ARCHIVUM MATHEMATICUM (BRNO) Tomus 45 (2009), 147–158

STRONG CONVERGENCE OF AN ITERATIVE METHOD

FOR VARIATIONAL INEQUALITY PROBLEMS AND FIXED POINT PROBLEMS

Xiaolong Qin^1 , Shin Min Kang^1 , Yongfu Su^2 , and Meijuan Shang^3

Abstract. In this paper, we introduce a general iterative scheme to investigate the problem of finding a common element of the fixed point set of a strict pseudocontraction and the solution set of a variational inequality problem for a relaxed cocoercive mapping by viscosity approximate methods. Strong convergence theorems are established in a real Hilbert space.

1. Introduction and preliminaries

Variational inequalities introduced by Stampacchia [ 16] in the early sixties have had a great impact and influence in the development of almost all branches of pure and applied sciences and have witnessed an explosive growth in theoretical advances, algorithmic development, see [ 4]–[22] and references therein. In this paper, we consider the problem of approximation of solutions of the classical variational inequality problem by iterative methods.

Let H be a real Hilbert space, whose inner product and norm are denoted by ⟨·, ·⟩and ‖ · ‖, C a nonempty closed convex subset of H and A : C → H a nonlinear mapping.

Recall the following definitions. (a) A is said to be monotone if

⟨Ax − Ay, x − y⟩ ≥ 0 , ∀ x, y ∈ C .

(b) A is said to be ν-strongly monotone if there exists a constant ν > 0 such that

⟨Ax − Ay, x − y⟩ ≥ ν‖x − y‖^2 , ∀ x, y ∈ C .

(c) A is said to be μ-cocoercive if there exists a constant μ > 0 such that

⟨Ax − Ay, x − y⟩ ≥ μ‖Ax − Ay‖^2 , ∀ x, y ∈ C .

Clearly, every μ-cocoercive mapping is 1/μ-Lipschitz continuous.

2000 Mathematics Subject Classification : primary 47H09; secondary 47J25. Key words and phrases : nonexpansive mapping, strict pseudocontraction, fixed point, variational inequality, relaxed cocoercive mapping.

Received May 30, 2007, revised May 2009. Editor O. Došlý.

148 XIAOLONG QIN, SHIN MIN KANG, YONGFU SU AND MEIJUAN SHANG

(d) A is said to be relaxed μ-cocoercive if there exists a constant μ > 0 such that

⟨Ax − Ay, x − y⟩ ≥ (− μ)‖Ax − Ay‖^2 , ∀ x, y ∈ C .

(e) A is said to be relaxed (μ, ν)-cocoercive if there exist two constants μ, ν > 0 such that

⟨Ax − Ay, x − y⟩ ≥ (− μ)‖Ax − Ay‖^2 + ν‖x − y‖^2 , ∀ x, y ∈ C .

The classical variational inequality is to find u ∈ C such that

(1.1) ⟨Au, v − u⟩ ≥ 0 , ∀ v ∈ C .

In this paper, we use V I(C, A) to denote the solution set of the problem (1.1).

It is easy to see that an element u ∈ C is a solution to the problem (1.1) if and only if u ∈ C is a fixed point of the mapping P_C (I − λA), where P_C denotes the metric projection from H onto C, λ is a positive constant and I is the identity mapping.

Let T : C → C be a mapping. In this paper, we use F (T) to denote the set of fixed points of the mapping T. Recall the following definitions.

(1) T is said to be a contraction if there exists a constant α ∈ (0,1) such that

‖T x − T y‖ ≤ α ‖x − y‖ , ∀ x, y ∈ C .

(2) T is said to be nonexpansive if

‖T x − T y‖ ≤ ‖ x − y‖ , ∀ x, y ∈ C .

(3) T is said to be strictly pseudo-contractive with the coefficient k ∈ (0,1) if

‖T x − T y‖^2 ≤ ‖ x − y‖^2 + k‖(I − T)x − (I − T)y‖^2 , ∀ x, y ∈ C .

For such a case, T is also said to be a k-strict pseudo-contraction. (4) T is said to be pseudo-contractive if

⟨T x − T y, x − y⟩ ≤ ‖ x − y‖^2 , ∀ x, y ∈ C .

Clearly, the class of strict pseudo-contractions falls into the one between classes of nonexpansive mappings and pseudo-contractions. We remark also that the class of strongly pseudo-contractive mappings is independent of the class of strict pseudo-contractions; see, for example [1, 24].

The class of strict pseudo-contractions which was introduced by Browder and Petryshyn [ 2] is one of the most important classes of mappings among nonlinear mappings. Within the past several decades, many authors have been devoting to the studies on the existence and convergence of fixed points for strict pseudo-contractions. Recently, Zhou [ 23] considered a convex combination method to study strict pseudo-contractions. More precisely, take t ∈ (0,1) and define a mapping S_t by S_t x = tx + (1 − t)T x , ∀ x ∈ C , where T is a strict pseudo-contraction. Under appropriate restrictions on t, it is proved that the mapping S_t is nonexpansive. Therefore, the techniques of

VARIATIONAL INEQUALITY PROBLEMS AND FIXED POINT PROBLEMS 149

studying nonexpansive mappings can be applied to study more general strict pseudo-contractions.

For finding a common element of the set of fixed points of nonexpansive mappings and the set of solution of variational inequalities for α-cocoercive mapping, Takahashi and Toyoda [19] introduced the following iterative process:

x_0 ∈ C , x_{n +1} = α_n x_n + (1 − α_n )SP_C (x_n − λ_n Ax_n ) , ∀ n ≥ 0 ,

where A is α-cocoercive mapping and S is a nonexpansive mapping with a fixed point. They showed that if F (S) ∩ V I(C, A) is nonempty then the sequence { x_n } converges weakly to some z ∈ F (S) ∩ V I(C, A) under some restrictions imposed on the sequence { α_n } and { λ_n }; see [18] for more details.

On the other hand, for solving the variational inequality problem in the finite- -dimensional Euclidean space R^n under the assumption that a set C ⊂ R^n is closed and convex, a mapping A of C into R^n is monotone and k-Lipschitz-continuous and V I(C, A) is nonempty, Korpelevich [ 9] introduced the following so-called extragradient method: � � � x_0 = x ∈ C , y_n = P_C (x_n − λAx_n ) , x_{n +1} = P_C (x_n − λAy_n ) , ∀ n ≥ 0 ,

where λ ∈ (0,1/k). He proved that the sequences { x_n } and { y_n } generated by this iterative process converge to the same point z ∈ V I(C, A).

To obtain strong convergence theorems, Iiduka and Takahashi [ 8] proposed the following iterative scheme:

x_0 ∈ C , x_{n +1} = α_n x + (1 − α_n )SP_C (x_n − λ_n Ax_n ) , ∀ n ≥ 0 ,

where A is α-cocoercive mapping and S is a nonexpansive mapping with a fixed point. They showed that if F (S) ∩ V I(C, A) is nonempty then the sequence { x_n } converges strongly to some z ∈ F (S) ∩ V I(C, A) under some restrictions imposed on the sequence { α_n } and { λ_n }; see [8] for more details.

Recently, Yao and Yao [ 22], further improved Iiduka and Takahashi [9]’ results by considering the following iterative process � � � x_0 ∈ C , y_n = P_C (x_n − λ_n Ax_n ) , x_{n +1} = α_n u + β_n x_n + γ_n SP_C (I − λ_n A)y_n , ∀ n ≥ 0 ,

where A is α-cocoercive mapping and S is a nonexpansive mapping with a fixed point. A strong convergence theorem was also established in the framework of Hilbert space under some restrictions imposed on the sequence { α_n } and { λ_n }; see [22] for more details.

In this paper, motivated by the research working going on in this direction, we continue to study the variational inequality problem and the fixed point problem by the viscosity approximation method which was first considered by Moudafi [ 10]. To be more precise, we introduce a general iterative process to find a common element of the set of fixed points of a strict pseudocontraction and the set of solutions of

150 XIAOLONG QIN, SHIN MIN KANG, YONGFU SU AND MEIJUAN SHANG

the variational inequality problem (1.1) for a relaxed cocoercive mapping in a real Hilbert space. Strong convergence of the purposed iterative process is obtained.

In order to prove our main results, we need the following lemmas. Lemma 1.1 ([23]). Let C be a nonempty closed convex subset of a real Hilbert space H and T : C → C a k-strict pseudo-contraction with a fixed point. Define S : C → C by Sx = kx + (1 − k)T x for each x ∈ C. Then S is nonexpansive with F (S) = F (T).

The following lemma is a corollary of Bruck’s result in [3]. Lemma 1.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T_1 and T_2 be two nonexpansive mappings from C into C with a common fixed point. Define a mapping S : C → C by Sx = λT_1 x + (1 − λ)T_2 x , ∀ x ∈ C , where λ is a constant in (0,1). Then S is nonexpansive and F (S) = F (T_1) ∩ F (T_2) Lemma 1.3 ([2]). Let H be a Hilbert space, C be a nonempty closed convex subset of H and S : C → C be a nonexpansive mapping. Then I − S is demi-closed at zero Lemma 1.4 ([17]). Let { x_n } and { y_n } be bounded sequences in a Banach space X and let { β_n } be a sequence in [0, 1] with 0 < lim inf

n →∞

β_n ≤ lim sup

n →∞

β_n < 1 .

Suppose x_{n +1} = (1 − β_n )y_n + β_n x_n for all integers n ≥ 0 and lim sup

n →∞

(‖y_{n +1} − y_n ‖ − ‖ x_{n +1} − x_n ‖) ≤ 0, .

Then lim_{n →∞} ‖y_n − x_n ‖ = 0 . Lemma 1.5 ([21]). Assume that { α_n } is a sequence of nonnegative real numbers such that α_{n +1} ≤ (1 − γ_n )α_n + δ_n , where { γ_n } is a sequence in (0, 1) and { δ_n } is a sequence such that (a) �_∞

n =1 γn = ∞ ;

(b) lim sup_{n →∞} δ_n /γ_n ≤ 0 or

�_∞

n =1 |δn | < ∞ .

Then lim_{n →∞} α_n = 0 .

2. Main results Theorem 2.1. Let H be a real Hilbert space, C a nonempty closed convex subset of H and A : C → H a relaxed (μ, ν)-cocoercive and L-Lipschitz continuous mapping. Let f : C → C be a contraction with the coefficient α ∈ (0,1) and T : C → C a strict pseudocontraction with a fixed point. Define a mapping S : C → C by

VARIATIONAL INEQUALITY PROBLEMS AND FIXED POINT PROBLEMS 151

Sx = kx + (1 − k)T x for each x ∈ C. Assume that F = F (T) ∩ V I(C, A) ≠ ∅ . Let { x_n } be a sequence generated by the following algorithm: x_1 ∈ C and � � � z_n = ω_n x_n + (1 − ω_n )P_C (x_n − t_n Ax_n ) , y_n = δ_n Sx_n + (1 − δ_n )z_n , x_{n +1} = α_n f (x_n ) + β_n x_n + γ_n y_n , ∀ n ≥ 1 , where { α_n }, { β_n }, { γ_n }, { δ_n } and { ω_n } are sequences in (0,1) and { t_n } is a positive sequence. Assume that the above control sequences satisfy the following restrictions:

(a) α_n + β_n + γ_n = 1 , for each n ≥ 1; (b) 0 < lim inf_{n →∞} β_n ≤ lim sup_{n →∞} β_n < 1; (c) lim_{n →∞} α_n = 0 ,

�_∞

n =1 α n = ∞ ;

(d) 0 < t ≤ t_n ≤^{2( ν − L 2 μ )}_{L 2} , where t is some constant, for each n ≥ 1; (e) lim_{n →∞} |t_n − t_{n +1} | = 1 (f) lim_{n →∞} δ_n = δ ∈ (0, 1), lim_{n →∞} ω_n = ω ∈ (0, 1).

Then the sequence { x_n } converges strongly to x̄ ∈ F , where x̄ = P_F f (x̄), which solves the following variational inequality ⟨f (x̄) − x̄, x̄ − x⟩ ≤ 0 , ∀ x ∈ F .

Proof. First, we show the mapping I − t_n A is nonexpansive for each n ≥ 1. Indeed, from the relaxed (μ, ν )-cocoercive and L-Lipschitz definition on A, we have ‖(I − t_n A)x − (I − t_n A)y‖^2 = ‖(x − y) − t_n (Ax − Ay)‖^2

= ‖x − y‖^2 − 2t_n ⟨x − y, Ax − Ay⟩ + t^2_n ‖Ax − Ay‖^2 ≤ ‖ x − y‖^2 − 2t_n [− μ‖Ax − Ay‖^2 + ν‖x − y‖^2 ] + t^2_n ‖Ax − Ay‖^2 ≤ ‖ x − y‖^2 + 2 t_n μL^2 ‖x − y‖^2 − 2t_n ν‖x − y‖^2 + L^2 t^2_n ‖x − y‖^2 = (1 + 2 t_n L^2 μ − 2t_n ν + L^2 t^2_n )‖x − y‖^2 ≤ ‖ x − y‖^2 , which implies the mapping I − t_n A is nonexpansive for each n ≥ 1.

Next, we show that the sequence { x_n } is bounded. Fix p ∈ F (T) ∩ V I(C, A). From Lemma 1.1, we see that F (T) = F (S). It follows that ‖z_n − p‖ = ‖ω_n (x_n − p) + (1 − ω_n )(P_C (I − t_n A)x_n − p)‖ ≤ ω_n ‖x_n − p‖ + (1 − ω_n )‖x_n − p‖ = ‖x_n − p‖ .

It follows that ‖y_n − p‖ = ‖δ_n (Sx_n − p) + (1 − δ_n )z_n − p)‖ ≤ δ_n ‖Sx_n − p‖ + (1 − δ_n )‖z_n − p‖ ≤ ‖ x_n − p‖ .

152 XIAOLONG QIN, SHIN MIN KANG, YONGFU SU AND MEIJUAN SHANG

This implies that

‖x_{n +1} − p‖ = ‖α_n (f (x_n ) − p) + β_n (x_n − p) + γ_n y_n − p)‖ ≤ α_n ‖f (x_n ) − p‖ + β_n ‖x_n − p‖ + γ_n ‖y_n − p‖ ≤ α_n ‖f (x_n ) − f (p)‖ + α_n ‖p − f (p)‖ + β_n ‖x_n − p‖ + γ_n ‖x_n − p‖ ≤ αα_n ‖x_n − p‖ + α_n ‖p − f (p)‖ + (1 − α_n )‖x_n − p‖ = [1 − α_n (1 − α )]‖x_n − p‖ + α_n ‖p − f (p)‖

≤ max � ‖x_n − p‖,

‖p − f (p)‖ 1 − α � . By simple inductions, we have ‖x_n − p‖ ≤ max � ‖x_1 − p‖,

‖p − f (p)‖ 1 − α � , ∀ n ≥ 1 , which gives that the sequence { x_n } is bounded, so are { y_n } and { z_n }. Put ρ_n = P_C (I − t_n A)y_n . It follows that

(2.1)

‖ρ_n − ρ_{n +1} ‖ = ‖P_C (I − t_n A)x_n − P_C (I − t_{n +1} A)x_{n +1} ‖ ≤ ‖ (I − t_n A)x_n − (I − t_{n +1} A)x_{n +1} ‖ = ‖(I − t_n A)x_n − (I − t_n A)x_{n +1} + ( t_{n +1} − t_n )Ax_{n +1} ‖ ≤ ‖ x_n − x_{n +1} ‖ + |t_{n +1} − t_n | ‖Ax_{n +1} ‖ .

Note that � z_n = ω_n x_n + (1 − ω_n )ρ_n , z_{n +1} = ω_{n +1} x_{n +1} + (1 − ω_{n +1} )ρ_{n +1} .

It follows that z_n − z_{n +1} = ω_n (x_n − x_{n +1} ) + (1 − ω_n )(ρ_n − ρ_{n +1} ) + ( ρ_{n +1} − x_{n +1} )(ω_{n +1} − ω_n ) , which yields that ‖z_n − z_{n +1} ‖ ≤ ω_n ‖x_n − x_{n +1} ‖ + (1 − ω_n )‖ρ_n − ρ_{n +1} ‖ + ‖ρ_{n +1} − x_{n +1} ‖ |ω_{n +1} − ω_n | .

(2.2) Substituting (2.1) into (2.2), we see that (2.3) ‖z_n − z_{n +1} ‖ ≤ ‖ x_n − x_{n +1} ‖ + ( |t_{n +1} − t_n | + |ω_{n +1} − ω_n |)M_1 , where M_1 is an appropriate constant such that M_1 = max � sup_{n ≥ 1}{‖ Ax_n ‖}, sup_{n ≥ 1}{‖ ρ_n − x_n ‖} � . On the other hand, we have y_n − y_{n +1} = δ_n (Sx_n − Sx_{n +1} ) + (1 − δ_n )(z_n − z_{n +1} ) + ( z_{n +1} − Sx_{n +1} )(δ_{n +1} − δ_n ) , which yields that ‖y_n − y_{n +1} ‖ ≤ δ_n ‖x_n − x_{n +1} ‖ + (1 − δ_n )‖z_n − z_{n +1} ‖ + ‖z_{n +1} − Sx_{n +1} ‖|δ_{n +1} − δ_n | .

(2.4)

VARIATIONAL INEQUALITY PROBLEMS AND FIXED POINT PROBLEMS 153

Substituting (2.3) into (2.4), we see that (2.5) ‖y_n − y_{n +1} ‖ ≤ ‖ x_n − x_{n +1} ‖ + ( |t_{n +1} − t_n | + |ω_{n +1} − ω_n | + |δ_{n +1} − δ_n |)M_2 , where M_2 is an appropriate constant such that M_2 = max { M_1 , sup_{n ≥ 1}{‖ z_n − Sx_n ‖}}.

Put l_n =^{x n +1 − β n x n}_{1− β n} for each n ≥ 1. That is, x_{n +1} = (1 − β_n )l_n + β_n x_n for each n ≥ 1. Now, we compute ‖l_{n +1} − l_n ‖. Observing that

l_{n +1} − l_n = α_{n +1} f (x_{n +1} ) + γ_{n +1} y_{n +1}

1 − β_{n +1} − α_n f (x_n ) + γ_n y_n 1 − β_n = α_{n +1} f (x_{n +1} ) + (1 − α_{n +1} − β_{n +1} )y_{n +1} 1 − β_{n +1} − α_n f (x_n ) + (1 − α_n − β_n )y_n

1 − β_n = α_{n +1} 1 − β_{n +1}

(f (x_{n +1} ) − y_{n +1} ) − α_n 1 − β_n

(f (x_n ) − y_n ) + y_{n +1} − y_n

we obtain that ‖l_{n +1} − l_n ‖ ≤ α_{n +1} 1 − β_{n +1}

‖f (x_{n +1} ) − y_{n +1} ‖ − α_n 1 − β_n

‖f (x_n ) − y_n ‖ + ‖y_{n +1} − y_n ‖ , which combines with (2.5) yields that ‖l_{n +1} − l_n ‖ − ‖ x_n − x_{n +1} ‖ ≤ α_{n +1} 1 − β_{n +1}

‖f (x_{n +1} ) − y_{n +1} ‖ + α_n 1 − β_n

‖f (x_n ) − y_n ‖ + ‖y_{n +1} − y_n ‖ + ( |t_{n +1} − t_n | + |ω_{n +1} − ω_n | + |δ_{n +1} − δ_n |)M_2 .

It follows from the conditions (a), (b), (c), (e) and (f) that lim sup

n →∞

(‖l_{n +1} − l_n ‖ − ‖ x_{n +1} − x_n ‖) ≤ 0 . In view of Lemma 1.4, we obtain that lim_{n →∞} ‖l_n − x_n ‖ = 0 . It follows that lim n →∞

‖x_{n +1} − x_n ‖ = lim_{n →∞} (1 − β_n )‖l_n − x_n ‖ = 0 . Observing that x_{n +1} − x_n = α_n � f (x_n ) − x_n � + γ_n (y_n − x_n ) , we have (2.6) lim

n →∞

‖y_n − x_n ‖ = 0 . Note that P_F f is a contraction. Indeed, for all x, y ∈ C, we have ‖P_F f (x) − P_F f (y)‖ ≤ ‖ f (x) − f (y)‖ ≤ α ‖x − y‖ .

Banach’s contraction mapping principle guarantees that P_F f has a unique fixed point, say x̄ ∈ C. That is, x̄ = P_F f (x̄).

154 XIAOLONG QIN, SHIN MIN KANG, YONGFU SU AND MEIJUAN SHANG

Next, we show that lim sup

n →∞

⟨f (x̄) − x̄, x_n − x̄⟩ ≤ 0 . To show it, we choose a subsequence { x_{n i} } of { x_n } such that lim sup

n →∞

⟨f (x̄) − x̄, x_n − x̄⟩ = lim_{i →∞} ⟨f (x̄) − x̄, x_{n i} − x̄⟩ . Since { x_{n i} } is bounded, we can choose a subsequence { x_{n i j} } of { x_{n i} } converging weakly to ^x. We may without loss of generality assume that x_{n i} ⇀ ^x, where ⇀ denotes the weak convergence. From the condition (d), we see that there exits a subsequence { t_{n i} } of { t_n } such that t_{n i} → s ∈ � t,^{2( ν − L 2 μ )}_{L 2} � . Next, we prove that ^x ∈ F . Indeed, define a mapping R_1 : C → C by R_1 x = ωx + (1 − ω )P_C (I − sA)x , ∀ x ∈ C .

From Lemma 1.2, we see that R_1 is nonexpansive with F (R_1 ) = F (I ) ∩ F (P_C (I − sA)) = V I(C, A) .

Now, we define another mapping R_2 : C → C by R_2 x = δSx + (1 − δ)R_1 x , ∀ x ∈ C .

From Lemma 1.2, we also obtain that R_2 is nonexpansive with F (R_2 ) = F (S) ∩ F (R_1 ) = F (T) ∩ V I(C, A) = F .

Note that ‖R_1 x_{n i} − z_{n i} ‖ = ‖ωx_{n i} + (1 − ω )P_C (I − sA)x_{n i} − z_{n i} ‖

= ‖ωx_{n i} + (1 − ω )P_C (I − sA)x_{n i} − [ω_{n i} x_{n i} + (1 − ω_{n i} )P_C (I − t_{n i} A)x_{n i} ]‖ ≤ | ω − ω_{n i} |(‖x_{n i} ‖ + ‖P_C (I − t_{n i} A)x_{n i} ‖)

+ (1 − ω )‖P_C (I − sA)x_{n i} − P_C (I − t_{n i} A)x_{n i} ‖ ≤ | ω − ω_{n i} |(‖x_{n i} ‖ + ‖P_C (I − t_{n i} A)x_{n i} ‖) + (1 − ω )|s − t_{n i} |‖Ax_{n i} ‖ .

(2.7) In view of the condition (f), we obtain that lim_{i →∞} ‖R_1 x_{n i} − z_{n i} ‖ = 0 . On the other hand, we have

‖R_2 x_{n i} − y_{n i} ‖ = ‖δSx_{n i} + (1 − δ)R_1 x_{n i} − y_{n i} ‖ = ‖δSx_{n i} + (1 − δ)R_1 x_{n i} − [δ_{n i} Sx_{n i} + (1 − δ_{n i} )z_{n i} ]‖ ≤ | δ − δ_{n i} |(‖Sx_{n i} ‖ + ‖z_{n i} ‖) + (1 − δ)‖R_1 x_{n i} − z_{n i} ‖ .

From the condition (f) and lim_{i →∞} ‖R_1 x_{n i} − z_{n i} ‖ = 0 , we obtain that (2.8) lim_{i →∞} ‖R_2 x_{n i} − y_{n i} ‖ = 0 . Note that ‖R_2 x_{n i} − x_{n i} ‖ ≤ ‖ R_2 x_{n i} − y_{n i} ‖ + ‖y_{n i} − x_{n i} ‖ .

Combining (2.6) and (2.8), we see that lim_{i →∞} ‖R_2 x_{n i} − x_{n i} ‖ = 0 .

VARIATIONAL INEQUALITY PROBLEMS AND FIXED POINT PROBLEMS 155

Note that x_{n i} ⇀ ^x. From Lemma 1.3, we obtain that ^x ∈ F . It follows that lim sup

n →∞

⟨f (x̄) − x̄, x_n − x̄⟩ = lim_{i →∞} ⟨f (x̄) − x̄, x_{n i} − x̄⟩ = lim_{i →∞} ⟨f (x̄) − x̄, ^x − x̄⟩ ≤ 0 .

Finally, we show that x_n → x̄ as n → ∞ . Note that ‖x_{n +1} − x̄‖^2 = ⟨α_n f (x_n ) + β_n x_n + γ_n y_n − x̄, x_{n +1} − x̄⟩

= α_n ⟨f (x_n ) − x̄, x_{n +1} − x̄⟩ + β_n ⟨x_n − x̄, x_{n +1} − x̄⟩

+ γ_n ⟨y_n − x̄, x_{n +1} − x̄⟩ ≤ α_n ⟨f (x_n ) − f (x̄), x_{n +1} − x̄⟩ + α_n ⟨f (x̄) − x̄, x_{n +1} − x̄⟩

+ β_n ‖x_n − x̄‖ ‖x_{n +1} − x̄‖ + γ_n ‖y_n − x̄‖ ‖x_{n +1} − x̄‖ ≤ α_n α ‖x_n − x̄‖ ‖x_{n +1} − x̄‖ + α_n ⟨f (x̄) − x̄, x_{n +1} − x̄⟩

+ β_n ‖x_n − x̄‖ ‖x_{n +1} − x̄‖ + γ_n ‖x_n − x̄‖ ‖x_{n +1} − x̄‖ ≤ 1 − α_n (1 − α ) 2 (‖x_n − x̄‖^2 + ‖x_{n +1} − x̄‖^2 ) + α_n ⟨f (x̄) − x̄, x_{n +1} − x̄⟩ ≤ 1 − α_n (1 − α ) 2 ‖x_n − x̄‖^2 + 1 2 ‖x_{n +1} − x̄‖^2 + α_n ⟨f (x̄) − x̄, x_{n +1} − x̄⟩ .

This implies that

‖x_{n +1} − x̄‖^2 ≤ [1 − α_n (1 − α )]‖x_n − x̄‖^2 + 2 α_n ⟨f (x̄) − x̄, x_{n +1} − x̄⟩ . In view of Lemma 1.5, we can conclude the desired conclusion easily. □

As corollaries of Theorem 2.1, we have the following results immediately. Corollary 2.1. Let H be a real Hilbert space, C a nonempty closed convex subset of H and A : C → H a relaxed (μ, ν)-cocoercive and L-Lipschitz continuous mapping. Let f : C → C be a contraction with the coefficient α ∈ (0,1) and T : C → C a nonexpansive mapping with a fixed point. Assume that F = F (T) ∩ V I(C, A) ≠ ∅ . Let { x_n } be a sequence generated by the following algorithm: x_1 ∈ C and � � � z_n = ω_n x_n + (1 − ω_n )P_C (x_n − t_n Ax_n ) , y_n = δ_n T x_n + (1 − δ_n )z_n , x_{n +1} = α_n f (x_n ) + β_n x_n + γ_n y_n , ∀ n ≥ 1 , where { α_n }, { β_n }, { γ_n }, { δ_n } and { ω_n } are sequences in (0,1) and { t_n } is a positive sequence. Assume that the above control sequences satisfy the following restrictions:

(a) α_n + β_n + γ_n = 1 , for each n ≥ 1; (b) 0 < lim inf_{n →∞} β_n ≤ lim sup_{n →∞} β_n < 1; (c) lim_{n →∞} α_n = 0 ,

�_∞

n =1 α n = ∞ ;

(d) 0 < t ≤ t_n ≤^{2( ν − L 2 μ )}_{L 2} , where t is some constant, for each n ≥ 1; (e) lim_{n →∞} |t_n − t_{n +1} | = 1 ; (f) lim_{n →∞} δ_n = δ ∈ (0, 1), lim_{n →∞} ω_n = ω ∈ (0, 1).

156 XIAOLONG QIN, SHIN MIN KANG, YONGFU SU AND MEIJUAN SHANG

Then the sequence { x_n } converges strongly to x̄ ∈ F , where x̄ = P_F f (x̄), which solves the following variational inequality

⟨f (x̄) − x̄, x̄ − x⟩ ≤ 0, ∀x ∈ F .

Corollary 2.2. Let H be a real Hilbert space, C a nonempty closed convex subset of H and A : C → H a relaxed (μ, ν)-cocoercive and L-Lipschitz continuous mapping. Let f : C → C be a contraction with the coefficient α ∈ (0,1). Assume that V I(C, A) ≠ ∅ . Let { x_n } be a sequence generated by the following algorithm: x_1 ∈ C and � y_n = [ δ + (1 − δ)ω ]x_n + (1 − δ)(1 − ω )P_C (x_n − t_n Ax_n ) , x_{n +1} = α_n f (x_n ) + β_n x_n + γ_n y_n , ∀n ≥ 1 ,

where { α_n }, { β_n } and { γ_n } are sequences in (0,1), δ and ω are two constant in (0,1) and { t_n } is a positive sequence. Assume that the above control sequences satisfy the following restrictions:

(a) α_n + β_n + γ_n = 1 , for each n ≥ 1; (b) 0 < lim inf_{n →∞} β_n ≤ lim sup_{n →∞} β_n < 1; (c) lim_{n →∞} α_n = 0 ,

�_∞

n =1 α n = ∞ ;

(d) 0 < t ≤ t_n ≤^{2( ν − L 2 μ )}_{L 2} , where t is some constant, for each n ≥ 1; (e) lim_{n →∞} |t_n − t_{n +1} | = 1 ;

Then the sequence { x_n } converges strongly to x̄ ∈ V I(C, A), where x̄ = P_{V I (C,A )} f (x̄), which solves the following variational inequality

⟨f (x̄) − x̄, x̄ − x⟩ ≤ 0 , ∀x ∈ V I(C, A) .

Corollary 2.3. Let H be a real Hilbert space, C a nonempty closed convex subset of H and A : C → H a relaxed (μ, ν)-cocoercive and L-Lipschitz continuous mapping. Let f : C → C be a contraction with the coefficient α ∈ (0,1) and T : C → C a strict pseudocontraction with a fixed point. Define a mapping S : C → C by Sx = kx + (1 − k)T x for each x ∈ C. Assume that F (T) ≠ ∅ . Let { x_n } be a sequence generated by the following algorithm: x_1 ∈ C and � y_n = δ_n Sx_n + (1 − δ_n )x_n , x_{n +1} = α_n f (x_n ) + β_n x_n + γ_n y_n , ∀ n ≥ 1 ,

where { α_n }, { β_n }, { γ_n } and { δ_n } are sequences in (0,1). Assume that the above control sequences satisfy the following restrictions:

(a) α_n + β_n + γ_n = 1 , for each n ≥ 1; (b) 0 < lim inf_{n →∞} β_n ≤ lim sup_{n →∞} β_n < 1; (c) lim_{n →∞} α_n = 0 ,

�_∞

n =1 α n = ∞ ;

(d) lim_{n →∞} δ_n = δ ∈ (0, 1). Then the sequence { x_n } converges strongly to x̄ ∈ F (T), where x̄ = P_{F (T )} f (x̄), which solves the following variational inequality

⟨f (x̄) − x̄, x̄ − x⟩ ≤ 0 , ∀ x ∈ F (T) .

Acknowledgement. The authors are grateful to the referees for useful suggestions that improved the contents of the paper.

VARIATIONAL INEQUALITY PROBLEMS AND FIXED POINT PROBLEMS 157

References

[1] Browder, F. E., Fixed point theorems for noncompact mappings in Hilbert spaces , Proc. Natl.

Acad. Sci. USA 53 (1965), 1272–1276. [2] Browder, F. E., Nonlinear operators and nonlinear equations of evolution in Banach spaces , Proc. Sympos. Pure Math. 18 (1976), 78–81.

[3] Bruck, R. E., Properties of fixed point sets of nonexpansive mappings in Banach spaces , Trans. Amer. Math. Soc. 179 (1973), 251–262.

[4] Ceng, L. C., Wang, C. Y., Yao, J. C., Strong convergence theorems by a relaxed extragradient method for a general system of variational inequalities , Math. Methods Oper. Res. 67 (2008), 375–390.

[5] Ceng, L. C., Yao, J. C., An extragradient-like approximation method for variational inequality problems and fixed point problems , Appl. Math. Comput. 190 (2007), 205–215.

[6] Chen, J. M., Zhang, L. J., Fan, T. G., Viscosity approximation methods for nonexpansive mappings and monotone mappings , J. Math. Anal. Appl. 334 (2007), 1450–1461.

[7] Gabay, D., Applications of the Method of Multipliers to Variational Inequalities, Augmented Lagrangian Methods , North-Holland, Amsterdam.

[8] Iiduka, H., Takahashi, W., Strong convergence theorems for nonexpansive mappings and inverse-strongly monotone mappings , Nonlinear Anal. 61 (2005), 341–350.

[9] Korpelevich, G. M., An extragradient method for finding saddle points and for other problems , Ekonomika i matematicheskie metody 12 (1976), 747–756.

[10] Moudafi, A., Viscosity approximation methods for fixed points problems , Appl. Math. Comput.

241 (2000), 46–55. [11] Nadezhkina, N., Takahashi, W., Weak convergence theorem by an extragradient method for nonexpansive mappings and monotone mappings , J. Optim. Theory Appl. 128 (2006), 191–201.

[12] Noor, M. A., Some developments in general variational inequalities , Appl. Math. Comput.

152 (2004), 199–277. [13] Noor, M. A., Yao, Y., Three-step iterations for variational inequalities and nonexpansive mappings , Appl. Math. Comput. 190 (2007), 1312–1321.

[14] Qin, X., Shang, M., Su, Y., Strong convergence of a general iterative algorithm for equilibrium problems and variational inequality problems , Math. Comput. Modelling 48 (2008), 1033–1046.

[15] Qin, X., Shang, M., Zhou, H., Strong convergence of a general iterative method for variational inequality problems and fixed point problems in Hilbert spaces , Appl. Math. Comput. 200 (2008), 242–253.

[16] Stampacchia, G., ormes bilineaires coercivites sur les ensembles convexes , C. R. Acad. Sci.

Paris Sér. I Math. 258 (1964), 4413–4416. [17] Suzuki, T., Strong convergence of Krasnoselskii and Mann’s type sequences for one-parameter nonexpansive semigroups without Bochne integrals , J. Math. Anal. Appl. 305 (2005), 227–239.

[18] Takahashi, W., Toyoda, M., Weak convergence theorems for nonexpansive mappings and monotone mappings , J. Optim. Theory Appl. 118 (2003), 417–428.

[19] Verma, R. U., Generalized system for relaxed cocoercive variational inequalities and its projection methods , J. Optim. Theory Appl. 121 (2004), 203–210.

[20] Verma, R. U., General convergence analysis for two-step projection methods and application to variational problems , Appl. Math. Lett. 18 (2005), 1286–1292.

[21] Xu, H. K., Iterative algorithms for nonlinear operators , J. London Math. Soc. 66 (2002), 240–256.

158 XIAOLONG QIN, SHIN MIN KANG, YONGFU SU AND MEIJUAN SHANG

[22] Yao, Y., Yao, J. C., On modified iterative method for nonexpansive mappings and monotone mappings , Appl. Math. Comput. 186 (2007), 1551–1558.

[23] Zhou, H., Convergence theorems of fixed points for k-strict pseudo-contractions in Hilbert spaces , Nonlinear Anal. 69 (2008), 456–462.

[24] Zhou, H., Convergence theorems of fixed points for Lipschitz pseudo-contractions in Hilbert spaces , J. Math. Anal. Appl. 343 (2008), 546–556.

1 Department of Mathematics and the RINS Gyeongsang National University Jinju 660-701, Korea E-mail : smkang@gnu.ac.kr(S.M. Kang)

2 Department of Mathematics Tianjin Polytechnic University Tianjin 300160, China

3 Department of Mathematics Shijiazhuang University Shijiazhuang 050035, China