ARCHIVUM MATHEMATICUM (BRNO) Tomus 45 (2009), 59–69

SOME RESULTS ON THE GROWTH PROPERTIES OF WRONSKIANS

Sanjib Kumar Datta and Arindam Jha

Abstract. The aim of this paper paper is to study the comparative growth properties of the composition of entire and meromorphic functions and wronskians generated by them improving some earlier results.

1. Introduction, definitions and notations We denote by C the set of all finite complex numbers. Let f be a meromorphic function and g be an entire function defined on C. We use the standard notations and definitions in the theory of meromorphic functions which are available in [ 3]. In the sequel we use the following notation:

log^{[k ]} x = log � log^{[k − 1]} x � for i = 1 , 2, 3, . . . and log^{[0]} x = x.

We recall the following definitions:

Definition 1. The order ρ (f ) and lower order μ (f ) of a meromorphic function f are defined as

ρ (f ) = lim sup

r →∞

log T (r, f ) log r and μ (f ) = lim inf

r →∞

log T (r, f )

log r . If f is entire, one can easily verify that,

ρ (f ) = lim sup

r →∞

log^{[2]} M (r, f ) log r and μ (f ) = lim inf

r →∞

log^{[2]} M (r, f ) log r . Definition 2. The hyper order ρ_2 (f ) and hyper lower order μ_2 (f ) of a meromorphic function f are defined as follows:

ρ_2 (f ) = lim sup

r →∞

log^{[2]} T (r, f ) log r and μ_2 (f ) = lim inf

r →∞

log^{[2]} T (r, f ) log r . If f is entire, then

ρ_2 (f ) = lim sup

r →∞

log^{[3]} M (r, f ) log r and μ_2 (f ) = lim inf

r →∞

log^{[3]} M (r, f ) log r . 2000 Mathematics Subject Classification : primary 30D35; secondary 30D30. Key words and phrases : transcendental entire and meromorphic function, Wronskian, proximate lower order, composition, growth.

Received April 2, 2008, revised December 2008. Editor O. Došlý.

60 S. K. DATTA AND A. JHA

Definition 3. The type τ (f ) of a meromorphic function f is defined as :

τ (f ) = lim sup

r →∞

T (r, f ) r^{ρ(f )}

, 0 < ρ (f ) < ∞ .

When f is entire, then

τ (f ) = lim sup

r →∞

log M (r, f ) r^{ρ(f )}

, 0 < ρ (f ) < ∞ .

Definition 4. A function μ_f (r ) is called a lower proximate order of a meromorphic function f of finite lower order μ (f ) if

(i) μ_f (r ) is non negative and continuous for r ≥ r_0 , say, (ii) μ_f (r ) is differentiable for r ≥ r_0 except possibly at isolated points at which μ^′_f (r + 0) and μ^′_f (r − 0) exists, (iii) lim

r →∞

μ_f (r ) = μ (f ),

(iv) lim

r →∞ rμ ′ f (r ) log r = 0 and

(v) lim inf

r →∞

T (r,f ) r^{μ f ( r )} = 1 .

Definition 5. Let a be a complex number, finite or infinite. The Nevanlinna deficiency and Valiron deficiency of ‘ a’ with respect to a meromorphic function f is defined as

δ (a; f ) = 1 − lim sup

r →∞

N (r, a ; f ) T (r, f )

= lim inf

r →∞

m (r, a ; f ) T (r, f ) and Δ ( a; f ) = 1 − lim inf

r →∞

N (r, a ; f ) T (r, f )

= lim sup

r →∞

m (r, a ; f ) T (r, f ) . From the second fundamental theorem it follows that the set of values of a ∈ C ∪ {∞} for which δ (a; f ) > 0 is countable and P a ≠ ∞

δ (a; f ) + δ (∞ ; f ) ≤ 2

(cf. [3, p. 43]). If in particular P a ≠ ∞

δ (a; f ) + δ (∞ ; f ) = 2 , we say that f has the

maximal deficiency sum.

Definition 6. A meromorphic function a = a (z) is called small with respect to f if T (r, a ) = S (r, f ).

Definition 7. Let a_1 , a_2 , . . . , a_k be linearly independent meromorphic functions and small with respect to f . We denote by L (f ) = W (a_1 , a_2 , . . . , a_k , f ) the Wronskian determinant of a_1 , a_2 , . . . , a_k , f i.e.,

L (f ) = � � � � � � a_1 a_2 . . . a_k f a^′_1 a^′_2 . . . a^′_k f^′ . . . . . . . . . . a^{(k )}_1 a^{(k )}_2 . . . a^{(k )}_k f^{(k )}

� � � � � � .

SOME RESULTS ON THE GROWTH PROPERTIES OF WRONSKIANS 61

Since the natural extension of a derivative is a differential polynomial, in this paper we prove our results for a special type of linear differential polynomials viz., the Wronskians. In the paper we prove some new results depending on the comparative growth properties of composite entire or meromorphic functions and Wronskians generated by one of the factors which improve some earlier theorems.

2. Lemmas In this section we present some lemmas which will be needed in the sequel.

Lemma 1 ([1]). If f is meromorphic and g is entire then for all sufficiently large values of r T (f ∘ g) ≤ { 1 + o (1)}

T (r, g ) log M (r, g )

T (M (r, g ) , f ) .

Lemma 2 ([2]). Let f be meromorphic and g be entire and suppose that 0 < μ ≤ ρ_g ≤ ∞ . Then for a sequence of values of r tending to infinity, T (r, f ∘ g) ≥ T (exp ( r^μ ) , f ) .

Lemma 3 ([5]). Let f be a transcendental meromorphic function having maximal deficiency sum. Then lim r →∞

T (r, L (f ))

T (r, f )

= 1 + k − kδ (∞ ; f ) .

Lemma 4. If f be a transcendental meromorphic function with the maximal deficiency sum, then ρ (L (f )) = ρ (f ) and μ (L (f )) = μ (f ) .

Also

τ (L (f )) = { 1 + k − kδ (∞ ; f )} τ (f ) .

Proof. By Lemma 3, lim

r →∞ log T (r,L (f )) log T (r,f ) exists and equal to 1. So

ρ (L (f )) = lim sup

r →∞

log T (r, f ) log r

· lim

r →∞

log T (r, L (f )) log T (r, f ) = ρ (f ) ·1 = ρ (f ) .

In a similar manner, μ (L (f )) = μ (f ). Again

τ (L (f )) = lim sup

r →∞

T (r, L (f ))

r^{ρ(L (f ))}

= lim sup

r →∞

T (r, f ) r^{ρ(f )}

· lim

r →∞

T (r, L (f ))

T (r, f ) = { 1 + k − kδ (∞ ; f )} τ (f ) .

62 S. K. DATTA AND A. JHA

This proves the lemma. □ Lemma 5. Let f be a transcendental meromorphic function with the maximal deficiency sum. Then the hyper order and (hyper lower order ) of L (f ) and f are equal.

The proof of Lemma 5 is omitted because it can be carried out in the line of Lemma 4. Lemma 6. For a meromorphic function f of finite lower order, lower proximate order exists.

The lemma can be proved in the line of Theorem 1 [ 4] and so the proof is omitted. For further reference see also [8] and [9]. Lemma 7. Let f be a meromorphic function of finite lower order μ (f ). Then for δ (> 0) the function r^{μ (f )+ δ− μ f (r )} is ultimately an increasing function of r . Proof. Since d dr r^{μ (f )+ δ− μ f (r )} = � μ (f ) + δ − μ_f (r ) − rμ^′_f (r ) log r r^{μ (f )+ δ− μ f (r )} r > 0 for all sufficiently large values of r , the lemma follows. □ Lemma 8 ([6]). Let f be an entire function of finite lower order. If there exists entire functions a_i (i = 1 , 2, . . . , n; n ≤ ∞ ) satisfying T (r, a_i ) = o { T (r, f )} and nP i =1

δ (a_i ; f ) = 1 , then lim

r →∞

T (r,f ) log M (r,f ) = 1 π . 3. Theorems In this section we present the main results of the paper.

Theorem 1. Let f be a meromorphic function and g be a transcendental entire function with maximal deficiency sum. If μ (f ) and μ (g) are both finite, then

lim inf

r →∞

log T (r, f ∘ g) T (r, L (g)) ≤ 3 ·ρ (f ) ·2^{μ (g)} 1 + k − kδ (∞ ; g) . Proof. If ρ (f ) = ∞ , the theorem is obvious. So we suppose that ρ (f ) < ∞ . Since T (r, g ) ≤ log^+ M (r, g ), in view of Lemma 1, we get for all sufficiently large values of r , T (f ∘ g) ≤ { 1 + o (1)} T (M (r, g ) , f ) , i.e., log T (r, f ∘ g) ≤ log { 1 + o (1)} + log T (M (r, g ) , f ) ≤ o (1) + ( ρ (f ) + ε) log M (r, g ) ,

i.e., lim inf

r →∞

log T (r, f ∘ g) T (r, g )

≤ (ρ (f ) + ε) lim inf

r →∞

log M (r, g )

T (r, g ) . Since ε (> 0) is arbitrary, it follows that

(1) lim inf

r →∞

log T (r, f ∘ g) T (r, g )

≤ ρ (f ) ·lim inf

r →∞

log M (r, g ) T (r, g ) .

SOME RESULTS ON THE GROWTH PROPERTIES OF WRONSKIANS 63

As lim inf

r →∞

T (r,f ) r^{μ f ( r )} = 1 , so for given ε (0 < ε < 1) we get for a sequence of values of r

tending to infinity, (2) T (r, g ) ≤ (1 + ε) r^{μ g (r )} and for all sufficiently large values of r , (3) T (r, g ) ≥ (1 − ε) r^{μ g (r )} . Since log M (r, g ) ≤ 3T (2r, g ), we have by (2), for a sequence of values of r tending to infinity, (4) log M (r, g ) ≤ 3T (2r, g ) ≤ 3 (1 + ε) (2r )^{μ g (2 r )} . Combining (3) and (4) we obtain for a sequence of values of r tending to infinity, log M (r, g ) T (r, g ) ≤ 3 (1 + ε) (1 − ε) · (2r )^{μ g (2 r )} r^{μ g (r )} . Now for any δ (> 0), for a sequence of values of r tending to infinity, log M (r, g ) T (r, g ) ≤ 3 (1 + ε) (1 − ε) · (2r )^{μ (g)+ δ} (2r )^{μ (g)+ δ− μ g (2 r )} · 1 r^{μ g (r )} i.e., log M (r, g ) T (r, g ) ≤ 3 (1 + ε) (1 − ε)

·2^{μ (g)+ δ} (5) because r^{μ (g)+ δ− μ g (2 r )} is ultimately an increasing function of r by Lemma 7. Since ε (> 0) and δ (> 0) are arbitrary, it follows from (5) that (6) lim inf

r →∞

log M (r, g )

T (r, g )

≤ 3 ·2^{μ (g)} . Thus from (1) and (6) we obtain that (7) lim inf

r →∞

log T (r, f ∘ g) T (r, g )

≤ 3 ·ρ (f ) ·2^{μ (g)} . Now in view of Lemma 3 and (7) we get

lim inf

r →∞

log T (r, f ∘ g) T (r, L (g))

= lim inf

r →∞

log T (r, f ∘ g) T (r, g )

· lim

r →∞

T (r, g ) T (r, L (g)) ≤ 3 ·ρ (f ) ·2^{μ (g)} 1 + k − kδ (∞ ; g) . This proves the theorem. □ Theorem 2. Let f be a meromorphic function of finite order and g be transcendental entire of finite lower order with maximal deficiency sum. Then

lim inf

r →∞

log^{[2]} T (r, f ∘ g) log T (r, L (g))

≤ 1 .

64 S. K. DATTA AND A. JHA

Proof. Since T (r, g ) ≤ log^+ M (r, g ), in view of Lemma 1, we get for all sufficiently large values of r , log T (r, f ∘ g) ≤ log { 1 + o (1)} + log T (M (r, g ) , f ) ≤ o (1) + ( ρ (f ) + ε) log M (r, g ) i.e., log^{[2]} T (r, f ∘ g) ≤ log^{[2]} M (r, g ) + O (1) . (8) It is well known that for any entire function g, log M (r, g ) ≤ 3T (2r, g ) (cf. [3]). Then for 0 < ε < 1 and δ (> 0), for a sequence of values of r tending to infinity it follows from (5) that (9) log^{[2]} M (r, g ) ≤ log T (r, g ) + O (1) . Now combining (8) and (9) we obtain for a sequence of values of r tending to infinity, log^{[2]} T (r, f ∘ g) ≤ log T (r, g ) + O (1)

i.e., log^{[2]} T (r, f ∘ g)

log T (r, g )

≤ 1 .

(10)

As by Lemma 3, lim

r →∞ log T (r,g ) log T (r,L (g)) exists and is equal to 1, from (10) we obtain that

lim inf

r →∞

log^{[2]} T (r, f ∘ g) log T (r, L (g))

= lim inf

r →∞

log^{[2]} T (r, f ∘ g)

log T (r, g )

· lim

r →∞

log T (r, g ) log T (r, L (g)) ≤ 1 ·1 = 1 .

Thus the theorem is established. □ Theorem 3. Let f and g be two transcendental entire functions each having maximal deficiency sum such that μ (f ) > 0, ρ (g) < μ (f ) ≤ ρ (f ) < ∞ . Also let there exist entire functions a_i (i = 1 , 2, · · ·, n; n ≤ ∞ ) with

(i) T (r, a_i ) = o { T (r, g )} as r → ∞ for i = 1 , 2, . . . , n and

(ii)^n P i =1

δ (a_i ; g) = 1 . Then

lim r →∞

{ log T (r, f ∘ g)}^2 T (r, L (f )) T (r, L (g))

= 0 .

Proof. In view of the inequality T (r, g ) ≤ log^+ M (r, g ) and Lemma 1 we obtain for all sufficiently large values of r , T (f ∘ g) ≤ { 1 + o (1)} T (M (r, g ) , f ) i.e., log T (r, f ∘ g) ≤ log { 1 + o (1)} + log T (M (r, g ) , f ) ≤ o (1) + ( ρ (f ) + ε) log M (r, g ) ≤ o (1) + ( ρ (f ) + ε) r^{ρ(g)+ ε} .

(11)

SOME RESULTS ON THE GROWTH PROPERTIES OF WRONSKIANS 65

Again in view of Lemma 4, we get for all sufficiently large values of r , log T (r, L (f )) > (μ (L (f )) − ε) log r i.e., log T (r, L (f )) > (μ (f ) − ε) log r

i.e., T (r, L (f )) > r^{μ (f )− ε} .

(12) Now combining (11) and (12) it follows for all sufficiently large values of r ,

(13) log T (r, f ∘ g) T (r, L (f )) ≤ o (1) + ( ρ (f ) + ε) r^{ρ(g)+ ε} r^{μ (f )− ε} . Since ρ (g) < μ (f ), we can choose ε (> 0) in such a way that (14) ρ (g) + ε < μ (f ) − ε . So in view of (13) and (14) it follows that

(15) lim

r →∞

log T (r, f ∘ g) T (r, L (f ))

= 0 .

Again from Lemma 3 and Lemma 8 we get for all sufficiently large values of r , log T (r, f ∘ g) T (r, L (g)) ≤ o (1) + ( ρ (f ) + ε) log M (r, g ) T (r, L (g)) i.e., lim sup

r →∞

log T (r, f ∘ g) T (r, L (g))

≤ (ρ (f ) + ε) lim sup

r →∞

log M (r, g ) T (r, L (g)) i.e., lim sup

r →∞

log T (r, f ∘ g) T (r, L (g))

≤ (ρ (f ) + ε) lim sup

r →∞

log M (r, g ) T (r, g )

· lim

r →∞

T (r, g ) T (r, L (g)) i.e., lim sup

r →∞

log T (r, f ∘ g) T (r, L (g))

≤ (ρ (f ) + ε) ·π · 1 1 + k − kδ (∞ ; g) . Since ε (> 0) is arbitrary it follows from above that

(16) lim sup

r →∞

log T (r, f ∘ g) T (r, L (g))

≤ ρ (f ) ·π · 1 1 + k − kδ (∞ ; g) . In view of (15) i.e., lim

r →∞ log T (r,f ∘g) T (r,L (f )) = 0 and using (16) we obtain that

lim sup

r →∞

{ log T(r, f ∘ g)}^2 T (r, L (f )) T (r, L (g))

= lim_{r →∞} log T (r, f ∘ g) T (r, L (f ))

·lim sup

r →∞

log T (r, f ∘ g) T (r, L (g)) ≤ 0 · πρ (f ) 1 + k − kδ (∞ ; g)

= 0 ,

i.e., lim

r →∞

{ log T (r, f ∘ g)}^2 T (r, L (f )) T (r, L (g))

= 0 .

This proves the theorem. □ Theorem 4. If f and g be two entire functions with f to be transcendental having maximal deficiency sum satisfying the following conditions:

66 S. K. DATTA AND A. JHA

(i) μ (f ) > 0, (ii) ρ_2 (f ) < ∞ and (iii) 0 < μ (g) ≤ ρ (g). Then

lim sup

r →∞

log^{[2]} T (r, f ∘ g) log^{[2]} T (r, L (f ))

≥ max n μ (g) μ_2 (f ) , ρ (g) ρ_2 (f ) o . Proof. We know that for r > 0 (cf. [7]) and for all sufficiently large values of r , (17) T (r, f ∘ g) ≥ 1 3 log M n 1 8 M � r 4 , g � + o (1) , f o . Since μ (f ) and μ (g) are the lower orders of f and g respectively then for given ε (> 0) and for large values of r we obtain that log M (r, f ) > r^{μ (f )− ε} and log M (r, g ) > r^{μ (g)− ε} where 0 < ε < min { μ (f ) , μ (g)}. So from (17) we have for all sufficiently large values of r , T (r, f ∘ g) ≥ 1 3 n 1 8 M � r 4 , g � + o (1) o_{μ (f )− ε}

i.e., T (r, f ∘ g) ≥ 1 3 n 1 9 M � r 4 , g �o_{μ (f )− ε}

i.e., log T (r, f ∘ g) ≥ O (1) + ( μ (f ) − ε) log M � r 4 , g �

i.e., log T (r, f ∘ g) ≥ O (1) + ( μ (f ) − ε) � r 4 �_{μ (g)− ε}

i.e., log^{[2]} T (r, f ∘ g) ≥ O (1) + ( μ (g) − ε) log r .

(18) Again in view of Lemma 5, we get for a sequence of values of r tending to infinity, log^{[2]} T (r, L (f )) ≤ (μ_2 (L (f )) + ε) log r i.e., log^{[2]} T (r, L (f )) ≤ (μ_2 (f ) + ε) log r .

(19) Combining (18) and (19) it follows for a sequence of values of r tending to infinity log^{[2]} T (r, f ∘ g) log^{[2]} T (r, L (f )) ≥ O (1) + ( μ (g) − ε) log r (μ_2 (f ) + ε) log r . Since ε (> 0) is arbitrary, we obtain that

(20) lim sup

r →∞

log^{[2]} T (r, f ∘ g) log^{[2]} T (r, L (f )) ≥ μ (g) μ_2 (f ) . Again from (17) we get for a sequence of values of r tending to infinity, log T (r, f ∘ g) ≥ O (1) + ( μ (f ) − ε) � r 4 �_{ρ(g)− ε}

i.e., log^{[2]} T (r, f ∘ g) ≥ O (1) + ( ρ (g) − ε) log r .

(21) Also in view of Lemma 5, for all sufficiently large values of r , we have (22) log^{[2]} T (r, L (f )) ≤ (ρ_2 (L (f )) + ε) log r = ( ρ_2 (f ) + ε) log r .

SOME RESULTS ON THE GROWTH PROPERTIES OF WRONSKIANS 67

Now from (21) and (22) it follows for a sequence of values of r tending to infinity that log^{[2]} T (r, f ∘ g) log^{[2]} T (r, L (f )) ≥ O (1) + ( ρ (g) − ε) log r (ρ_2 (f ) + ε) log r . As ε (0 < ε < ρ (g)) is arbitrary, we obtain from above that

(23) lim sup

r →∞

log^{[2]} T (r, f ∘ g) log^{[2]} T (r, L (f )) ≥ ρ (g) ρ_2 (f ) . Therefore from (20) and (23) we get that

lim sup

r →∞

log^{[2]} T (r, f ∘ g) log^{[2]} T (r, L (f ))

≥ max n μ (g) μ_2 (f ) , ρ (g) ρ_2 (f ) o . Thus the theorem is established. □ Theorem 5. Let f be transcendental meromorphic with maximal deficiency sum and g be entire such that (i) 0 < μ_2(f ) < ρ_2(f ), (ii) ρ(g) < ∞ . If h be transcendental meromorphic function with finite order then

lim inf

r →∞

log^{[2]} T (r, h ∘ g) log^{[2]} T (r, L (f ))

≤ min n μ (g) μ_2 (f ) , ρ (g) ρ_2 (f ) o . Proof. In view of Lemma 1 and the inequality T (r, g ) ≤ log^+ M (r, g ), we obtain for all sufficiently large values of r (24) log T (r, h ∘ g) ≤ o (1) + ( ρ (h) + ε) log M (r, g ) . Also for a sequence of values of r tending to infinity, (25) log M (r, g ) ≤ r^{μ (g)+ ε} . Combining (24) and (25) it follows for a sequence of values of r tending to infinity, log T (r, h ∘ g) ≤ o (1) + ( ρ (h) + ε) r^{μ (g)+ ε} i.e., log T (r, h ∘ g) ≤ { (ρ (h) + ε) + o (1)} r^{μ (g)+ ε} i.e., log^{[2]} T (r, h ∘ g) ≤ O (1) + ( μ (g) + ε) log r .

(26) Again in view of Lemma 5, we have for all sufficiently large values of r , (27) log^{[2]} T (r, L (f )) > (μ_2 (L (f )) − ε) log r = ( μ_2 (f ) − ε) log r . Now from (26) and (27) we get for a sequence of values of r tending to infinity, log^{[2]} T (r, h ∘ g) log^{[2]} T (r, L (f )) ≤ O (1) + ( μ (g) + ε) log r (μ_2 (f ) − ε) log r . As ε (> 0) is arbitrary, it follows that

(28) lim inf

r →∞

log^{[2]} T (r, h ∘ g) log^{[2]} T (r, L (f )) ≤ μ (g) μ_2 (f ) . In view of Lemma 1 we get for all sufficiently large values of r , (29) log^{[2]} T (r, h ∘ g) ≤ O (1) + ( ρ (g) + ε) log r .

68 S. K. DATTA AND A. JHA

Also for a sequence of values of r tending to infinity, (30) log^{[2]} T (r, L (f )) > (ρ_2 (L (f )) − ε) log r = ( ρ_2 (f ) − ε) log r . Combining (29) and (30) we have for a sequence of values of r tending to infinity, log^{[2]} T (r, h ∘ g) log^{[2]} T (r, L (f )) ≤ O (1) + ( ρ (g) + ε) log r (ρ_2 (f ) − ε) log r . Since ε (> 0) is arbitrary, it follows from above that

(31) lim inf

r →∞

log^{[2]} T (r, h ∘ g) log^{[2]} T (r, L (f )) ≤ ρ (g) ρ_2 (f ) . Now from (28) and (29) we get that

lim inf

r →∞

log^{[2]} T (r, h ∘ g) log^{[2]} T (r, L (f ))

≤ min n μ (g) μ_2 (f ) , ρ (g) ρ_2 (f ) o . This proves the theorem. □ The following theorem is a natural consequence of Theorem 4 and Theorem 5.

Theorem 6. Let f and h be transcendental entire functions and g be an entire function such that (i) 0 < μ_2 (f ) ≤ ρ_2 (f ) < ∞ ,(ii) 0 < μ (h) ≤ ρ (h) < ∞ , (iii) 0 < μ (g) ≤ ρ (g) < ∞ . Also let f has a maximal deficiency sum. Then

lim inf

r →∞

log^{[2]} T (r, h ∘ g) log^{[2]} T (r, L (f ))

≤ min n μ (g) μ_2 (f ) , ρ (g) ρ_2 (f ) o ≤ max n μ (g) μ_2 (f ) , ρ (g) ρ_2 (f ) o

≤ lim sup

r →∞

log^{[2]} T (r, h ∘ g) log^{[2]} T (r, L (f )) . Taking f = h in Theorem 4 the above theorem can be proved in view of Theorem 5. Theorem 7. Let f be transcendental meromorphic with maximal deficiency sum and g be entire such that 0 < μ (f ) ≤ ρ (f ) < ∞ . Then

lim sup

r →∞

log^{[2]} T � exp � r^{ρ(g)} � , f ∘ g � log^{[2]} T (exp ( r^μ ) , L (f ))

= ∞ .

Proof. Let 0 < μ^′ < ρ (g). Then in view of Lemma 2 we get for a sequence of values of r tending to infinity, log T (r, f ∘ g) ≥ log T(exp( r^{μ ′} ), f ) ≥ (μ (f ) − ε) log(exp( r^{μ ′} )) ≥ (μ (f ) − ε) r^{μ ′} i.e., log^{[2]} T (r, f ∘ g) ≥ O (1) + μ^′ log r .

SOME RESULTS ON THE GROWTH PROPERTIES OF WRONSKIANS 69

So for a sequence of values of r tending to infinity, log^{[2]} T(exp( r^{ρ(g)} ), f ∘ g) ≥ O (1) + μ^′ log(exp( r^{ρ(g)} )) i.e., log^{[2]} T(exp( r^{ρ(g)} ), f ∘ g) ≥ O (1) + μ^′r^{ρ(g)} .

(32) Again in view of Lemma 4, we have for all sufficiently large values of r , log T(exp( r^μ ), L(f )) ≤ (ρ(L(f )) + ε) log (exp ( r^μ )) i.e., log T(exp( r^μ ), L(f )) ≤ (ρ (f ) + ε) r^μ i.e., log^{[2]} T(exp( r^μ ), L(f )) ≤ O (1) + μ log r .

(33) Now combining (32) and (33) we obtain for a sequence of values of r tending to infinity, log^{[2]} T � exp � r^{ρ(g)} � , f ∘ g � log^{[2]} T (exp ( r^μ ) , L (f )) ≥ O (1) + μ^′r^{ρ(g)} O (1) + μ log r , from which the theorem follows. □ Acknowledgement. The authors are thankful to the referee for his / her valuable suggestions towards the improvement of the paper.

References

[1] Bergweiler, W., On the Nevanlinna characteristic of a composite function , Complex Variables 10 (1988), 225–236.

[2] Bergweiler, W., On the growth rate of composite meromorphic functions , Complex Variables 14 (1990), 187–196.

[3] Hayman, W. K., Meromorphic Functions , The Clarendon Press, Oxford, 1964. [4] Lahiri, I., Generalised proximate order of meromorphic functions , Mat. Vesnik 41 (1989), 9–16.

[5] Lahiri, I., Banerjee, A., Value distribution of a Wronskian , Port. Math. (N.S.) 61 (2) (2004), 161–175.

[6] Lin, Q., Dai, C., On a conjecture of Shah concerning small functions , Kexue Tongbao (Chinese) 31 (4) (1986), 220–224, (English ed.).

[7] Niino, K., Yang, C. C., Some growth relationships on factors of two composite entire functions , Factorization theory of meromorphic functions and related topics, Marcel Dekker, Inc. (New York and Basel), 1982, pp. 95–99.

[8] Shah, S. M., In proximate orders of integral functions , Bull. Amer. Math. Soc. 52 (1946), 326–328.

[9] Shah, S. M., A note on lower proximate orders , J. Indian Math. Soc. (N.S.) 12 (1948), 31–32.

Department of Mathematics, University of North Bengal PIN: 734013, West Bengal, India E-mail : sanjib_kr_datta@yahoo.co.in

Tarangapur N. K. High School Post: Tarangapur, Uttar Dinajpur PIN: 733129, West Bengal, India E-mail : d_ajha@yahoo.co.in