ARCHIVUM MATHEMATICUM (BRNO) Tomus 46 (2010), 99–104

SOME RIGIDITY THEOREMS FOR FINSLER MANIFOLDS OF SECTIONAL FLAG CURVATURE

Bing Ye Wu

Abstract. In this paper we study some rigidity properties for Finsler manifolds of sectional flag curvature. We prove that any Landsberg manifold of non-zero sectional flag curvature and any closed Finsler manifold of negative sectional flag curvature must be Riemannian.

1. Introduction

The flag curvature, a natural extension of the sectional curvature in Riemannian geometry, plays the central role in Finsler geometry. Generally, the flag curvature depends not only on the section but also on the flagpole. A Finsler metric is of scalar flag curvature if its flag curvature depends only on the flagpole. Contrast to it, Professor Zhongmin Shen suggests a parallel notion: a metric is of sectional flag curvature if its flag curvature depends only on the section (see also [2]).

In this paper we shall study the rigidity properties for Finsler metrics of sectional flag curvature. First we recall that in 1975 Numata proved that any Landsberg manifold ( dim ≥ 3) of nonzero scalar flag curvature must be Riemannian [ 7], the following theorem can be viewed as the analogous result for sectional flag curvature.

Theorem 1.1. Any Landsberg manifold of nonzero sectional flag curvature must be Riemannian.

For general Finsler metrics, the most important rigidity result is the Akbar-Zadeh’s theorem: any closed Finsler manifold of negative constant flag curvature must be Riemannian [ 1]. Our second result can be viewed as the generalization of Akbar-Zadeh’s theorem.

Theorem 1.2. Any closed Finsler manifold of negative sectional flag curvature must be Riemannian.

2000 Mathematics Subject Classification : primary 53C60; secondary 53B40. Key words and phrases : Finsler manifold, Landsberg manifold, scalar flag curvature, sectional flag curvature, Cartan tensor.

This project was supported by the Fund of the Education Department of Fujian Province of China (No JA09191).

Received June 1, 2009. Editor J. Slovák.

100 B.Y. WU

2. Preliminaries In this section, we give a brief description of basic quantities and fundamental formulas in Finsler geometry, for more details one is referred to see [ 5]. Throughout this paper, we shall use the Einstein convention, that is, repeated indices with one upper index and one lower index denotes summation over their range.

Let (M, F ) be a Finsler n-manifold with Finsler metric F : T M → [0, ∞ ). Let (x, y) = ( x^i , y^i) be the local coordinates on T M, and π : gT M = T M \0 → M the natural projection. Unlike in the Riemannian case, most Finsler quantities are functions of T M rather than M . Some fundamental quantities and relations:

g_{ij} (x, y) := 1 2 ∂^2 F^2 (x, y) ∂y^i ∂y^j

, (positive definite fundamental tensor)

C_{ijk} (x, y) := 1 4 ∂^3 F^2 (x, y) ∂y^i ∂y^j ∂y^k

, (Cartan tensor)

(g^{ij} ) := ( g_{ij} )^{− 1} , C^i_{jk} = g^{il} C_{ljk} ,

γ^k_{ij} := 1 2 g^{km} � ∂g_{mj} ∂x^i + ∂g_{im} ∂x^j − ∂g_{ij} ∂x^m � , N^i_j := γ^i_{jk} y^k − C^i_{jk} γ^k_{rs} y^r y^s .

According to [ 4], the pulled-back bundle π^∗ T M admits a unique linear connection, called the Chern connection . Its connection forms are characterized by the structure equations: • Torsion freeness:

(2.1) dω^i = ω^j ∧ ω^i_j ,

• Almost g-compatibility:

dg_{ij} = g_{ik} ω^k_j + g_{kj} ω^k_i + 2 C_{ijk} ω^{n + k} ,

where

(2.2) ω^i := dx^i , ω^{n + k} := dy^k + y^j ω^k_j .

It is easy to know that torsion freeness is equivalent to the absence of dy^k terms in ω^i_j ; namely, ω^i_j = Γ^i_{jk} dx^k , together with the symmetry Γ^i_{jk} = Γ^i_{kj} .

The first Chern curvature tensor R^i_{j kl} and the second Chern curvature tensor P^{,i}_{j kl} are defined by the following structure equation:

(2.3) dω^i_j = ω^k_j ∧ ω^i_k + 1 2 R^i_{j kl} ω^k ∧ ω^l + P^i_{j kl} ω^k ∧ ω^{n + l} ,

SOME RIGIDITY THEOREMS FOR FINSLER MANIFOLDS 101

where R^i_{j kl} = − R^i_{j lk} . The local expressions of R^i_{j kl} and P^i_{j kl} are

R^i_{j kl} = δΓ^i_{jl} δx^k − δΓ^i_{jk} δx^l

+ Γ^i_{ks} Γ^s_{jl} − Γ^s_{jk} Γ^i_{ls} , and P^i_{j kl} = −

∂Γ^i_{jk} ∂y^l , respectively, where δ δx^i := ∂ ∂x^i

− N^j_i ∂ ∂y^j . From (2.2) and (2.3) we have

(2.4) dω^{n + i} = ω^{n + j} ∧ ω^i_j + 1 2 R^i_{kl} ω^k ∧ ω^l − L^i_{kl} ω^k ∧ ω^{n + l} ,

where R^i_{kl} := y^j R^i_{j kl} , L^i_{kl} := − y^j P^i_{j kl} .

L^i_{jk} is called the Landsberg curvature , and (M, F ) is called a Landsberg manifold if L^i_{jk} = 0 . Let L_{ijk} = g_{il} L^l_{jk} , then both C_{ijk} and L_{ijk} are symmetric on all their indices, and by Euler’s Lemma we have (2.5) y^i C_{ijk} = y^i L_{ijk} = 0 . Let R_{ijkl} := g_{js} R^s_{i kl} , R^i_j := y^k R^i_{jk} and R_{ij} := g_{ik} R^k_j , then (2.6) R_{ij} = R_{ji} . Let g_y := g_{ij} (x, y)dx^i ⊗ dx^j , C_y := C_{ijk} (x, y)dx^i ⊗ dx^j ⊗ dx^k , and R_y := R_{ij} (x, y)dx^i ⊗ dx^j , they are all symmetric. For a tangent plane P ⊂ T_x M containing y, let

(2.7) K (P, y) = K (y; u) :=

R_y (u, u ) g_y (y, y)g_y (u, u ) − [g_y (y, u)]^2 , where u ∈ P such that P = span { y, u}. K is called the flag curvature . In general K(P, y) depends both on the section P and the flagpole y. We say that (M, F ) is of sectional flag curvature if K(P, y) depends only on the section P . For tensors on slit tangent bundle gT M, one can define the horizontal covariant derivative and the vertical covariant derivative. For example, if T = T^i_j dx^j ⊗^∂_{∂xi} , then the horizontal covariant derivative T^i_{j |k} and the vertical covariant derivative T^i_{j ·k} are related by

T^i_{j |k} ω^k + T^i_{j ·k} ω^{n + k} := dT^i_j + T^k_j ω^i_k − T^i_k ω^k_j , and thus

T^i_{j |k} = δT^i_j δx^k

− T^i_s Γ^s_{jk} + T^s_j Γ^i_{sk} ,

T^i_{j ·k} =

∂T^i_j ∂y^k .

102 B.Y. WU

In term of horizontal covariant, the geodesic differentiation Ṫ of T is defined by Ṫ i_j = T i_{j |k} yk . The horizontal and vertical covariant derivative satisfies the product rule, and

(2.8) g_{ij |k} = 0 , y^i_{|k} = 0 .

In term of geodesic differentiation the Landsberg curvature and the Cartan tensor are related by L_{ijk} = C_{ijk |l} y^l = Ċ_{ijk} .

3. The Proof of Theorems

In this section we shall complete the proof of Theorems 1.1 and 1.2. For this purpose, Let us first prove some lemmas.

Lemma 3.1. Let R_{·y} := R_{ij ·k} dx^i ⊗ dx^j ⊗ dx^k . If (M, F ) is of sectional flag curvature, then for any y, u ∈ T_x M with y ≠ 0 , the following holds:

(3.1) R_{·y} (u, u, u ) = 2 K (y; u)F^2 (y)C_y (u, u, u ) .

Proof. . Express y and u as y = y^{i ∂}_{∂xi} and u = u^{i ∂}_{∂xi} , respectively, then (2.7) can be rewritten as

(3.2) R_{ij} (x, y)u^i u^j = K (y; u) � g_{ij} (x, y)y^i y^j g_{kl} (x, y)u^k u^l − � g_{ij} (x, y)y^i u^j

�_2 � . Let y(t) = y + tu, then y(0) = y, y^′(0) = u. Since (M, F ) is of sectional flag curvature, and span { y, u} = span { y(t), u} for any t, we conclude that K � y(t); u � is constant for any t. Hence, replace y by y(t) in (3.2) and calculate the derivative with respect to t on the two sides at t = 0 , and use (2.5), one can reach at (3.1) easily. □ For y ∈ T_x M \{0}, let { y^⊥ } = { u ∈ T_x M : g_y(y, u) = 0 }, S_x = {(y, u) : y, u ∈ T_x M, u ∈ { y^⊥ }, F (y) = g_y(u, u) = 1 }, and S = S x ∈ M

S_x . Note that S_x is always

closed for any x ∈ M , and S is also closed if M is closed. We have

Lemma 3.2. Let y_0 , u_0 ∈ T_x M be two vectors such that

(3.3) C_{y0} (u_0 , u_0 , u_0 ) = max

(y,u )∈ S_x

C_y (u, u, u ) ,

then C_{y0} (u_0 , u_0 , v_0) = 0 for any v_0 ∈ { y^⊥_0 } with g_{y0} (u_0 , v_0) = 0 . Consequently, C_{y0} (u_0 , u_0 , v) = g_{y0} (v, u_0 ) ·C_{y0} (u_0 , u_0 , u_0 ) for any v ∈ T_x M .

Proof. Let y_0 , u_0 be two vectors such that (3.3) holds, and v_0 ∈ { y^⊥_0 } with g_{y0} (u_0 , v_0) = 0 . Without loss of generality, we may assume that g_{y0} (v_0 , v_0) = 1 . Let u(t) = u_0 cos t + v_0 sin t, then u(0) = u_0 , u^′(0) = v_0, and � y_0 , u(t) � ∈ S_x for any t. It is clear that the function f (t) = C_{y0} � u(t), u(t), u(t) � attains its maximum at t = 0 , and thus 0 = df dt � � �_{t =0} = 3 C y_0 (u0 , u0 , v0 ) .

Notice that C_{y0} (y_0 , ·, ·) = 0 , one has C_{y0} (u_0 , u_0 , v) = g_{y0} (v, u_0) ·C_{y0} (u_0 , u_0 , u_0) for any v ∈ T_x M . □

SOME RIGIDITY THEOREMS FOR FINSLER MANIFOLDS 103

In order to prove Theorems 1.1 and 1.2, we need the following fundamental identity for Cartan tensor [3, 6]:

C_{ijk |p|q} y^p y^q + C_{ijm} R^m_k = − 1 3 g_{im} R^m_{k ·j} − 1 3 g_{jm} R^m_{k ·i} − 1 6 g_{im} R^m_{j ·k} − 1 6 g_{jm} R^m_{i ·k} .

(3.4)

(3.4) can be rewritten as C̈_{ijk} = 1 3 (C_{ijm} R^m_k + C_{jkm} R^m_i + C_{kim} R^m_j ) − 1 3 (R_{ij ·k} + R_{jk ·i} + R_{ki ·j} ) ,

(3.5)

and consequently,

(3.6) C̈_{ijk} u^i u^j u^k = C_y � u, u, u^k R^m_k ∂ ∂x^m � − R_{·y} (u, u, u ) , ∀u = u^i ∂ ∂x^i . Now we are ready to prove Theorems 1.1 and 1.2. Proof of Theorem 1.1. Suppose that (M, F ) be a Landsberg manifold of nonzero sectional flag curvature. For fixed x ∈ M, let y_0 , u_0 ∈ T_x M be two vectors such that (3.3) holds. Then by Lemma 3.2, we have

C_{y0} � u_0 , , u_0 , u^k_0 R^m_k ∂ ∂x^m � = g_{y0} � u^k_0 R^m_k ∂ ∂x^m

, u_0 � ·C_{y0} (u_0 , , u_0 , u_0 )

= R_{y0} (u_0 , u_0 ) ·C_{y0} (u_0 , , u_0 , u_0 ) .

(3.7) Since (M, F ) is Landsberg, C̈_{ijk} = L̇_{ijk} = 0 , which together with (2.7), (3.1), (3.6) and (3.7) yields 0 = R_{y0} (u_0 , u_0 ) ·C_{y0} (u_0 , , u_0 , u_0 ) − R_{·y0} (u_0 , u_0 , u_0 ) = − K (y_0 ; u_0 ) ·C_{y0} (u_0 , , u_0 , u_0 ) .

Notice that K(y_0;u_0) ≠ 0 , we get C_{y0} (u_0 , , u_0 , u_0) = 0 , namely, max

(y,u )∈ S_x

C_y(u, u, u ) = 0. As x ∈ M is arbitrary, we finally obtain C_y(u, u, u ) = 0 for any (y, u) ∈ S, Hence (M, F ) is Riemannian. □ Proof of Theorem 1.2. Let (M, F ) be a closed Finsler manifold of negative sectional curvature. Since M is closed, so is S, and there exist two vectors y_0 , u_0 ∈ T_{x 0} M such that C_{y0} (u_0 , u_0 , u_0) = max

(y,u )∈ S

C_y(u, u, u ). Let c: (− ϵ, ϵ) → M be the normal geodesic with the initial condition c(0) = x_0 ,ċ(0) = y_0, and U = U(t) be the parallel vector field along c such that U(0) = u_0. Then � ċ(t), U(t) � ∈ S_{c(t )} for any t ∈ (− ϵ, ϵ), and the function f (t) = C_{ċ(t )} � U(t), U(t), U(t) � attains its maximum at t = 0 . By maximum principle and (3.6) we have 0 ≥ d^2 f dt^2 � � t =0

= C_{y0} � u_0 , u_0 , u^k_0 R^m_k (x_0 , y_0 ) ∂ ∂x^m � − R_{·y0} (u_0 , u_0 , u_0 ) ,

which together with Lemma 3.1 and (3.7) yields 0 ≥ − K (y_0 ; u_0 ) ·C_{y0} (u_0 , , u_0 , u_0 ) .

104 B.Y. WU

Since K(y_0;u_0) < 0, we conclude that C_{y0} (u_0 , , u_0 , u_0) = 0 , i.e., max

(y,u )∈ S

C_y(u, u, u ) = 0. Consequently, (M, F ) is Riemannian, and the theorem is proved. □

References

[1] Akbar-Zadeh, H., Sur les espaces de Finsler à courbures sectionnelles constantes , Acad. Roy.

Belg. Bull. Cl. Sci. (6) 74 (1988), 281–322. [2] Chen, B., Zhao, L. L., Randers metrics of sectional flag curvature , Houston J. Math., to appear.

[3] Chen, X., Mo, X., Shen, Z., On the flag curvature of Finsler metrics of scalar curvature , J.

London Math. Soc. 68 (2003), 762–780. [4] Chern, S. S., Local equivalence and Euclidean connections in Finsler spaces , Sci. Rep. Nat.

Tsing Hua Univ. Ser. A5 (1948), 95–121, or Selected Papers, II, 194-212, Springer 1989. [5] Chern, S. S., Shen, Z., Riemannian-Finsler geometry , World Sci., Singapore, 2005. [6] Mo, X., The flag curvature tensor on a closed Finsler spaces , Res. Math. 36 (1999), 149–159. [7] Numata, S., On Landsberg spaces of scalar curvature , J. Korean Math. Soc. 12 (1975), 97–100.

Department of Mathematics, Minjiang University Fuzhou, Fujiang, 350108, China E-mail : bingyewu@yahoo.com.cn