantum hyperplane In this section we present linear connections on the N-dimensional quantum hyperplane S^q_N . First we present shortly the N-dimensional quantum hyperplane from [1] and then we present the linear connections on S^q_N .

5.1. N-dimensional quantum hyperplane. The N-dimensional quantum hyperplane is the algebra S^q_N generated by the unit element and N linearly independent elements x_1, . . . x_N satisfying the relations: x_ix_j = qx_j x_i , i < j for some fixed q ∈ k, q ≠ 0.

S^q_N is the Z^N -graded algebra S^q_N =^∞⊕_{n1,...nN} (S^q_N )_{n1...nN} ,

with (S^q_N )_{n1...nN} the one-dimensional subspace spanned by products x^{n1} · · · x^{nN} . The Z^N -degree of the element x^{n1} · · · x^{nN} is n = (n_1 , . . . n_N ). The cocycle ρ is ρ : Z^N × Z^N → k

(38) ρ(n, n^′) = q NP j,k=1

n_j n^′_k α_{jk} , with α_{jk} = 1 for j < k, 0 for j = k and −1 for j > k. The N-dimensional quantum hyperplane S^q_N is an almost commutative algebra with the cocycle ρ from (38).

We are in a special case when we have coordinates vector fields, the ρ-derivations ∂/∂x_i, j = 1, . . . N, of Z^N -degree |∂/∂x_i|, with |∂/∂x_i| = − |x_i| defined by ∂/∂x_i(x_j ) = δ_{ij} . One has

(39) ∂ ∂x_j ∂ ∂x_k = q ∂ ∂x_k ∂ ∂x_j

, for j < k and (40) ∂ ∂x_j

(x^{n1}_1 . . . x^{nN}_N ) = n_j q^{(n1+···+nj )}(x^{n1}_1 . . . x^{nj−1}_j . . . x^{nN}_N ) .

The space of ρ-derivations ρ-Der_∗(S^q_N ) of S^q_N is a free S^q_N -module of rank N with the basis^∂_{∂x1} , . . . ,^∂_{∂xN} . An arbitrary ρ-derivation X can be written as

(41) X = N� i=1 X_i ∂ ∂x_i , with X_i = X(x_i) ∈ S^q_N , for i=1,. . . ,N.

The space of one-forms Ω^1(S^q_N ) of S^q_N is a ρ-S^q_N -module and is also free of rank N. The coordinate of one-forms dx_1, . . . , dx_N , are defined by

(42) dx_i(X) = X(x_i) or dx_i( ∂ ∂x_j

) = δ_{ij}

and there form a basis in Ω^1(S^q_N ), dual to the basis^∂_{∂x1} , . . . ,^∂_{∂xN} in ρ-Der_∗(S^q_N ). Note that |dx_i| = |x_i| and for any f ∈ S^q_N there is the following relation:

(43) df = N� i=1 (dx_i) ∂ ∂x_i f . An arbitrary one-form can be written as

(44) α_1 = N� i=1 (dx_i)A_i , with A_i = α_1( ∂ ∂x_i

) ∈ S^q_N .

5.2. Linear connections on N-dimensional quantum hyperplane. In this subsection we introduce linear connections on S^q_N .

We note that any linear connection along the field X =^N � i=1 X_i^∂_{∂xi} is a linear

map ∇_X : ρ-Der_∗ S^q_N → ρ-Der_{∗+|X|} S^q_N and we have ▽_X =^N � i=1 X_i▽ ∂_{∂xi} . Next we will use the following notations:

(45) ▽ ∂_{∂xi} ∂ ∂x_j

= Γ^k_{i,j} ∂ ∂x_k

, for any i, j = 1, . . . , N , where Γ^k_{i,j} ∈ S^q_N are the connection coefficients. If we take X =^N � i=1 X_i^∂_{∂xi} and

Y =^N � j=1 Y_j^∂_{∂xj} , we obtain the following relations:

∇_X Y = N� i=1 X_i∇ ∂_{∂xi}

�^N� j=1 Y_j ∂ ∂x_j �

= N� i=1 X_i N� j=1 ∂Y_j ∂x_i ∂ ∂x_j

− ρ(|x_i| , |Y_j | Γ^k_{i,j} ∂ ∂x_k ) .

The curvature R of the linear connection ▽ is well defined on the basis

�_∂

∂x_i � , i = 1, . . . , N and is given by the curvature coefficients: R^l_{i,j,k} ∈ S^q_N such that:

R ∂_{∂xi ,} ∂_{∂xj} ∂ ∂x_k

= R^l_{i,j,k} ∂ ∂x_l for any i, j, k = 1, . . . , N .

Using the Theorem 4.1. we obtain that R^l_{i,j,k} = q^{αij} R^l_{j,i,k}, for any i, j, k, l ∈ 1, . . . , N. The relations between the curvature coefficients and the connection coefficients are:

R^l_{i,j,k} =

∂Γ^l_{j,k} ∂x_i

− ρ(|x_i| , � �Γ^l_{j,k} � �)Γ^p_{j,k}Γ^l_{i,p}

− q^{αi,j} (

∂Γ^l_{i,k} ∂x_j

− ρ(|x_j | , � �Γp_{i,k} � �)Γp_{i,k}Γ_{lj,p}) (46)

for any i, j, k, l = 1, . . . , N.

The torsion T of any linear connection is given by the torsion coefficients T^k_{i,j} ∈ S^q_N from the following relations:

(47) T_▽( ∂ ∂x_i , ∂ ∂x_j

) = T^k_{i,j} ∂ ∂x_k

for any i, j, k = 1, . . . , N.

Evidently, the relations between the torsion coefficients and the connection coefficients are:

T^k_{i,j} = Γ^k_{i,j} − q^{αi,j} Γ^k_{j,i} .

5.3. Linear connections on quantum hyperplane over the bimodule Ω^1(S^q_N ). We present linear connections over ρ-bimodule Ω^1(S^q_N ) over the quantum hyperplane. Without any confusion we use the notation

(48) ▽ ∂_{∂xi} dx_j = Γ^k_{i,j} dx_k , for i, j = 1, . . . , N , where Γ^k_{i,j} ∈ S^q_N , i, j, k = 1, . . . , N are again denoted connection coefficients over the ρ-bimodule Ω^1(S^q_N ). We obtain that

▽ ∂_{∂xi} (x^{n1}_1 . . . x^{nN}_N dx_k ) = − n_i q^{(n1 +···+ni )}q^{αik} (x^{n1}_1 . . . x^{ni−1}_i . . . x^{nN}_N )dx_k

+ x^{n1}_1 . . . x^{nN}_N Γ^l_{ik} dx_l .

The curvature R of the linear connection ▽ is given by the curvature coefficients: R^l_{i,j,k} ∈ S^q_N defined by:

R ∂_{∂xi ,} ∂_{∂xj} dx_k = R^l_{i,j,k}dx_l for i, j, k = 1, . . . , N.

We get that R^l_{i,j,k} = q^{αij} R^l_{j,i,k}, for any i, j, k, l ∈ 1, . . . , N, and the relation between the curvature coefficients and the connection coefficients is the same like (46).

5.4. The algebra of noncommutative differential forms on N−dimensional quantum hyperplane. Next we will apply the construction of the algebra of the noncommutative differential forms of a ρ-algebra from the section 4 to the ρalgebra S^q_N and, thus, we will give a new differential calculus on the N-dimensional quantum hyperplane denoted by Ω_nS^q_N .

Let n = (n_1, . . . , n_N ) be an arbitrary element from Z^N . We define Ω_nS^q_N the algebra generated by a ∈ S^q_N and the symbols da ,which satisfy the following relations:

1. da is linear in a.

2. the ρ-Leibniz rule: d(ab) = (da)b + ρ(n, |a|)adb. 3. d(1) = 0.

Next we present the structure of the algebra Ω_nS^q_N .

We use the following notations y_i = dx_i , for any i ∈ {1, . . . , N}. By an easy computation we get the following lemmas:

Lemma 21. y_ix_j = ρ(n + |x_i| , |x_j |)x_j y_i, for any i, j ∈ {1, . . . , N}.

Lemma 22. y_j y_i = ρ(n, |x_i|)ρ(n + |x_i| , |x_j |)y_j y_i, for any i, j ∈ {1, . . . , N}.

Lemma 23. d(x^m_i ) = mρ^{m−1}(n, |x_i|)x^{m−1}_i y_i, for any m ∈ N and i ∈ {1, . . . , N}.

Putting together the previous lemmas we obtain the following theorem which gives the structures of the algebra Ω_nS^q_N :

Theorem 24. Ω_nS^q_N is the algebra spanned by the elements x_i and y_i with i ∈ {1, . . . , N} which satisfies the following relations:

1) x_ix_j = ρ(|x_i| , |x_j |)x_j x_i, 2) y_ix_j = ρ(n + |x_i| , |x_j |)x_j y_i, 3) y_j y_i = ρ(n, |x_i|)ρ(n + |x_i| , |x_j |)y_j y_i, for any i, j ∈ {1, . . . , N}.

Definition 25. The algebra Ω_nS^q_N is the algebra of noncommutative differential forms of the quantum hyperplane.

Remark that the algebra Ω_nS^q_N depends by the election of the element n ∈ Z^N and is not an almost commutative algebra.

Remark 26. The algebra Ω_0S^q_N , where 0 = (0, . . . , 0) ∈ Z^n, is the algebra of noncommutative differential forms of quantum hyperplane from the paper [11].

Using the Definition 13 in the case of ρ-S^q_N -bimodule Ω^1_nS^q_N we obtain the following definition of linear connections on Ω^1_nS^q_N .

Definition 27. A linear connection on Ω^1_nS^q_N along the field X is a linear morphism ∇_X : Ω^1_nS^q_N → Ω^1_nS^q_N , such that ∇_{αX} (adb) = α∇_X (adb) and ∇_X (adb) = ρ(|X| , |a|)X(a)db + a∇_X (db) for any homogeneous elements α, a, b ∈ S^q_N .

Remark that any linear connection ∇ on Ω^1_nS^q_N is well defined by connections coefficients Γ^k_{i,j} ∈ S^q_N given by the following equations:

(49) ∇ ∂_{∂xi} y_j = Γ^k_{i,j} y_k , for any i, j ∈ {1, . . . , N} .

Next we introduce distributions on Ω_nS^q_N and we give a characterized globally integrable and parallel distributions with respect to a linear connection.

A distribution D on Ω_nS^q_N is a subbimodule of Ω^1_nS^q_N . The distribution D of dimension p is globally integrable if there is a subset of p elements, denoted by I of {1, . . . , N}, such that D is generated by x_j y_i for any j ∈ {1, . . . , N} and i ∈ I. In this situation we say that the distribution D has the dimension p.

Theorem 28. Any globally integrable and parallel distributions D of dimension p with respect to a linear connection ∇ is well defined by the following equations: (50) Γ^k_{i,j} = 0

for one subset I of {1, . . . , N} with p elements, i ∈ {1, . . . , N}, j ∈ I, k ∈ {1, . . . , N}\I.

Acknowledgement. The author wishes to express his thanks to Mr. Prof. Dr. Gh. Pitiş for many valuable remarks and for a very fruitful collaboration.

References

[1] Bongaarts, P. J. M., Pijls, H. G. J., Almost commutative algebra and differential calculus on the quantum hyperplane, J. Math. Phys. 35 (2) 1994, 959–970.

[2] Cap, A., Kriegl, A., Michor, P. W., Vanžura, J., The Frölicher-Nijenhuis bracket in non commutative differential geometry, Acta Math. Univ. Comenian. 62 (1993), 17–49.

[3] Ciupală, C., Linear connections on almost commutative algebras, Acta Math. Univ. Comenian. 72, 2 (2003), 197–207.

[4] Ciupală, C., ρ-Differential calculi and linear connections on matrix algebra, Int. J. Geom.

Methods Mod. Phys. 1 (2004), 847–863.

[5] Ciupală, C., Fields and forms on ρ-algebras, Proc. Indian Acad. Sci. Math. Sciences 112 (2005), 57–65.

[6] Connes, A., Non-commutative geometry, Academic Press, 1994.

[7] Dubois-Violette, M., Lectures on graded differential algebras and noncommutative geometry, Vienne, Preprint, E.S.I. 842 (2000).

[8] Dubois-Violette, M. and Michor, P. W., Connections on central bimodules, J. Geom. Phys.

20(1996), 218–232.

[9] Jadczyk, A., Kastler, D., Graded Lie-Cartan pairs II. The fermionic differential calculus, Ann. Physics 179 (1987), 169–200.

[10] Kastler, D., Cyclic cohomology within the differential envelope, Hermann, Paris 1988. [11] Lychagin, V., Colour calculus and colour quantizations, Acta Appl. Math. 41 (1995), 193– 226.

[12] Mourad, J., Linear connections in non-commutative geometry, Classical Quantum Gravity 12 (1995), 965–974.

Department of Differential Equations, Faculty of Mathematics and Informatics University Transilvania of Braşov, 2200 Braşov, Romania E-mail: cciupala@yahoo.com