ARCHIVUM MATHEMATICUM (BRNO) Tomus 48 (2012), 149–162

A CHARACTERIZATION OF HARMONIC SECTIONS AND A LIOUVILLE THEOREM

Simão Stelmastchuk

Abstract. Let P (M, G ) be a principal fiber bundle and E (M, N, G, P ) an associated fiber bundle. Our interest is to study the harmonic sections of the projection π_E of E into M . Our first purpose is give a characterization of harmonic sections of M into E regarding its equivariant lift. The second purpose is to show a version of a Liouville theorem for harmonic sections of π_E .

1. Introduction

Let π_E : (E, k) → (M, g) be a Riemannian submersion and σ a section of π_E , that is, π_E ∘ σ = Id_M . It is known that T E = V E ⊕ HE where V E = ker(π_{E ∗}) and HE is the horizontal bundle orthogonal to V E. C. Wood has studied the harmonic sections in many contexts, see [ 22], [24], [23], [25] and [2]. To recall, a harmonic section is a minimal solution for the vertical energy functional

E (σ) = 1 2 Z M ‖vσ_∗ ‖^2 vol(g) ,

where vσ_∗ is the vertical component of σ_∗. Furthermore, in [ 22], Wood showed that if σ is a minimizer of the vertical energy functional, then

τ^v_σ = tr ∇^v vσ_∗ = 0 , where ∇^v is the vertical part of the Levi-Civita connection on E, since π_E has totally geodesics fibers. Wood called σ a harmonic section if τ^v_σ = 0 .

In this work, the Riemannian submersion condition of π_E will be replaced by another submersion condition of π_E . Thus, equip E, which is not necessarily a Riemannian manifold, with a symmetric connection ∇^E . Let π_E : (E, ∇^E ) → (M, g) be a submersion with totally geodesic fibers.

With these conditions we can define harmonic sections in the same way as Wood [22], only observing that ∇^v is the vertical connection induced by ∇^E . There is not, necessarily, a compatibility between ∇^E and the Levi-Civita connection on M.

2010 Mathematics Subject Classification : primary 53C43; secondary 55R10, 58E20, 58J65, 60H30.

Key words and phrases : harmonic sections, Liouville theorem, stochastic analysis on manifolds. The research was partially supported by FAPESP 02/12154-8. Received November 15, 2011. Editor J. Slovák. DOI: 10.5817/AM2012-2-149

150 S. STELMASTCHUK

Furthermore, the context of our study will be restricted. Let P (M, G) be a Riemannian G-principal fiber bundle over a Riemannian manifold M such that the projection π of P into M is a Riemannian submersion. Suppose that P has a connection form ω . Let E(M, N, G, P ) be an associated fiber bundle of P with fiber N, where N is a differential manifold (see for example [ 19, ch.1]). It is well known that ω yields horizontal spaces on E. Our goal is to study the harmonic sections of the projection π_E : E → M .

Let F : P → N be a differential map. We call F a horizontally harmonic map if τ_F ∘ (H ⊗ H ) = 0 , where H is the horizontal lift of M into P associated to ω .

Let σ be a section of π_E . There exists a unique equivariant lift F_σ : P → N associated to σ. Our first purpose is to give a stochastic characterization horizontally harmonic map F_σ , σ a section of π_E . Furthermore, we extent Theorem 1 in [ 22], namely, a section of π_E is harmonic section if and only if F_σ is horizontally harmonic. C. Wood considers π_E as Riemannian submersions and we deal with π_E as submersions with totally geodesic fibers.

Our second purpose is to show our main theorem. For this, we consider P (M, G) endowed with the Kaluza-Klein metric, M and G with the Brownian coupling property and N with the nonconfluence property of martingales. With these conditions we show a version of a Liouville Theorem, namely, being σ a section of π_E , if σ is a harmonic section then its equivariant lift F_σ is a constant map. Further, we show a version of the result to harmonic sections due to T. Ishihara in [11].

Aiming applications of our Liouville Theorem, suppose that M is a complete Riemannian manifold with nonnegative Ricci curvature or a compact Riemannian manifold. If its tangent bundle T M is endowed with a complete lift connection or the Sasaky metric, then the harmonic sections σ of π_{T M} are the 0-section. In the same way we can establish conditions for Hopf fibrations, with a Riemannian structure, such that the harmonic sections are the 0-section.

2. Preliminaries

In this work we use freely the concepts and notations of P. Protter [ 20], E. Hsu [9], P. Meyer [17], M. Emery [7] and [8], W. Kendall [ 14] and S. Kobayashi and N. Nomizu [15]. We suggest the reading of [ 3] for a complete survey about the objects of this section.

Let (Ω , F ,(F_t )_{t ≥ 0} , P) be a probability space which satisfies the usual hypotheses (see for example [ 7]). Our basic assumption is that every stochastic process is continuous.

Definition 2.1. Let M be a differential manifold. Let X be a stochastic process with value in M. We call X a semimartingale if, for all f smooth functions on M, f (X ) is a real semimartingale.

Let M be a differential manifold endowed with a symmetric connection ∇^M . Let X be a semimartingale in M and θ a 1-form on M defined along X. Let (x_1 , . . . , x_n ) be a local coordinate system on M. We define the Itô integral of θ along X, locally,

CHARACTERIZATION OF HARMONIC SECTIONS AND A LIOUVILLE THEOREM 151

by Z_t 0 θd^{∇ M} X_s =

Z_t 0 θ_i (X_s )dX^i_s + 1 2 Z_t 0 Γ^i_{jk} (X_s )θ_i (X_s )d[X^j , X^k ]_s ,

where θ = θ_i dx^i with θ_i smooth functions and Γ^i_{jk} are the Christoffel symbols of the connection ∇^M . Let b ∈ T^{(2 ,0)} M be defined along X. We define the quadratic integral on M along X , locally, by Z_t 0 b(dX, dX )_s =

Z_t 0 b_{ij} (X_s )d[X^i , X^j ]_s ,

where b = b_{ij} dx^i ⊗ dx^j with b_{ij} smooth functions.

Let M and N be differential manifolds endowed with the symmetric connections ∇^M and ∇^N , respectively. Let F : M → N be a differential map and θ a section of T N^∗ . We have the following geometric Itô formula: (1) Z_t 0 θd^{∇ N} F (X_s ) =

Z_t 0 F^∗ θd^{∇ M} X_s + 1 2 Z_t 0 β^∗_F θ(dX, dX )_s ,

where β_F is the second fundamental form of F (see [3] or [12] for the definition of β_F ). It is well known that F is an affine map if β_F ≡ 0. Here, the second fundamental form is important because based on this we can define harmonic maps. Another notation for β_F is ∇ dF .

On the next section we will characterize harmonic maps in the stochastic way. For that we need a concept of martingales on manifolds. Following, we define martingales and Brownian motions in smooth manifolds. Furthermore, we will define two important properties of both. First, we will define martingales. In stochastic calculus the Itô integral of a real martingale is also a real martingale. In an analogous way, martingales in manifolds are defined from the Itô integral along a semimartingale( see for example [17] or [8]).

Definition 2.2. Let M be a differential manifold endowed with a symmetric connection ∇^M . A semimartingale X with values in M is called a ∇^M -martingale if R_t 0 θ d^M X_s is a real local martingale for all θ ∈ Γ( T M^∗ ).

The most relevant stochastic process in stochastic calculus is the Brownian motion. Further, in our work, the Brownian coupling property is fundamental to show Theorem 4.2, which gives a strong result about harmonic sections.

Definition 2.3. Let (M, g) be a Riemannian manifold. Let B be a semimartingale with values in M. We say that B is a g-Brownian motion in M if B is a ∇^g-martingale, where ∇^g is the Levi-Civita connection of g, and for any section b of T^{(2 ,0)} M we have that (2) Z_t 0 b(dB, dB )_s =

Z_t 0 tr b_{B s} ds .

From (1) and (2) we deduce the useful formula: (3) Z_t 0 θd^{∇ N} F (B_s ) =

Z_t 0 F^∗ θd^{∇ g} B_s + 1 2 Z_t 0 τ^∗_F θ_{B s} ds ,

152 S. STELMASTCHUK

where τ_F is the tension field of F .

From formula (2) and the Doob-Meyer decomposition it follows that F is an harmonic map if and only if F sends g-Brownian motions to ∇^N -martingales.

We now introduce a necessary material about the nonconfluence property of martingales and the Brownian coupling property. Both will be used in Section 4.

Definition 2.4. Let M be a differential manifold endowed with a symmetric connection ∇^M . M has the nonconfluence property of martingales if for every filtered space (Ω , F ,(F_t )_{t ≥ 0} , P), every ∇^M -martingales X and Y defined over Ω and every finite stopping time T such that

X_T = Y_T a.s. we have X = Y over [0, T].

Example 2.1. Let M = V be a n-dimensional vector space with a flat connection ∇^V . Let X and Y be ∇^V -martingales. Suppose that there is a stopping time τ with respect to (F_t )_{t ≥ 0}, K > 0 such that τ ≤ K < ∞ and X_τ = Y_τ . Then straightforward calculus shows that X_t = Y_t for t ∈ [0, τ].

Definition 2.5. A Riemannian manifold M has the Brownian coupling property if for all x_0 , y_0 ∈ M we can construct a complete probability space (Ω , F , P), a filtration (F_t ;t ≥ 0) and two Brownian motions X and Y, not necessarily independent, but both adapted to the filtration such that

X_0 = x_0 , Y_0 = y_0 and P(X_t = Y_t for some t ≥ 0) = 1 .

The stopping time T(X, Y ) = inf { t > 0; X_t = Y_t } is called coupling time.

Example 2.2. Let M be a complete Riemannian manifold. In [ 13], W. Kendall has showed that if M is compact or M has nonnegative Ricci curvature then M has the Brownian coupling property.

Our next step is to construct a useful result about Brownian coupling, which is the key to prove Theorem 4.2. Let M be a Riemmanian manifold with metric g. Consider X and Y two g-Brownian motions in M which satisfy the Brownian coupling property and X_0 = x, Y_0 = y, where x, y ∈ M. Denote by T(X, Y) their coupling time. The process Ȳ is defined by

(4) Ȳ_t = ( Y_t , t ≤ T(X, Y ) X_t , t ≥ T(X, Y ) .

It follows immediately that Ȳ_0 = y.

Proposition 2.1. Let M be a Riemannian manifold with metric g. Suppose that M has the Brownian coupling property. Let X, Y be two g-Brownian motions in M which satisfy the Brownian coupling property. Then the process Ȳ is a g-Brownian motion in M .

Proof. It is a straightforward proof from the definition of Brownian motion. □

CHARACTERIZATION OF HARMONIC SECTIONS AND A LIOUVILLE THEOREM 153

In the sequel we explain the idea we use to prove Theorem 4.2, a theorem type Liouville. With this we expect to show the role of the Brownian coupling property, the nonconfluence property of martingales and the Brownian motion Ȳ.

Let (M, g) be a Riemmanian manifold with the Brownian coupling property, N a differential manifold with a connection ∇^N and the nonconfluence property of martingales and F : M → N a harmonic map. Given x, y ∈ M distinct points. Then, by Brownian coupling property in M, there exist two Brownian motion X and Y in M such that X_0 = x, Y_0 = y and the coupling time T(X, Y) > 0. By definition (4) and Proposition 2.1, we have the Brownian motion Ȳ. Applying F in X and Ȳ we see that, for t ≥ T(X, Y ),

(5) F (X ) = F (Ȳ) .

Since X and Ȳ are Brownian motions and F is a harmonic map, F (X) and F (Ȳ) are ∇^N -martingales. From nonconfluence property of martingale in N we obtain F (X_0) = F (Y_0). Thus we get F (x) = F (y). Because x, y are arbitrary points, F is a constant map.

The Brownian motion Ȳ has a fundamental role in the argument above. First, its geometric nature gives equality (5). Second, its stochastic nature turns F (Ȳ) into a ∇^N -martingale, since F is a harmonic map. Then, by nonconfluence property of martingale, we obtain the constancy of F .

3. Harmonic sections

In this section we work to obtain a characterization of harmonic sections. Our line of work is: first, we introduce an appropriated geometric context; second, we define harmonic sections, horizontally harmonic maps and vertical martingales; third, we characterize, stochastically, horizontally harmonic maps; finally we show an equivalence between harmonic maps and horizontally harmonic maps.

Let P (M, G) be a principal fiber bundle over M and E(M, N, G, P ) an associated fiber bundle to P (M, G), where the differential manifold N is known as fiber of E (see for example [ 19, ch.1]). We denote the canonical projection from P × N into E by μ, namely, μ(p, ξ) = p ·ξ. For each p ∈ P , we have the map μ_p : N → E defined by μ_p(ξ) = μ(p, ξ). Let σ : M → E be a section of the projection π_E : E → M, that is, π_E ∘ σ = Id_M . There exists a unique equivariant lift F_σ : P → N associated to σ, which is defined by

(6) F_σ (p) = μ^{− 1}_p ∘ σ ∘ π(p) .

The equivariance property of F_σ is given by

F_σ (p ·g) = g^{− 1} ·F_σ (p) , g ∈ G .

Let us endow P and M with Riemmanian metrics k and g, respectively, such that π : (P, k) → (M, g) is a Riemmanian submersion. Let ω be a connection form on P . We observe that the connection form ω yields a horizontal structure on E, that is, for each b ∈ E, T_bE = V_bE ⊕ H_bE, where V_bE := Ker(π_{Eb ∗}) and H_bE is the horizontal subspace yielded by ω on E (see for example [ 15, pp.87]). We

154 S. STELMASTCHUK

denote by v : T E → V E and h : T E → HE the vertical and horizontal projection, respectively.

Let ∇^M denote the Levi-Civita connection on M and let ∇^E be a connection on E. We are interested in connections ∇^E such that the projection π_E of E into M has totally geodesic fibers.

We denote by ∇^v the vertical connection associated to ∇^E on T E, that is, ∇^v is the vertical projection of ∇^E . In other words, since that π_E has totally geodesic fibers, for U, V vertical vector fields we have ∇^v_U V = v(∇^E_U V). The ∇^v is usually founded in study of Riemanian submanifolds as the vertical projection of the Levi-Civita connection.

We endow N with a connection ∇^N such that, for each p ∈ P , μ_p is an affine map over its image, the fiber π^{− 1}_E (x) with π(p) = x.

Let σ be a section of π_E . Write σ_∗ = vσ_∗ + h σ_∗, where vσ_∗ and h σ_∗ are the vertical and the horizontal components of σ_∗, respectively. The second fundamental form for vσ_∗ is defined by

β^v_σ = ¯∇^v ∘ vσ_∗ − vσ_∗ ∘ ∇^M ,

where ¯∇^v is the induced connection on σ^{− 1} V E. The vertical tension field is given by τ^v_σ = tr β^v_σ .

Following, we extend the definition given by C. M. Wood [ 24] for harmonic sections.

Definition 3.1. 1. A section σ of π_E is called a harmonic section if τ^v_σ = 0 ; 2. A differential map F : P → N is called horizontally harmonic if τ_F ∘(H ⊗ H) = 0 , where H is the horizontal lift of M into P associated to ω .

We will now give a stochastic way to characterize horizontally harmonic maps. In the sequel, a 1-form θ on E will be called a vertical form if θ ∈ V E^∗, the adjoint of the vertical bundle V E.

Proposition 3.1. Let P (M, G) be a Riemannian principal fiber bundle endowed with a connection form ω and M a Riemannian manifold such that the projection π of P into M is a Riemannian submersion. Let E(M, N, G, P ) be an associated fiber bundle to P and suppose that N has a symmetric connection ∇^N . Then the equivariant lift F_σ associated to σ, σ a section of π_E , is a horizontally harmonic map if and only if, for every horizontal Brownian motion B^h in P , F_σ (B^h ) is a ∇^N -martingale.

Proof. Let B be a g-Brownian motion in M and B^h a horizontal Brownian motion in P , that is, B^h is a solution of the stochastic differential equation

(7) d^{∇ P} B^h = H_B d^{∇ M} B ,

CHARACTERIZATION OF HARMONIC SECTIONS AND A LIOUVILLE THEOREM 155

where H is the horizontal lift of M into P associated to ω . Set θ ∈ Γ(T N^∗). By geometric Itô formula (1),

Z_t 0 θ d^{∇ N} F_σ (B^h_s ) =

Z_t 0 F^∗_σ θ d^{∇ P} B^h_s + 1 2 Z_t 0 β^∗_{F σ} θ(dB^h , dB^h )_s .

From (7) we see that

Z_t 0 θ d^{∇ N} F_σ (B^h_s ) =

Z_t 0 H^∗ F^∗_σ θ d^{∇ M} B_s + 1 2 Z_t 0 β^∗_{F σ} θ(H_B d^{∇ M} B, H_B d^{∇ M} B )_s .

As B is a Brownian motion we have

Z_t 0 θ d^{∇ N} F_σ (B^h_s ) =

Z_t 0 H^∗ F^∗_σ θ d^{∇ M} B_s + 1 2 Z_t 0 (τ^H_{F σ} )^∗ θ(B_s ) ds ,

where τ^H_{F σ} = τ_{F σ} ∘ (H ⊗ H). Since θ and B are arbitrary, the Doob-Meyer decomposition shows that

R_t 0 θd^{∇ N} F_σ (B^h_s ) is a real local martingale if and only if τ^H_{F σ} vanishes. From the definitions of martingales and horizontally harmonic maps we conclude the proof. □

Remark 1. In equation (7) we can see that the hypothesis of Riemannian submersion over π : P → M is necessary. In fact, the horizontal Brownian motion is defined as a solution of the Stratonovich stochastic equation, see for example [ 21]. However, Corollary 16 in [ 6] shows that Stratonovich and Itô differential equations are equivalent because the horizontal lift of a geodesic in M is a geodesic in P , since π is a Riemannian submersion.

Now we will give an extension of the harmonic sections characterization obtained by C.M. Wood (see Theorem 1 in [ 24]). The key of this proof is Lemma 3 in [ 24] showed by Wood. The reader can see that the application of this Lemma can be more general than Wood used in his paper [ 24]. In fact, it is possible to use the same Lemma in our context. For the convenience of the reader we repeat this Lemma without proof.

Lemma 3.2. Let P (M, G) be a Riemannian principal fiber bundle endowed with a connection form ω and M a Riemannian manifold such that the projection π of P into M is a Riemannian submersion. Let E(M, N, G, P ) be an associated fiber to P endowed with a symmetric connection ∇^E such that the projection π_E has totally geodesic fibers. Moreover, suppose that N has a symmetric connection ∇^N such that μ_p is an affine map for each p ∈ P . For any X, Y ∈ T_p P we have that

μ_{p∗} β_{F σ} (h X, h Y) = β^v_σ (π_∗ X, π_∗ Y) ,

where h X, h Y are the horizontal components of X, Y .

Following, we state the main theorem of this section.

Theorem 3.3. Under hypothesis of Lemma 3.2, a section σ of π_E is a harmonic section if and only if F_σ is a horizontally harmonic map.

156 S. STELMASTCHUK

Proof. Let σ be a section of π_E and F_σ its equivariant lift. Let B_t be a Brownian motion and θ a vertical form on E. From Lemma 3.2 we see that β^v_σ (x)(X, Y) = μ_{q∗} β_{F σ} (X^h , Y^h ), where π(q) = x and X, Y ∈ T_x M . It follows that

Z_t 0 β^{v∗}_σ θ(dB, dB )_s =

Z_t 0 θβ^v_σ (dB, dB )_s =

Z_t 0 θμ_B h_∗ β_{F σ} (dB^h , dB^h )_s = Z_t 0 ψβ_{F σ} (dB^h , dB^h )_s =

Z_t 0 β^∗_{F σ} ψ (dB^h , dB^h )_s ,

where ψ = μ^∗_{B h} θ is a 1-form on N . As dB^h = H_{B t} d^{∇ M} B we have Z_t 0 β^{v∗}_σ θ(dB, dB ) =

Z_t 0 β^∗_{F σ} ψ (H_B d^{∇ M} B, H_B d^{∇ M} B )_s .

Since B is a Brownian motion, it follows that Z_t 0 τ^{v∗}_σ θ(B_s )ds =

Z_t 0 τ^{H ∗}_{F σ} ψ (B_s ) ds ,

where τ^H_{F σ} = τ_{F σ} ∘ (H ⊗ H). Being B an arbitrary Brownian motion and θ an arbitrary vertical form, we conclude that

τ^{v∗}_σ = τ^{H ∗}_{F σ} . Therefore, σ is a harmonic section if and only if F_σ is a horizontally harmonic map. □

Remark 2. One can think that to use of the stochastic tools is not necessary in the proof of Theorem 3.3, because it could be just a geometric computation from Lemma 3.2. It is not the case, because the vertical fundamental form β^v_σ is not symmetric. C. Wood, in a Riemmanian context [ 24], worked with this problem. He used the properties of the metric to identify the symmetric and skew-symmetric components of the vertical fundamental form β^v_σ , for a section σ of π_E (see Proposition 2 and Remark 2 in [ 24]). Here, the quadratic integral has an advantage, because it only computes the symmetric part of any bilinear form on a differential manifold, since for any skew-symmetric bilinear form the quadratic integral vanishes (see 3.14 in [7]).

4. A Liouville theorem for harmonic sections

We begin this section with the definition of the Kaluza-Klein metric on P (M, G). Let P (M, G) be a principal fiber bundle such that the differential Lie group G has a bi-invariant metric h, ω a connection form on P and M a Riemannian manifold with a metric g. The Kaluza-Klein metric is defined by

(8) k = π^∗ g + ω^∗ h .

From now on P (M, G ) is endowed with the Kaluza-Klein metric.

Here, the principal fiber bundle P (M, G) with Kaluza-Klein metric can be view as particular example of the study done by D. Elworhty and W. Kendal in [ 5] with respect to Brownian motions in P (M, G). In the proof of main Theorem we will use this remark.

CHARACTERIZATION OF HARMONIC SECTIONS AND A LIOUVILLE THEOREM 157

Lemma 4.1. Let P (M, G) be a principal fiber bundle with a Kaluza-Klein metric k, where g is the Riemannian metric on M and h is the bi-invariant metric on G associated to k. The following assertions are true:

(i) Let τ : [0,1] → P be a differential curve such that τ(t) = u ·μ(t) with τ(0) = u and μ(t) ∈ G, then

Z_1 0 k(τ̇(t), τ̇(t))^{12} dt =

Z_1 0 h(μ̇(t), μ̇(t))^{12} dt .

(ii) Let τ : [0,1] → P be a differential curve. If γ is a curve in M and if μ is a curve in G such that τ = γ(t)^h ·μ(t), then Z_1 0 k(τ̇(t), τ̇(t))^{12} dt ≤

Z_1 0 g(γ̇(t), γ̇(t))^{12} dt +

Z_1 0 h(μ̇(t), μ̇(t))^{12} dt .

(iii) Let x ∈ M and u, v, w ∈ π^{− 1}(x). If a and b are points in G such that v = u ·a and w = u ·b, then

d_P (v, w) = d_G (a, b) .

Proof. (i) and (ii) The proofs are straightforward. (iii) Let τ : [0,1] → P be a differential curve such that τ(0) = v and τ(1) = w. Consider a curve γ in M such that π(τ) = γ. There exists a differential curve μ in G such that μ(0) = a, μ(1) = b and τ = γ^h ·μ. We observe that γ(0) = x and γ(1) = x. This gives

R_1 0 g(γ̇(t), γ̇(t))^{12} dt = 0 . Thus, from item (i) and item (ii) we conclude that Z_1 0 k(τ̇(t), τ̇(t))^{12} dt =

Z_1 0 h(μ̇(t), μ̇(t))^{12} dt .

Therefore, it is only necessary to consider vertical curves. It follows that d_P (v, w) = d_P (u ·a, u ·b) = d_G (a, b), by the definition of Riemmanian distances. □ Finally, we can show our main theorem. Liouville type theorems say, under some conditions, that if a map is harmonic then it is a constant map. In our case, it is not possible that the sections are constant maps because of their definition. In fact, we will prove that if σ is a harmonic section then the equivariant map F_σ is constant. In this sense we have a Liouville type Theorem.

Theorem 4.2. Let P (M, G) be a principal fiber bundle equipped with a Kaluza-Klein metric and E(M, N, G, P ) an associated fiber bundle to P . Let ∇^E and ∇^N be symmetric connections on E and N, respectively, such that the projection π_E has totally geodesic fibers and μ_p is an affine map for each p ∈ P . Moreover, if N has the nonconfluence property of martingales and if M and G have the Brownian coupling property, then

(i) a section σ of π_E is a harmonic section if and only if F_σ is a constant map;

(ii) the left action of G into N has a fixed point if there exists a harmonic section σ of π_E ;

(iii) a section σ of π_E is a harmonic section if and only if σ is parallel.

158 S. STELMASTCHUK

Proof. (i) We first suppose that F_σ is a constant map. Then it is clear that τ^v_σ = 0 , so σ is a harmonic section.

Conversely, the proof will be divided into two parts. First, we find a suitable stopping time τ. After, we use τ to prove that F_σ is constant over P .

Set u, v ∈ P such that π(u) = x and π(v) = x. Thus v = u ·a. Since G has the Brownian coupling property, we have two h-Brownian motions μ and ν in G such that μ_0 = e, ν_0 = a. Moreover, there is a finite coupling time T(μ, ν) > 0. Proposition 2.1 now assures that the process

(9) ν̄_t = ( ν_t , t ≤ T(μ, ν ) μ_t , t ≥ T(μ, ν )

is a h-Brownian motion in G. Take a Brownian motion X in M such that it is independent of μ and ν and defining X^h_t ·μ(t) and X^h_t ·ν̄(t). More exactly, Elworthy and Kendall in [ 5] showed that X^h_t ·μ(t) and X^h_t ·ν̄(t) are Brownian motion in P . Taking t > T (μ, ν ) > 0 we see that

d_P (X^h_t ·μ_t , X^h_t ·ν̄_t ) = d_G (μ_t ,ν̄_t ) ,

which follows from Lemma 4.1, item (iii).

Setting t ≥ T(μ, ν) we obtain F_σ (X^h_t ·μ_t ) = F_σ (X^h_t ·ν̄_t ). Since X^h_t ·μ_t and X^h_t ·ν̄_t are Brownian motions, it follows that F_σ (X^h_t ·μ_t ) and F_σ (X^h_t ·ν̄_t ) are N-martingales. Using the nonconfluence property of martingale in N, we conclude that F_σ (X^h_0 ·μ_0 ) = F_σ (X^h_0 ·ν̄_0 ) .

It follows immediately that F_σ (u) = F_σ (v). Consequently, F_σ is a constant map over fibers.

As F_σ is a constant map over fibers we have a good definition for the map F̃_σ from M into N defined by F̃_σ (x) = F_σ (p) such that π(p) = x. Let x, y be distinct points in M. The Brownian coupling property yields two Brownian motion X, Y in M such that X_0 = x, Y_0 = y and the coupling time T(X, Y) is finite and positive. Proposition 2.1 now assures that the process

(10) Ȳ_t = ( Y_t , t ≤ T(X, Y ) X_t , t ≥ T(X, Y )

is a g-Brownian motion in M. Applying F̃ at X and Ȳ we obtain for t > T (X, Y) that

(11) F̃_σ (X_t ) = F̃_σ (Ȳ_t ) .

Let X^h_t and Ȳ^h_t be two horizontal Brownian motions in P associated to X and Ȳ, respectively, such that X^h_0 = u and Ȳ^h_0 = v. From (11) we see for t > T (X, Y) that

(12) F_σ (X^h_t ) = F_σ (Ȳ^h_t ) .

Since σ is a harmonic section, from Theorem 3.3 we see that F_σ is a horizontally harmonic map. Proposition 3.1 now shows that F_σ (X^h_t ) and F_σ (Ȳ^h_t ) are ∇^N -martingales in N . Since N has the nonconfluence property of martingales,

F_σ (X^h_0 ) = F_σ (Ȳ^h_0 ) .

CHARACTERIZATION OF HARMONIC SECTIONS AND A LIOUVILLE THEOREM 159

It follows immediately that F_σ (u) = F_σ (v). Consequently, F_σ is a constant map. (ii) Let σ be a harmonic section of π_E . From item (i) there exists ξ ∈ N such that F_σ (p) = ξ for all p ∈ P . We claim that ξ is a fixed point. In fact, set a ∈ G. From the equivariant property of F_σ we deduce that

a ·ξ = a ·F_σ (p) = F_σ (p ·a^{− 1} ) = ξ .

(iii) Let σ be a section of π_E . Suppose that σ is parallel. Then σ_∗(X) is horizontal for all X ∈ T M (see for example [ 15], pp.114). This gives vσ_∗(X) = 0 . Then it is clear, by definition, that σ is a harmonic section.

Suppose that σ is a harmonic section. From item (i) it follows that there is ξ ∈ N such that F_σ (p) = ξ for all p ∈ P . By the definition of equivariant lift,

σ(x) = σ ∘ π(p) = μ(p, ξ) = μ_ξ (p) , π(p) = x ,

where μ_ξ is an application from P into E. Take v ∈ T_x M and let γ(t) be a curve in M such that γ(0) = x and γ̇(0) = v. Then,

σ_∗ (v) = d dt � � � 0 σ ∘ γ(t) = d dt � � � 0 μ_ξ ∘ γ^h (t) = μ_{ξ∗} (γ̇^h (0)) ,

where γ^h is the horizontal lift of γ into P . Since γ̇^h (0) is a horizontal vector in P , so μ_{ξ∗}(γ̇^h (0)) is also horizontal in E (see for example [ 15], pp.87). Therefore σ_∗(v) is a horizontal vector. So we conclude that σ is parallel. □

Remark 3. Item i) of Theorem 4.2 can be weakened in the following way. Under the same hypothesis of Theorem 4.2, but without assumption that M has the Brownian coupling property, if σ is a harmonic section, then F_σ is constant over the fibers of P .

5. Examples

In this section, we will give three applications. First, using Theorem 4.2 we show that the unique harmonic section in the tangent bundle with complete lift is the 0-section. Also, from Theorem 4.2 we will show that under geometric conditions the unique harmonic section in the Tangent bundle with Sasaki metric is null. Finally, we will work with Hopf fibrations and harmonic sections.

Tangent bundle with complete lift

Let (M, g) be a complete Riemannian manifold which is compact or has nonnegative Ricci curvature. Let us denote by T M the tangent bundle associated to M. It is clear that T M is an associated fiber bundle to the orthonormal frame bundles OM , with fiber R^n . It is possible to introduce a Kaluza-Klein metric on OM . In fact, the Lie group O(n) is the group acting on OM , and O(n) is a compact group. Therefore, there exists a bi-invariant metric h on O(n) (see Theorem 3.8 in [ 1]). Thus, we define the Kaluza-Klein metric on OM in the same way that (8).

To study harmonic sections of π_E we need to introduce a connection on T M. Given a symmetric connection on M, we can prolong ∇ to a connection on T M. A

160 S. STELMASTCHUK

well known way to prolong it is the complete lift ∇^c (see [10] for the definition of ∇^c ). Let X, Y be vector fields on M , so ∇^c satisfies the following equations:

(13)

∇^c_X V Y^V = 0

∇^c_X V Y^H = 0 ,

∇^c_X H Y^V = ( ∇_X Y)^V ,

∇^c_X H Y^H = ( ∇_X Y)^H + γ(R(− , X )Y ,

where R(− , X)Y denotes a tensor field W of type (1,1) on M such that W(Z) = R(Z, X )Y for any Z ∈ T^{(1 ,0)} M, and γ is a lift of tensors, which is defined at page 12 in [10].

We claim that the applications μ_p : R^n → T M, for all p ∈ OM , are harmonic maps over their images. Since the second fundamental form is a tensor, it is sufficient to show that β_{μ p} = 0 for local coordinates. In fact, let (R^n , ν^α ) be a coordinate system in R^n . Let us denote by ∂_α the coordinate vector fields on (R^n , ν^α ). Applying β_{μ p} on the coordinate vector fields we deduce that

β^x_{μ p} (∂_α , ∂_β ) = ∇^x_{∂α} μ_{p∗} ∂_β − μ_{p∗} (∇^{Rn}_{∂α} ∂_β ) .

Observing that ∇^x ≡ 0 we get β^x_{μ p} (∂_α , ∂_β ) = 0 . So β^x_{μ p} ≡ 0. It follows that μ_p, for all p ∈ P , are affine maps. Furthermore, ∇^c is a symmetric connection because ∇ is also a symmetric connection (see Proposition 6.1 in [ 10, Ch.1]), and π_{T M} is a submersion with totally geodesic fibers. Besides, it follows from examples 2.1 and 2.2 that M and O(n) have the Brownian coupling property, and R^n has the nonconfluence property of martingales.

Proposition 5.1. Let M be a Riemannian manifold, ∇ a symmetric connection on M and T M its tangent bundle. Suppose that T M is endowed with the complete lift connection ∇^c and R^n is endowed with the euclidian metric. If σ is a section of π_{T M} , then σ is the 0-section.

Proof. Let σ be a harmonic section of π_{T M} . By Theorem 4.2, item (i), there exists ξ ∈ N such that F_σ (u) = ξ for all u ∈ P . Moreover, by item (ii) of Theorem 4.2, ξ is a fixed point of the left action of O(n) into R^n . We observe that 0 ∈ R^n is the unique fixed point of the left action. We thus get F_σ (u) = 0 . Therefore σ is the 0-section. □

Tangent bundle with Sasaki metric

Let M be a complete Riemannian manifold which is compact or has nonnegative Ricci curvature. Let OM be the orthonormal frame bundle endowed with the Kaluza-Klein metric. See the first paragraph at the example above to the construction of the Kaluza-Klein metric on OM . Let T M be the tangent bundle equipped with the Sasaki metric g_s . Thus π_E is a Riemannian submersion with totally geodesic fibers and, for each p ∈ P , μ_p is an isometric map (see for example [18]). From these assumptions and Examples 2.1 and 2.2 it follows that the hypotheses of Theorem 4.2 are satisfied.

CHARACTERIZATION OF HARMONIC SECTIONS AND A LIOUVILLE THEOREM 161

Proposition 5.2. Under the conditions stated above, if σ is a harmonic section of π_{T M} , then σ is the 0-section.

Proof. The proof is analogous to the proof of Proposition 5.1. □

Hopf fibration

Let S^1 → S^{2n − 1} → CP^{n − 1} be a Hopf fibration. It is well known that S^{2n − 1}(CP^{n − 1} , S^1) is a principal fiber bundle. We recall that U(1) ∼= S^1. Let ϕ be the application of U(1) × C^m into C^m given by

(14) (g, (z_1 , . . . , z_m )) → g ·(z_1 , . . . , z_m ) = ( gz_1 , . . . , gz_m ) .

Clearly, ϕ is a left action of U(1) into C^m . Thus, we can consider C^m as the fiber of the associated fiber bundle E(CP^{n − 1} , C^m , S^1 , S^{2n − 1}), where E = S^{2n − 1} ×_{U (1)} C^m . We are considering the canonical scalar product ⟨, ⟩ on C^m and the induced Riemannian metric g on CP^{n − 1}. Since U(1) is invariant by ⟨, ⟩, there exists one and only one Riemannian metric ĝ on E such that π_E is a Riemannian submersion of (E, ĝ) into (CP^{n − 1} , g) with totally geodesic fibers isometrics to (C^m , ⟨, ⟩) (see for example [12]). From these assumptions and examples 2.1 and 2.2 wee see that the hypotheses of Theorem 4.2 hold.

Proposition 5.3. Under the conditions stated above, if σ is a harmonic section of π_E , then σ is the 0-section.

Proof. We first observe that (0, . . . ,0) is the unique fixed point of the left action (14). Since σ is a harmonic section, from Theorem 4.2 we see that F_σ is a constant map and F_σ (p) = (0 , . . . , 0) for all p ∈ S^{2n − 1} . Therefore σ is the 0-section. □

References

[1] Arvanitoyeorgos, A., An introduction to Lie groups and the geometry of homogeneous spaces , Student Mathematical Library, vol. 22, AMS, Providence, RI, 2003.

[2] Benyounes, M., Loubeau, E., Wood, C. M., Harmonic sections of Riemannian vector bundles, and metrics of Cheeger–Gromoll type , Differential Geom. Appl. 25 (3) (2007), 322–334.

[3] Catuogno, P., A geometric Itô formula , Workshop on Differential Geometry. Mat. Contemp., vol. 33, 2007, pp. 85–99.

[4] Catuogno, P., Stelmastchuk, S., Martingales on frame bundles , Potential Anal. 28 (2008), 61–69.

[5] Elworthy, K. D., Kendall, W. S., Factorization of harmonic maps and Brownian motions , Pitman Res. Notes Math. Ser. 150 (1985), 72–83.

[6] Emery, M., On two transfer principles in stochastic differential geometry , Séminaire de Probabilités XXIV, 407 – 441, Lectures Notes in Math., 1426, Springer, Berlin, 1989.

[7] Emery, M., Stochastic Calculus in Manifolds , Springer, Berlin, 1989. [8] Emery, M., Martingales continues dans les variétés différentiables , Lectures on probability theory and statistics (Saint-Flour, 1998), 1–84, Lecture Notes in Math., 1738, Springer, Berlin, 2000.

[9] Hsu, E., Stochastic analysis on manifolds , Grad. Stud. Math. 38 (2002).

162 S. STELMASTCHUK

[10] Ishihara, S., Yano, K., Tangent and cotangent bundles: Differential geometry , Pure Appl.

Math. 16 (1973). [11] Ishihara, T., Harmonic sections of tangent bundles , J. Math. Tokushima Univ. 13 (1979), 23–27.

[12] J., Vilms, Totally geodesic maps , J. Differential Geom. 4 (1970), 73–79. [13] Kendall, W. S., Nonnegative Ricci curvature and the Brownian coupling property , Stochastics 19 (1–2) (1986), 111–129.

[14] Kendall, W. S., From stochastic parallel transport to harmonic maps , New directions in Dirichlet forms, Amer. Math. Soc., Stud. Adv. Math. 8 ed., 1998, pp. 49–115.

[15] Kobayashi, S., Nomizu, K., Foundations of Differential Geometry , vol. I, Interscience Publishers, New York, 1963.

[16] Lindvall, T., Rogers, L. C. G., Coupling of multidimensional diffusions by reflection , Ann.

Probab. 14 (3) (1986), 860–872. [17] Meyer, P. A., Géométrie stochastique sans larmes , Seminar on Probability, XV (Univ. Strasbourg, Strasbourg, 1979/1980) (French), Lecture Notes in Math., 850, Springer, Berlin–New York, 1981, pp. 44–102.

[18] Musso, E., Tricerri, F., Riemannian metrics on tangent bundle , Ann. Mat. Pura Appl. (4) 150 (1988), 1–19.

[19] Poor, W. A., Differential geometric structures , McGraw-Hill Book Co., New York, 1981. [20] Protter, P., Stochastic integration and differential equations. A new approach , Applications of Mathematics (New York), vol. 21, Springer-Verlag, Berlin, 1990.

[21] Shigekawa, I., On stochastic horizontal lifts , Z. Wahrsch. Verw. Gebiete 59 (2) (1982), 211–221.

[22] Wood, C. M., Gauss section in Riemannian immersion , J. London Math. Soc. (2) 33 (1) (1986), 157–168.

[23] Wood, C. M., Harmonic sections and Yang – Mills fields , Proc. London Math. Soc. (3) 54 (3) (1987), 544–558.

[24] Wood, C. M., Harmonic sections and equivariant harmonic maps , Manuscripta Math. 94 (1) (1997), 1–13.

[25] Wood, C. M., Harmonic sections of homogeneous fibre bundles , Differential Geom. Appl. 19 (2) (2003), 193–210.

Departamento de Matemática, Universidade Estadual do Paraná, 84600-000 – União da Vitória - PR, Brazil E-mail : simnaos@gmail.com