ARCHIVUM MATHEMATICUM (BRNO) Tomus 44 (2008), 105–114

COMPLETE SPACELIKE HYPERSURFACES WITH CONSTANT SCALAR CURVATURE

Shu Shichang

Abstract. In this paper, we characterize the n-dimensional (n ≥ 3) complete spacelike hypersurfaces M^n in a de Sitter space S^{n +1}_1 with constant scalar curvature and with two distinct principal curvatures one of which is simple.We show that M^n is a locus of moving (n − 1)-dimensional submanifold M^{n − 1}

1 (s), along M^{n − 1}

1 (s) the principal curvature λ of multiplicity n − 1 is constant and M^{n − 1}

1 (s) is umbilical in S^{n +1}_1 and is contained in an (n − 1)-dimensional sphere S^{n − 1}

�_{c(s)}�_{= E n (s) ∩ S n +1}

1 and

is of constant curvature

�_{d { log |λ} 2_{− (1 − R ) |} 1 /n_} ds �_{2 − λ 2 + 1 ,where s is the}

arc length of an orthogonal trajectory of the family M^{n − 1}

1 (s), E^n (s) is an n-dimensional linear subspace in R^{n +2}_1 which is parallel to a fixed E^n (s_0) and u = � �_λ 2_{− (1 − R)} � �^{− 1}n_{satisfies the ordinary differental equation of order 2,}

d 2 u ds 2 − u

�_{± n − 2} 2 1 u n + R − 2

�_{= 0 .}

1. Introduction

Let R^{n +2}_1 be the (n + 2) -dimensional Lorentz-Minkowski space and S^{n +1}_1 be the de Sitter space given by S^{n +1}_1 = { p ∈ R^{n +2}_1 | ⟨p, p⟩p = 1 }. A hypersurface M^n of S^{n +1}_1 is said to be spacelike if the induced metric on M^n from that of ambient space is positive definite. In [ 4] we investigated the spacelike hypersurfaces M^n in a de Sitter space S^{n +1}_1 with constant scalar curvature and with two distinct principal curvatures whose multiplicities are greater than 1. We showed that

Theorem 1.1 ([4]). Let M^n be an n-dimensional complete spacelike hypersurface in S^{n +1}_1 with constant scalar curvature and with two distinct principal curvatures. If the multiplicities of these two distinct principal curvatures are greater than 1, then M^n is isometric to the Riemannian product H^k (sinh r) × S^{n − k} (cosh r), 1 < k < n − 1.

As we know that Otsuki [ 3] characterized the minimal hypersurfaces in a Riemannian manifold M̄ of constant curvature c̄ with two distinct principal curvatures

2000 Mathematics Subject Classification: Primary: 53C42; Secondary: 53C20. Key words and phrases: de Sitter space, spacelike hypersurface, scalar curvature, principal curvature, umbilical.

Project supported by NSF of Shaanxi Province (2003A02) and NSF of Shaanxi Educational Committee (2003JK215).

Received July 14, 2007. Editor J. Slovák.

106 S. SHICHANG

one of which is simple and Cheng [ 2] investigated the n-dimensional oriented complete hypersurfaces (n ≥ 3) in Euclidean space R^{n +1} with constant scalar curvature and with two distinct principal curvatures one of which is simple. It is natural and important to investigate the spacelike hypersurfaces M^n in a de Sitter space S^{n +1}_1 with constant scalar curvature and with two distinct principal curvatures one of which is simple. In this paper, we obtain the following

Theorem 1.2. Let M^n be an n-dimensional (n ≥ 3) complete spacelike hypersurface in a de Sitter space S^{n +1}_1 with constant scalar curvature n(n − 1)R and with two distinct principal curvatures one of which is simple, then M^n is a locus of moving (n − 1)-dimensional submanifold M^{n − 1}_1 (s), along M^{n − 1}_1 (s) the principal curvature λ of multiplicity n − 1 is constant and M^{n − 1}

1 (s) is umbilical in S^{n +1}_1 and is contained in an (n − 1)-dimensional sphere S^{n − 1} � c(s) � = E^n (s) ∩ S^{n +1}_1 and is of constant curvature

�_{d{ log |λ} 2_{− (1 − R )|}1 /n_} ds �_2

− λ^2 + 1 , where s is the arc length of an orthogonal trajectory of the family M^{n − 1}_1 (s), E^n (s) is an n-dimensional linear subspace in R^{n +2}_1 which is parallel to a fixed E^n (s_0) and u = � λ^2 − (1 − R)

�_− 1_n

satisfies the ordinary differental equation of order 2 d^2 u ds^2 − u � ± n − 2 2 1 u^n

+ R − 2 � = 0 .

2. Preliminaries

Let M^n be an n-dimensional spacelike hypersurfaces in S^{n +1}_1 , we choose a local field of semi-Riemannian orthonormal frames e_1 , . . . , e_{n +1} in S^{n +1}_1 such that at each point of M^n , e_1 , . . . , e_n span the tangent space of M^n and form an othonormal frame there. We use the following convention on the range of indices: 1 ≤ A, B, C, · · · ≤n + 1 ; 1 ≤ i, j, k, · · · ≤n .

Let ω_1 , . . . , ω_{n +1} be the dual frame field so that the semi-Riemannian metric of S^{n +1}_1 is given by ds̄^2 = P i ω^2_i − ω^2_{n +1} = P A ϵ_A ω^2_A , where ϵ_i = 1 and ϵ_{n +1} = − 1.

The structure equations of S^{n +1}_1 are given by

dω_A = X B ϵ_B ω_{AB} ∧ ω_B , ω_{AB} + ω_{BA} = 0 ,

(2.1)

dω_{AB} = X C ϵ_C ω_{AC} ∧ ω_{CB} + Ω_{AB} ,

(2.2)

where

Ω_{AB} = − 1 2 X C,D K_{ABCD} ω_C ∧ ω_D ,

(2.3)

K_{ABCD} = ϵ_A ϵ_B (δ_{AC} δ_{BD} − δ_{AD} δ_{BC} ) .

(2.4) Restrict these forms to M^n , we have (2.5) ω_{n +1} = 0 .

COMPLETE SPACELIKE HYPERSURFACES . . . 107

Cartan’s Lemma implies that (2.6) ω_{n +1 i} = X j h_{ij} ω_j , h_{ij} = h_{ji} .

The structure equations of M^n are dω_i = X j ω_{ij} ∧ ω_j , ω_{ij} + ω_{ji} = 0 ,

(2.7)

dω_{ij} = X k ω_{ik} ∧ ω_{kj} − 1 2 X k,l R_{ijkl} ω_k ∧ ω_l ,

(2.8)

R_{ijkl} = ( δ_{ik} δ_{jl} − δ_{il} δ_{jk} ) − (h_{ik} h_{jl} − h_{il} h_{jk} ) ,

(2.9) where R_{ijkl} are the components of the curvature tensor of M^n and (2.10) h = X i,j h_{ij} ω_i ⊗ ω_j

is the second fundamental form of M^n .

From the above equation, we have (2.11) n(n − 1)R = n(n − 1) − n^2 H^2 + |h|^2 , where n(n − 1)R is the scalar curvature of M^n , H is the mean curvature, and |h|^2 = P i,j h^2_{ij} is the squared norm of the second fundamental form of M^n .

The Codazzi equation and the Ricci identity are h_{ijk} = h_{ikj} ,

(2.12) h_{ijkl} − h_{ijlk} = X m h_{mj} R_{mikl} + X m h_{im} R_{mjkl} ,

(2.13)

where h_{ijk} and h_{ijkl} denote the first and the second covariant derivatives of h_{ij} .

We choose e_1 , . . . , e_n such that h_{ij} = λ_i δ_{ij} . From (2.6) we have (2.14) ω_{n +1 i} = λ_i ω_i , i = 1 , 2, . . . , n . Hence, we have from the structure equations of M^n

(2.15) dω_{n +1 i} = dλ_i ∧ ω_i + λ_i dω_i = dλ_i ∧ ω_i + λ_i X j ω_{ij} ∧ ω_j .

On the other hand, we have on the curvature forms of S^{n +1}_1 ,

(2.16)

Ω_{n +1 i} = − 1 2 X C,D K_{n +1 iCD} ω_C ∧ ω_D = 1 2 X C,D (δ_{n +1 C} δ_{iD} − δ_{n +1 D} δ_{iC} )ω_C ∧ ω_D

= ω_{n +1} ∧ ω_i = 0 .

108 S. SHICHANG

Therefore, from the structure equations of S^{n +1}_1 , we have

(2.17) dω_{n +1 i} = X j ω_{n +1 j} ∧ ω_{ji} − ω_{n +1 n +1} ∧ ω_{n +1 i} + Ω_{n +1 i} = X j λ_j ω_{ij} ∧ ω_j .

From (2.15) and (2.17), we obtain (2.18) dλ_i ∧ ω_i + X j (λ_i − λ_j )ω_{ij} ∧ ω_j = 0 .

Putting (2.19) ψ_{ij} = ( λ_i − λ_j )ω_{ij} . Then ψ_{ij} = ψ_{ji} . (2.18) can be written as (2.20) X j (ψ_{ij} + δ_{ij} dλ_j ) ∧ ω_j = 0 .

By E. Cartan’s Lemma, we get (2.21) ψ_{ij} + δ_{ij} dλ_j = X k Q_{ijk} ω_k ,

where Q_{ijk} are uniquely determined functions such that (2.22) Q_{ijk} = Q_{ikj} .

3. Proof of theorem We firstly have the following Proposition 3.1 due to [ 1], which original due to Otsuki [3] for Riemannian space forms. Proposition 3.1 ([1]). Let M^n be a spacelike hypersurface in S^{n +1}_1 such that the multiplicities of the principal curvatures are constant. Then the distribution of the space of principal vectors corresponding to each principal curvature λ is completely integrable. In particular, if the multiplicity of a principal curvature is greater than 1, then this principal curvature is constant on each integral submanifold of the corresponding distribution of the space of the principal vectors. Proof of Theorem 1.2. Let M^n be an n-dimensional complete spacelike hypersurface with constant scalar curvature and with two distinct principal curvatures one of which is simple, that is, without lose of generality, we may assume λ_1 = λ_2 = · · ·= λ_{n − 1} = λ , λ_n = μ , where λ_i for i = 1 ,2, . . . , n are the principal curvatures of M^n . Since the scalar curvature n(n − 1)R is constant, from (2.11), we obtain (3.1) n(n − 1)(1 − R) = ( n − 1)(n − 2)λ^2 + 2( n − 1)λμ . If λ = 0 at some points, then R = 1 at these points from (3.1), since R is constant, we know R = 1 on M^n . Since these principal curvatures λ and μ are continuous on M^n , from (3.1) and R = 1 we obtain λ = 0 on M^n . Hence, from the Gauss

COMPLETE SPACELIKE HYPERSURFACES . . . 109

equation, the sectional curvature of M^n R_{ijij} = 1 − λμ = 1 > 0, by Myers’ theorem we know that M^n is compact. From the result of Zheng [ 6, 5], we know that M^n is a totally umbilical spacelike hypersurface. This is impossible because we assumed that M^n is of two distinct principal curvatures. Hence, we can assume λ ≠ 0 on M^n . From (3.1), we have

(3.2) μ = n(1 − R) 2λ − (n − 2)λ 2 . Therefore, we get λ − μ = n λ^2 − (1 − R) 2λ ≠ 0 , we know λ^2 − (1 − R) ≠ 0 .

Let u = � λ^2 − (1 − R)

�_− 1_n . We denote the integral submanifold through x ∈ M^n corresponding to λ by M^{n − 1}_1 (x). Putting

(3.3) dλ = nX k =1

λ,_k ω_k , dμ = nX k =1

μ,_k ω_k .

From Proposition 3.1, we have (3.4) λ,_1 = λ,_2 = · · ·= λ,_{n − 1} = 0 on M^{n − 1}_1 (x) . From (3.2), we have

(3.5) dμ = h − n(1 − R)

2λ^2 − n − 2 2 i dλ .

Hence, we also have (3.6) μ,_1 = μ,_2 = · · ·= μ,_{n − 1} = 0 on M^{n − 1}_1 (x) . In this case, we may consider locally λ is a function of the arc length s of the integral curve of the principal vector field e_n corresponding to the principal curvature μ. From (2.21) and (3.4), we have for 1 ≤ j ≤ n − 1,

(3.7) dλ = dλ_j = nX k =1

Q_{jjk} ω_k

= n − 1X

k =1

Q_{jjk} ω_k + Q_{jjn} ω_n = λ,_n ω_n .

Therefore, we have (3.8) Q_{jjk} = 0 , 1 ≤ k ≤ n − 1 , and Q_{jjn} = λ,_n . By (2.21) and (3.6), we have

(3.9) dμ = dλ_n = nX k =1

Q_{nnk} ω_k

= n − 1X

k =1

Q_{nnk} ω_k + Q_{nnn} ω_n = nX i =1

μ,_i ω_i = μ,_n ω_n .

110 S. SHICHANG

Hence, we obtain (3.10) Q_{nnk} = 0 , 1 ≤ k ≤ n − 1 , and Q_{nnn} = μ,_n . From (3.5), we get (3.11) Q_{nnn} = μ,_n = h − n(1 − R)

2λ^2 − n − 2 2 i λ,_n .

From the definition of ψ_{ij} , if i ≠ j, we have ψ_{ij} = 0 for 1 ≤ i ≤ n − 1 and 1 ≤ j ≤ n − 1. Therefore, from (2.21), if i ≠ j and 1 ≤ i ≤ n − 1 and 1 ≤ j ≤ n − 1 we have (3.12) Q_{ijk} = 0 , for any k . By (2.21), (3.8), (3.10), (3.11) and (3.12), we get

(3.13) ψ_{jn} = nX k =1

Q_{jnk} ω_k

= Q_{jjn} ω_j + Q_{jnn} ω_n = λ,_n ω_j . Since λ and μ are two distinct principal curvatures of M^n , we have λ − μ = n λ^2 − (1 − R) 2λ ≠ 0 .

From (2.19), (3.2)and (3.13)we have ω_{jn} = ψ_{jn} λ − μ = λ,_n λ − μ ω_j

(3.14) = λ,_n λ − [^{n (1 − R )}_{2λ} −^{n − 2}_2 λ] ω_j

= 2λλ,_n n[λ^2 − (1 − R)] ω_j .

Therefore, from the structure equations of M^n we have

dω_n =

n − 1X

k =1

ω_k ∧ ω_{kn} + ω_{nn} ∧ ω_n = 0 .

Therefore, we may put ω_n = ds. By (3.7) and (3.9), we get dλ = λ,_n ds , λ,_n = dλ ds , and dμ = μ,_n ds , μ,_n = dμ ds .

COMPLETE SPACELIKE HYPERSURFACES . . . 111

Then we have

ω_{jn} =

2λλ,_n n[λ^2 − (1 − R)] ω_j =

2λ^{dλ}_{ds} n[λ^2 − (1 − R)] ω_j

(3.15)

= d{ log |λ^2 − (1 − R)|^{1n} } ds ω_j .

(3.15) shows that the integral submanifold M^{n − 1}_1 (x) corresponding to λ and s is umbilical in M^n and S^{n +1}_1 .

From (3.15) and the structure equations of S^{n +1}_1 , we have

dω_{jn} =

n − 1X

k =1

ω_{jk} ∧ ω_{kn} + ω_{jn} ∧ ω_{nn} + ω_{jn +1} ∧ ω_{n +1 n} + Ω_{jn}

= n − 1X

k =1

ω_{jk} ∧ ω_{kn} + ω_{jn +1} ∧ ω_{n +1 n} − ω_j ∧ ω_n

= d{ log |λ^2 − (1 − R)|^{1n} } ds n − 1X

k =1

ω_{jk} ∧ ω_k − (λμ + 1) ω_j ∧ ds .

From (3.15) we have

dω_{jn} = d^2 { log |λ^2 − (1 − R)|^{1n} } ds^2 ds ∧ ω_j + d{ log |λ^2 − (1 − R)|^{1n} } ds dω_j = d^2 { log |λ^2 − (1 − R)|^{1n} } ds^2 ds ∧ ω_j + d{ log |λ^2 − (1 − R)|^{1n} } ds nX k =1

ω_{jk} ∧ ω_k

= n − d^2 { log |λ^2 − (1 − R)|^{1n} } ds^2 + hd{ log |λ2 − (1 − R)|^1_n } ds i_2 o ω_j ∧ ds + d{ log |λ^2 − (1 − R)|^{1n} } ds n − 1X

k =1

ω_{jk} ∧ ω_k .

From the above two equalities, we have

(3.16) d^2 { log |λ^2 − (1 − R)|^{1n} } ds^2 − n d{ log |λ2 − (1 − R)|^1_n } ds o_2

− (λμ + 1) = 0 .

From (3.2) we get

d^2 { log |λ^2 − (1 − R)|^{1n} } ds^2 − n d{ log |λ2 − (1 − R)|^1_n } ds o_2 (3.17) + n − 2 2 � λ^2 − (1 − R) � + R − 2 = 0 .

Since we define u = � �λ2 − (1 − R) � �^{− 1}n , we obtain from the above equation

(3.18) d^2 u ds^2 − u � ± n − 2 2 1 u^n

+ R − 2 � = 0 .

112 S. SHICHANG

Since S^{n +1}_1 is an (n + 1) -dimensional de Sitter space of constant 1 in R^{n +2}_1 . We consider the frame e_1 , e_2 , . . . , e_n , e_{n +1} , e_{n +2} in R^{n +2}_1 . Since the second fundamental form of S^{n +1}_1 as the hypersurface R^{n +2}_1 is given by h_{AB} = − P B ϵ_B δ_{AB} , we have

ω_{n +1 n +2} = 0 , and ω_{in +2} = − ω_i .

Then, from (2.14), (3.15) and (3.16), we have

de_i =

n − 1X

j =1

ω_{ij} e_j + ω_{in} e_n + ω_{in +1} e_{n +1} + ω_{in +2} e_{n +2}

= n − 1X

j =1

ω_{ij} e_j + d{ log |λ^2 − (1 − R)|^{1n} } ds ω_i e_n − λω_i e_{n +1} − e_{n +2} ω_i

= n − 1X

j =1

ω_{ij} e_j + hd{ log |λ2 − (1 − R)|^1_n } ds e_n − λe_{n +1} − e_{n +2} i ω_i .

On the other hand, by means of (3.16) we get d n d{ log |λ2 − (1 − R)|^1_n } ds e_n − λe_{n +1} − e_{n +2} o = d n d{ log |λ2 − (1 − R)|^1_n } ds o e_n + d{ log |λ^2 − (1 − R)|^{1n} } ds de_n − dλe_{n +1} − λde_{n +1} − de_{n +2} = n d2 { log |λ2 − (1 − R)|^1_n } ds^2 e_n − dλ ds e_{n +1} o ds + d{ log |λ^2 − (1 − R)|^{1n} } ds �^{n − 1}X

j =1

ω_{nj} e_j + ω_{nn +1} e_{n +1} + ω_{nn +2} e_{n +2} �

− λ �^{n − 1}X

j =1

ω_{n +1 j} e_j + ω_{n +1 n} e_n + ω_{n +1 n +2} e_{n +2} � − n − 1X

j =1

ω_i e_j − ω_n e_n

= n d2 { log |λ2 − (1 − R)|^1_n } ds^2 e_n − dλ ds e_{n +1} o ds + d{ log |λ^2 − (1 − R)|^{1n} } ds �^{n − 1}X

j =1

ω_{nj} e_j − μω_n e_{n +1} − ω_n e_{n +2} �

− λ � λ n − 1X

j =1

ω_j e_j + μω_n e_n � − n − 1X

j =1

ω_i e_j − ω_n e_n

≡ hd2 { log |λ2 − (1 − R)|^1_n } ds^2

− λμ − 1 i e_n ω_n − n dλ ds + d{ log |λ^2 − (1 − R)|^{1n} } ds μ o e_{n +1} ω_n

COMPLETE SPACELIKE HYPERSURFACES . . . 113

− d{ log |λ^2 − (1 − R)|^{1n} } ds e_{n +2} ω_n (mod{ e_1 , . . . , e_{n − 1} }) = d{ log |λ^2 − (1 − R)|^{1n} } ds n d{ log |λ2 − (1 − R)|^1_n } ds e_n − λe_{n +1} − e_{n +2} o ds .

We put

W = e_1 ∧ · · · ∧e_{n − 1} ∧ n d{ log |λ2 − (1 − R)|^1_n } ds e_n − λe_{n +1} − e_{n +2} o . Therefore we have

(3.19) dW = d{ log |λ^2 − (1 − R)|^{1n} } ds W ds ,

(3.19) shows that n-vector W in R^{n +2}_1 is constant along M^{n − 1}_1 (x). Hence, there exists an n-dimensional linear subspace E^n (s) in R^{n +2}_1 containing M^{n − 1}_1 (x). By (3.19), the n-vector field W depends only on s and by integrating it, we get W = n λ2 (s) − (1 − R) λ^2 (s_0 ) − (1 − R) o 1_n = W (s_0 ) .

Hence, we have that E^n (s) is parallel to E^n (s_0 ) in R^{n +2}_1 .

Since Ω_{ij} = − ω_i ∧ ω_j , from (2.2) the curvature of M^{n − 1}_1 (x) is given by

dω_{ij} −

n − 1X

k =1

ω_{ik} ∧ ω_{kj} = ω_{in} ∧ ω_{nj} − ω_{in +1} ∧ ω_{n +1 j} − ω_i ∧ ω_j

= − n� d{ log |λ2 − (1 − R)|^1_n } ds �_2 − λ^2 + 1 o ω_i ∧ ω_j .

Therefore we know that the curvature of M^{n − 1}

1 (x) is

�_{d{ log |λ} 2_{− (1 − R )|}^1_{n }} ds �_2 − λ^2 + 1 and M^{n − 1}

1 (x) is contained in an (n − 1)-dimensional sphere S^{n − 1}(c(s)) = E^n (s) ∩ S^{n +1}_1 of the intersection of S^{n +1}_1 and an n-dimensional linear subspace E^n (s) in R^{n +2}_1 which is parallel to a fixed E^n (s_0). This completes the proof of Theorem 1.2.

References

[1] Brasil, A., Jr., Colares, A. G., Palmas, O., Complete spacelike hypersurfaces with constant mean curvature in the de Sitter space: A gap Theorem , Illinois J. Math. 47 (3) (2003), 847–866.

[2] Cheng, Q. M., Complete hypersurfaces in a Euclidean space R^{n +1} with constant scalar curvature , Indiana Univ. Math. J. 51 (2002), 53–68.

[3] Otsuki, T., Minimal hypersurfaces in a Riemannian manifold of constant curvature , Amer. J.

Math. 92 (1970), 145–173. [4] Shu, S. C., Complete spacelike hypersurfaces in a de Sitter space , Bull. Austral. Math. Soc.

73 (2006), 9–16. [5] Zheng, Y., On spacelike hypersurfaces in the de Sitter spaces , Ann. Global Anal. Geom. 13 (1995), 317–321.

114 S. SHICHANG

[6] Zheng, Y., Spacelike hypersurfaces with constant scalar curvature in the de Sitter spaces , Differential Geom. Appl. 6 (1996), 51–54.

Department of Mathematics, Xianyang Teachers’ University Xianyang 712000 Shaanxi, P. R. China E-mail : shushichang@126.com

Department of Mathematics, Northwest University Xianyang 710069 Shaanxi, P. R. China