ARCHIVUM MATHEMATICUM (BRNO) Tomus 46 (2010), 351–361

GEOMETRY OF THIRD ORDER ODE SYSTEMS

Alexandr Medvedev

Abstract. We compute cohomology spaces of Lie algebras that describe differential invariants of third order ordinary differential equations. We prove that the algebra of all differential invariants is generated by 2 tensorial invariants of order 2, one invariant of order 3 and one invariant of order 4. The main computational tool is a Serre-Hochschild spectral sequence and the representation theory of semisimple Lie algebras. We compute differential invariants up to degree 2 as application.

1. Introduction

The main aim of the article is to compute cohomology spaces which describe invariants of a system of 3rd order ODEs. Geometry of differential equations of finite type is studied in the paper [ 3] and is based on the interpretation of differential equation as first-order geometric structures on filtered manifolds.

A filtered manifold is a smooth manifold equipped with a filtration of the tangent bundle compatible with the Lie bracket of vector fields. The theory of geometric structures on filtered manifold was developed in the works of N. Tanaka [ 8, 9] and T. Morimoto [ 7]. We recall that a system of a filtered manifold is defined as a graded nilpotent Lie algebra associated with the filtration of the tangent space at a fixed point. It plays the key role in the study of structures on filtered manifolds. The symbol of a geometric structure is defined in a similar way. It consists of a graded Lie algebra g with the negative part g_− = � i< 0 gi equal to the symbol

of a filtered manifold and of a certain subalgebra g_0 of Der_0(g_− ) defined by the geometric structure.

If some additional conditions on the Lie algebra g are satisfied, then every geometric structure on a filtered manifold with symbol g can be equipped in a natural way with a so-called normal Cartan connection . In particular this allows to solve the problem of local equivalence of these structures and to describe differential invariants for each structure of this kind. It is known (see [ 10]) that the generators in the algebra of differential invariants are in the one-to-one correspondence with the positive part of the cohomology space H^2(g_− , g). Thus, one of the major steps in study of geometric structures on filtered manifolds is the computation of this space.

2000 Mathematics Subject Classification : primary 34A26; secondary 17B56, 53B15. Key words and phrases : geometry of ordinary differential equations, normal Cartan connections, cohomology of Lie algebras.

352 A. MEDVEDEV

In this paper we compute explicitly cohomology space H^2(g_− , g) in the case, when the Lie algebra g corresponds to an arbitrary system of 3rd order ODEs. The case of a single ordinary differential equation is studied in [ 1]. In the cases of n ≥ 1 ordinary differential equations of second order and a single equation of third order the Lie algebra g is simple, and the computation of cohomology spaces H^2(g_− , g) can be done with the help of Kostant theorem [6].

We consider the case of 3rd order ODEs with the number of equations two or more. In this case the symbol g of a system of 3rd order ODEs is no longer semisimple. That is why Kostant theorem is not applicable. To compute H^2(g_− , g) space we apply Serre spectral sequence defined by the abelian ideal of g. This sequence stabilizes in the second term, so that we can obtain our results.

2. System of 3rd order ODEs symbol

A symbol g of system, which consists of m equations of (n + 1) -order, is equal to the semidirect product of the Lie algebra sl_2(R) × gl_m (R) and an abelian ideal V. The ideal V has form V_n ⊗ W, where V_n is an irreducible sl_2(R)-module of dimension n + 1 and W is the standard representation of gl_m (R). Let us denote a Lie algebra sl_2 (R) × gl_m (R) as a.

This article is dedicated to studying third order equation. We work with the following symbol: g = ( sl_2 (R) × gl_m (R)) ⋌ (V_2 ⊗ W ) .

Let us fix a basis of the algebra g in the following way. Let x, y, h be the standart basis if an algebra sl_2 (R) with relations:

[x, y] = h , [h, x ] = 2 x , [h, y] = − 2y . In the matrix form this basis is the following: x = � 0 1 0 0 � , h = � 1 0 0 − 1 � , y = � 0 0 1 0 � . Let vectors e_0, e_1, e_2 define a basis of the module V_2, which is fixed by relations xe_i = e_{i − 1}. We denote the standart basis of the vector space W and the induced basis of the Lie algebra gl_m (R) as E_i and E^i_j . We have equality E^i_j E_i = E_j .

Let us define a grading of the Lie algebra g in the following way:

g_1 = ⟨y⟩ ,

g_0 = ⟨h, E^i_j ⟩ , g_{− 1} = ⟨x⟩ + ⟨e_2 ⊗ W ⟩ , g_{− 2} = ⟨e_1 ⊗ W ⟩ , g_{− 3} = ⟨e_0 ⊗ W ⟩ .

According to results of [ 3], we have the correspondence between invariants of an ordinary differential equation and the positive part of the second cohomology space H^2(g_− , g). We use Serre spectral sequence [ 4] to compute this cohomology space. Let E^{p,q}_i be spectral sequence corresponding to the ideal V.

GEOMETRY OF THIRD ORDER ODE SYSTEMS 353

The following lemmas are either elementary or easy to prove by direct computation. Lemma 1. The space of cohomology classes H^2(g_− , g) is the direct sum of two spaces E^{1,1}_2 and E^{0,2}_2 , where E^{1,1}_2 and E^{0,2}_2 have the following form: E^{1,1}_2 = H^1 � Rx, H^1 (V,g) � , E^{0,2}_2 = H^0 � Rx, H^2 (V,g) � . Let V = V_{n 1} ⊕ V_{n 2} ⊕ · · · ⊕V_{n k} be the irreducible decomposition of an arbitrary sl_2 -module V. It is easy to see that H^n (Rx, V ) = ⊕^k_{i =1} H^n (Rx, V_{n i} ) .

Lemma 2. Let V_m be an irreducible sl_2-module and v_0 and v_m be the vectors of V_m such that x ·v_0 = 0 and y ·v_m = 0 . Then H^0 (Rx, V_m ) = Rv_0 , H^1 (Rx, V_m ) = Rx^∗ ⊗ v_m .

In other words Lemma 2 is equivalent to the following: H^0 (Rx, V_m ) = Inv_x (V_m ) , H^1 (Rx, V_m ) = Inv_y (V_m ) .

We describe cohomology spaces H^n (V,g) by means of the Spenser operator S : S^n : Hom( ∧^n V, α) → Hom( ∧^{n +1} V, V) ,

S^n (φ )(v_1 ∧ v_2 ∧ · · · ∧v_{n +1} ) =

n +1�

i =1

(− 1)^i φ (v_1 ∧ · · · ∧^v_i ∧ · · · ∧v_{n +1} )v_i .

Lemma 3. We have H^0 (V,g) = V and H^n (V,g) = ker S^n ⊕ Hom( ∧^n V, V)/im S^{n − 1} .

Next lemma allows us to calculate the degree of cohomology space vectors. Lemma 4. For any cohomology class [c] ∈ H^k (g_− , g) we have h ·c = αc , z ·c = βc , where z =

�_n

i =1 E i i . Then cohomology class [c] is part of H^k_p (g_− , g) space, where p = − 2β − α 2 . Lemma 5. Map S^1 is injective. Proof. Nagano [5] lists all linear reductive Lie algebras, for which map S^1 has non-zero kernel. The algebra a ⊂ gl(V) is not present there. This proves the lemma. □

354 A. MEDVEDEV

3. Characterization of the space E^{1,1}_2 In this part we describe E^{1,1}_2 part of the cohomology space H^2 (g_− , g).

Theorem 1. The space E^{1,1}_2 has the following form x^∗ ⊗ � Ry^2 ⊗ gl(W ) + Ry ⊗ sl(W ) � . Elements φ ∈ E^{1,1}_2 which have form φ : Rx → Ry ⊗ sl(W) have degree 2 and elements which have form φ : Rx → Ry^2 ⊗ gl(W ) have degree 3. Proof. We know that E^{1,1}_2 ∼= H^1 (Rx, H^1 (V,g)). The space H^1 (V,g) is equal to: ker S^1 ⊕ Hom( V, V)/im S^0 .

From Lemma 5 we have ker S^1 = 0 . The operator S^0 has the following form: S^0 : Hom( R, a) → Hom( V, V) , S^0 (φ )(v) = − φ (1)( v) .

Thus im S^0 = a. Therefore: E^{1,1}_2 = H^1 (Rx, gl(V)/a) = Inv_y � gl(V) � . The space Inv_y � gl(V) � has the following structure Ry^2 ⊗ gl(W ) ⊕ Ry ⊗ sl(W ) .

This fact follows from the decomposition gl(V) ∼= V^∗_2 ⊗ W^∗ ⊗ V_2 ⊗ W ∼= (V_4 ⊕ V_2 ⊕ V_0 ) ⊗ gl(W ) .

Applying Lemma 4 we get degree of these cohomology elements. This completes the proof. □

4. Characterization of the space E^{2,0}_2 Let us describe the space Inv_x H^2 (V,g). As we know,

H^2 (V,g) = ker S^2 ⊕ Hom( V ∧ V, V) im S^1 . The space ker S^2 is described by the following theorem. Theorem 2. The space ker S^2 is equal as an a-module to a space: V_0 ⊗ S^2 (W^∗ ) + V_2 ⊗ id_W , if m = 2 , V_0 ⊗ S^2 (W^∗ ) , if m ≥ 3 .

Proof. We show that V_0 ⊗ S^2(W^∗) ∈ ker S^2. The module V_2 is equal to algebra sl_2 (R) as an sl_2 (R)-module. The isomorphism has the following form: (1) v_0 → − 2x, v_1 → h, v_2 → y . Isomorphism (1) induces an isomorphism α : V ∧ V → sl_2 : α (v_1 ∧ v_2 ) = [ v_1 , v_2 ].

GEOMETRY OF THIRD ORDER ODE SYSTEMS 355

For every bilinear form β ∈ S^2(W^∗) define the cochain α_β : ∧^2 V → sl_2(R)⊕ gl_m (R) in the following way: α_β (v ⊗ v, v^′ ⊗ w^′) = [ v, v^′] ·β(w, w^′) + K (v, v^′) ^β(w, w^′) , where the form ^β ∈ §^2 W^∗ ⊗ gl(W ) is ^β(w, w^′)w^{′′} = β(w, w^{′′})w^′ − β(w^′, w^{′′})w^′ .

A form K (v, v^′) is the Killing form of sl_2(R). Let us verify that S^2 α = 0 . Denote a cyclic sum of three variables as { } . We have:

S^2 α (v ⊗ w,v^′ ⊗ w^′, v^{′′}⊗ w^{′′}) = { [[v, v^′], v^{′′}] ⊗ β(w, w^′)w^{′′}} + { K (v, v^′)v^{′′}⊗ (β(w, w^{′′})w^′ − β(w^′, w^{′′})w)} = { ([[v, v^′], v^{′′}] + K (v^′, v^{′′})v − K (v, v^{′′})v^′) ⊗ β(w, w^′)w^{′′}}.

Moreover, it is easy to verify that: [[v, v^′], v^{′′}] + K (v^′, v^{′′})v − K (v, v^{′′})v^′ = 0 .

Direct computation shows that V_0 ⊗ S^2(W^∗) is a unique cohomology class in case m > 2. In the case m = 2 computation shows that dim ker S^2 = 6 and it has a structure given above. □ Now we describe the structure of E^{0,2}_2 = Inv_x H^2 (V,g).

Theorem 3. The space E^{0,2}_2 has the following parts in the direct sum decomposition

Space contained in degree V_6 ⊗ ∧^2 (W^∗ ) ⊗ W Hom( ∧^2 V, V)/im S^1 0 V_4 ⊗ S^2_0 (W^∗ ) ⊗ W Hom( ∧^2 V, V)/im S^1 0 V_4 ⊗ ∧^2 (W^∗ ) ⊗ W Hom( ∧^2 V, V)/im S^1 0 V_2 ⊗ ∧^2_0 W^∗ ⊗ W Hom( ∧^2 V, V)/im S^1 1 V_0 ⊗ S^2_0 (W^∗ ) ⊗ W Hom( ∧^2 V, V)/im S^1 2

V_0 ⊗ S^2 (W^∗ ) ker S^2 ⊂ Hom( ∧^2 V,a) 4 V_2 , m = 2 ker S^2 ⊂ Hom( ∧^2 V,a) 3 Here we denote traceless part of spaces S^2(W^∗)⊗ W and ∧^2(W^∗)⊗ W as S^2_0 (W^∗)⊗ W and ∧^2_0 (W^∗ ) ⊗ W respectively. Proof. The space Hom( ∧^2 V, V) has the following sl_2 (R) decomposition: Hom( ∧^2 V, V) = � S^2 (V^∗_2 ) ⊗ ∧^2 W^∗ + ∧^2 V^∗_2 ⊗ S^2 (W^∗ ) � ⊗ V_2 ⊗ W = � (V_4 ⊕ V_0 ) ⊗ V_2 � ⊗ ∧^2 W^∗ ⊗ W + V_2 ⊗ V_2 ⊗ S^2 (W^∗ ) ⊗ W = ( V_6 ⊕ V_4 ⊕ 2V_2 ) ⊗ ∧^2 W^∗ ⊗ W + ( V_4 ⊕ V_2 ⊕ V_0 ) ⊗ S^2 (W^∗ ) ⊗ W .

356 A. MEDVEDEV

Note that the space im S^1 is equal to Hom(V,a), which has the following structure:

Hom( V,a) = V^∗_2 ⊗ W^∗ ⊗ (V_2 + V_0 ⊗ W^∗ ⊗ W ) = ( V_4 ⊕ V_2 ⊕ V_0 ) ⊗ W^∗ + V_2 ⊗ W^∗ ⊗ W^∗ ⊗ W .

Let α ∈ Hom(V,a). Then the map S^1(α) ∈ Hom(V ∧ V, V) acts in the following way: (2) S^1 (α )(v_1 ⊗ w_1 , v_2 ⊗ w_2 ) = α (v_1 ⊗ w_1 ) ·v_2 ⊗ w_2 − α (v_2 ⊗ w_2 ) ·v_1 ⊗ w_1 . We see from the formula (2) that

Hom( ∧^2 V, V)/(V^∗_2 ⊗ W^∗ ⊗ W^∗ ⊗ W ) = = ( V_6 ⊕ V_4 ⊕ V_2 ) ⊗ ∧^2 W^∗ ⊗ W ⊕ (V_4 ⊕ V_0 ) ⊗ S^2 (W^∗ ) ⊗ W.

It follows from ( ?? ) that V_2 ⊗ W^∗ ⊂ V_2 ⊗ ∧^2 W^∗ ⊗ W , V_0 ⊗ W^∗ ⊂ V_0 ⊗ S^2 (W^∗ ) ⊗ W .

The space V_2 ⊗∧^2 W^∗ ⊗ W/V_2 ⊗ W^∗ is identified with traceless part of V_2 ⊗∧^2 W^∗ ⊗ W space, the space V_0 ⊗ S^2(W^∗) ⊗ W/V_0 ⊗ W^∗ is identified with traceless part of V_0 ⊗ S^2 (W^∗ ) ⊗ W . □

5. Normal Cartan connection Consider a system of third-order ordinary differential equations of the form (3) (y^i )^{′′′}= f^i � x, y^j , (y^k )^′, (y^l )^{′′} � , where i, j = 1 , . . . , m with m ≥ 2. It determines a holonomic differential equation E ⊂ J^3(R^{m +1} ,1) whose solutions are 1-dimensional submanifolds in R^{m +1} . The functions

x, y_1 , . . . , y_m , p_1 = y^1 , . . . , p_m = y^1_m , q_1 = y^1 , . . . , q_m = y^1_m form a coordinate system on the equation E.

We choose the following co-frame on E: θ^x = dx ; θ^i_{− 1} = dq^i − f^i (x, y, p, q) dx , i = 1 , . . . , m ; θ^i_{− 2} = dp^i − q^i dx , i = 1 , . . . , m ; θ^i_{− 3} = dy^i − p^i dx , i = 1 , . . . , m .

We use below Einstein summation convention. For any function F ∈ C^∞ (E), we have dF = dF dx θ^x + ∂F ∂y^i θ^i_{− 3} + ∂F ∂p^i θ^i_{− 2} + ∂F ∂q^i θ^i_{− 1} ;

GEOMETRY OF THIRD ORDER ODE SYSTEMS 357

where dF dx = ∂F ∂x + p^i ∂F ∂y^i

+ q^i ∂F ∂p^i

+ f^i ∂F ∂q^i . The coframe θ has the following structure equations: dθ^x = 0 dθ^i_{− 3} = θ^x ∧ θ^i_{− 2} dθ^i_{− 2} = θ^x ∧ θ^i_{− 1}

dθ^i_{− 1} =

∂f^i ∂y^j θ^x ∧ θ^i_{− 3} +

∂f^i ∂p^j θ^x ∧ θ^i_{− 2} +

∂f^i ∂q^j θ^x ∧ θ^i_{− 1} .

From [3] we know that there is a Cartan connection on E with model G/H that is naturally associated with the equation (3). The group G is a semisimple product: G = ( SL (2, R) × GL (m, R)) ⋌ (V(2) ⊗ W ) , Let h be the nonnegative part of g: h = g_0 + g_1 .

Assume that H is a subgroup of G with the Lie algebra h. H = � a b 0 a^{− 1} � × A , a ∈ R^∗ , b ∈ R , A ∈ GL_m (R) .

Let us define the family of Cartan connections adapted to the equation (3). We call a co-frame ω^x , ω^i_{− 1} , ω^i_{− 2} , ω^i_{− 3} adapted to equation (3) if the following conditions holds: ⟨ω^i_{− 3} ⟩ = ⟨θ^i_{− 3} ⟩ , ⟨ω^i_{− 3} , ω^i_{− 2} ⟩ = ⟨θ^i_{− 3} , θ^i_{− 2} ⟩ , ⟨ω^i_{− 3} , ω^i_{− 2} , ω^i_{− 1} ⟩ = ⟨θ^i_{− 3} , θ^i_{− 2} , θ^i_{− 1} ⟩ , ⟨ω^i_{− 3} , ω^i_{− 2} , ω^x ⟩ = ⟨θ^i_{− 3} , θ^i_{− 2} , θ_x ⟩ .

We can express this conditions in coordinate free manner. First, there is a filtration C = C^{− 1} ⊂ C^{− 2} ⊂ C^{− 3} = TE , where C^{− i − 1} = [C^{− i} , C^{− 1}]. There is a one-dimensional distribution E whose integral curves are the lifts of solutions of equation (3). Let π^2_1 be the canonical projection from the second jet space J^2(M) to the first jet space J^1(M). We define kernel of the projection π^2_1 as F . This kernel F is an m-dimensional distribution. The distribution C is the direct sum of the distributions E and F . The distributions E , V have the form E = � ∂ ∂x + p_i ∂ ∂y_i

+ q_i ∂ ∂p_i

+ f^i ∂ ∂q_i � ; V = � ∂ ∂q_i � , where i, j = 1 , . . . , m. We say that coframe is adapted to the equation (3) if

358 A. MEDVEDEV

– the annihilator of forms ω^i_{− 3} , ω^i_{− 2} , ω^x is V; – the annihilator of forms ω^i_{− 3} , ω^i_{− 2} , ω^i_{− 1} is E ; – the annihilator of forms ω^i_{− 1} is C^{− 2} .

Let π : P → E be a principle H-bundle. We say that a Cartan connection ω on a principal H-bundle is adapted to equation (3), if for any local section s of π the set { s^∗ω^x , s^∗ω^i_{− 1} , s^∗ω^i_{− 2} , s^∗ ω^i_{− 3} } is an adapted co-frame on E.

Now any adapted Cartan connection can be written down explicitly. Let ω : T P → g be the Cartan connection that we are looking for. We shall write ω as follows:

ω = ω^i_{− 3} v_0 ⊗ e_i + ω^i_{− 2} v_1 ⊗ e_i + ω^i_{− 1} v_2 ⊗ e_i + ω^x x + ω^h h + ω^i_j e^j_i + ω^h h . Lemma 6. We can uniquely define a section s : E → P by the following conditions s^∗ω^i_{− 3} = θ^i_{− 3} , s^∗ω^h ≡ 0 mod ⟨θ^i_{− 3} , θ^i_{− 2} , θ^i_{− 1} ⟩ , s^∗ω^x ≡ − θ^x mod ⟨θ^i_{− 3} , θ^i_{− 2} , θ^i_{− 1} ⟩ .

Now we define ω : P → g by the formula ω = s^∗ω . Let Ω be the curvature tensor of ω , and let Ω = s^∗Ω . We see that

Ω = Ω^i_{− 3} v_0 ⊗ e_i + Ω^i_{− 2} v_1 ⊗ e_i + Ω^i_{− 1} v_2 ⊗ e_i + Ω^x x + Ω^h h + Ω^j_i e^i_j + Ω^y y = ( dω^i_{− 3} + ω^x ∧ ω^i_{− 2} + 2 ω^h ∧ ω^i_{− 3} + ω^i_j ∧ ω^j_{− 3} )v_0 ⊗ e_i + ( dω^i_{− 2} + ω^x ∧ ω^i_{− 1} + ω^i_j ∧ ω^j_{− 2} + 2 ω^y ∧ ω^i_{− 3} )v_1 ⊗ e_i + ( dω^i_{− 1} − 2ω^h ∧ ω^i_{− 1} + ω^i_j ∧ ω^j_{− 1} + 2 ω^y ∧ ω^i_{− 2} )v_2 ⊗ e_i + ( dω^x + 2 ω^h ∧ ω^x )x + ( dω^h + ω^x ∧ ω^y )h + ( dω^i_j + ω^i_k ∧ ω^k_j )e^j_i + ( dω^y − 2ω^h ∧ ω^y )y .

Now we define an arbitrary Cartan connection adapted to equation (3) as ω^i_{− 3} = θ^i_{− 3} ; ω^i_{− 2} = α^i_j θ^j_{− 2} + A^{i − 3}_j θ^j_{− 3} ; ω^i_{− 1} = β^i_j θ^j_{− 1} + B^{i − 2}_j θ^j_{− 2} + C^{i − 3}_j θ^j_{− 3} ; ω^x = − θ^x + d_j θ^j_{− 2} + e^{− 3}_j θ^j_{− 3} ; ω^h = F^{− 1}_j θ^j_{− 1} + F^{− 2}_j θ^j_{− 2} + F^{− 3}_j θ^j_{− 3} ; ω^i_j = G^{i,x}_j θ^x + G^{i, − 1}_{jk} θ^k_{− 1} + G^{i, − 2}_{jk} θ^k_{− 2} + G^{i, − 3}_{jk} θ^k_{− 3} ; ω^y = H^x θ^x + H^{− 1}_j θ^j_{− 1} + H^{− 2}_j θ^j_{− 2} + H^{− 3}_j θ^j_{− 3} .

We assign a degree to each of the coefficients in the above expressions by assuming that all these equalities are homogeneous. We will compute the normal Cartan connection by applying normal conditions on curvature degree by degree.

GEOMETRY OF THIRD ORDER ODE SYSTEMS 359

Degree 0. There are two following differentials in this degree: dω^i_{− 3} = θ^x ∧ θ^i_{− 2} ; dω^i_{− 2} = θ^x ∧ θ^i_{− 1} + A^i_j θ^x ∧ θ^j_{− 2} + dA^i_j ∧ θ^j_{− 3} .

We have only two nonzero components: Ω^i_{− 3} mod ⟨θ_{− 2} ∧ θ_{− 2} , θ_{− 3} ⟩ = θ^x ∧ θ^i_{− 2} − α^i_j θ^x ∧ θ^j_{− 2} ; Ω^i_{− 2} mod ⟨θ_{− 2} , θ_{− 3} ⟩ = θ^x ∧ θ^i_{− 1} − β^i_j θ^x ∧ θ^j_{− 1} .

We see from these equalities that we can make all Degree 0 coefficients equal to zero. Thus, we obtain α^i_j = δ^i_j and β^i_j = δ^i_j . Degree 1. We will use one additional differential: dω^i_{− 1} =

∂f^i ∂q^j θ^x ∧ θ^i_{− 1} +

∂f^i ∂p^j θ^x ∧ θ^i_{− 2} +

∂f^i ∂y^j θ^x ∧ θ^i_{− 3} .

We have only 4 nonzero components. The first component is:

Ω^i_{− 3} mod ⟨θ_{− 2} ∧ θ_{− 3} , θ_{− 3} ∧ θ_{− 3} ⟩ = − θ^x ∧ A^j_i θ^j_{− 3} + d_j θ^j_{− 2} ∧ θ^i_{− 2} + G^{i,x}_j θ^x ∧ θ^j_{− 3} + G^{i, − 1}_{jk} θ^k_{− 1} ∧ θ^j_{− 3} + 2 F^{− 1}_j θ^j_{− 1} ∧ θ^i_{− 3} . We can make every component of Ω^i_{− 3} equal to 0 and get d_j = 0 , G^{i,x}_j = A^i_j , G^{i, − 1}_{jk} = − 2δ^j_i F^{− 1}_k .

The second component is:

Ω^i_{− 2} mod ⟨θ_{− 2} ∧ θ_{− 2} , θ_{− 3} ⟩ =

A^i_j θ^x ∧ θ^j_{− 2} + d^{− 2}_j θ^j_{− 2} ∧ θ^i_{− 1} − θ^x ∧ B^i_j θ^j_{− 2} + G^{i,x}_j θ^x ∧ θ^j_{− 2} + G^{i, − 1}_{jk} θ^k_{− 1} ∧ θ^j_{− 2} + 2 H^{− 1}_j θ^j_{− 1} ∧ θ^i_{− 2} .

Zero condition on this part of curvature implies: B^i_j = 2 A^i_j , G^{i, − 1}_{jk} = 0 , F^{− 1}_k = 0 .

The third component is:

Ω^i_{− 1} mod ⟨θ_{− 2} , θ_{− 3} ⟩ = ∂f^i ∂q^j θ^x ∧ θ^j_{− 1} + B^i_j θ^x ∧ θ^i_{− 1} − 2F^{− 1}_j θ^j_{− 1} ∧ θ^i_{− 1} + G^{i,x}_j θ^x ∧ θ^j_{− 1} + G^{i, − 1}_{jk} θ^k_{− 1} ∧ θ^j_{− 1} .

Now zero conditions give us: A^i_j = − 1 3 ∂f^i ∂q^j

, G^{i, − 1}_{jk} = 2 F^{− 1}_k δ^i_j . The last component Ω^x mod ⟨θ_{− 2} , θ_{− 3} ⟩ is equal to zero.

Let us summarize conditions on the Cartan connection we obtain in Degree 1: A^i_j = G^{i,x}_j = 1 2 B^i_j = − 1 3 ∂f^i ∂q^j

, F^{− 1}_j = G^{i, − 1}_{jk} = 0 .

360 A. MEDVEDEV

Degree 2. Starting from this degree calculation becomes more complicated. Therefore we will list only parts of calculation we need to obtain invariants and the normal form of the Cartan connection.

Ω^i_{− 2} mod ⟨θ_{− 2} ∧ θ_{− 3} , θ_{− 3} ∧ θ_{− 3} ⟩ = dA^i_j dx θ^x ∧ θ^j_{− 3} +

∂A^i_j ∂q_k θ^k_{− 1} ∧ θ^j_{− 3} − θ^x ∧ C^i_j θ^j_{− 3} + e_j θ^j_{− 3} ∧ θ^i_{− 1} + G^{i,x}_j θ^x ∧ A^j_k θ^k_{− 3}

+ 2 H^x θ^x ∧ θ^i_{− 3} + 2 H^{− 1}_j θ^j_{− 1} ∧ θ^i_{− 3} + G^{i, − 2}_{j k} θ^k_{− 2} ∧ θ^j_{− 2} + G^{i, − 1}_{j k} θ^{− 1}_k ∧ A^j_l θ^{− 3}_l .

In coefficient θ^k_{− 1} ∧ θ^j_{− 3} we obtain the first invariant. We denote it by I_2 :

∂A^i_j ∂q_k

− e_j δ^i_k + 2 H^{− 1}_k δ^i_j .

Explicitly, invariant I_2 will be the following:

I_2 = tr_0

� ∂2 f i

∂q_j ∂q_k � , there by tr_0 we denote traceless part of the tensor. Coefficient θ^x ∧ θ^j_{− 3} we can make equal to zero and get:

C^i_j = dA^i_j dx + A^i_k A^k_j + 2 H^k δ^i_j .

In coefficient θ_x ∧ θ^j_{− 2} of the curvature part Ω^i_{− 1} we obtain the generalized Wilczynski invariant (see [2]). We denote it by W_2 .

Ω^i_{− 1} mod ⟨θ_{− 2} ∧ θ_{− 2} , θ_{− 3} ⟩ = ∂f^i ∂p_j θ^x ∧ θ^j_{− 2} + 2 dA^i_j dx θ^x ∧ θ^j_{− 2} + 2

∂A^i_j ∂q_k θ^k_{− 1} ∧ θ^j_{− 2} + C^i_j θ^x ∧ θ^i_{− 2} − 2F^{− 2}_j θ^j_{− 2} ∧ θ^i_{− 1}

+ G^{i, − 2}_{jk} θ^k_{− 2} ∧ θ^j_{− 1} + 2 H^x θ^x ∧ θ^i_{− 2} + 2 H^{− 1}_j θ^j_{− 1} ∧ θ^i_{− 2} + G^{i,x}_k θ^x ∧ B^k_j θ^j_{− 2} .

The coefficient θ^x ∧ θ^j_{− 2} is the following:

∂f^i ∂p_j + 2 dA^i_j dx + C^i_j + 2 H^x + 2 A^i_k A^k_j =

∂f^i ∂p_j + 3 dA^i_j dx + 3 A^i_k A^k_j + 4 H^x δ^i_j .

The second degree generalized Wilczynski invariant is the following:

W_2 = tr_0

� ∂fi

∂p_j − d dx ∂f^i ∂q_j + 1 3 ∂f^i ∂q_k

∂f^k ∂q_j � . From Theorems 1 and 3 we know that I_2 and W_2 is are the only invariants in Degree 2.

GEOMETRY OF THIRD ORDER ODE SYSTEMS 361

References

[1] Doubrov, B., Contact trivialization of ordinary differential equations , Proc. Conf., Opava (Czech Republic), Differential Geometry and Its Applications, 2001, pp. 73–84.

[2] Doubrov, B., Generalized Wilczynski invariants for non-linear ordinary differential equations.

Symmetries and overdetermined systems of partial differential equations , IMA Vol. Math. Appl. 144 (2008), 25–40.

[3] Doubrov, B., Komrakov, B., Morimoto, T., Equivalence of holonomic differential equations , Lobachevskij J. Math. 3 (1999), 39–71.

[4] Fuks, D. B., Cohomology of infinite-dimensional Lie algebras , Contemporary Soviet Mathematics, New York: Consultants Bureau, 1986.

[5] Kobayashi, S., Nagano, T., On filtered Lie algebras and geometric structures III , J. Math.

Mech. 14 (1965), 679–706. [6] Kostant, B., Lie algebra cohomology and the generalized Borel–Weil theorem , Ann. of Math.

(2) 24 (1961), 329–387. [7] Morimoto, T., Geometric structures on filtered manifolds , Hokkaido Math. J. 22 (1993), 263–347.

[8] Tanaka, N., On differential systems, graded Lie algebras and pseudo-groups , J. Math. Kyoto Univ. 10 (1970), 1–82.

[9] Tanaka, N., On the equivalence problems associated with simple graded Lie algebras , Hokkaido Math. J. 8 (1979), 23–84.

[10] Tanaka, N., Geometric theory of ordinary differential equations , Report of Grant-in-Aid for Scientific Research MESC Japan (1989).

[11] Yamaguchi, K., Differential systems associated with simple graded Lie algebras , Adv. Stud.

Pure Math. 22 (1993), 413–494.

Faculty of Applied Mathematics, Belarusian State University, 4, Nezavisimosti Ave., 220030, Minsk, Republic of Belarus E-mail : sasha.medvedev@gmail.com