ARCHIVUM MATHEMATICUM (BRNO) Tomus 42 (2006), 175 – 184

A DESCRIPTION OF DERIVATIONS OF THE ALGEBRA OF SYMMETRIC TENSORS

A. HEYDARI, N. BOROOJERDIAN AND E. PEYGHAN

Abstract. In this paper the symmetric differential and symmetric Lie derivative are introduced. Using these tools derivations of the algebra of symmetric tensors are classified. We also define a Frölicher-Nijenhuis bracket for vector valued symmetric tensors.

1. Introduction

Frölicher and Nijenhuis described in [2] that any derivation on the algebra of differential forms is the sum of an insertion operator i(Φ) and a Lie derivative Θ(Ψ) for tangent bundle valued differential forms Φ and Ψ. It was found in [7] that any derivation of the algebra of vector bundle valued differential forms, if a covariant derivative ∇ is fixed, may uniquely be written as i(Φ) + Θ_∇(Ψ) + μ(Ξ).

Therefore, in parallel to the space of alternating tensors and existing notions for them, similar notions should exist in the space of symmetric tensors. The main purpose of this paper is to define and study the derivations of the algebra of the symmetric tensors similar to those of the algebra of differential forms.

Grozman described all invariant (with respect to the group of all volume preserving diffeomorphisms or with respect to symplectomorphisms) differential operators of the algebra of tensors [4]. Here, the differential operators of the algebra of the symmetric tensors are invariant with respect to the transformations that preserve a certain connection. Hence they are not on Grozman’s list.

Manin described the exterior differential in terms of representations of a Grassmann superalgebra [6]. We would like to investigate Manin’s description for symmetric differential in a forthcoming paper.

Throughout this paper all connections on the base manifold M will be assumed to be linear and torsion-free.

2000 Mathematics Subject Classification: 53C99, 53A99, 58A99.

Key words and phrases: derivation, Frölicher-Nijenhius bracket, symmetric differential, symmetric Lie derivative, symmetric tensor.

Received November 10, 2004, revised August 2005.

2. Symmetric forms

2.1. Symmetric forms and vector valued symmetric forms. Let T M be the tangent space of C^∞-manifold M, and

⋁_k (T M)^∗ be the vector bundle of symmetric covariant tensors of degree k over M. The sections of ⋁_k

(T M)^∗ are called k-symmetric forms and they span a space denoted by S^k(M). The set of all symmetric forms, i.e., S(M) := ⨁ k≥0 S^k(M) with the symmetric product ∨ given by

(ω ∨ η)(X_1, . . . , X_{k+l}) = 1 k!l! ∑ σ∈S_{k+l}

ω(X_{σ(1)}, . . . , X_{σ(k)})η(X_{σ(k+1)}, . . . , X_{σ(k+l)}) ,

where ω ∈ S^k(M), η ∈ S^l(M), is a graded algebra.

Let E be a vector bundle on manifold M, the sections of vector bundle

⋁_k

(T M)^∗ ⨂ E are called k-symmetric forms with values in E, and denoted by S^k(M, E).

The set of all symmetric forms with values in E i.e., S(M, E) := ⨁ k≥0 S^k(M, E) with the above product in which ω ∈ S^k(M) and η ∈ S^l(M, E) is a (graded) S(M)-module.

2.2. Insertion operator.

Let U ∈ X (M), where X (M) is the space of vector fields on M. The insertion operator i_U : S^k(M) −→ S^{k−1}(M) is a linear map given by

i_U ω(X_1, . . . , X_{k−1}) = ω(U, X_1, . . . , X_{k−1}) ,

where ω ∈ S^k(M) and X_1, . . . , X_{k−1} ∈ X (M).

This operator can be defined on vector valued symmetric forms as follows:

i_U Φ(X_1, . . . , X_{k−1}) = Φ(U, X_1, . . . , X_{k−1}) ,

where Φ ∈ S^k(M, E) and X_1, . . . , X_{k−1} ∈ X (M).

For any simple vector valued symmetric form ω ⊗ X ∈ S^k(M, E), we have

i_U (ω ⊗ X) = (i_U ω) ⊗ X .

3. Derivations of the algebra of symmetric forms

A linear mapping D : S(M) −→ S(M) is said to be of degree k if D ( S^l(M) ) ⊂ S^{k+l}(M), and D is said to be a derivation of degree k if furthermore

D(ω ∨ η) = Dω ∨ η + ω ∨ Dη for any ω, η ∈ S(M) .

Let Der_k ( S(M) ) be the linear space of all derivations of degree k and let Der ( S(M) ) = ⨁ k≥0 Der_k ( S(M) ) . A derivation D is called algebraic, if D|_S0_{(M)} = 0. If D_1 and D_2 are derivations of degrees k and l, respectively, then [D_1, D_2] = D_1 ∘ D_2 − D_2 ∘ D_1 is a derivation of degree k + l. A derivation is completely determined by its effect on S^0(M) = C^∞(M) and S^1(M).

3.1. Insertion of vector valued symmetric forms in symmetric forms. For any nonzero Φ ∈ S^{k+1}(M, T M), the symmetric insertion operator is the linear map i(Φ) : S^l(M) → S^{k+l}(M) homogeneous of degree k, defined by ( i(Φ)ω ) (X_1, . . . , X_{k+l}) = 1 (l − 1)!(k + 1)! ∑ σ∈S_{k+l} ω ( Φ(X_{σ(1)}, . . . , X_{σ(k+1)}), X_{σ(k+2)}, . . . , X_{σ(k+l)} ) , where l ≥ 1, and i(Φ)f = 0 for any f ∈ C^∞(M) .

Remark 1. Note that i(Φ)ω = ω ∘ Φ for any ω ∈ S^1(M). So, if i(Φ) = 0, then Φ = 0.

Proposition 1. For any η ⊗ U ∈ S^{k+1}(M, T M) and ω ∈ S^l(M), we have

i(η ⊗ U)ω = η ∨ i_U ω .

Hence i(Φ) ( for Φ ∈ S^k(M, T M) ) is a derivation of degree k − 1 on S(M).

Remark 2. The insertion of vector valued symmetric forms in a vector valued symmetric form can be defined in a similar way.

Example. Let 1_{T M} be the identity map of T M, then i(1_{T M} )(ω) = kω, where ω ∈ S^k(M).

Lemma 2. Every algebraic derivation of degree k on S(M) is an insertion of a unique T M-valued (k + 1)-symmetric form.

Proof. The proof can be done in a way similar to that of [7, 1.2]. □

3.2. Nijenhuis-Richardson bracket on symmetric forms. Let Φ ∈ S^{k+1}(M, T M) and Ψ ∈ S^{l+1}(M, T M). The bracket [i(Φ), i(Ψ)] is an algebraic derivation of degree k + l. Thus by the Lemma 2 there is a unique [Φ, Ψ]^∨ ∈ S^{k+l+1}(M, T M) such that [i(Φ), i(Ψ)] = i([Φ, Ψ]^∨). In view of the bracket [K, L]^∧ for T M-valued differential forms K, L ∈ Ω(M, T M), see [2] and [3], we call [Φ, Ψ]^∨ Nijenhuis-Richardson bracket of Φ and Ψ. With this bracket S(M, T M) is a Lie superalgebra and it can be deduced that

[Φ, Ψ]^∨ = i(Φ)Ψ − i(Ψ)Φ .

3.3. The symmetric bracket and symmetric Lie derivative. The symmetric bracket was introduced and named symmetric product by Crouch [1]. It also arises in the work of Lewis and Murray [5] on a class of mechanical control systems.

Let ∇ be a connection on M. Since 2∇_X Y is a bilinear map with respect to two vector fields X and Y , it can be written as the sum of its symmetric and antisymmetric parts as follows

2∇_X Y = (∇_X Y + ∇_Y X) + (∇_X Y − ∇_Y X) = ∇_X Y + ∇_Y X + [X, Y ] .

The symmetric bracket of two vector fields X and Y on M is defined and denoted by [X, Y ]^s = ∇_X Y + ∇_Y X .

For any X, Y ∈ X (M) and f ∈ C^∞(M), we have

[fX, Y ]^s = f[X, Y ]^s + Y (f)X .

The symmetric Lie derivative along a vector field X is the linear map θ^s(X) : X (M) −→ X (M) and defined by θ^s(X)Y = [X, Y ]^s. For f ∈ C^∞(M), ω ∈ S^k(M), and X_1, . . . , X_k ∈ X (M), we set

(θ^s(X)ω)(X_1, . . . , X_k) = Xω(X_1, . . . , X_k) − k∑ i=1 ω(X_1, . . . , θ^s(X)X_i, . . . , X_k) ,

and θ^s(X)f = X(f).

Then, it is obvious that θ^s(X) ∈ Der_0 ( S(M) ) . Proposition 3. Let θ(X) and θ^s(X) be the Lie derivative and symmetric Lie derivative along the vector field X with respect to connection ∇ on M. Then 2∇_X = θ(X) + θ^s(X).

Proof. For every f ∈ C^∞(M), ω ∈ S^1(M), and Y ∈ X (M), we have ( θ(X) + θ^s(X) ) f = 2X(f) = 2∇_X f and ( θ(X) + θ^s(X) ) ω)(Y ) = Xω(Y ) − ω([X, Y ]) + Xω(Y ) − ω([X, Y ]^s) = 2Xω(Y ) − 2ω(∇_X Y ) = 2∇_X ω(Y ) . □

3.4. The symmetric differential.

Let ∇ be a connection on M. The symmetric differential is the derivation d^s : S(M) −→ S(M) of degree 1, defined by

(d^sω)(X_1, . . . , X_{k+1}) = k+1∑ i=1 X_iω(X_1, . . . , X̂_i, . . . , X_{k+1}) − ∑ i<j ω([X_i, X_j ]^s, X_1, . . . , X̂_i, . . . , X̂_j , . . . , X_{k+1})

where ω ∈ S^k(M) and X_1, . . . , X_{k+1} ∈ X (M).

It is easy to verify that unlike the exterior differential, the symmetric differential dose not satisfies d^s ∘ d^s = 0.

Lemma 4. Let d^s be the symmetric differential of ∇. Let ω ∈ S^k(M) and X_1, . . . , X_{k+1} ∈ X (M). Then

i) (d^sω)(X_1, . . . , X_{k+1}) =

∑_{k+1} i=1 (∇_{Xi} ω)(X_1, . . . , X̂_i, . . . , X_{k+1});

ii) d^sω = (k + 1)Symm(∇ω) =^1_{k!} ∑ σ∈S_{k+1} (∇ω)(Xσ(1), . . . , Xσ(k+1));

iii) d^sω =

∑_n

i=1 ω^i ∨ ∇_{Ei} ω;

where {E_i}^n_{i=1} is a local base of vector fields and {ω_i}^n_{i=1} is its dual base.

Proposition 5. Let (M, g) be a Riemmanian manifold with Levi-Civita connection ∇. The 1-form ω is Killing if and only if d^sω = 0. (Recall that ω is Killing if the vector field ω^♯ is Killing, where g(ω^♯, X) = ω(X); recall also that a vector field X is said to be Killing one if L_X g = 0.)

Proof. It suffices to show that d^sω = L_ω♯ g. For X and Y in X (M), we have (d^sω)(X, Y ) = Xg(ω^♯, Y ) + Y g(ω^♯, X) − g(ω^♯, ∇_X Y ) − g(ω^♯, ∇_Y X) = g(∇_X ω^♯, Y ) + g(X, ∇_Y ω^♯) = L_ω♯ g(X, Y ) , □

It is well-known that if ∇ and ¯∇ are two torsion-free connections on M, then there exists a Φ ∈ S^2(M, T M) such that ¯∇ = ∇ + Φ.

Lemma 6. Let ∇ and ¯∇ be two torsion-free connections with symmetric differentials d^s and d̄^s respectively and ¯∇ = ∇ + Φ, for Φ ∈ S^2(M, T M). Then d̄s = ds − 2i(Φ).

Proof. Since, d^sf = d̄^sf = df for any f ∈ C^∞(M), it suffices to prove the relation for all 1-forms. If X, Y are two vector fields on M, then

d̄sω(X, Y ) = Xω(Y ) + Y ω(X) − ω( ¯∇_X Y + ¯∇_Y X) = Xω(Y ) + Y ω(X) − ω(∇_X Y + ∇_Y X) − 2ω ( Φ(X, Y ) ) = (d^sω)(X, Y ) − 2 ( i(Φ)ω ) (X, Y ) . □

The next result was proved in [11]. Here we prove it in a different way.

Proposition 7 (Proposition 2.4 of [11]). Every derivation of degree 1 on symmetric forms, whose value for a function is the differential of the function, is of the form of a symmetric differential of a connection which is also unique.

Proof. Let D be a derivation of degree 1 on symmetric forms, ∇ an arbitrary connection and d^s its symmetric differential on the manifold M. Since, D−d^s is an algebraic derivation, there exists a unique Φ ∈ S^2(M, T M) such that D−d^s = i(Φ). Now set ¯∇ = ∇−^1_2 Φ and let d̄^s be its symmetric differential, then D = d̄^s. If ~∇ is a connection with symmetric differential d̃^s = D, then there exists Ψ ∈ S^2(M, T M), such that ~∇ = ¯∇ + Ψ. According to Lemma 6 we have d̃^s = d̄^s − 2i(Ψ). So 2i(Ψ) = 0 and as a result Ψ=0. □

Proposition 8. Let ∇ be a connection on M with symmetric differential d^s and let X be a vector field. We have [i_X , d^s] = θ^s(X).

Proof. For f ∈ C^∞(M), we have [i_X , d^s](f) = i_X d^sf − d^s(i_X f) = X(f) = θ^s(X)f.

For any ω ∈ S^1(M), Y ∈ X (M), we also have ( [i_X , d^s](w) ) (Y ) = ( i_X (d^sω) ) (Y ) − ( d^s(i_X ω) ) (Y )

= d^sω(X, Y ) − Y ( ω(X) ) = Xω(Y ) − ω([X, Y ]^s) = ( θ^s(X)ω ) (Y ). □

By considering a fixed connection on M, we can define the symmetric Lie derivative along a T M-valued symmetric forms. For any Φ ∈ S(M, T M), we put

θ^s(Φ) = [i(Φ), d^s] .

Proposition 9. Let η ⊗ X be a simple symmetric form. For any ω ∈ S(M), we have θ^s(η ⊗ X)ω = η ∨ θ^s(X)ω − d^sη ∨ i_X ω.

Proof. We compute as follows θ^s(η ⊗ X)ω = ( i(η ⊗ X) ∘ d^s ) ω − ( d^s ∘ i(η ⊗ X) ) ω = η ∨ i_X d^sω − d^s(η ∨ i_X ω) = η ∨ i_X d^sω − d^sη ∨ i_X ω − η ∨ d^si_X ω = η ∨ (i_X d^s − d^si_X )ω − d^sη ∨ i_X ω = η ∨ θ^s(X)ω − d^sη ∨ i_X ω . □

Lemma 10. Let Φ and Ψ be two symmetric forms. If θ^s(Φ)f = θ^s(Ψ)f for every f ∈ C^∞(M), then Φ = Ψ.

Proof. The assertion easily follows from θ^s(Φ)f = df ∘ Φ.

Lemma 11. Let ∇ and ¯∇ be two connections having symmetric Lie derivatives θ^s(Φ) and θ̄^s(Φ) along Φ ∈ S^k(M, T M) on M, and ¯∇ = ∇ + Ψ for some Ψ ∈ S^2(M, T M). Then θ̄s(Φ) = θ^s(Φ) − 2i([Φ, Ψ]^∨).

Proof. Use Lemma 6. □

Theorem 12. Let ∇ be a connection on M. Every derivation D ∈ Der_k ( S(M) ) can be uniquely written in the form D = i(Φ)+θ^s(Ψ), for some Φ ∈ S^{k+1}(M, T M) and Ψ ∈ S^k(M, T M). Moreover, Ψ is independent of ∇.

Proof. Let X_1, . . . , X_k ∈ X (M). Then f −→ (Df)(X_1, . . . , X_k) is a derivation of degree 0 on C^∞(M), so it is given by the action of a vector field Ψ(X_1, . . . , X_k), which is symmetric and C^∞(M)-linear in X_j , thus Ψ ∈ S^k(M, T M). Then D − θ^s(Ψ) is algebraic, therefore equals i(Φ) for some Φ ∈ S^{k+1}(M, T M). We are now in a position to show uniqueness of Φ and Ψ. Let i(Φ) + θ^s(Ψ) = i(Φ^′) + θ^s(Ψ^′) for some Φ^′ and Ψ^′. Applying this relation to functions, Lemma 10 yields Ψ = Ψ^′. By Remark 1 we get Φ = Φ^′.

Using Lemma 11 and uniqueness of Ψ implies that Ψ is independent of ∇. □

Corollary 13. D is algebraic if and only if Ψ = 0. Corollary 14. D = d^s if and only if Ψ = 1_{T M} . 3.5. Frölicher-Nijenhuis bracket on symmetric forms.

In the remainder of this paper let us fix a connection on M. Let Φ ∈ S^k(M, T M) and Ψ ∈ S^l(M, T M). Then [θ^s(Φ), θ^s(Ψ)] is a derivation of degree k + l on S(M). By Theorem 12 there exist unique Θ ∈ S^{k+l}(M, T M) and Ω ∈ S^{k+l+1}(M, T M) such that [θ^s(Φ), θ^s(Ψ)] = i(Ω) + θ^s(Θ). We define the Frölicher-Nijenhuis bracket of symmetric forms Φ and Ψ to be [Φ, Ψ] = Θ .

Proposition 15. Let Φ = ϕ ⊗ X and Ψ = ψ ⊗ Y be two simple symmetric forms. Then

[ϕ ⊗ X, ψ ⊗ Y ] = ϕ ∨ ψ ⊗ [X, Y ] + ϕ ∨ (θ^s(X)ψ) ⊗ Y − (θ^s(Y )ϕ) ∨ ψ ⊗ X − d^sϕ ∨ i_X ψ ⊗ Y + d^sψ ∨ i_Y ϕ ⊗ X.

Proof. For simplicity we denote the right hand side of the above relation by Θ. It suffices to show that [θ^s(ϕ ⊗ X), θ^s(ψ ⊗ Y )]f = θ^s(Θ)f for any f ∈ C^∞(M):

[θ^s(ϕ ⊗ X), θ^s(ψ ⊗ Y )]fθ^s(ϕ ⊗ X) ∘ θ^s(ψ ⊗ Y )(f) − θ^s(ψ ⊗ Y ) ∘ θ^s(ϕ ⊗ X)(f) = θ^s(ϕ ⊗ X)(Y (f)ψ) − θ^s(ψ ⊗ Y )(X(f)ϕ) = ϕ ∨ θ(X)(Y (f)ψ) − d^sϕ ∨ i_X (Y (f)ψ)

− ψ ∨ θ^s(Y )(X(f)ϕ) + d^sψ ∨ i_Y (X(f)ϕ) = [X, Y ](f)ϕ ∨ ψ + Y (f)ϕ ∨ θ(X)ψ − Y (f)d^sϕ ∨ i_X ψ − X(f)ψ ∨ θ^s(Y )ϕ + X(f)d^sψ ∨ i_Y ϕ = θ^s(Θ)f . □

Remark 3. Note that the operators: symmetric bracket, symmetric differential, Frölicher-Nijenhuis bracket on symmetric forms are not invariant with respect to the group of all volume preserving diffeomorphisms or with respect to symplectomorphisms. Hence they are not be covered in Grozman’s list [4].

4. Derivations of the algebra of vector valued symmetric forms Let E be a vector bundle on M. A derivation of degree k of S(M, E) is a linear mapping D : S(M, E) −→ S(M, E) with D ( S^l(M, E) ) ⊂ S^{k+l}(M, E) such that for any ω ∈ S(M) and Φ ∈ S(M, E), we have D(ω ∨ Φ) = D(ω) ∨ Φ + ω ∨ D(Φ), where D : S(M) −→ S(M) is a linear mapping.

Lemma 16. D is uniquely determined by D and is a derivation of degree k on S(M).

Proof. The action of S(M) on S(M, E) is effective: ω ∨ Φ = η ∨ Φ for all Φ ∈ S(M, E) implies ω = η. The assertion follows easily from the derivation property of D. □ A derivation D of S(M, E) is called algebraic if the associated derivation D of S(M) is algebraic. Thus D(fΦ) = fD(Φ) for any f ∈ C^∞(M) and Φ ∈ S(M, E). Therefore D is of tensorial character.

Suppose E_p is the fiber of E at p ∈ M. The bundle of linear endomorphisms of fibers of E (i.e., L(E, E)) naturally acts on E L(E, E)_p × E_p −→ E_p (Ξ_p, Φ_p) −→ Ξ_p(Φ_p)

induces a symmetric product between S(M, L(E, E)) and S(M, E). Namely, for Ξ ∈ S ( M, L(E, E) ) , we define

μ(Ξ) : S(M, E) −→ S(M, E) Φ −→ Ξ ∨ Φ .

More precisely, ( μ(Ξ)Φ ) (X_1, . . . , X_{k+l}) = 1 k!l! ∑ σ Ξ(X_{σ(1)}, . . . , X_{σ(k)}) ( Φ(X_{σ(k+1)}, . . . , X_{σ(k+l)}) ) . Thus μ(Ξ) for Ξ ∈ S^k ( M, L(E, E) ) is a derivation of degree k of S(M, E) and μ(Ξ) = 0.

The following results are analogs of Theorems 3.4, 3.8, 4.7, Lemmas 3.2, 4.3, 4.4, and Corollary 3.3 of [7]. Their proofs can be done with proper modifications in the arguments of [7].

Lemma 17. Let D be a derivation of degree k on S(M, E) with D = 0. Then there exists a unique Ξ in S^k ( M, L(E, E) ) such that D = μ(Ξ).

So the graded S(M)-module endomorphisms of S(M, E) are exactly of the form μ(Ξ).

Corollary 18. If D is an algebraic derivation of S(M, E) of degree k, then there exist unique Ψ ∈ S^{k+1}(M, T M) and Ξ ∈ S^k ( M, L(E, E) ) such that D = i(Ψ) + μ(Ξ).

Proposition 19. The space Der S(M, E) of derivations of the S(M)-module S(M, E) is a Lie algebra with the commutator as bracket. We have [D_1, D_2] = [D_1, D_2].

Let ∇ be a connection on E, and denote by d^{∇s} the exterior symmetric covariant derivative S^k(M, E) −→ S^{k+1}(M, E), given by

(d^{∇s} Φ)(X_1, . . . , X_{k+1}) = ∑ i ∇_{Xi} Φ(X_1, . . . , X̂_i, . . . , X_{k+1}) − ∑ i<j Φ([X_i, X_j ]^s, X_1, . . . , X̂_i, . . . , X̂_j , . . . , X_{k+1}) .

It is a graded derivation of degree 1 and

d^{∇s} (ω ∨ Φ) = d^sω ∨ Φ + ω ∨ d^{∇s} Φ

for any ω ∈ S(M) and Φ ∈ S(M, E).

Let us fix a connection ∇ on E. Then, for any Φ ∈ S^k(M, T M), we consider the derivation θ^s_∇(Φ) = [i(Φ), d^{∇s} ] of degree k on S(M, E), which we call the covariant symmetric Lie derivative along Φ. Clearly θ^s_∇(Φ) = θ^s(Φ) on S(M).

Theorem 20. If d^{∇s} is an exterior symmetric covariant derivative on E, then any derivation D in Der_k S(M, E) can be written in the form D = i(Φ) + θ^s_∇(Ψ) + μ(Ξ) for unique Φ ∈ S^{k+1}(M, T M), Ψ ∈ S^k(M, T M) and Ξ ∈ S^k ( M, L(E, E) ) . Moreover, D is algebraic if and only if Ψ = 0.

5. Derivations on the algebra of symmetric forms into the module of vector valued symmetric forms

Let E be a vector bundle on M. A linear mapping D from S(M) into S(M)- module S(M, E) is called a derivation of degree k if D ( S^l(M) ) ⊂ S^{k+l}(M, E) and D(ω ∨ η) = Dω ∨ η + ω ∨ Dη for any ω ∈ S(M) and η ∈ S(M). The space of all derivations of degree k from S(M) into S(M, E) is denoted by Der_k ( S(M), S(M, E) ) . Let D^′ be a derivation of degree l on S(M, E). Then [D^′, D] = D^′ ∘ D − D ∘ D^′ is a derivation of degree k + l from S(M) into S(M, E).

For any Φ ⊗ T ∈ S^{k+1}(M, T M ⊗ E), where Φ ∈ S^{k+1}(M, T M) and T ∈ ΓE, we define ρ(Φ ⊗ T ) ∈ Der_k ( S(M), S(M, E) ) by setting

ρ(Φ ⊗ T )ω = i(Φ)ω ⊗ T for any ω ∈ S(M) .

We extend ρ linearly to S^{k+1}(M, T M ⊗ E).

Lemma 21. Every algebraic derivation from S(M) into S(M, E) is in the form ρ(Ξ), for a unique Ξ ∈ S^{k+1}(M, T M ⊗ E).

Let ∇ be a connection on E. For Ξ ∈ S^{k+1}(M, T M ⊗ E), we call the derivation θ^{∇s} (Ξ) := [ρ(Ξ), d^{∇s} ] the E-valued covariant symmetric Lie derivative along Ξ.

For any Φ ∈ S^{k+1}(M, T M) and Ξ ∈ S^{l+1}(M, T M⊗E), the derivation [i(Φ), ρ(Ξ)] is algebraic, so it is of the form ρ([Φ, Ξ]^∨) for unique [Φ, Ξ]^∨ ∈ S^{k+l+1}(M, T M ⊗E).

Proposition 22. We have [Φ, Ξ]^∨ = i(Φ)Ξ − ρ(Ξ)Φ, where ρ(Ξ)(ϕ ⊗ X) = ρ(Ξ)ϕ ⊗ X.

Theorem 23. Let D be a derivation from S(M) into S(M, E). Then there exist unique Ξ ∈ S^{k+1}(M, T M ⊗ E) and Π ∈ S^k(M, T M ⊗ E) such that D = ρ(Ξ) + θ^{∇s} (Π).

References

[1] Crouch, P. E., Geometric structures in systems theory, Institution of Electrical Engineers.

Proccedings D. Control Theory and Applications 128(5) (1981), 242–252. [2] Frölicher, A., Nijenhuis, A., Theory of vector valued differential forms, Part I, Indag. Math.

18 (1956), 338–359.

[3] Greub, W., Halperin, S., Vanstone, R., Connections, Curvature and Cohomology, Vol 2, Academic Press, 1973.

[4] Grozman, P., Classification of bilinear invariant operators on tensor fields, (Russian) Funct.

Anal. Appl. 14, No.2 (1980) 58–59; English translation: Funct. Anal. Appl. 14, No. 2 (1980), 127–128.

[5] Lewis, A. D., Murray, R. M., Controllability of simple mechanical control systems, SIAM J.

Control Optim. 35 (3) (1997), 766–790.

[6] Manin, Z. I., Gauge field theory and complex geometry, Springer-Verlag, Berlin, 1988. [7] Michor, P. W., Remarks on the Frölicher-Nijenhuis bracket, Proccedings of the Conference on Differential Geometry and its Applications, Brno (1986), 197–220.

[8] Michor, P. W., Graded derivations of the algebra of differential forms associated with a connection, Proccedings of the Conference on Differential Geometry and its Applications, Peniscola (1988), Springer Lecture Notes in Mathematics, Vol. 1410 (1989), 249–261.

[9] Nijenhuis, A. and Richardson, R., Cohomoloy and deformations in graded Lie algebras, Bull. Amer. Math. Soc. 72 (1966), 1–29.

[10] Nijenhuis, A. and Richardson, R., Deformation of Lie algebra structres, J. Math. Mech. 17 (1967), 89–105.

[11] Osborn, H., Affine connections complexes, Acta Appl. Math. 59 (1999), 215–227. [12] Poor, A. W., Differential geometric structures, McGraw-Hill Company, 1981.

Department of Mathematics and Computer Science Amirkabir University of Technology (Tehran Polytechnic) Tehran, Iran E-mail: a heydari@aut.ac.ir

broojerd@aut.ac.ir
e peyghan@aut.ac.ir