ARCHIVUM MATHEMATICUM (BRNO) Tomus 44 (2008), 251–263

RULED W-SURFACES IN MINKOWSKI 3-SPACE ℜ^3_1

R. A. Abdel-Baky and H. N. Abd-Ellah

Abstract. In this paper, we study a spacelike (timelike) ruled W-surface in Minkowski 3-space which satisfies nontrivial relation between elements of the set { K, K_{II} , H, H_{II} }, where (K, H ) and (K_{II} , H_{II} ) are the Gaussian and mean curvatures of the first and second fundamental forms, respectively. Finally, some examples are constructed and plotted.

1. Introduction

Let ℜ^3 = { (x_i ) | x_i ∈ ℜ , i = 1 , 2, 3} be a 3-dimensional vector space, x = (x_i ) and y = ( y_i) be two vectors in ℜ^3. The Lorentz scalar product of the vectors x and y is defined by ⟨x, y⟩ = − x_1 y_1 + x_2 y_2 + x_3 y_3 .

The space ℜ^3_1 = � ℜ^3 , ⟨ , ⟩ � is called a Lorentz 3-space or Minkowski 3-space. The Lorentz vector product of the vectors x and y is defined by

x × y = ( x_2 y_3 − x_3 y_2 , x_1 y_3 − x_3 y_1 , x_2 y_1 − x_1 y_2 ) .

This yields

e_1 × e_2 = − e_3 , e_2 × e_3 = e_1 , e_3 × e_1 = − e_2 , where e_1, e_2, e_3, are the base of the space ℜ^3_1. A vector x in ℜ^3_1 is spacelike, lightlike (isotropic) or timelike if ⟨x, x⟩ > 0, ⟨x, x⟩ = 0 or ⟨x, x⟩ < 0, respectively. Moreover, for x ∈ℜ^3_1 the norm is defined by ‖x‖ = p |⟨x, x⟩|, then the vector x is called a spacelike and a timelike unit vector if ⟨x, x⟩ = +1 and − 1 respectively [ 1]. The unit spheres in Minkowski 3-space ℜ^3_1 are defined by

S^2_1 = � x ∈ ℜ^3_1 | − x^2_1 + x^2 + x^2_3 = 1 , H^2_0 = � x ∈ ℜ^3_1 | − x^2_1 + x^2 + x^2_3 = − 1, x_1 > 0 . It is well known that the set of all Lorentzian transformations which preserve the Lorentzian metric form a group which is called Lorentzian group. A transformation in this group which lies in the connected component of the identity transformation is called a proper rotation and is denoted by A where det A = 1 [4, 10]. Using linear algebra concepts, it is easy to see that the proper rotation preserves a fixed vector

2000 Mathematics Subject Classification : primary 53A10; secondary 53A35, 53B30. Key words and phrases : Weingarten surfaces, Lorentzian motion, ruled surfaces. Received May 14, 2007, revised November 2007. Editor J. Slovák.

252 R. A. ABDEL-BAKY AND H. N. ABD-ELLAH

invariant which is called the axis of rotation with causal character in ℜ^3_1. Depending on the causal character of the axis of rotation i.e., being timelike, spacelike, there are two types of Lorentzian group of transformations generated by: − X = A_1 X , (elliptic group),

(1.1) − X = A_2 X , (hyperbolic group),

(1.2)

where,

A_1 = 0 @ 1 0 0 0 cos u^1 − sin u^1 0 sin u^1 cos u^1

1 A A_2 = 0 @ cosh u^1 sinh u^1 0 sinh u^1 cosh u^1 0 0 0 1

1 A ,

X = ( X_i )^t , X = � X_i

�_t . Similarly, as for Euclidean 3-space E^3 we could define a Lorentzian screw motion as a Lorentzian rotation around an axis with causal character together with a translation in the direction of the axis. Using (1.1) and (1.2) , we give Lorentzian screw motion as a non-trivial one-parameter group of Lorentzian transformations as the following :

X = A_1 X + T_1 ,

(1.3)

X = A_2 X + T_2 ,

(1.4)

where T_1 and T_2 are translations along the axis of rotation and given by T_1 = � bu^1 , 0, 0

�_t and T_2 = � 0, 0, bu^1

�_t

, b ≠ 0 , according to the axis of rotation is timelike or spacelike, respectively.

Now we consider orbits of straight lines under the above two one-parameter groups of Lorentzian screw motions. Let L be a straight line which meets the axis of the screw motion orthogonally at a point p. If the screw motion is a cubic screw motion, then we require furthermore that L also cuts the orbit of p by the screw motion orthogonally at p. According to these conditions the orbit of L under the screw motion is a surface with vanishing mean curvature. The transformation (1.3) leads to the so-called helicoid of first kind which in these coordinates, has the same equations as the ordinary right helicoid in Euclidean 3-space. While, the transformation (1.4) leads to the so called helicoid of second and third kind [ 3], depending on the type spacelike or timelike of the generators. Without loss of generality we take X = � 0, u^2 , 0 � and X = � u^2 , 0, 0 � , respectively as the direction of L. Thus, we have three types of helicoids namely:

first kind : X (u^1 , u^2 ) = ( bu^1 , u^2 cos u^1 , u^2 sin u^1 ), b = const. ,

(1.5)

second kind : X (u^1 , u^2 ) = ( u^2 sinh u^1 , u^2 cosh u^1 , bu^1 ) ,

(1.6)

third kind : X (u^1 , u^2 ) = ( u^2 cosh u^1 , u^2 sinh u^1 , bu^1 ) .

(1.7)

The helicoid of the third kind is timelike but the other two types of helicoids consists of spacelike and timelike pieces. A surface in the Minkowski 3-space ℜ^3_1 is

RULED W-SURFACES IN MINKOWSKI 3-SPACE ℜ^3_1 253

called a spacelike or timelike if the induced metric on the surface is a Riemannian or Lorentzian metric [10, 11].

These mentioned surfaces are called Lorentzian helicoids or, more precisely, the right Lorentzian helicoids. In equations (1.5)–(1.7), if we replace the linear function bu^1 by a smooth function f � u^1 � such that f^′ never vanishes, then those surfaces are called right Lorentzian conoid [ 5]. Whenever one applies a Lorentzian screw motion to a straight line which is not orthogonal to the axis of rotation or does not meet it, one obtains the so called general helicoidal surface [4].

In Euclidean 3-space E^3 the relations φ (K, H ) = 0 , φ (K_{II} , H) = 0 , and aK_{II} + bH = const. , where a, b are constants, on ruled surfaces were investigated in [2, 9]. For surfaces with K_{II} = H, K_{II} = √ K, K_{II} = const. ; we refer to [7, 8, 9] for the history and general results in this problem. In Minkowski 3-space ℜ^3_1, for non-developable ruled surfaces the linear relations aK_{II} + bH + cH_{II} + dK = const. , a^2 + b^2 + c^2 ≠ 0 and aK_{II} + bH + cK = const. , a^2 + b^2 ≠ 0 along each generator, were studied in [5] and [12], respectively.

In this paper, the Minkowski versions of the major results proved in [ 2, 9] are given and additional results are obtained. Moreover, for some special cases new examples are constructed and plotted.

2. Ruled surfaces in Minkowski 3-space ℜ^3_1

A ruled surface M in ℜ^3_1 is a surface generated by a straight line moving along a curve. The various positions of the generating lines are called the generators of the surface. Then, as in the Euclidean case, one can introduce the standard parameters in the ruled form:

(2.1) M : R (u^1 , u^2 ) = r (u^1 ) + u^2 e(u^1 ) ,

such that

⟨e, e⟩ = ε , ⟨e^′, e^′⟩ = η , ⟨e^′, t ⟩ = 0 , t = r^′ ,^′ = d du^1 and ε, η ∈ { 1, − 1}. In this case the base curve r(u^1) is the striction curve, and the parameter u^1 is the arclength of the spherical image or indicatrix e = e(u^1) ∈ S^2_1 or H^2_0 . Excluding e is constant or null or e^′ null.

Here, and following, we assume that the indices { i, j, α, β } run over the ranges {1,2} unless otherwise stated. The Einstein summation convention will be used, that is, repeated indices, with one upper index and one lower index, denoted summation over its range.

Then, the elements of the first fundamental form g_{ij} are given by:

(2.2) g_{11} = ‖t ‖^2 + η � u^2

�_2 , g_{12} = ⟨e, t ⟩ , g_{22} = ε .

In terms of the moving frame { e, e^′, e × e^′} with signs ε, η, − εη, the curve r = r(u^1) can be reconstructed from

(2.3) t = εg_{12} e − εηλ e × e^′ ,

where λ = ⟨t , e × e^′⟩ is the distribution parameter of the ruled surface. One obtains

(2.4) Det( g_{ij} ) = g = η � ε(u^2 )^2 − λ^2 � .

254 R. A. ABDEL-BAKY AND H. N. ABD-ELLAH

The generator e = e(u^1 ) can be reconstructed from

(2.5) e^{′′} = εη(− e + κ_g e × e^′) ,

where κ_g = det( e^{′′}, e^′, e) is called the geodesic curvature of e(u^1 ). Let

(2.6) p |g| = ‖R_1 × R_2 ‖ = q λ^2 − ε (u^2 )^2 , R_i = ∂R ∂u^i . The unit normal vector of the surface is given by:

(2.7) n = 1 p |g| (ηλe^′ − u^2 e × e^′) .

This leads to the elements of the second fundamental form h_{ij} where

(2.8) h_{11} = 1 p |g| { ελ (− λκ_g + g_{12} ) − λ^′u^2 + κ_g (u^2 )^2 } ,

h_{12} = λ p |g| , h_{22} = 0 , p |g| ≠ 0 .

2.1. Curvature functions. A surface M in an Euclidean 3-space E^3 with positive Gaussian curvature K possesses a positive definite second fundamental form II if appropriately orientated. Therefore, the second fundamental form defines a new Riemannian metric on M. In turn, we can consider the Gaussian curvature K_{II} of the second fundamental form which is regarded as a Riemannian metric. If a surface has non-zero Gaussian curvature everywhere, K_{II} can be defined formally and it is the curvature of the Riemannian or pseudo-Riemannian manifold (M, II ) depending on Det( h_{ij} ) > 0 or < 0, respectively.

Naturally, we can extend such a notion to surfaces in a Minkowski 3-space ℜ^3_1. Thus we define the second Gaussian curvature K_{II} by [6] (2.9)

K II = 1 h^2 0 @ � � � � −^{h 11 , 22}_2 + h 12 ,12 −^{h 22 , 11}_2^{h 11 , 1}_2 h 12 ,1 −^{h 11 , 2}_2 h 12 ,2 −^{h 22 , 1}_2 h 11 h 12

h 22 , 2

2 h 12 h 22

� � � � − � � � � 0^{h 11 , 2}_2^{h 22 , 1}_2

h 11 , 2

2 h 11 h 12

h 22 , 1

2 h 12 h 22

� � � � 1 A ,

where h = Det( h_{ij} ), h_{ij,α} =^{∂hij}_{∂uα} and h_{ij,αβ} =^{∂2 h ij}_{∂uα ∂uβ} .

It is well known that a minimal surface has vanishing second Gaussian curvature but a surface with vanishing second Gaussian curvature need not be minimal.

Since Brioschi’s formulas in Euclidean and Minkowski 3-spaces are the same, we are able to define H_{II} of M by replacing the components of the first fundamental form g_{ij} by the components of the second fundamental form h_{ij} respectively in Brioschi’s formula. Consequently, the second mean curvature H_{II} is given by [5]:

(2.10) H_{II} = H − 1 2 Δ � ln p |K | � , where Δ is the Laplacian with respect to the second fundamental form of M, expressed as:

(2.11) Δ = − 1 p |h| ∂ ∂u^i hp |h|h^{ij} ∂ ∂u^j i , (h^{ij} ) = ( h_{ij} )^{− 1} .

RULED W-SURFACES IN MINKOWSKI 3-SPACE ℜ^3_1 255

The Gaussian curvature K and the mean curvature H are given by [1]:

(2.12) K = ε h g and H = 1 2 ε tr (g^{ij} h_{jk} ) ,

respectively.

From Eqs. (1.5)–(1.7) we have the following

Corollary 1. For the right Lorentzian helicoids of first, second and third kind (Figs. 1, 2 and 3 ), one can get:

(2.13) κ_g = g_{12} = 0 and λ = εb = const. ,

and thus

(2.14) K = b^2 (b^2 − ε(u^2 )^2 )^2

, H = H_{II} = K_{II} = 0 .

Corollary 2. For the right Lorentzian conoids of first, second and third kind (Figs. 4, 5 and 6 ), one can obtain:

κ_g = g_{12} = 0 and λ = εf^′(u^1 ) ,

(2.15)

and thus

K = f^{′2} (u^1 ) (f^{′2} (u^1 ) − ε(u^2 )^2 )^2

, H =

− εf^{′′}(u^1 t) 2(f^{′′}(u^1 ) − ε(u^2 )^2 t)^32 u^2 ,

(2.16) − 6H = 2 H_{II} = 3 K_{II} .

3. Ruled Weingarten-surfaces In this section, we study ruled Weingarten-surfaces (W-surfaces) M of which there exists a nontrivial functional relation between a pair { A, B }, A ≠ B, of the curvatures K, K_{II} , H and H_{II} . A nondevelopable ruled surface M, is called an { A, B }-W-surface if there exist a nontrivial functional relation φ (A, B) = 0 , or, equivalently, the corresponding Jacobian determinant is identically zero, i.e.,

(3.1)

∂(A, B ) ∂(u^1 , u^2 )

≡ 0 .

256 R. A. ABDEL-BAKY AND H. N. ABD-ELLAH

Using Equations (2.2)–(2.8) and in view of Eqs. (2.9)–(2.12) one can obtain the curvature functions K , H , K_{II} and H_{II} in the following form:

K = λ^2 |g|^2

, H = 1 2 p |g|^3 � εκ_g (u^2 )^2 − ελ^′u^2 − λ(λκ_g + g_{12} ) , (3.2)

K_{II} = 1 2λ^2 p |g|^3 � κ_g (u^2 )^4 + ελ (g_{12} − 2λκ_g ) (u^2 )^2

+ 2 ελ^2 λ^′u^2 + λ^3 (g_{12} + λκ_g )

(3.3)

H_{II} = 1 2λ^2 p |g|^3 � − 2κ_g (u^2 )^4 + ελ (5λκ_g + 2 g_{12} ) (u^2 )^2 + 3 ελ^2 λ^′u^2

+ λ^3 (g_{12} − 3λκ_g ) . (3.4)

By a straightforward calculation, we get:

K_2 =

4λ^2 |g|^3 u^2 ,

(3.5)

K_1 = 2 |g|^3 � (− λλ^′(u^2 )^2 + λ^3 λ^′) + ε(3λλ^{′′}− λ^2 λ^{′′}) u^2

+ λ^2 (λλ^′κ_g − λ^2 κ^′_g + 2 λ^′g_{12} − λg^′_{12} ) , (3.6)

H_2 = 1 2 p |g|^5 � κ_g (u^2 )^3 − 2λ^′(u^2 )^2 − ελ (λκ_g + 3 g_{12} )u^2 − ελ^2 λ^′ , (3.7)

H_1 = 1 2 p |g|^5 � − κ^′_g (u^2 )^4 + λ^{′′}(u^2 )^3

+ ε(− λλ^′κ_g + 2 λ^2 κ^′_g + λ^′g_{12} + λg^′_{12} )(u^2 )^2

+ ε(3λλ^{′2} − λ^2 λ^{′′})u^2 + λ^2 (λλ^′κ_g − λ^2 κ^′_g + 2 λ^′g_{12} − λg^′_{12} ) , (3.8)

(K_{II} )_2 = 1 2λ^2 p |g|^5 � − εκ_g (u^2 )^5 + λ(g_{12} + 2 λκ_g ) (u^2 )^3

+ 4 λ^2 λ^′(u^2 )^2 + ελ^3 (5g_{12} − λκ_g )u^2 + 2 ελ^4 λ^′ , (3.9)

(K_{II} )_1 = 1 2λ^3 p |g|^5 � − ε(λκ^′_g − 2λ^′κ_g )(u^2 )^6 + � λ^2 (3λκ^′_g − 5)λ^′κ_g + λ(λ^′g_{12} − λg^′_{12} ) � (u^2 )^4

− 2λ^3 λ^{′′}(u^2 )^3 + � λ^3 λ^′(4λκ_g − 5g_{12} ) − 3λ^5 κ^′_g � (u^2 )^2

+ 2 ελ^4 (λλ^{′′}− 3λ^{′2} )u^2 + λ^7 κ^′_g − λ^6 λ^′κ_g + λ^6 g^′_{12} − 2λ^5 λ^′g_{12} , (3.10)

RULED W-SURFACES IN MINKOWSKI 3-SPACE ℜ^3_1 257

(H_{II} )_2 = 1 2λ^2 p |g|^5 � 2εκ_g (u^2 )^5 − 3λ^2 κ_g (u^2 )^3 + 6 λ^2 λ^′(u^2 )^2

+ ελ^3 (7g_{12} + λκ_g )u^2 + 3 ελ^4 λ^′ , (3.11)

where ϕ_i =^{∂ϕ}_{∂ui} .

Applying formula (3.1) when A = K and B = H , we have: (3.12) K_1 H_2 − K_2 H_1 = 0 , then from Equations (3.5)–(3.8), we get

(3.13) K_1 H_2 − K_2 H_1 = 1 p |g|^{11} a_i (u^2 )^i , i = 0 , . . . , 5, a_i = a_i (u^1 ) ,

where

(3.14) 8 >< >: a_0 = − λ^5 λ^′ , a_1 = ε(− 5λ^5 λ^′κ_g − 2λ^6 κ^′_g + λ^4 λ^′g_{12} − 2λ^5 g^′_{12} ) , a_2 =3 λ^3 λ^{′2} − 2λ^4 λ^{′′}, a_3 = − 2λ^3 λ^′κ_g + 4 λ^4 κ^′_g − 8λ^2 λ^′g_{12} + 2 λ^3 g^′_{12} , a_4 = ε(2λ^2 λ^{′′}− λλ^{′2} ) , a_5 = ε(− 2λ^2 κ^′_g + λλ^′κ_g ) .

Now we assume λ ≠ 0 and K ≠ 0 . Therefore in a neighborhood of any point with λ ≠ 0 , the vanishing of the coefficients of (u^2)^0, (u^2)^5 implies λ^′ = 0 , and κ^′_g = 0 . Then the vanishing of the coefficient of (u^2 )^3 implies g^′_{12} = 0 .

Hence we have the following theorem:

Theorem 1. Suppose M be any non-developable ruled surface in ℜ^3_1 such that the generator is nowhere null. A necessary and sufficient condition that M be a W-surface is that the distribution parameter and the geodesic curvature of spherical indicatrix of the generators are constant as well the generators be inclined at constant angle to the striction curve, which consequently is a geodesic curve.

As, it is a well known result for the general helicoidal surface [ 4] that the quantities λ, κ_g, g_{12} are constants, and that vice versa. Then in view of the expressions K and H in Eq. (3.2), we obtain the following result:

Theorem 2. Suppose M be any non-developable ruled surface in ℜ^3_1 such that the generator is nowhere null. Then the following conditions are equivalent:

(i) M is a W-ruled surface, (ii) the quantities λ, κ_g , g_{12} are constants, (iii) 2H = ∓^{κ g}_{|λ | 12} K^{14} −^{g12}_{|λ | 12} K^{34} , for constants λ, κ_g , g_{12} , (iv) M is a congruent to a part of a general helicoidal surface.

Corollary 3. In the particular case κ_g = 0 or g_{12} = 0 , one can get the following relation:

(3.15) K^3 = 16 λ^2 g^4_{12}

H^4 , or K = 16 λ^2 κ^4_g

H^4 ,

respectively.

258 R. A. ABDEL-BAKY AND H. N. ABD-ELLAH

Similarly, according to (3.1), we have:

(3.16) (K_{II} )_1 H_2 − (K_{II} )_2 H_1 = 0 ,

substituting Eqs. (3.7)–(3.10) in (3.16), and after straightforward computations, the following polynomial of degree 9 in the variable u^2 is obtained as follows:

(3.17) 1 4λ^3 |g|^5 a_i (u^2 )^i = 0 , i = 1 , . . . , 9, a_i = a_i (u^1 ) ,

where

a^9 = 2 κ_g (λ^′κ_g − λκ^′_g ) ,

(3.18)

a^8 = 2 λλ^′κ^′_g − 4λ^{′2} κ_g + λλ^{′′}κ_g ,

(3.19)

a^7 = λ � λκ^′_g (4g_{12} + 8 λκ_g ) + λ^′κ_g (− 4g_{12} − 8λκ_g ) � , (3.20)

a^6 = λ � λ^′(2λg_{12} − λ^2 κ^′_g ) + λ^{′2} (2g_{12} + 8 λκ_g ) � , (3.21)

a^5 = − λ^2 � 2ελg^′_{12} (λκ_g − g_{12} ) + 3 λ^2 κ^′_g (λκ_g + 2 εg_{12} + 3 ελκ_g ) + λ^′(4εg_{12} − 4λ^2 κ^2_g − 15ελκ_g g_{12} − 8ελ^2 κ^2_g + 5 λκ_g g_{12} ) � , (3.22)

a^4 = − λ^3 � 3λλ^′(εg_{12} − 2λκ^′_g + 3 ελκ^′_g ) + λ^{′2} (8λκ_g − 10g_{12} + 5 εg_{12} − 3ελκ_g ) + λ^{′′}(3εg_{12} − 2ελg_{12} + 6 ελκ_g − 7ελ^2 κ_g ) � , (3.23)

a^3 = − λ^4 � λ^′ � g^2_{12} (7 − 15ε) + λκ_g g_{12} (1 + 7 ε) + 4 λ^2 κ^2_g (1 + ε) − 12ε(λ^{′2} + λ^{′′}) � + 4 λg^′_{12} (g_{12} − λκ_g ) + λ^2 κ^′_g (9g_{12} − 9εg_{12} − 3ελκ_g − 5λκ_g ) � , (3.24)

a^2 = − λ^5 � − λ^2 κ^′_g (3ε − 2) + 4 g_{12} λ^′ � + λ^{′2} � λκ_g (4ε − 6) − εg_{12} (5 + 16 ε) � + λ^{′′} � g_{12} (15 + λ) − 3λκ_g (1 − λ) � , (3.25)

a = − 2ελ^6 � λκ_g − g_{12} )λg^′_{12} + λ^2 κ^′_g ) + λ^′(2g^2_{12} − λκ_g (g_{12} + λκ_g ) − 3ε(λ^{′2} − λ^{′′}) � , (3.26)

a^0 = λ^7 λ^′(λλ^′κ_g + λ^2 κ^′_g + λg^′_{12} − 2λ^′g_{12} ) .

(3.27)

Thus, we give the following theorem:

Theorem 3. Suppose M be any non-developable ruled surface in ℜ^3_1 such that the generator is nowhere null. Then M is a II-W surface if and only if one of the following cases is satisfied:

(i) λ, κ_g , g_{12} are constants, λ ≠ 0 , (ii) λ^′κ_g = λκ^′_g , 2λ^′g_{12} = λg^′_{12} , 2λ^{′2} = λλ^{′′}, λ ≠ 0 , or, if λ^′, κ_g , g_{12} ≠ 0 :^{g ′12}_{g12} = 2^{κ ′g}_{κ g} = 2^{λ ′}_λ =^{λ ′′}_{λ ′} ,

(iii) κ_g = g_{12} = 0 , λ ≠ 0 arbitrary (right Lorentzian conoids ).

RULED W-SURFACES IN MINKOWSKI 3-SPACE ℜ^3_1 259

Proof. The Eqs. (3.18)–(3.27) vanish identically ∀ u^2 ∈ R, so we discuss the following cases: Case (i): λ^′ = 0 . The Eq. (3.18) implies κ^′_g = 0 . Furthermore, one calculates in this case

(3.28) (K_{II} )_1 H_2 − (K_{II} )_2 H_1 = 1 4λ^3 |g|^5 b_i (u^2 )^i , i = 1 , 3, 5, 7, b_i = b_i (u^1 ) ,

which vanishes if and only if g^′_{12} = 0 . Therefore λ, κ_g , g_{12} are constants. Case (ii): λ^′ ≠ 0 . Let us consider a neighborhood of a point with λ^′ ≠ 0 . The Eq. (3.18) implies κ_g = 0 or λ^′κ_g − λκ^′_g = 0 . Let us assume for the moment that λ^′κ_g = λκ^′_g and κ_g ≠ 0 . Then the Eq. (3.19) implies λλ^{′′}= 2 λ^{′2}, and the Eq. (3.27) implies λg^′_{12} = 2 λ^′g_{12} . Thus, we see that the Eqs. (3.20)–(3.26) are vanished. Using the relations (3.18), (3.19) and (3.27), we get

(3.29) (K_{II} )_1 = − u^2 λ^′ λ (K_{II} )_2 , H_1 = − u^2 λ^′ λ H_2 ,

and thus (K_{II} )_1 H_2 − (K_{II} )_2 H_1 = 0 . Case (iii): λ^′ ≠ 0 and κ_g = 0 . In this case we have

(3.30) (K_{II} )_1 H_2 − (K_{II} )_2 H_1 = 1 4λ^3 |g|^5 c_i (u^2 )^i , i = 0 , . . . , 6, c_i = c_i (u^1 ) .

Therefore, the coefficients c_i vanishing identically if g_{12} = 0 with arbitrary λ. This is the Case (iii) of the theorem. If g_{12} ≠ 0 , then we get the equations 2λ^′g_{12} = λg^′_{12} , 2λ^{′2} = λλ^{′′} which again leads to the Case (ii). The converse is clear, and the theorem is proved. □ As a result of the above theorem, we have the following theorem which is analogous to Theorem 1:

Theorem 4. Suppose M be any non-developable ruled surface in ℜ^3_1 such that the generator is nowhere null. A necessary and sufficient condition that M be a II-W-surface is that the distribution parameter and the geodesic curvature of spherical indicatrix of the generators are constant as well the generators be inclined at constant angle to the striction curve, which consequently is a geodesic curve.

For contribution of the works in [ 5] and [12], the following theorem can be given:

Theorem 5. For non-developable ruled surface in ℜ^3_1 whose generator is nowhere null and aK_{II} + bH_{II} + cH is constant along each generator, then M is congruent to one of the right Lorentzian conoids, where 2a + 3 b − c ≠ 0 , a, b, c ∈ R.

Proof. By using Eqs. (3.7), (3.9) and (3.11), the proof of the theorem is clear, since the above case satisfy the relations (2.15) of the ( right ) Lorentzian conoids. □ As a result of the above theorem the following linear relations are hold:

Corollary 4.

(i) aK_{II} + bH_{II} = const. where 2a + 3 b ≠ 0 , (ii) aK_{II} + cH = const. where 2a − c ≠ 0 , (iii) bH_{II} + cH = const. where 3b − c ≠ 0 .

260 R. A. ABDEL-BAKY AND H. N. ABD-ELLAH

3.1. Examples. Here three examples of ruled II-W surfaces (which are not among the Lorentzian helicoids or conoids) are constructed for the special case:

(3.31) κ_g = 0 , g^′_{12} g_{12} = 2 λ^′ λ = λ^{′′} λ^′ . The solutions for λ and g_{12} are

(3.32) λ(u^1 ) = ℓ u^1

, g_{12} (u^1 ) = m (u^1 )^2 , where ℓ and m are non-vanishing constants.

Using Eqs. (3.31), (3.32) into Eqs. (2.3) and (2.5), we can give:

Example 1. In the case of ε = 1 and η = − 1, the curve e(u^1 ) is (3.33) e(u^1 ) = (sinh u^1 , cosh u^1 , 0) , and the curve r (u^1 ) can be obtained from

(3.34) r (u^1 ) = Z t (u^1 ) du^1 = � m Z_u 1

u^1_0

sinh u u^2 du, m

Z_u 1

u^1_0

cosh u u^2 du, ℓ log |u^1 | � . Example 2. In the case of ε = − 1 and η = 1 , the curve e(u^1 ) is (3.35) e(u^1 ) = (cosh u^1 , sinh u^1 , 0) , and the curve r (u^1 ) is given as

(3.36) r (u^1 ) = − � m Z_u 1

u^1_0

cosh u u^2 du, m

Z_u 1

u^1_0

sinh u^2 du, ℓ log |u^1 | � . Example 3. In the case of ε = 1 and η = 1 , the curve e(u^1 ) is (3.37) e(u^1 ) = (0 , cos u^1 , sin u^1 ) , and the curve r (u^1 ) is given as

(3.38) r (u^1 ) = � − ℓ log |u^1 |, m

Z_u 1

u^1_0

cos u u^2 du, m

Z_u 1

u^1_0

sin u u^2 du � . Remarks. Note that the graphs of the surfaces, given by Examples 1, 2 and 3 are shown in Figs. 7, 8, Figs. (9, 10 and Figs. 11, 12, respectively. And (i) The ruled II-W surfaces which are shown in Figs. 7, 9 and Figs. 8, 10 are of type spacelike (timelike) surface if u^1 u^2 > p cosh^2 u^1 + sinh^2 u^1 � u^1 u^2 < p cosh^2 u^1 + sinh^2 u^1 � , respectively.

(ii) The ruled II-W surfaces which are shown in Fig. 11 and Fig. 12 are of type spacelike (timelike) surface if u^1 u^2 > 1 (u^1 u^2 < 1), respectively.

(iii) Although r(u^1) are defined only for u^1 > 0 (or u^1 < 0), the resulting surfaces are completely in the Minkowski 3-space ℜ^3_1 .

(iv) Using Taylor series expansion for the first two components of the base curve r(u^1). Thus, we plotted these types of surfaces depending on some approximation to Taylor’s remainder terms.

RULED W-SURFACES IN MINKOWSKI 3-SPACE ℜ^3_1 261

Acknowledgement. The authors wish to express their sincere thanks to Prof. Nassar H. Abdel All (Egypt – Assiut University) and the referee for useful remarks and comments on improving the presentation of this manuscript.

Fig. 1: A helicoid of the 1st kind b = 2 , u^1 ∈ [0, 2π], u^2 ∈ [− 4, 4]

Fig. 2: A helicoid of the 2nd kind b = 2 , u^1 ∈ [− π, π ], u^2 ∈ [− 1, 1]

Fig. 3: A helicoid of the 3rd kind b = − 2, u^1 ∈ [− π, π ], u^2 ∈ [− 1, 1]

Fig. 4: A canoid of the 1st kind f (u^1) = sin u^1, u^1 ∈ [0,2π], u^2 ∈ [− 1, 1]

262 R. A. ABDEL-BAKY AND H. N. ABD-ELLAH

Fig. 5: A canoid of the 2nd kind f (u^1) = cos hu^1, u^1 ∈ [− π/2, π/2], u^2 ∈ [− 1, 1]

Fig. 6: A canoid of the 3rd kind f (u^1) = cos u^1, u^1 ∈ [− π/2, π/2], u^2 ∈ [− 1, 1]

Fig. 7: Spacelike ruled II-W surface ε = 1 , η = − 1, ℓ = 10 , m = 15 , u^1 ∈ [1, π], u^2 ∈ [1, 2]

Fig. 8: Timelike ruled II-W surface ε = 1 , η = − 1, ℓ = 10 , m = 15 , u^1 ∈ [1, π], u^2 ∈ [− 1, − 2]

Fig. 9: Spacelike ruled II-W surface ε = − 1, η = 1 , ℓ = 10 , m = 15 , u^1 ∈ [1, π], u^2 ∈ [1, 2]

Fig. 10: Timelike ruled II-W surface ε = − 1, η = 1 , ℓ = 10 , m = 15 , u^1 ∈ [1, π], u^2 ∈ [− 1, − 2]

RULED W-SURFACES IN MINKOWSKI 3-SPACE ℜ^3_1 263

Fig. 11: Spacelike ruled II-W surface ε = 1 , η = 1 , ℓ = 2 , m = 3 , u^1 ∈ [1, π], u^2 ∈ [1, 2]

Fig. 12: Timelike ruled II-W surface ε = 1 , η = 1 , ℓ = 2 , m = 3 , u^1 ∈ [1, π], u^2 ∈ [− 1, − 2]

References

[1] Abdel-All, N. H., Abdel-Baky, R. A., Hamdon, F. M., Ruled surfaces with timelike rulings , Appl. Math. Math. Comput. 147 (2004), 241–253.

[2] Blair, D. E., Koufogioros, Th., Ruled surfaces with vanishing second Gaussian curvature , Monatsh. Math. 113 (1992), 177–181.

[3] Woestyne I., Van de, Geometry and Topology of Submanifolds II , ch. Minimal surfaces of the 3-dimensional Minkowski space, pp. 344–369, World Scientific, Singapore, 1990.

[4] Dillen, F., Kuhnel, W., Ruled Weingarten surfaces in Minkowski 3-space , Manuscripta Math.

98 (1999), 307–320. [5] Dillen, F., Sodsiri, W., Ruled surfaces of Weingarten type in Minkowski 3-space , J. Geom.

83 (2005), 10–21. [6] Ho Kim, Y., Won Yoon, D., Classification of ruled surfaces in Minkowski 3-space , J. Geom.

Phys. 49 (2004), 89–100. [7] Koufogioros, Th., Hasanis, T., A characteristic property of the sphere , Proc. Amer. Math.

Soc. 44 (1977), 303–305. [8] Kuhnel, W., On the inner curvature of the second fundamental form , Proc. 3rd. Congress Geometry, Thessaloniki (1991), 248–253.

[9] Kuhnel, W., Ruled W-surfaces , Arch. Math. (Basel) 62 (1994), 475–480. [10] Mc-Nertney, L. V., One-parameter families of surfaces with constant curvature in Lorentz 3-space , Ph.D. thesis, Brown University, 1980.

[11] O’Neil, B., Semi-Riemannian Geometry , Academic Press, New York-London, 1983. [12] Sodsiri, W., Ruled linear Weingarten surfaces in Minkowski 3-space , Soochow J. Math. 29 (2003), 435–443.

Department of Mathematics, Faculty of Science University of Assiut, 71516 Assiut, Egypt E-mail : rbaky@hotmail.com, hamdy_n2000@yahoo.com