ARCHIVUM MATHEMATICUM (BRNO) Tomus 42 (2006), 185 – 194

HILLE-WINTNER TYPE COMPARISON CRITERIA FOR HALF-LINEAR SECOND ORDER DIFFERENTIAL EQUATIONS

ONDŘEJ DOŠLÝ AND ZUZANA PÁTÍKOVÁ

Abstract. We establish Hille-Wintner type comparison criteria for the halflinear second order differential equation ` r(t)Φ(x^′)

´_′ + c(t)Φ(x) = 0, Φ(x) = |x|^{p−2}x , p > 1 ,

where this equation is viewed as a perturbation of another equation of the same form.

1. Introduction

In this paper we deal with the half-linear second order differential equation ( r(t)Φ(x^′)

)_′

+ c(t)Φ(x) = 0 , (1) where Φ(x) := |x|^{p−1} sgn x, p > 1, and r, c are continuous functions, r(t) > 0.

It is well known that the oscillation theory of (1) is very similar to that of the second order Sturm-Liouville linear equation (which is the special case p = 2 in (1)) (r(t)x^′ )^′ + c(t)x = 0 .

In particular, the Sturm comparison and separation theorems extend verbatim to (1), see, e.g [1, Chap. 3] and [3]. This means that (1) can be classified as oscillatory or nonoscillatory according to whether any nontrivial solution of (1) has or does not have infinitely many zeros on any interval of the form [T, ∞).

In the classical oscillation criteria for half-linear equations, equation (1) is viewed as a perturbation of the one-term differential equation (r(t)Φ(x^′ ))^′ = 0 (2) and (non)oscillation criteria are formulated in terms of the asymptotic properties of the function c for large t with respect to the function r. A typical example is

2000 Mathematics Subject Classification: 34C10.

Key words and phrases: half-linear differential equation, Hille-Wintner comparison criterion, Riccati equation, principal solution.

Research supported by the grant A1163401/04 of the Grant Agency of the Czech Academy of Sciences and by the Research Project MSM0021622409 of Ministry of Education of the Czech Republic.

Received August 22, 2005.

the Leighton-Wintner type oscillation criterion which states that (1) is oscillatory provided ∫_∞

r^{1−q} (t) dt = ∞ and

∫_∞

c(t) dt = ∞ ,

where q is a conjugate number of p, i.e.,^1_p +^1_q = 1.

The classical Sturm comparison theorem compares the pair of equations with coefficients c, r and C, R pointwise, while Hille-Wintner type criteria compare integrals. More precisely, together with (1) consider the equation ( r(t)Φ(x^′ )

)_′ + C(t)Φ(x) = 0 . (3) In the case when

∫_∞

r^{1−q} (t) dt = ∞ and the integral

∫_∞ c(t) dt converges, the half-linear version of the Hille-Wintner type comparison theorem says that if 0 ≤ ∫_∞ t c(s) ds ≤

∫_∞ t C(s) ds for large t (4) and (3) is nonoscillatory, then (1) is nonoscillatory as well, see [10] and also [3, p. 206]. Concerning the complementary case

∫_∞

r^{1−q} (t) dt < ∞ (which is treated in [11]), denote ρ(t) :=

∫_∞ t r^{1−q} (s) ds and suppose that c(t) ≥ 0, C(t) ≥ 0 for large t. If ∫_∞ t c(s)ρ^p(s) ds ≤

∫_∞ t C(s)ρ^p(s) ds < ∞ (5) for large t, then nonoscillation of (3) implies that of (1).

In this paper we follow the idea introduced in [2, 4, 5] and applied e.g. in [13, 14]. We investigate (1) not as a perturbation of one-term equation (2), but as a perturbation of the general (nonoscillatory) equation of the same form as (1) ( r(t)Φ(x^′)

)_′ + c̃(t)Φ(x) = 0 . (6) We compare oscillatory properties of (1) and (3) under the assumption 0 ≤ ∫_∞ t ( c(s) − c̃(s) ) h^p(s) ds ≤

∫_∞ t ( C(s) − c̃(s) ) h^p(s) ds < ∞ , (7) where h is the so-called principal solution of (6). If c̃(t) ≡ 0, then this principal solution is either h(t) ≡ 1 or h(t) = ρ(t), depending on the divergence/convergence of the integral

∫_∞ r^{1−q} (t) dt. Consequently, (7) reduces to (4) or (5) if c̃(t) ≡ 0.

2. Preliminaries

In this section we first point out the relationship between nonoscillation of equation (1) and solvability of the Riccati type first order differential equation

w^′ + c(t) + (p − 1)r^{1−q} (t)|w|^q = 0 . (8) Let x be a solution of (1), then the function w = rΦ(x^′/x) solves the Riccati equation (8) and it is well known (see [3, p. 171]) that equation (1) is nonoscillatory if and only if there exists a solution of (8) on some interval of the form [T, ∞).

Next we recall half-linear version of the so-called Picone’s identity (see [9] or [3, p. 172]), which, in a modified form as needed in our paper, reads as follows. Let w be a solution of (8), then for any x ∈ C^1

r(t)|x^′|^p − c(t)|x|^p = (w(t)|x|^p)^′ + pr^{1−q} (t)P ( r^{q−1}(t)x^′, Φ(x)w(t) ) , (9) where

P (u, v) :=

|u|^p p − uv +

|v|^q q ≥ 0 (10)

with the equality P (u, v) = 0 if and only if v = Φ(u).

Concerning the function P , we will need its quadratic estimates which are given in the next statement whose proof can be found e.g. in [6].

Lemma 1. The function P (u, v) defined in (10) satisfies the following inequalities

P (u, v) ≥ 1 2 |u|^{2−p} ( v − Φ(u)

)_2 for p ≤ 2 ,

P (u, v) ≤ 1 2 |u|^{2−p} ( v − Φ(u)

)_2 for p ≥ 2 , u ≠ 0 .

Futhermore, let T > 0 be arbitrary. There exists a constant K = K(T ) > 0 such that

P (u, v) ≥ K|u|^{2−p} ( v − Φ(u)

)_2

for p ≥ 2

P (u, v) ≤ K|u|^{2−p} ( v − Φ(u)

)_2

for p ≤ 2 ,

and every u, v ∈ R satisfying | |^v_{Φ(u)} | | ≤ T .

Now we derive the so-called modified Riccati equation which plays the crucial role in the proof of our main result. Let x ∈ C^1 be any function and w be a solution of the Riccati equation (8). Then from Picone’s identity (9) we have

(w|x|^p)^′ = r|x^′|^p − c|x|^p − pr^{1−q} |x|^pP (Φ^{−1}(w_x), w),

(11)

where w_x = rΦ(x^′/x) and Φ^{−1} is the inverse function of Φ. At the same time, let h be a (positive) solution of (6) and w_h = rΦ(h^′/h) be the solution of the Riccati equation associated with (6), then

(w_h|x|^p)^′ = r|x^′|^p − c̃|x|^p − pr^{1−q} |x|^pP ( Φ^{−1}(w_x, w_h) ) . (12)

Substituting x = h into (11), (12) and subtracting these equalities we get the equation (in view of the identity P (Φ^{−1}(w_h), w_h) = 0)

((w − w_h)h^p)^′ + (c − c̃)h^p + pr^{1−q} h^pP (Φ^{−1}(w_h), w) = 0 .

(13)

Observe that if c̃(t) ≡ 0 and h(t) ≡ 1, then (13) reduces to (8) and this is also the reason why we call this equation the modified Riccati equation.

Finally, let us recall the concept of the principal solution of nonoscillatory equation (1) is introduced by Mirzov in [12] and later independently by Elbert and Kusano in [7]. If (1) is nonoscillatory, as mentioned at the beginning of this section, there exists a solution w of Riccati equation (8) which is defined on some interval [T, ∞). It can be shown that among all solutions of (8) there exists the minimal one w̃ (sometimes called the distinguished solution), minimal in the sense that any other solution of (8) satisfies the inequality w(t) > w̃(t) for large t. Then the principal solution of (1) is given by the formula

x̃ = K exp {∫_t r^{1−q} (s)Φ^{−1} ( w̃(s) ) ds } , i.e., the principal solution x̃ of (1) is a solution which “produces” the minimal solution w̃ = rΦ(x̃^′/x̃) of (8).

3. Hille-Wintner type comparison theorem

The main result of our paper is the following statement.

Theorem 1. Let

∫_∞

r^{1−q} (t) dt = ∞. Suppose that equation (6) is nonoscillatory and possesses a positive principal solution h such that there exist a finite limit

lim_{t→∞} r(t)h(t)Φ ( h^′(t) ) =: L > 0

(14) and ∫_∞ dt r(t)h^2(t) ( h^′(t)

)_{p−2} = ∞ .

(15)

Further suppose that 0 ≤

∫_∞ t C(s) ds < ∞ and 0 ≤ ∫_∞ t ( c(s) − c̃(s) ) h^p(s) ds ≤

∫_∞ t ( C(s) − c̃(s) ) h^p(s) ds < ∞ ,

(16)

all for large t. If equation (3) is nonoscillatory, then (1) is also nonoscillatory.

Proof. As we have already mentioned before, to prove that (1) is nonoscillatory, it is sufficient to find a solution of associated Riccati equation (8) which is defined on some interval [T, ∞). This solution we will find (using the Schauder-Tychonov theorem) as a fixed point of a suitably constructed integral operator.

By our assumption, equation (3) is nonoscillatory, i.e., there exists an eventually positive principal solution x of this equation. Denote by w := rΦ(x^′/x) the solution of the associated Riccati equation

w^′ + C(t) + (p − 1)r^{1−q} (t)|w|^q = 0 .

From the previous section, with (1) replaced by (3), i.e., with c replaced by C, we know that the modified Riccati equation

((w − w_h)h^p)^′ + (C − c̃)h^p + pr^{1−q} h^pP (Φ^{−1}(w_h), w) = 0

holds, where h is the principal solution of (6) and w_h = rΦ(h^′/h) is the minimal solution of the Riccati equation corresponding to equation (6). By integrating we get

h^p(w_h − w)|^t_T =

∫_t T ( C(s) − c̃(s) ) h^p(s) ds + p

∫_t T r^{1−q} (s)P ( r^{q−1}h^′, wΦ(h) ) ds .

(17)

Since

∫_∞

r^{1−q} (t) dt = ∞ and 0 ≤

∫_∞ t C(s) ds < ∞, w solves also the integral

Riccati equation (see [3, p. 207])

w(t) =

∫_∞ t C(s) ds + (p − 1)

∫_∞ t r^{1−q} (s)|w(s)|^q ds,

and therefore w(t) ≥ 0 for large t. Hence

h^p(w_h − w)|^t_T ≤ h^pw_h(t) + h^p ( w(T ) − w_h(T ) ) and letting t → ∞ in (17) we have (with L given by (14))

L + h^p ( w(T ) − w_h(T ) ) ≥ ∫_∞ T ( C(s) − c̃(s) ) h^p(s) ds + p ∫_∞ T r^{1−q} (s)P ( r^{q−1}h^′, wΦ(h) ) ds .

Since P (u, v) ≥ 0 and (16) holds, this means that ∫_∞

r^{1−q} (t)P ( r^{q−1}(t)h^′(t), w(t)Φ ( h(t) )) dt < ∞ .

(18)

Now, since (14), (16), (18) hold, from (17) it follows that there exists a finite limit

lim_{t→∞} h^p(t) ( w(t) − w_h(t) ) =: β

and also the limit

lim_{t→∞} w(t)

w_h(t)

= lim_{t→∞} h^p(t)w(t)

h^p(t)w_h(t) = L + β L . (19)

Therefore, letting t → ∞ in (17) and then replacing T by t, we get the equation

h^p(t) ( w(t) − w_h(t) ) − β =

∫_∞ t ( C(s) − c̃(s) ) h^p(s) ds + p ∫_∞ t r^{1−q} (s)P ( r^{q−1}h^′, wΦ(h) ) ds .

(20)

Since (19) holds, according to Lemma 1 there exists a positive constant K such

that

K|Φ^{−1}(w_h)|^{2−p}(w − w_h)^2 ≤ P ( Φ^{−1}(w_h), w ) , and hence

Kr^{1−q} h^pw^{q−2}_h (w − w_h)^2 ≤ r^{1−q} h^pP ( Φ^{−1}(w_h), w ) = r^{1−q} P ( r^{q−1}h^′, wΦ(h) ) . Now, using the fact that w^{q−2}_h = r^{q−2}(h^′)^{2−p}h^{p−2}, we get the inequality K r(t)h^2(t) ( h^′(t)

)_{p−2} [( w(t) − w_h(t) ) h^p(t)

]_2

≤ r^{1−q} (t)P ( r^{q−1}(t)h^′(t), w(t)Φ(t) ) . (21)

Denote G(t) = r^{−1}(t)h^{−2}(t) ( h^′(t)

)_{2−p}

, then the last inequality after integrating

over [T, ∞) reads K ∫_∞ T G(t) [( w(t) − w_h(t) ) h^p(t)

]_2

dt ≤

∫_∞ T r^{1−q} (t)P ( r^{q−1}(t)h^′(t), w(t)Φ(h(t) ) dt .

By (15) we have

∫_t

G(s) ds → ∞ as t → ∞. This implies that β = lim_{t→∞} h^p(t) ( w(t)− w_h(t) ) = 0 since if β ≠ 0, we have ∫_∞ G(t) [( w(t) − w_h(t) ) h^p(t)

]_2

dt = ∞ ,

which, in view of (21), implies that

∫_∞

r^{1−q} P ( r^{q−1}h^′, wΦ(h) ) dt = ∞ and this contradicts (18). Consequently from (20), we get the integral equation

h^p(t) ( w(t) − w_h(t) ) = ∫_∞ t ( C(s) − c̃(s) ) h^p(s) ds

(22) + p ∫_∞ t r^{1−q} (s)P ( r^{q−1}h^′, wΦ(h) ) ds ,

and this equation we use in constructing the integral operator whose fixed point is a solution of (8) which we are looking for.

Define the function set U and the mapping F by

U = {u ∈ C[T, ∞) : w_h(t) ≤ u(t) ≤ w(t) for t ∈ [T, ∞)} ,

where T is sufficiently large,

F (u)(t) = w_h(t) + h^{−p}(t) {∫_∞ t ( c(s) − c̃(s) ) h^p(s) ds + p ∫_∞ t r^{1−q} (s)h^p(s)P ( Φ^{−1}(w_h), u ) ds }

Observe that the set U is well defined since w(t) ≥ w_h(t) for large t by (16) and (22). Obviously, U is a convex and closed subset of the Frechet space C[T, ∞) with the topology of the uniform convergence on compact subintervals of [T, ∞). Denote H(s) :=^{|s|q}_q −Φ^{−1}(w_h)s. Then H^′(s) = Φ^{−1}(s)−Φ^{−1}(w_h) ≥ 0 for s ≥ w_h. This means that P (Φ^{−1}(w_h), u) is nondecreasing in the second variable and hence if w_h(t) ≤ u_1(t) ≤ u_2(t) ≤ w(t), t ∈ [T, ∞), we have F (u_1)(t) ≤ F (u_2)(t) for t ∈ [T, ∞).

Next we show that F maps U into itself. To this end, it is sufficient to show that w_h(t) ≤ F (w_h)(t) ≤ F (u)(t) ≤ F (w)(t) ≤ w(t) for large t. We have

F (w_h)(t) = w_h(t) + h^{−p}(t) {∫_∞ t ( c(s) − c̃(s) ) h^p(s) ds } ≥ w_h(t)

and, at the same time, using (16) and (22) (suppressing the argument t)

F (w) = w_h + h^{−p} {∫_∞ t (c − c̃)h^p + p

∫_∞ t r^{1−q} h^pP (Φ^{−1}(w_h), w) }

≤ w_h + h^{−p} {∫_∞ t (C − c̃)h^p + p

∫_∞ t r^{1−q} h^pP ( Φ^{−1}(w_h), w ) }

= w .

Let T_1 > T be arbitrary. As w_h(t) ≤ F (u)(t) ≤ w(t) for u ∈ U and w_h, w exist on the whole interval [T, ∞), the set F (U)|_{[T,T1 ]} is bounded. Next we show that this set is also uniformly continuous. Let u ∈ U be arbitrary, ε > 0, and t_1, t_2 ∈ [T, T_1], without a loss of generality we may suppose that t_1 < t_2. Denote

f(t) := ( c(t) − c̃(t) ) h^p(t) + pr^{1−q} (t)h^p(t)P ( Φ^{−1} ( w_h(t) ) , u(t) ) , then by the monotonicity of P in the second argument

∫_∞ T f(s) ds ≤

∫_∞ T [ c(t) − c̃(t))h^p(t) + pr^{1−q} (t)P ( Φ^{−1}(w_h(t)), w(t) )] dt =: R

and hence

|F (u)(t_2) − F (u)(t_1)| ≤ |w_h(t_2) − w_h(t_1)| + | | |h^{−p}(t_2)

∫_∞

t_2

f(s) ds − h^{−p}(t_1)

∫_∞

t_1

f(s) ds | | | = |w_h(t_2) − w_h(t_1)| + | | | |h^{−p}(t^2)

∫_∞

t_2

f(s) ds − h^{−p}(t_1)

∫_∞

t_2

f(s) ds

+h^{−p}(t_1)

∫_∞

t_2

f(s) ds − h^{−p}(t_1)

∫_∞

t_1

f(s) ds | | |

≤ |w_h(t_2) − w_h(t_1)| + |h^{−p}(t_2) − h^{−p}(t_1)|

∫_∞

t_2

f(s) ds + h^{−p}(t_1)

∫_{t2}

t_1

f(s) ds

≤ |w_h(t_2) − w_h(t_1)| + |h^{−p}(t_2) − h^{−p}(t_1)|

∫_∞ T f(s) ds + h^{−p}(t_1)

∫_{t2}

t_1

f(s) ds

Since w_h is continuous, there exists δ_1 such that |w_h(t_2) − w_h(t_1)| <^ε_3 provided |t_2 − t_1| < δ_1. Similarly, as h^{−p} is continuous, there exists δ_2 such that |h^{−p}(t_2) − h^{−p}(t_1)| <^ε_{3R} if |t_2 − t_1| < δ_2. Finally, for R̃ := sup_{t∈[T,T1]} h^{−p}(t) there exists δ_3 such that

∫_{t2}

t_1 f(s) ds < ε 3R̃ provided |t_2 − t_1| < δ_3.

Altogether,

|F (u)(t_2) − F (u)(t_1)| < ε 3 + ε 3R R + R̃ ε 3R̃ = ε if |t_2 − t_1| < min{δ_1, δ_2, δ_3}. Hence F (U)|_{[T,T1 ]} is uniformly continuous.

It is obvious that F is a continuous mapping and using the Arzela-Ascoli theorem, F (U) is relatively compact subset of C[T, ∞). Now, from the Schauder- Tychonov fixed point theorem follows that there exists v ∈ U such that v = F (v). Hence v satisfies the modified Riccati integral equation

h^p(t) ( v(t) − w_h(t) ) = ∫_∞ t (c(s) − c̃(s)h^p(s) ds + p

∫_∞ t r^{1−q} (s)P ( r^{q−1}h^′, vΦ(h) ) ds. By differentiating one can see that v satisfies the modified Riccati equation (13) and hence v solves also (8). This implies that equation (1) is nonoscillatory and the proof is complete. □

As an immediate consequence of the previous theorem we have the following statement.

Corollary 1. Let the assumptions of Theorem 1 be satisfied. Then the oscillation of equation (1) implies that of (6).

Corollary 2. Let r(t) ≡ 1, c̃ =^{γ̃}_{tp} , where γ̃ =

(_{p−1} p )_p

, i.e., (6) is the generalized Euler equation with the critical coefficient ( Φ(y^′)

)_′ + γ̃ t^p

Φ(y) = 0 .

(23)

If equation (3) is nonoscillatory,

∫_∞ t C(s) ds ≥ 0 for large t, and 0 ≤ ∫_∞ t ( c(s) − γ̃ s^p ) s^{p−1} ds ≤

∫_∞ t ( C(s) − γ̃ s^p ) s^{p−1} ds < ∞

(24)

for large t, then (1) is also nonoscillatory.

Proof. The function h(t) = t^{p−1p} is the principal solution of (23) (see [8]),

lim_{t→∞} h(t)Φ(h^′(t)) = lim_{t→∞} t^{p−1p}

(p − 1 p t^{− 1p}

)_{p−1} = ( p − 1 p )_{p−1} , and ∫_∞ dt h^2(t)(h^′(t))^{p−2} = ( p p − 1

)_{p−2} ∫ ∞ dt t = ∞ .

Since all remaining assumptions of Theorem 1 are obviously satisfied, the statement follows from this theorem. □ Remark 1. (i) The assumptions

∫_∞

r^{1−q} (t) dt = ∞ and (14), (15) are used in the proof of Theorem 1 to prove that^{w(t)}_{wh(t)} → 1 as t → ∞ and this fact is then used in the quadratization of the function P and the proof that w(t) > w_h(t) for large t. It is an open question whether Theorem 1 can be modified in such a way that it remains to hold without these assumptions. Also, the assumption of convergence of the integrals

∫_∞ C(t) ds,

∫_∞

c̃(t) dt is natural in view of the Leighton-Wintner oscillation criterion mentioned at the beginning of the paper since equation (3) and (6) are supposed to be nonoscillatory.

(ii) If c̃(t) ≡ 0, no function of the form P appears in the proof of Hille-Wintner type theorem (this proof follows essentially the linear case, see [3, p. 171]) and hence this statement can be proved without assumptions (14), (15). If we suppose that

∫_∞ r^{1−q} (t) dt = ∞, then h(t) ≡ 1 is the principal solution of one-term equation (2), i.e., w_h ≡ 0 and the assumption

∫_∞ t c(s) ds ≥ 0 (see (4)) ensures that the minimal solution of (8) satisfies w(t) ≥ 0. This means that the crucial requirement w(t) > w_h(t) (to construct the set U) is satisfied without assuming (14). A similar situation we have if

∫_∞

r^{1−q} (t) dt < ∞. Then h(t) =

∫_∞ t r^{1−q} (s) ds is the principal solution of (2) and w_h(t) < 0. The inequality w(t) > w_h(t) is then ensured by the assumption c(t) ≥ 0 since this assumption implies w(t) > w_h(t) by the comparison theorem for minimal solutions of Riccati-type equations, see [3, p. 234].

(iii) In Corollary 2 we have used Euler equation (23) as “unperturbed” equation (6). Another example of the nonoscillatory equation which can be used at this place is the half-linear Euler-Weber differential equation (an alternative terminology is Riemann-Weber equation, see [15])

(Φ(x^′))^′ + [ γ̃ t^p + γ̂ t^p log^2 t ] Φ(x) = 0, γ̂ := 1 2 (p − 1 p )_{p−1} . (25)

However, the principal solution of this equation is not known explicitly and only its asymptotic estimate is known, see [8, 15]. This fact suggests the idea to replace the assumption that h is a principal solution of (6) by the assumption that h is a function close to this solution, in a certain sense. This idea is a subject of the present investigation.

(iv) The fact that equation (25) is nonoscillatory suggests a specification of Corollary 2, namely, we will take C(t) = t^{−p} [ γ̃t + γ̂ log^{−2} t ] in this statement.

Then we get the following statement which is a modification of [4, Theorem 2].

Corollary 3. Suppose that 0 ≤ ∫_∞ t ( c(s) − γ̃ s^p ) s^{p−1} ds < ∞

for large t. If

log t

∫_∞ t ( c(s) − γ̃ s^p ) s^{p−1} ds ≤ γ̂ = 1 2 ( p − 1 p )_{p−1}

for large t, then equation (1) is nonoscillatory.

References

[1] Agarwal, R. P., Grace, S. R., O’Regan, D., Oscillation Theory of Second Order Linear, Half-Linear, Superlinear and Sublinear Dynamic Equations, Kluwer Academic Publishers, Dordrecht/Boston/London, 2002.

[2] Došlý, O., A remark on conjugacy of half-linear second order differential equations, Math.

Slovaca 50 (2000), 67–79.

[3] Došlý, O., Half-Linear Differential Equations, Handbook of Differential Equations: Ordinary Differential Equations, Vol. I, A. Cañada, P. Drábek, A. Fonda ed., Elsevier, Amsterdam, 2004, 161–357.

[4] Došlý, O., Lomtatidze, A., Oscillation and nonoscillation criteria for half-linear second order differential equations, to appear in Hiroshima Math. J.

[5] Došlý, O., Peňa, S., A linearization method in oscillation theory of half-linear differential equations, to appear in J. Inequal. Appl.

[6] Došlý, O., Řezníčková, J., Regular half-linear second order differential equations, Arch.

Math. (Brno) 39 (2003), 233–245.

[7] Elbert, Á., Kusano, T., Principal solutions of nonoscillatory half-linear differential equations, Adv. Math. Sci. Appl. 18 (1998), 745–759.

[8] Elbert, Á., Schneider, A., Perturbations of the half-linear Euler differential equation, Results Math. 37 (2000), 56–83.

[9] Jaroš, J., Kusano, T., A Picone type identity for half-linear differential equations, Acta Math. Univ. Comenian. 68 (1999), 137–151.

[10] Kusano, T., Yosida, N., Nonoscillation theorems for a class of quasilinear differential equations of second order, Acta Math. Hungar. 76 (1997), 81–89.

[11] Kusano, T., Yosida, N., Ogata, A., Strong oscillation and nonoscillation of quasilinear differential equations of second order, Differential Equations Dynam. Systems 2 (1994), 1–10.

[12] Mirzov, J. D., Principal and nonprincipal solutions of a nonoscillatory system, Tbiliss. Gos.

Univ. Inst. Prikl. Mat. Trudy 31 (1988), 100–117.

[13] Řezníčková, J., Half-linear Hartman-Wintner theorems, Stud. Univ. Žilina Math. Phys. Ser.

15 (2002), 56–66.

[14] Řezníčková, J., An oscillation criterion for half-linear second order differential equations, Miskolc Math. Notes 5 (2004), 203–212.

[15] Sugie, J., Yamaoka, N., Growth conditions for oscillation of nonlinear differential equations with p-Laplacian, J. Math. Anal. Appl. 305 (2005), 18–34.

Department of Mathematics, Masaryk University Janáčkovo nám. 2a, 662 95 Brno, Czech Republic. E-mail: dosly@math.muni.cz

Department of Mathematics, Tomas Bata University Nad Stranemi 4511, 760 05 Zlín, Czech Republic E-mail: patikova@ft.utb.cz