ARCHIVUM MATHEMATICUM (BRNO) Tomus 48 (2012), 301–309

ON PROPERTY (B) OF HIGHER ORDER DELAY DIFFERENTIAL EQUATIONS

Blanka Baculíková and Jozef Džurina

Abstract. In this paper we offer criteria for property (B) and additional asymptotic behavior of solutions of the n-th order delay differential equations

�_{r (t)}�_{x ( n − 1) (t)}�_γ �_{′ = q(t)f} �_{x(τ(t))} �_.

Obtained results essentially use new comparison theorems, that permit to reduce the problem of the oscillation of the n-th order equation to the the oscillation of a set of certain the first order equations. So that established comparison principles essentially simplify the examination of studied equations. Both cases

R_{∞ r − 1/γ (t) d t = ∞ and} R_{∞ r − 1/γ (t) d t < ∞ are discussed.}

1. Introduction

In this paper, we consider the n-th order ( n ≥ 3) delay differential equations of the form

(E ) � r (t) � x^{(n − 1)} (t)

�_γ �_′ = q(t)f � x(τ(t)) � , where we assume that a, q, τ, p, σ ∈ C([t_0 , ∞ )), f ∈ C((−∞ , ∞ )), and (H_1 ) γ is the ratio of two positive odd integers, (H_2 ) r (t) > 0, q(t) > 0, (H_3 ) τ(t) ≤ t, lim_{t →∞} τ(t) = ∞ , τ(t) nondecreasing, (H_4 ) xf (x) > 0, f^′(x) ≥ 0 for x ≠ 0 , − f (− xy) ≥ f (xy) ≥ f (x)f (y) for xy > 0. By a solution of Eq. (E ) we mean a function x(t) ∈ C^{n − 1}((T_x , ∞ )), T_x ≥ t_0 , which has the property r(t)(x^{(n − 1)} (t))^γ ∈ C^1((T_x , ∞ )) and satisfies Eq. (E ) on [T_x , ∞ ). We consider only those solutions x(t) of (E ) which satisfy sup{| x(t)| : t ≥ T} > 0 for all T ≥ T_x . We assume that (E ) possesses such a solution. A solution of (E ) is called oscillatory if it has arbitrarily large zeros on [T_x , ∞ ) and otherwise, it is called to be nonoscillatory. Equation (E ) is said to be oscillatory if all its solutions are oscillatory.

2010 Mathematics Subject Classification : primary 34K11; secondary 34C10. Key words and phrases : n-th order differential equations, comparison theorem, oscillation, property (B).

This work was supported by S.G.A. KEGA Grant No. 020TUKE-4/2012. Received October 4, 2011, revised September 2012. Editor O. Došlý. DOI: 10.5817/AM2012-4-301

302 B. BACULÍKOVÁ AND J. DŽURINA

Recently, great attention has been devoted to the oscillation of (E ) and the corresponding equation � r (t) � x^{(n − 1)} (t)

�_γ �_′

+ q(t)f � x(τ(t)) � = 0 .

The effort of the authors is aimed to obtain such criteria for studied properties that involve the only one main condition. But this effort leads to the strong monotonicity condition, namely,

(1.1) r^′(t) ≥ 0

imposed on the coefficient r(t), see e.g. [5], [15], [21] and even r(t) ≡ 1 in [14]. The main novelty of this paper consists in relaxing this nonotonicity condition. What is more, in this paper equation (E ) has been studied in both, canonical case, i.e., when the condition

(1.2)

Z_∞

t_0

r^{− 1/γ} (s) ds = ∞

holds as well as the noncanonical case, namely, when

(1.3)

Z_∞

t_0

r^{− 1/γ} (s) ds < ∞ .

is satisfied.

Various techniques appeared for the investigation of the higher order differential equations. Our method is based on the establishing new comparison theorems for comparing the n − th order equation (E ) with a just one or a couple of the first order delay differential equations in the sense, that the oscillations of these equations yield the oscillation of ( E ).

Remark 1. All functional inequalities considered in this paper are assumed to hold eventually, that is they are satisfied for all t large enough.

Remark 2. The results of this paper hold true also for the differential equation � r (t)Φ_γ � u^{(n − 1)} (t)

�_′

= q(t)f � x(τ(t)) � , where Φ_γ (u) = |u|^γ sgn u and in this case we can replace hypothesis ( H_1) by γ ∈ R_+ .

2. Main results

It is convenient to prove our main results by means of a series of lemmas, as follows. At first, we present basic properties of possible nonoscillatory solutions.

Lemma 1. If x(t) is a positive solution of (E ), then r(t) � x^{(n − 1)} (t)

�_γ is increasing, all derivatives x^{(i )}(t), 1 ≤ i ≤ n − 1 are of constant signs, and x(t) satisfies either

(C_1 ) x^{(n − 2)} (t) > 0 , x^{(n − 1)} (t) < 0 or (C_2 ) x^′(t) > 0, . . . , x^{(n − 2)} (t) > 0 , x^{(n − 1)} (t) > 0

PROPERTY (B) 303

or, if (1.3) holds,

(C_3 ) x^{(n − 2)} (t) < 0 , x^{(n − 1)} (t) > 0 .

Proof. Since x(t) is a positive solution of ( E ), then it follows from ( E ) that � r (t) � x^{(n − 1)} (t)

�_γ �_′

= q(t)f � x(τ(t)) � > 0.

Thus, r(t) � x^{(n − 1)} (t)

�_γ

is increasing, which implies that either x^{(n − 1)} (t) > 0 or x^{(n − 1)} (t) < 0 and moreover all lower derivatives are of fixed signs.

At first, we assume that x^{(n − 1)} (t) < 0, then we are led to x^{(n − 2)} (t) > 0, because the opposite condition x^{(n − 2)} (t) < 0 yields that all lower derivatives are negative, which contradicts the positivity of x(t). Therefore, we conclude that x(t) satisfies the case ( C_1 ).

Now, we suppose that x^{(n − 1)} (t) > 0. Then either x^{(n − 2)} (t) < 0 or x^{(n − 2)} (t) > 0. Since r(t) � x^{(n − 1)} (t)

�_γ

is increasing and positive, then there exists a constant c > 0 such that r (t) � x^{(n − 1)} (t)

�_γ ≥ c .

An integration from t_1 to t, yields

x^{(n − 2)} (t) ≥ x^{(n − 2)} (t_1 ) + c^{1/γ}

Z_t

t_1

r^{− 1/γ} (s) ds .

If (1.2) holds, then the last inequality implies x^{(n − 2)} (t) > 0, which guarantees that all lower derivatives are positive, i.e., x(t) satisfies the case (C_2 ). On the other hand, if (1.3), then the event x^{(n − 2)} (t) < 0 is not eliminated, so that x(t) may satisfy the case ( C_3 ). The proof is complete. □

Remark 3. The cases (C_1 ) and (C_3 ) involve various partial cases for lower derivatives, but these details are not important since our comparison method allow to eliminate these subcases en masse.

Definition 1. A nonoscillatory solution x(t) is said to be strongly increasing if x(t) is positive and it satisfies ( C_2 ) or x(t) is negative and − x(t) satisfies ( C_2 ).

Following Kusano and Naito [ 12], Dzurina [7], we recall the following definition.

Definition 2. Assume that (1.2) holds. We say that (E ) enjoys property (B) if every its nonoscillatory solution x(t)

(i) for n odd, is strongly increasing; (ii) for n even, is strongly increasing or satisfies lim_{t →∞} x(t) = 0 .

It is easy to verify that if x(t) is strongly increasing, then the following rate of divergence

(2.1) |x(t)| ≥ c

Z_t

t_0

r^{− 1/γ} (s)(t − s)^{n − 2} ds , c > 0

holds.

Our results essential use the following estimate which is due to Philos and Staikos see [18] and [19].

304 B. BACULÍKOVÁ AND J. DŽURINA

Lemma 2. Let z ∈ C^k ([t_0 , ∞ )). Assume that z^{(k )} is of fixed sign and not identically zero on a subray of [t_0 , ∞ ). If, moreover, z(t) > 0, z^{(k − 1)} (t)z^{(k )}(t) ≤ 0, and lim_{t →∞} z(t) ≠ 0 , then for every δ ∈ (0, 1) there exists t_δ ≥ t_0 such that

(2.2) z(t) ≥ δ (k − 1)!

t^{k − 1} |z^{(k − 1)} (t)|

holds on [t_δ , ∞ ).

Our task is to provide criteria for elimination the cases (C_1 ) and (C_3 ) to get desired properties of ( E ).

Theorem 1. Assume that ξ(t) ∈ C([t_0 , ∞ )) is such that

(2.3) ξ(t) nondecreasing, ξ(t) > t , and τ(ξ(t)) < t .

Further assume that x(t) is a positive solution of (E ), such that lim_{t →∞} x(t) ≠ 0 . If for some δ ∈ (0, 1), the first order delay equation

(E_1 ) y^′(t) + r^{− 1/γ} (t) h Z ξ(t ) t q(s)f

� δ(τ(s)) n − 2

(n − 2)! � ds i_{1/γ}

f^{1/γ} � y � τ(ξ(t) � = 0 is oscillatory, then x(t) does not satisfy (C_1 ).

Proof. Assume the contrary, that is, we admit that x(t) satisfies (C_1 ). Thus, it follows from Lemma 2 that for every δ ∈ (0, 1)

(2.4) x(t) ≥ δ (n − 2)!

t^{n − 2} x^{(n − 2)} (t) .

Setting (2.4) into ( E ), we get

(2.5) � r (t) � x^{(n − 1)} (t)

�_γ �_′ ≥ q(t)f

� δ(τ(t)) n − 2

(n − 2)! � f � x^{(n − 2)} (τ(t)) � . An integration from t to ξ(t), yields

− r (t) � x^{(n − 1)} (t)

�_γ ≥ Z_{ξ(t )} t q(s)f

� δ(τ(s)) n − 2

(n − 2)! � f � x^{(n − 2)} (τ(s)) � ds ≥ f � x^{(n − 2)} (τ(ξ(t)))

� Z^{ξ(t )} t q(s)f

� δ(τ(s)) n − 2

(n − 2)! � ds ,

(2.6)

where we have used the monotonicity of f (x^{(n − 2)} (τ(t))). Consequently, y(t) = x^{(n − 2)} (t) is a positive solution of the delay differential inequality

y^′(t) + r^{− 1/γ} (t) h Z ξ(t ) t q(s)f

� δ(τ(s)) n − 2

(n − 2)! � ds i_{1/γ} f^{1/γ} � y � τ(ξ(t) � ≤ 0 .

It follows from Theorem 1 in [ 17], that the corresponding equation (E_1 ) has also a positive solution. A contradiction and we conclude that x(t) cannot satisfy (C_1 ). □

Theorem 2. Let (1.2) hold. If for some constant δ ∈ (0,1), the first order differential equation (E_1 ) is oscillatory then (E ) has property (B).

PROPERTY (B) 305

Proof. Assume that x(t) is a nonoscillatory solution of (E ). We may assume that x(t) > 0. It follows from Lemma 1 that x(t) satisfies either ( C_1 ) or ( C_2 ).

First assume that n is odd. We shall show that x(t) is strongly increasing, i.e. it satisfies (C_2 ). Assume the contrary, let x(t) satisfies (C_1 ). Then it follows from Lemma 1 and (C_1 ) that x^′(t) > 0. Therefore, evidently lim_{t →∞} x(t) ≠ 0 . Thus, By Theorem 1, oscillation of (E_1 ) eliminate the case (C_1 ) and we conclude that (C_2 ) holds.

Now, we assume that n is even. We claim that x(t) is strongly increasing or lim_{t →∞} x(t) = 0 . If we admit lim_{t →∞} x(t) ≠ 0 , then, by Theorem 1 oscillation of (E_1 ) yields that x(t) is strongly increasing. □

Applying criteria for oscillation of (E_1 ), we immediately obtain sufficient conditions for property (B) of ( E ). Corollary 1. Let (1.2) hold and ξ(t) satisfy (2.3) . If (2.7) f (u^{1/γ} )/u ≥ 1 , 0 < |u| ≤ 1 and for some δ ∈ (0, 1)

(2.8) lim inf

t →∞

Z_t

τ (ξ(t ))

r^{− 1/γ} (u) h Z ξ(u ) u q(s)f

� δ τn − 2 (s) (n − 2)! � ds i_{1/γ}

du > 1 e , then (E ) has property (B). Proof. Since condition (2.8) guarantees oscillation of (E_1 ) the assertion follows from Theorem 2. □

For partial case of ( E ), we have another result. Corollary 2. Let (1.2) hold, ξ(t) satisfy (2.3), β be the ratio of two positive odd integers, and β < γ . If

(2.9) lim sup

t →∞

Z_t

τ (ξ(t ))

r^{− 1/γ} (u) h Z ξ(u ) u q(s) � τ^{n − 2} (s)

�_β ds i_{1/γ} du > 0 ,

then the differential equation (E^β ) � r (t) � x^{(n − 1)} (t)

�_γ �_′

+ q(t)x^β � τ(t) � = 0 has property (B).

We support our results with couple of illustrative examples. In the first example the condition (1.1) is relaxed, i.e. the opposite condition r^′(t) ≤ 0 holds. Example 1. Consider the n-th order nonlinear differential equation

(2.10) � 1 t � x^{(n − 1)} (t)

�_3 � ′ = b t^{3n − 1} x^3 (λt )

where b > 0, 0 < λ < 1. We set ξ(t) = ωt with ω =^{1+ λ}_{2λ} . Condition (2.8) now reduces to

(2.11) b^{1/3} λ^{n − 2} � 1 − � 2λ

1 + λ

�_4 �_{1/3} ln 2 1 + λ > 4^{1/3} (n − 2)! e ,

306 B. BACULÍKOVÁ AND J. DŽURINA

which, by Corollary 1, guarantees that (2.10) enjoys property (B). What is more, by (2.1), every strongly increasing solution satisfies |x(t)| ≥ ct^{n +1 /3} , c > 0.

It is not difficult to verify that no matter, whether or not, n is even or odd, one strongly increasing solution of (2.10) is x(t) = t^α , α > n − 2/3 such that [α (α − 1) . . . (α + 2 − n)]^3 (3α − 3n + 2) = bλ^{3α} .

Moreover, if n is even, one solution satisfying lim_{t →∞} x(t) = 0 is x(t) = t^{− β} , such

that [β(β + 1) . . . (β + n − 2)]^3 (3β + 3 n − 2) = bλ^{− 3β} .

Theorem 3. Let x(t) be a positive solution of (E ), such that lim_{t →∞} x(t) ≠ 0 . If for some δ ∈ (0, 1), the first order delay equation

(E_2 ) y^′(t) + r^{− 1/γ} (t) h Z t

t_1

q(s)f

� δ τn − 2 (s)

(n − 2)! � ds i_{1/γ} f^{1/γ} � y � τ(t) � = 0 is oscillatory, then x(t) does not satisfy (C_3 ).

Proof. Assume the contrary and suppose that x(t) satisfies (C_3 ). By Lemma 2, we see that for every δ ∈ (0, 1)

(2.12) x(t) ≥ − δ (n − 2)!

t^{n − 2} x^{(n − 2)} (t) .

Combining (2.12) together with( E ), we obtain

(2.13) � r (t) � x^{(n − 1)} (t)

�_γ �_′ ≥ q(t)f

� δ τn − 2 (t)

(n − 2)! � f � − x^{(n − 2)} (τ(t)) � . Integrating from t_1 to t, we have

r (t) � x^{(n − 1)} (t)

�_γ ≥ Z_t

t_1

q(s)f

� δ τn − 2 (s)

(n − 2)! � f � − x^{(n − 2)} (τ(s)) � ds ≥ f � − x^{(n − 2)} (τ(t))

� Z^t

t_1

q(s)f

� δ τn − 2 (s)

(n − 2)! � ds .

(2.14)

Then y(t) = − x^{(n − 2)} (t) is a positive solution of the delay differential inequality

y^′(t) + r^{− 1/γ} (t) h Z t

t_1

q(s)f

� δ τn − 2 (s)

(n − 2)! � ds i_{1/γ} f^{1/γ} � y � τ(t) � ≤ 0 .

By Theorem 1 in [ 17], the corresponding equation (E_2 ) has also a positive solution. A contradiction and we conclude that x(t) cannot satisfy ( C_3 ). □

Now, we turn our attention to the case when (1.3) holds.

Theorem 4. Let (1.3) hold. If for some constant δ ∈ (0,1), both the first order delay differential equations (E_1 ) and (E_2 ) are oscillatory, then every nonoscillatory solution x(t) of (E ) is strongly increasing or satisfies lim_{t →∞} x(t) = 0 .

Proof. Assume that x(t) is a nonoscillatory solution of (E ). We may assume that x(t) > 0. It follows from Lemma 1 that x(t) satisfies either ( C_1 ) or ( C_2 ) or ( C_3 ).

PROPERTY (B) 307

Assume that lim

t →∞

x(t) ≠ 0 . Then by Theorems 1 and 3, oscillations of (E_1 ) and (E_2 ) exclude the cases (C_1 ) and (C_3 ), respectively. Therefore, we conclude that x(t) has to satisfy ( C_1 ), i.e. x(t) is strongly increasing. □

Employing oscillation criteria for ( C_1 ) and ( C_3 ), we immediately obtain.

Corollary 3. Let (1.3) and (2.7) hold and ξ(t) satisfy (2.3). If for some δ ∈ (0,1) (2.8) is satisfied and

(2.15) lim inf

t →∞

Z_t

τ (t )

r^{− 1/γ} (u) h Z u

t_1

q(s)f

� δ τn − 2 (s) (n − 2)! � ds i_{1/γ} du > 1 e , then every nonoscillatory solution x(t) of (E ) is strongly increasing or satisfies lim_{t →∞} x(t) = 0 .

We employ another illustrative example. While Example 1 has been intended to show that our result holds for the case when (1.1) is violated, the next example show that our technique is applicable also when (1.1) holds.

Example 2. Consider the n-th order nonlinear differential equation

(2.16) � t^6 � x^{(n − 1)} (t)

�_3 �_′ = b t^{3n − 8} x^3 (λt )

with b > 0, 0 < λ < 1. We set ξ(t) = ωt with ω =^{1+ λ}_{2λ} . Conditions (2.8) and (2.15) reduce to

(2.17) b^{1/3} λ^{n − 2}

� 1 + λ 2λ �_3 − 1 �_{1/3} ln 2 1 + λ > 3^{1/3} (n − 2)! e ,

(2.18) b^{1/3} λ^{n − 2} ln 1 λ > 3^{1/3} (n − 2)! e , respectively. Corollary 3 guarantees that every nonoscillatory solution of (2.16) tis strongly increasing or satisfies lim_{t →∞} x(t) = 0 , provided that both conditions (2.17) and (2.18) hold.

3. Summary In this paper, we have presented new comparison theorems for deducing the asymptotic behavior and oscillation of third order delay equation from the oscillation of a set of the suitable first order delay differential equation. Consequently, our method essentially simplifies the examination of the higher order equations and what is more, it supports backward the research on the first order delay differential equations. Our results here extend and complement latest ones mentioned below. The suitable illustrative examples are also provided.

308 B. BACULÍKOVÁ AND J. DŽURINA

References

[1] Agarwal, R. P., Grace, S. R., O’Regan, D., Oscillation Theory for Difference and Functional Differential Equations , Marcel Dekker, Kluwer Academic, Dordrecht, 2000.

[2] Agarwal, R. P., Grace, S. R., O’Regan, D., Oscillation criteria for certain n–th order differential equations with deviating arguments , J. Math. Anal. Appl. 262 (2001), 601–622.

[3] Agarwal, R. P., Grace, S. R., O’Regan, D., The oscillation of certain higher–order functional differential equations , Math. Comput. Modelling 37 (2003), 705–728.

[4] Baculíková, B., Džurina, J., Oscillation of third–order neutral differential equations , Math.

Comput. Modelling 52 (2010), 215–226. [5] Baculíková, B., Džurina, J., Graef, J. R., On the oscillation of higher order delay differential equations , Nonlinear Oscillations 15 (2012), 13–24.

[6] Bainov, D. D., Mishev, D. P., Oscillation Theory for Nonlinear Differential Equations with Delay , Adam Hilger, Bristol, Philadelphia, New York, 1991.

[7] Džurina, J., Comparison theorems for nonlinear ODE’s , Math. Slovaca 42 (1992), 299–315. [8] Erbe, L. H., Kong, Q., Zhang, B.G., Oscillation Theory for Functional Differential Equations , Marcel Dekker, New York, 1994.

[9] Grace, S. R., Agarwal, R. P., Pavani, R., Thandapani, E., On the oscillation of certain third order nonlinear functional differential equations , Appl. Math. Comput. 202 (2008), 102–112.

[10] Grace, S. R., Lalli, B. S., Oscillation of even order differential equations with deviating arguments , J. Math. Anal. Appl. 147 (1990), 569–579.

[11] Kiguradze, I. T., Chaturia, T. A., Asymptotic Properties of Solutions of Nonatunomous Ordinary Differential Equations , Kluwer Acad. Publ., Dordrecht, 1993.

[12] Kusano, T., Naito, M., Comparison theorems for functional differential equations with deviating arguments , J. Math. Soc. Japan 3 (1981), 509–533.

[13] Ladde, G. S., Lakshmikantham, V., Zhang, B. G., Oscillation Theory of Differential Equations with Deviating Arguments , Marcel Dekker, New York, 1987.

[14] Li, T., Thandapani, E., Oscillation of solutions to odd–order nonlinear neutral functional differential equations , EJQTDE 2011 (2011), 1–12.

[15] Li, T., Zhang, Ch., Baculíková, B., Džurina, J., On the oscillation of third order quasi–linear delay differential equations , Tatra Mt. Math. Publ. 48 (2011), 1–7.

[16] Mahfoud, W. E., Oscillation and asymptotic behavior of solutions of n–th order nonlinear delay differential equations , J. Differential Equations 24 (1977), 75–98.

[17] Philos, Ch. G., On the existence of nonoscillatory solutions tending to zero at infinity for differential equations with positive delay , Arch. Math. (Brno) 36 (1981), 168–178.

[18] Philos, Ch. G., Oscillation and asymptotic behavior of linear retarded differential equations of arbitrary order , Tech. Report 57, Univ. Ioannina, 1981.

[19] Philos, Ch. G., Some comparison criteria in oscillation theory , J. Austral. Math. Soc. 36 (1984), 176–186.

[20] Shreve, W. E., Oscillation in first order nonlinear retarded argument differential equations , Proc. Amer. Math. Soc. 41 (1973), 565–568.

[21] Tang, S., Li, T., Thandapani, E., Oscillation of higher–order half–linear neutral differential equations , Demonstratio Math. (to appear).

[22] Zhang, Ch., Li, T., Sun, B., Thandapani, E., On the oscillation of higher–order half–linear delay differential equations , Appl. Math. Lett. 24 (2011), 1618–1621.

[23] Zhang, Q., Yan, J., Gao, L., Oscillation behavior of even order nonlinear neutral differential equations with variable coefficients , Comput. Math. Appl. 59 (2010), 426–430.

PROPERTY (B) 309

Department of Mathematics, Faculty of Electrical Engineering and Informatics, Technical University of Košice, Letná 9, 042 00 Košice, Slovakia E-mail : blanka.baculikova@tuke.sk jozef.dzurina@tuke.sk