ARCHIVUM MATHEMATICUM (BRNO) Tomus 46 (2010), 237–249

ZERO-DIVISORS OF CONTENT ALGEBRAS

Peyman Nasehpour

Abstract. In this article, we prove that in content extentions minimal primes extend to minimal primes and discuss zero-divisors of a content algebra over a ring who has Property (A) or whose set of zero-divisors is a finite union of prime ideals. We also examine the preservation of diameter of zero-divisor graph under content extensions.

1. Introduction

Throughout this paper all rings are commutative with unit and all modules are assumed to be unitary. In this paper, we discuss zero-divisors of content algebras. To this end, one needs to know about content modules and algebras introduced in [19]. Our main goal is to show that many results of the zero-divisors of polynomial rings are correct for content algebras.

First we recall the essential definitions. Let R be a commutative ring with identity, and M a unitary R-module. The content function , c from M to the ideals of R is defined by

c(x) = \ { I : I is an ideal of R and x ∈ IM } .

M is called a content R-module if x ∈ c(x)M , for all x ∈ M . Note that c(x) is a finitely generated ideal of R for all x ∈ M, if M is a content R-module [19, 1.2]. So when M is a content R-module, the function c is from M to FId( R), where by FId( R), we mean the set of finitely generated ideals of R.

Let R^′ be an R-algebra. R^′ is defined to be a content R-algebra, if the following conditions hold:

(1) R^′ is a content R-module.

(2) (Faithful flatness ) For any r ∈ R and f ∈ R^′, the equation c(rf ) = rc(f ) holds, and c(R^′) = R.

(3) (Dedekind-Mertens content formula ) For all f and g in R^′, there exists a natural number n such that c(f )^n c(g) = c(f )^{n − 1} c(fg ).

2000 Mathematics Subject Classification : primary 13A15; secondary 13B25, 05C99. Key words and phrases : content algebra, few zero-divisors, McCoy’s property, minimal prime, property (A), primal ring, zero-divisor graph.

Received March 18, 2010, revised June 2010. Editor C. Greither.

238 P. NASEHPOUR

In Section 2, we discuss content and weak content algebras and prove that if R is a ring and S, a commutative monoid, then the monoid ring B = R[S] is a content R-algebra if and only if one of the following conditions satisfies:

(1) For f, g ∈ B , if c(f ) = c(g) = R, then c(fg ) = R.

(2) (McCoy’s Property ) For g ∈ B, g is a zero-divisor of B iff there exists r ∈ R − { 0} such that rg = 0 .

(3) S is a cancellative and torsion-free monoid.

In Section 3, we discuss prime ideals of content and weak content algebras and we show that in content extensions, minimal primes extend to minimal primes. More precisely, if B is a content R-algebra, then there is a correspondence between Min(R) and Min(B), with the function φ : Min(R) → Min(B) defined by p → p B.

In Section 4, we introduce a family of rings which have very few zero-divisors. It is a well-known result that the set of zero-divisors of a Noetherian ring is a finite union of its associated primes [ 14, p.55]. Rings having few zero-divisors have been introduced in [ 7]. We define that a ring R has very few zero-divisors , if Z(R) is a finite union of prime ideals in Ass(R). In this section, we prove that if R is a ring that has very few zero-divisors and B is a content R-algebra, then B has very few zero-divisors too.

Another celebrated property of Noetherian rings is that every ideal entirely contained in the set of their zero-divisors has a nonzero annihilator. A ring R has Property (A) , if each finitely generated ideal I ⊆ Z(R) has a nonzero annihilator [13]. In Section 4, we also prove some results for content algebras over rings having Property (A) and then we discuss rings having few zero-divisors in more details. Let us recall that a ring R is said to have few zero-divisors, if the set Z(R) of zero-divisors is a finite union of prime ideals. It is well-known that a ring R has few zero-divisors iff its classical quotient ring T(R) is semi-local [7]. We may suppose that Z(R) =

S_n

i =1 p i such that p i ⊈ S ∪^n_{j =1 ∧ j ≠ i} p_j for all 1 ≤ i ≤ n. Then we have p_i ⊈ p_j for all i ≠ j and by Prime Avoidance Theorem, these prime ideals are uniquely determined. In such a case, it is easy to see that Max(T(R)) = { p_1 T(R), . . . , p_n T(R)}, where by T(R) we mean total quotient ring of R. Such prime ideals are called maximal primes in Z(R). We denote the number of maximal primes in Z(R) by zd(R). As one of the main results of this section, we show that if R has Property (A) and zd(R) = n and B is a content R-algebra, then zd(B) = n. At the end of this section, we consider the interesting case, when zd(R) = 1 , i.e. Z (R) is an ideal of R. Such a ring is called a primal ring [6].

We let Z(R)^∗ denote the (nonempty) set of proper zero-divisors of R, where by a proper zero-divisor we mean a zero-divisor different from zero. We consider the graph Γ(R), called the zero-divisor graph of R, whose vertices are the elements of Z(R)^∗ and edges are those pairs of distinct proper zero-divisors { a, b} such that ab = 0 . The last section is devoted to examine the preservation of diameter of zero-divisor graph under content extensions.

Unless otherwise stated, our notation and terminology will follow as closely as possible that of Gilmer [9]. Note that iff always stands for if and only if.

ZERO-DIVISORS OF CONTENT ALGEBRAS 239

2. Content algebras

Content modules and algebras were introduced in [ 19]. Content algebras are actually a natural generalization of polynomial rings [ 8]. Let R be a commutative ring with identity. For f ∈ R[X], the content of f , denoted by c(f ), is defined as the R-ideal generated by the coefficients of f . One can easily check that c(fg) ⊆ c(f )c(g) for the two polynomials f, g ∈ R[X] and may ask when the equation c(fg) = c(f )c(g) holds. Tsang, a student of Kaplansky, proved that if D is an integral domain and c(f ), for f ∈ D[X], is an invertible ideal of D, then c(fg) = c(f )c(g), for all g ∈ D[X]. Tsang’s guess in [ 21] was that the converse was true and the correctness of her guess was completely proved some decades later [ 15]. Though the equation c(fg) = c(f )c(g) is not always true, a weaker formula always holds that is called the Dedekind-Mertens content formula [3].

Theorem 1 (Dedekind-Mertens Lemma) . Let R be a ring. For each f and g in R[X ], there exists a natural number n such that c(f )^n c(g) = c(f )^{n − 1} c(fg ).

Good examples of content R-algebras are the polynomial ring R[X] and the group ring R[G], where G is a torsion-free abelian group [ 18]. These are actually free R-modules. For some examples of content R-algebras that as R-modules are not free, one can refer to [ 19, Examples 6.3, p.64]. Rush generalized content algebras and defined weak content algebras as follows [20, p.330]:

Definition 2. Let R be a commutative ring with identity and R^′ an R-algebra. R^′ is defined to be a weak content R-algebra , if the following conditions hold:

(1) R^′ is a content R-module. (2) (Weak content formula ) For all f and g in R^′, c(f )c(g) ⊆ rad(c(fg)) (Here rad( A) denotes the radical of the ideal A.)

It is obvious that content algebras are weak content algebras, but the converse is not true. For example if R is a Noetherian ring, then R[[X_1 , X_2 , . . . , X_n ]] is a weak content R-algebra, while it is not a content R-algebra [20, p.331]. We end our introductory section with the following result:

Theorem 3. Let R be a ring and S be a commutative monoid. Then the following statements about the monoid algebra B = R[S] are equivalent:

(1) B is a content R-algebra. (2) B is a weak content R-algebra. (3) For f, g ∈ B , if c(f ) = c(g) = R, then c(fg ) = R. (4) (McCoy’s Property ) For g ∈ B, g is a zero-divisor of B iff there exists r ∈ R − { 0} such that rg = 0 .

(5) S is a cancellative and torsion-free monoid.

Proof. (1) → (2) → (3) and (1) → (4) are obvious ([ 19] and [20]). Also, according to [18] (5) implies (1). Therefore the proof will be complete if we prove that (3) as well as (4) implies (5).

240 P. NASEHPOUR

(3) → (5): We prove that if S is not cancellative or not torsion-free then (3) cannot hold. For the moment, suppose that S is not cancellative, so there exist s, t, u ∈ S such that s + t = s + u while t ≠ u. Put f = X^s and g = ( X^t − X^u ). Then obviously c(f ) = c(g) = R, while c(fg) = (0) . Finally suppose that S is cancellative but not torsion-free. Let s, t ∈ S be such that s ≠ t, while ns = nt for some natural n. Choose the natural number k minimal so that ks = kt. Then we have 0 = X^{ks} − X^{kt} = ( X^s − X^t )(

P_{k − 1}

i =0 X

(k − i − 1) s + it ).

Since S is cancellative, the choice of k implies that (k − i_1 − 1)s + i_1 t ≠ (k − i_2 − 1)s + i_2 t for 0 ≤ i_1 < i_2 ≤ k − 1. Therefore

P_{k − 1}

i =0 X

(k − i − 1) s + it ≠ 0 , and

this completes the proof. In a similar way one can prove (4) → (5) [10, p.82]. □

3. Prime ideals in content algebras

Let B be a weak content R-algebra such that for all m ∈ Max(R) (by Max(R), we mean the maximal ideals of R), we have m B ≠ B, then by [ 20, Theorem 1.2, p.330], prime ideals extend to prime ideals. Particularly in content algebras primes extend to primes. We recall that when B is a content R-algebra, then g is a zero-divisor of B, iff there exists an r ∈ R − { 0} such that rg = 0 [19, 6.1, p.63]. Now we give the following theorem about associated prime ideals. We assert that by Ass_R (M ), we mean the associated prime ideals of the R-module M .

Theorem 4. Let B be a content R-algebra and M a nonzero R-module. If p ∈ Ass_R (M ) then pB ∈ Ass_B (M ⊗_R B ).

Proof. Let p ∈ Ass_R (M) and p = Ann(x), where x ∈ M. Therefore 0 → R/p → M is an R-exact sequence. Since B is a faithfully flat R-module, we have the following B -exact sequence:

0 → B/p B → M ⊗_R B

with p B = Ann(x ⊗_R 1_B ). Since B is a content R-algebra, p B is a prime ideal of B . □ Now we give a general theorem on minimal prime ideals in algebras. One of the results of this theorem is that in faithfully flat weak content algebras (including content algebras), minimal primes extend to minimal primes and, more precisely, there is actually a correspondence between the minimal primes of the ring and their extensions in the algebra.

Theorem 5. Let B be an R-algebra with the following properties:

(1) For each prime ideal p of R, the extended ideal pB of B is prime. (2) For each prime ideal p of R, pB ∩ R = p. Then the function φ : Min( R) → Min( B ) given by p → pB is a bijection.

Proof. First we prove that if p is a minimal prime ideal of R, then p B is also a minimal prime ideal of B. Let Q be a prime ideal of B such that Q ⊆ p B. So Q ∩ R ⊆ p B ∩ R = p. Since p is a minimal prime ideal of R, we have Q ∩ R = p and therefore Q = p B. This means that φ is a well-defined function. Obviously the second condition causes φ to be one-to-one. The next step is to prove that φ is

ZERO-DIVISORS OF CONTENT ALGEBRAS 241

onto. For showing this, consider Q ∈ Min(B), so Q ∩ R is a prime ideal of R such that (Q ∩ R)B ⊆ Q and therefore (Q ∩ R)B = Q. Our claim is that (Q ∩ R) is a minimal prime ideal of R. Suppose p is a prime ideal of R such that p ⊆ Q ∩ R, then p B ⊆ Q and since Q is a minimal prime ideal of B, p B = Q = ( Q ∩ R)B and therefore p = Q ∩ R. □

Corollary 6. Let B be a weak content and faithfully flat R-algebra. Then the function φ : Min( R) → Min( B ) given by p → pB is a bijection.

Proof. Since B is a weak content and faithfully flat R-algebra, then for each prime ideal p of R, the extended ideal p B of B is prime and also c(1_B ) = R by [19, Corollary 1.6] and [ 20, Theorem 1.2]. Now consider r ∈ R, then c(r) = c(r ·1_B ) = r ·c(1_B ) = ( r). Therefore if r ∈ IB ∩ R, then (r) = c(r) ⊆ I. Thus for each prime ideal p of R, p B ∩ R = p . □

Corollary 7. Let R be a Noetherian ring. Then φ : Min(R) → Min(R[[X_1 , . . . , X_n ]]) given by p → p ·(R[[X_1 , . . . , X_n ]]) is a bijection.

4. Content algebras over rings having few zero-divisors

For a ring R, by Z(R), we mean the set of zero-divisors of R. In [7], it has been defined that a ring R has few zero-divisors , if Z(R) is a finite union of prime ideals. We present the following definition to prove some other theorems related to content algebras.

Definition 8. A ring R has very few zero-divisors , if Z(R) is a finite union of prime ideals in Ass(R).

Theorem 9. Let R be a ring that has very few zero-divisors. If B is a content R-algebra, then B has very few zero-divisors too.

Proof. Let Z(R) = p_1 ∪ p_2 ∪ · · · ∪ p_n , where p_i ∈ Ass_R (R) for all 1 ≤ i ≤ n. We will show that Z(B) = p_1 B ∪ p_2 B ∪ · · · ∪ p_n B. Let g ∈ Z(B), so there exists an r ∈ R − { 0} such that rg = 0 and so rc(g) = (0) . Therefore c(g) ⊆ Z(R) and according to Prime Avoidance Theorem, we have c(g) ⊆ p_i, for some 1 ≤ i ≤ n and therefore g ∈ p_i B. Now let g ∈ p_1 B ∪ p_2 B ∪ · · · ∪ p_n B so there exists an i such that g ∈ p_i B, so c(g) ⊆ p_i and c(g) has a nonzero annihilator and this means that g is a zero-divisor of B . Note that p_i B ∈ Ass_B (B ), for all 1 ≤ i ≤ n. □

Remark 10. Let R be a ring and consider the following three conditions on R:

(1) R is a Noetherian ring. (2) R has very few zero-divisors. (3) R has few zero-divisors. Then, (1) → (2) → (3) and none of the implications is reversible.

Proof. For (1) → (2) use [14, p. 55]. It is obvious that (2) → (3).

Suppose k is a field, A = k[X_1 , X_2 , X_3 , . . . , X_n , . . .] and m = ( X_1 , X_2 , X_3 , . . . , X_n , . . .) and at last a = ( X^2_1 , X^2_2 , X^2_3 , . . . , X^2_n , . . .). Since A is a content k-algebra and k has very few zero-divisors, A has very few zero-divisors while it is not a

242 P. NASEHPOUR

Noetherian ring. Also consider the ring R = A/a. It is easy to check that R is a quasi-local ring with the only prime ideal m /a and Z(R) = m /a and finally m /a /∈ Ass_R (R). Note that Ass_R (R) = ∅ . □ Now we bring the following definition from [ 13] and prove some other results for content algebras.

Definition 11. A ring R has Property (A), if each finitely generated ideal I ⊆ Z(R) has a nonzero annihilator.

Let R be a ring. If R has very few zero-divisors (for example if R is Noetherian), then R has Property (A) [ 14, Theorem 82, p.56], but there are some non-Noetherian rings which do not have Property (A) [ 14, Exercise 7, p.63]. The class of non-Noetherian rings having Property (A) is quite large [12, p.2].

Theorem 12. Let B be a content R-algebra such that R has Property (A). Then T(B) is a content T(R)-algebra, where by T(R), we mean total quotient ring of R.

Proof. Let S^′ = B − Z(B). If S = S^′ ∩ R, then S = R − Z(R). We prove that if c(f )∩ S = ∅ , then f ∉S^′. In fact when c(f )∩ S = ∅ , then c(f ) ⊆ Z(R) and since R has Property (A), c(f ) has a nonzero annihilator. This means that f is a zero-divisor of B and according to [19, Theorem 6.2, p. 64] the proof is complete. □

Theorem 13. Let B be a content R-algebra such that the content function c: B → FId(R) is onto, where by FId(R), we mean the set of finitely generated ideals of R. The following statements are equivalent:

(1) R has Property (A). (2) For all f ∈ B , f is a regular element of B iff c(f ) is a regular ideal of R.

Proof. (1) → (2): Let R have Property (A). If f ∈ B is regular, then for all nonzero r ∈ R, rf ≠ 0 and so for all nonzero r ∈ R, rc(f ) ≠ (0) , i.e. Ann(c(f )) = (0) and according to the definition of Property (A), c(f ) ⊈Z(R). This means that c(f ) is a regular ideal of R. Now let c(f ) be a regular ideal of R, so c(f ) ⊈Z(R) and therefore Ann(c(f )) = (0) . This means that for all nonzero r ∈ R, rc(f ) ≠ (0) , hence for all nonzero r ∈ R, rf ≠ 0 . Since B is a content R-algebra, f is not a zero-divisor of B .

(2) → (1): Let I be a finitely generated ideal of R such that I ⊆ Z(R). Since the content function c : B −→ FId(R) is onto, there exists an f ∈ B such that c(f ) = I. But c(f ) is not a regular ideal of R, therefore according to our assumption, f is not a regular element of B. Since B is a content R-algebra, there exists a nonzero r ∈ R such that rf = 0 and this means that rI = (0) , i.e. I has a nonzero annihilator. □

Remark 14. In the above theorem the surjectivity condition for the content function c is necessary, because obviously R is a content R-algebra and the condition (2) is satisfied, while one can choose the ring R such that it does not have Property (A) [14, Exercise 7, p.63].

Theorem 15. Let R have Property (A) and B be a content R-algebra. Then Z(B) is a finite union of prime ideals in Min(B) iff Z(R) is a finite union of prime ideals in Min( R).

ZERO-DIVISORS OF CONTENT ALGEBRAS 243

Proof. The proof is similar to the proof of Theorem 9 by considering Theorem 5. □ Please note that if R is a Noetherian reduced ring, then Z(R) is a finite union of prime ideals in Min(R) (refer to [ 14, Theorem 88, p.59] and [ 12, Corollary 2.4]).

It is well-known that a ring R has few zero-divisors iff its classical quotient ring T(R) is semi-local [7]. We may suppose that Z(R) =

S_n

i =1 p i such that

p_i ⊈

S_n

j =1 ∧ j ≠ i p j for all 1 ≤ i ≤ n. Then we have p i ⊈ p j for all i ≠ j and by

Prime Avoidance Theorem, these prime ideals are uniquely determined. In such a case, it is easy to see that Max(T(R)) = { p_1 T(R), . . . , p_n T(R)}, where by T(R) we mean total quotient ring of R. This is the base for the following definition.

Definition 16. A ring R is said to have few zero-divisors of degree n, if R has few zero-divisors and n = card Max( T(R)). In such a case, we write zd(R) = n.

Remark 17. If R_i is a ring having few zero-divisors of degree k_i for all 1 ≤ i ≤ n, then zd(R_1 × · · · ×R_n ) = zd( R_1 ) + · · ·+ zd( R_n ).

Now we give the following theorem:

Theorem 18. Let B be a content R-algebra. Then the following statements hold for all natural numbers n:

(1) If zd(B ) = n, then zd(R) ≤ n.

(2) If R has Property (A) and zd(R) = n, then zd(B ) = n.

(3) If the content function c: B → FId(R) is onto, then zd(B) = n iff zd(R) = n and R has Property (A).

Proof. (1): Let Z(B) =

S_n

i =1 Qi. We prove that Z(R) =

S_n

i =1 (Qi ∩ R). In order

to do that let r ∈ Z(R). Since Z(R) ⊆ Z(B), there exists an i such that r ∈ Q_i and therefore r ∈ Q_i ∩ R. Now let r ∈ Q_i ∩ R for some i, then r ∈ Z(B), and this means that there exists a nonzero g ∈ B such that rg = 0 and at last rc(g) = 0 . Choose a nonzero d ∈ c(g) and we have rd = 0 .

(2): Note that similar to the proof of Theorem 9, if Z(R) =

S_n

i =1 p i, then

Z(B) =

S_n

i =1 p i B. Also it is obvious that p i B ⊆ p j B iff p i ⊆ p j for all 1 ≤ i, j ≤ n.

These two imply that zd(B ) = n.

3: (← ) is nothing but (2). For proving (→ ), consider that by (1), we have zd(R) ≤ n. Now we prove that ring R has Property (A). Let I ⊆ Z(R) be a finite ideal of R. Choose f ∈ B such that I = c(f ). So c(f ) ⊆ Z(R) and by Prime Avoidance Theorem and (1), there exists an 1 ≤ i ≤ n such that c(f ) ⊆ Q_i ∩ R. Therefore f ∈ (Q_i ∩ R)B. But (Q_i ∩ R)B ⊆ Q_i. So f ∈ Z(B) and according to McCoy’s property for content algebras, there exists a nonzero r ∈ R such that f ·r = 0 . This means that I ·r = 0 and I has a nonzero annihilator. Now by (2), we have zd(R) = n. □

Corollary 19. Let R be a ring and S a commutative, cancellative, torsion-free monoid. Then for all natural numbers n, zd(R[S]) = n iff zd(R) = n and R has Property (A).

244 P. NASEHPOUR

Definition 20. An element r of a ring R is said to be prime to an ideal I of R if I : (r) = I, where by I : (r), we mean the set of all members c of R such that cr ∈ I ([22, p.223]).

Theorem 21. Let R be a ring, I an ideal of R and B a content R-algebra. Then f ∈ B is not prime to IB iff f ·r ∈ IB for some r ∈ R − I .

Proof. If I is an ideal of R and B a content R-algebra, then B/IB is a content (R/I )-algebra. Assume that f ∈ B is not prime to IB , so there exists g ∈ B such that fg ∈ IB , while g /∈ IB . This means that f + IB is a zero-divisor of B/IB and according to McCoy’s property, we have (f + IB )(r + IB ) = IB for some r ∈ R − I . □ Let I be an ideal of R. We denote the set of all elements of R that are not prime to I by S(I). It is obvious that r ∈ S(I) iff r + I is a zero-divisor of the quotient ring R/I . The ideal I is said to be primal if S(I) forms an ideal and in such a case, S(I) is a prime ideal of R. A ring R is said to be primal , if the zero ideal of R is primal [6]. It is obvious that R is primal iff Z(R) is an ideal of R. It is easy to check that if Z(R) is an ideal of R, it is a prime ideal and therefore R is primal iff R has few zero-divisors of degree one, i.e. zd(R) = 1 .

Theorem 22. Let B be a content R-algebra. Then the following statements hold:

(1) If B is primal, then R is primal and Z (B ) = Z (R)B . (2) If R is primal and has Property (A), then B is primal, has Property (A) and Z (B ) = Z (R)B .

(3) If the content function c: B → FId(R) is onto, then B is primal iff R is primal and has Property (A).

Proof. (1): Assume that Z(B) is an ideal of B. We show that Z(R) is an ideal of R. For doing that it is enough to show that if a, b ∈ Z(R), then a + b ∈ Z(R). Let a, b ∈ Z(R). Since Z(R) ⊆ Z(B) and Z(B) is an ideal of B, we have a + b ∈ Z(B). This means that there exists a nonzero g ∈ B such that (a + b)g = 0 . Since g ≠ 0 , we can choose 0 ≠ d ∈ c(g) and we have (a + b)d = 0 . Now it is easy to check that Z (B ) = Z (R)B .

(2): Let R have Property (A) and Z(R) be an ideal of R. We show that Z(B) = Z(R)B. Let f ∈ Z(B), then there exists a nonzero r ∈ R such that f ·r = 0 . Therefore we have c(f ) ⊆ Z(R) and since Z(R) is an ideal of R, f ∈ Z(R)B. Now let f ∈ Z(R)B, then c(f ) ⊆ Z(R). Since R has Property (A), c(f ) has a nonzero annihilator and this means that f is a zero-divisor in B. So we have already shown that Z(B) is an ideal of B and therefore B is primal. Finally we prove that B has Property (A). Assume that J = ( f_1 , f_2 , . . . , f_n ) ⊆ Z(B). Therefore c(f_1), c(f_2), . . . , c(f_n ) ⊆ Z(R). But Z(R) is an ideal of R and c(f_i) is a finitely generated ideal of R for any 1 ≤ i ≤ n, so I = c(f_1) + c(f_2) + · · ·+ c(f_n ) ⊆ Z(R) is a finitely generated ideal of R and there exists a nonzero s ∈ R such that sI = 0 . This causes sJ = 0 and J has a nonzero annihilator in B .

(3): We just need to prove that if B is primal, then R has Property (A). For doing that let I ⊆ Z(R) be a finitely generated ideal of R. Since the content

ZERO-DIVISORS OF CONTENT ALGEBRAS 245

function is onto, there exists an f ∈ B such that I = c(f ). Since c(f ) ⊆ Z(R), f ∈ Z(B). According to McCoy’s property for content algebras, we have f ·r = 0 for some nonzero r ∈ R and this means I = c(f ) has a nonzero annihilator and the proof is complete. □

5. Zero-divisor graph of content algebras

Let R be a commutative ring with identity and proper zero-divisors, where by a proper zero-divisor we mean a zero-divisor different from zero. We let Z(R)^∗ denote the set of proper zero-divisors of R. We consider the graph Γ(R), called zero-divisor graph of R, whose vertices are the elements of Z(R)^∗ and edges are those pairs of distinct proper zero-divisors { a, b} such that ab = 0 .

Recall that a graph is said to be connected if for each pair of distinct vertices v and w, there is a finite sequence of distinct vertices v = v_1 , v_2 , . . . , v_n = w such that each pair { v_i , v_{i +1} } is an edge. Such a sequence is said to be a path and the distance, d(v, w), between connected vertices v and w is the length of the shortest path connecting them. The diameter of a connected graph G is the supremum of the distances between vertices and is denoted by diam(G). In [2], zero-divisor graphs were studied and among many things, it was proved that any zero-divisor graph, Γ(R), is connected with 0 ≤ diam(Γ( R)) ≤ 3 [2, Theorem 2.3]. Note that the diameter is 0 if the graph consists of a single vertex and a connected graph with more than one vertex has diameter 1 if and only if it is complete; i.e., each pair of distinct vertices forms an edge.

In this section, we examine the preservation of diameter of zero-divisor graph under content extensions. What we do is the generalization of what it has been done for polynomial rings in [ 4] and [16]. The following lemmas are straightforward, but we bring them only for the sake of reference.

Lemma 23. Let R be a ring and B a content R-algebra. Then the following statements hold:

(1) Nil(B ) = Nil( R)B , where by Nil(R) we mean all nilpotent elements of R. (2) Z (R) ⊆ Z (B ) ⊆ Z (R)B . (3) Z (R)^n = (0) iff Z (B )^n = (0) for all n ≥ 1.

Proof. It is well-known that the set of all nilpotent elements of a ring is equal to the intersection of all its minimal primes. For proving (1), use Theorem 5 and [ 19, 1.2, p.51]. The statements (2) is obvious by definition of content modules and [ 19, 6.1]. For (3), suppose that Z(R)^n = 0 . Choose f_1 , f_2 , . . . , f_n ∈ Z(B). Therefore by McCoy’s property for content algebras, c(f_1), c(f_2), . . . , c(f_n ) ⊆ Z(R). But by [20, Proposition 1.1] c(f_1 f_2 . . . f_n ) ⊆ c(f_1)c(f_2) . . . c(f_n ) ⊆ Z(R)^n = (0) . Hence f_1 f_2 . . . f_n = 0 . □

Lemma 24. Let R be a ring and B a content R-algebra. Then diam(Γ( R)) ≤ diam(Γ( B )).

Proof. Note that the defining homomorphism of R into B is injective and therefore we can suppose R to be a subring of B [19, Remark 6.1(b)] and so Z(R)^∗ ⊆ Z(B)^∗.

246 P. NASEHPOUR

It is obvious that if diam(Γ( R)) = 0 ,1, or 2, then no path in Γ(R) can have a shortcut in Γ(B). Now let diam(Γ( R)) = 3 and a − b − c − d be the path in Γ(R) with a, b, c, d ∈ Z(R)^∗ without having any shortcut. Our claim is that neither is there a shortcut for this path in Z(B)^∗. On the contrary suppose that there is an h ∈ Z(B)^∗ such that a − h − d is a path in Z(B)^∗. Then a ·c(h) = d·c(h) = (0) . Since h ≠ 0 , there exists a nonzero element r ∈ c(h) such that ar = rd = 0 and this means that a − r − d is a shortcut in Γ(R), a contradiction. Therefore diam(Γ( B)) = 3 . This means that in any case the inequality diam(Γ( R)) ≤ diam(Γ( B )) holds. □ Recall that diam(Γ( R)) = 0 iff R is isomorphic to either Z_4 or Z_2[y]/(y^2) [2, Example 2.1] and diam(Γ( R)) = 1 iff xy = 0 for each pair of distinct zero-divisors of R and R has at least two proper zero-divisors [ 2, Theorem 2.8]. Also from [ 16, Theorem 2.6(3)], we know that diam(Γ( R)) = 2 iff either (i) R is reduced with exactly two minimal primes and at least three proper zero-divisors or (ii) Z(R) is an ideal whose square is not (0) and each pair of distinct zero-divisors has a nonzero annihilator. These facts help us to examine the preservation of diameter of zero-divisor graph under content extensions for the cases diam(Γ( R)) = 0 , 1.

Theorem 25. Let R be a ring and B be a content R-algebra and B ≇ R. Then the following statements hold:

(1) diam(Γ( R)) = 0 and diam(Γ( B)) = 1 iff either R ∼= Z_4 or R ∼= Z_2[y]/(y^2). (2) diam(Γ( R)) = diam(Γ( B)) = 1 iff R is a nonreduced ring with more than one proper zero-divisor and Z (R)^2 = 0 .

(3) diam(Γ( R)) = 1 and diam(Γ( B )) = 2 iff R ∼= Z_2 × Z_2 .

Proof. Let B be a content R-algebra such that B ≇ R. For (1), we just need to prove that if diam(Γ( R)) = 0 , then diam(Γ( B)) = 1 . It is obvious that R is isomorphic to either Z_4 or Z_2[y]/(y^2) [2, Example 2.1]. But Z(Z_4) = (2) and Z(Z_2[y]/(y^2)) = { by + ( y^2): b ∈ Z_2 } = ( y), so in any case Z(B) = Z(R)B by Theorem 22(2). It is easy to check that fg = 0 for any distinct pair of zero-divisors f, g in B and B has at least two proper zero-divisors. So according to [ 16, Theorem 2.6(2)], diam(Γ( B )) = 1 .

(2) and (3): If R is a nonreduced ring with more than one proper zero-divisor and Z(R)^2 = (0) then R ≇ Z_2 × Z_2 and ab = 0 for all a, b ∈ Z(R) [2, Theorem 2.8]. This means that diam(Γ( R)) = 1 . Let f , g ∈ Z(B)^∗. According to McCoy’s property for content algebras, there exist nonzero r, s ∈ R such that c(f ) ·r = c(g) ·s = 0 . This implies that c(f ) ⊆ Z(R) and c(g) ⊆ Z(R) and therefore c(fg) ⊆ c(f ) c(g) = (0). But B has at least two proper zero-divisors, since Z(R)^∗ ⊆ Z(B)^∗. Hence diam(Γ( B )) = 1 .

Now let R ∼= Z_2 × Z_2. Then R is a reduced ring with exactly two minimal prime ideals, p and q, where p = ((1 ,0)) and q = ((0 ,1)) and according to Lemma 23 and Corollary 6, B is a reduced ring with exactly two minimal prime ideals, p B and qB. It is obvious that B has at least two proper zero-divisors. If B has exactly two proper zero-divisors, then Z(B)^∗ = {(1,0),(0,1)} and therefore according to [2, Theorem 2.8], B ∼= Z_2 × Z_2. Therefore B has at least three proper zero-divisors and according to [ 16, Theorem 2.6(3)], we have diam(Γ( B)) = 2 . By this discussion,

ZERO-DIVISORS OF CONTENT ALGEBRAS 247

it is, then, obvious that diam(Γ( R)) = diam(Γ( B)) = 1 implies R is a nonreduced ring with more than one proper zero-divisor and Z (R)^2 = 0 .

Now let diam(Γ( R)) = 1 and diam(Γ( B)) = 2 . If Z(R)^2 = (0) , then Z(B)^2 = 0 and diam(Γ( B )) = 1 , therefore R ∼= Z_2 × Z_2 by [2, Theorem 2.8]. □ Now we examine the preservation of diameter of zero-divisor graph under content extensions with diam(Γ( R)) = 2 .

Theorem 26. Let B be a content R-algebra such that the content function c: B → FId(R) is onto. Let R has at least three proper zero-divisors and B ≇ R. Then the following statements hold:

(1) diam(Γ( R)) = diam(Γ( B)) = 2 iff either (i) R is a reduced ring with exactly two minimal prime ideals and R has more than two proper zero-divisors, or (ii) R is a primal ring with Z (R)^2 ≠ (0) and R has Property (A).

(2) diam(Γ( R)) = 2 and diam(Γ( B)) = 3 iff Z(R) is an ideal of R and R does not have Property (A) but each pair of proper zero-divisors of R has a nonzero annihilator.

Proof. (1): If R is a reduced ring with exactly two minimal prime ideals and R has more than two proper zero-divisors, then according to Lemma 23 and Corollary 6, B is a reduced ring with exactly two minimal prime ideals and obviously B has more than two proper zero-divisors and therefore according to [16, Theorem 2.6(3)], diam(Γ( R)) = diam(Γ( B)) = 2 . If R is a primal ring with Z(R)^2 ≠ (0) and R has Property (A), then by Theorem 22(2), B is primal and has Property (A). Also obviously Z(B)^2 ≠ 0 . So according to [ 16, Theorem 2.6(3)], diam(Γ( R)) = diam(Γ( B)) = 2 . Now let diam(Γ( R)) = diam(Γ( B)) = 2 . If R is a reduced ring with exactly two minimal prime ideals and R has more than two proper zero-divisors, then we are done, otherwise, Z(B) is an ideal whose square is not (0) and each pair of distinct zero-divisors has a nonzero annihilator. Since Z(B) is primal, then Z(R) is an ideal of R and R has Property (A) by Theorem 22(3). But Z (B )^2 ≠ 0 implies that Z (R)^2 ≠ 0 and the proof is complete.

(2) Assume that Z(R) is an ideal of R and R does not have Property (A) but each pair of proper zero-divisors of R have a nonzero annihilator. It is obvious that diam(Γ( R)) = 2 . Our claim is that diam(Γ( B)) = 3 . On the contrary, let diam(Γ( B)) = 2 . According to [ 16, Theorem 2.6(3)] and [ 12, Corollary 2.4], either zd(R) = 2 or zd(R) = 1 . But the content function c: B → FId(R) is onto and in both cases, by Theorem 18(3), R has Property (A), a contradiction. Therefore diam(Γ( B)) = 3 . Now let diam(Γ( R)) = 2 and diam(Γ( B)) = 3 , then according to [16, Theorem 2.6(3)] and Theorem 26(1), Z(R) is an ideal of R and each pair of proper zero-divisors of R has a nonzero annihilator. Obviously R does not have Property (A), otherwise diam(Γ( B )) = 2 and the proof is complete. □ Note that the two recent theorems are the generalization of [ 16, Theorem 3.6].

Consider that in the last theorem, we assume the content function c: B → FId(R) to be onto. In the following we state a theorem similar to [ 4, Proposition 5], without assuming the content function c: B → FId( R) to be onto.

248 P. NASEHPOUR

Theorem 27. Let B be a content R-algebra and Z(R)^n = (0) , while Z(R)^{n − 1} ≠ (0) for some n ≧ 2. Then the following statements hold:

(1) If n = 2 , then diam(Γ( R)) = diam(Γ( B )) = 1 . (2) If n > 2, then diam(Γ( R)) = diam(Γ( B )) = 2 .

Proof. (1) holds by [2, Theorem 2.8] and Theorem 25(2).

(2): By assumption Z(R)^n = (0) and Z(R)^2 ≠ (0) . Therefore Γ(R) is not a complete graph and so there exist distinct a, b ∈ Z(R)^∗ such that ab ≠ 0 . Since Z(R)^{n − 1} ≠ (0) , there exist c_1 , c_2 , . . . , c_{n − 1} ∈ Z(R) such that c = c_1 c_2 . . . c_{n − 1} ≠ 0. So c ≠ a, b and ca = cb = 0 . Hence diam(Γ( R)) = 2 . On the other hand Z(R)^{n − 1} ≠ (0) causes Z(B)^{n − 1} ≠ (0) . By Lemma 23, Z(B)^n = (0) . This means that diam(Γ( B )) = 2 and the proof is complete. □ Acknowledgement. The author wishes to thank Prof. Winfried Bruns and the referee for their useful advice.

References

[1] Anderson, D. D., Kan, B. G., Content formulas for polynomials and power series and complete integral closure , J. Algebra 181 (1996), 82–94.

[2] Anderson, D. F., Livingston, P. S., The zero-divisor graph of a commutative ring , J. Algebra 217 (1999), 434–447.

[3] Arnold, J. T., Gilmer, R., On the content of polynomials , Proc. Amer. Math. Soc. 40 (1970), 556–562.

[4] Axtell, M., Coykendall, J., Stickles, J., Zero-divisor graphs of polynomials and power series over commutative rings , Comm. Algebra 6 (2005), 2043–2050.

[5] Bruns, W., Guerrieri, A., The Dedekind-Mertens formula and determinantal rings , Proc.

Amer. Math. Soc. 127 (3) (1999), 657–663. [6] Dauns, J., Primal modules , Comm. Algebra 25 (8) (1997), 2409–2435. [7] Davis, E., Overrings of commutative rings II. Integrally closed overrings , Trans. Amer. Math.

Soc. 110 (1964), 196–212. [8] Eakin, P., Silver, J., Rings which are almost polynomial rings , Trans. Amer. Math. Soc. 174 (1974), 425–449.

[9] Gilmer, R., Multiplicative Ideal Theory , Marcel Dekker, New York, 1972. [10] Gilmer, R., Commutative Semigroup Rings , The University of Chicago Press, 1984. [11] Heinzer, W., Huneke, C., The Dedekind-Mertens Lemma and the content of polynomials , Proc. Amer. Math. Soc. 126 (1998), 1305–1309.

[12] Huckaba, J. A., Commutative Rings with Zero Divisors , Marcel Dekker, 1988. [13] Huckaba, J. A., Keller, J. M., Annihilation of ideals in commutative rings , Pacific J. Math.

83 (1979), 375–379. [14] Kaplansky, I., Commutative Rings , Allyn and Bacon, Boston, 1970. [15] Loper, K. A., Roitman, M., The content of a Gaussian polynomial is invertible , Proc. Amer.

Math. Soc. 133 (2005), 1267–1271. [16] Lucas, T. G., The diameter of a zero divisor graph , J. Algebra 301 (2006), 174–193. [17] McCoy, N. H., Remarks on divisors of zero , Amer. Math. Monthly 49 (1942), 286–29. [18] Northcott, D. G., A generalization of a theorem on the content of polynomials , Proc. Camb.

Philos. Soc. 55 (1959), 282–288. [19] Ohm, J., Rush, D. E., Content modules and algebras , Math. Scand. 31 (1972), 49–68.

ZERO-DIVISORS OF CONTENT ALGEBRAS 249

[20] Rush, D. E., Content algebras , Canad. Math. Bull. 21 (3) (1978), 329–334. [21] Tsang, H., Gauss’ Lemma , University of Chicago, Chicago, 1965, dissertation. [22] Zariski, O., Samuel, P., Commutative Algebra , Van Nostrand, New York, 1958.

Universität Osnabrück, FB Mathematik/Informatik, 49069 Osnabrück, Germany E-mail : Peyman.Nasehpour@mathematik.uni-osnabrueck.de Nasehpour@gmail.com