ARCHIVUM MATHEMATICUM (BRNO) Tomus 48 (2012), 261–270

EXISTENCE AND POSITIVITY OF SOLUTIONS FOR A NONLINEAR PERIODIC DIFFERENTIAL EQUATION

Ernest Yankson

Abstract. We study the existence and positivity of solutions of a highly nonlinear periodic differential equation. In the process we convert the differential equation into an equivalent integral equation after which appropriate mappings are constructed. We then employ a modification of Krasnoselskii’s fixed point theorem introduced by T. A. Burton ([ 4], Theorem 3) to show the existence and positivity of solutions of the equation.

1. Introduction

Let T > 0 be fixed. We use a variant of Krasnoselskii’s fixed theorem in [ 4] to prove the existence and positivity of solutions for the non-linear neutral periodic equation

x^′(t) = − a(t)x^3 (t) + c(t)x^′ � g(t) � g^′(t) + q � t, x^3 (g(t)) � , x(t) = x(t + T) .

(1.1)

A number of authors in recent years have investigated the stability or periodicity of solutions for equations of forms similar to equation (1.1); see [3, 1, 11, 10, 13] and references therein. We are particularly motivated by the work in [ 11], where the non-linear term q and the function a are assumed to be continuous in all arguments. Our objective in this work is to impose much weaker conditions on the non-linear term q and the argument function a.

Equation (1.1) is clearly nonlinear so the variation of parameters formula cannot be applied directly. We therefore resort to the idea of adding and subtracting a linear term.

The map f : [0, T]× R^n → R is said to satisfy Carathéodory conditions with respect to L^1 [0, T] if the following conditions hold.

(i) For each z ∈ R^n , the mapping t → f (t, z ) is Lebesgue measurable. (ii) For almost all t ∈ [0, T], the mapping z → f (t, z ) is continuous on R^n . (iii) For each r > 0, there exists α_r ∈ L^1([0, T], R) such that for almost all t ∈ [0, T] and for all z such that |z| < r , we have |f (t, z )| ≤ α_r (t).

2010 Mathematics Subject Classification : primary 34A37; secondary 34A12, 39A05. Key words and phrases : fixed point, large contraction, periodic solution, positive solution. Received November 25, 2011, revised June 2012. Editor O. Došlý. DOI: 10.5817/AM2012-4-261

262 E. YANKSON

In Section 2 we present some preliminary material that we will employ to show the existence and positivity of solutions of (1.1). Also, we state a reformulated version of a fixed point theorem due to Krasnoselskii. We present our existence of periodic solutions results in Section 3. In Section 4, the results for the existence of positive solutions are presented.

2. Preliminaries

Define the set P_T = { ϕ ∈ C(R, R) : ϕ(t + T) = ϕ(t)} and the norm ‖ϕ‖ = sup_{t ∈ [0,T ]} |ϕ(t)|, where C is the space of continuous real valued functions. Then (P_T , ‖ · ‖) is a Banach space. In this paper we make the following assumptions.

a ∈ L^1 (R, R) is bounded and satisfies a(t + T) = a(t) for all t and

(D1)

1 − e^−

R_t

t − T

a (r )dr ≡ 1 ρ ≠ 0 .

c ∈ C^1 (R, R) satisfies c(t + T) = c(t) for all t.

(D2)

g ∈ C^1 (R, R) satisfies g(t + T) = g(t) for all t.

(D3)

q satisfies Carathéodory conditions with respect to L^1 [0, T], and

(D4) q(t + T, x) = q(t, x ) .

Lemma 2.1. Suppose that conditions (D1), (D2), (D3), and (D4) hold. Then x ∈ P_T is a solution of equation (1.1) if and only if, x ∈ P_T satisfies

x(t) = c(t)x(g(t)) + ρ

Z_t

t − T

a(u)[x(u) − x^3 (u)]e^−

R_t u a (r )dr du

+ ρ Z_t

t − T � q � u, x^3 (g(u)) � − r (u)x � g(u) � e^−

R_t u a (r )dr du

(2.1)

where r (u) = a(u)c(u) + c^′(u).

Proof. Let x ∈ P_T be a solution of (1.1). We first rewrite (1.1) in the form

x^′(t) + a(t)x(t) = a(t)x(t) − a(t)x^3 (t) + c(t)x^′ � g(t) � g^′(t) + q � t, x^3 (g(t)) � . Multiply both sides of the above equation by e

R_t 0 a (s )ds and then integrate the

resulting equation from t − T to t. Thus we obtain,

(2.2) x(t)e

R_t 0 a (s )ds − x(t − T)e

R_{t − T} 0 a (s )ds = Z_t

t − T � a(u) � x(u) − x^3 (u) � + c(u)x^′(g(u))g^′(u) + q(u, x^3 (g(u))) � e R_u 0 a (s )ds du .

Dividing both sides of (2.2) by e

R_t 0 a (s )ds and using the fact that x ∈ P

T we obtain

(2.3) x(t) 1 ρ = Z_t

t − T � a(u) � x(u) − x^3 (u) � + c(u)x^′(g(u))g^′(u) + q � u, x^3 (g(u)) � e^−

R_t u a (s )ds du .

POSITIVE SOLUTIONS FOR PERIODIC DIFFERENTIAL EQUATIONS 263

Integrating the second term on the right hand side of (2.3) by parts gives

Z_t

t − T

c(u)x^′(g(u))g^′(u)e^−

R_t u a (s )ds du

= c(t)x � g(t) � − e^−

R_t

t − T

a (s )ds

c(t− T)x � g(t− T) � − Z_t

t − T d du � c(u)e^−

R_t u a (s )ds �x�g(u)�du .

Since c(t) = c(t − T), g(t) = g(t − T), and x ∈ P_T , then

(2.4)

Z_t

t − T

c(u)x^′ � g(u) � g^′(u)e^−

R_t u a (s )ds du

= 1 ρ c(t)x(g(t)) −

Z_t

t − T d du � c(u)e^−

R_t u a (s )ds �x�g(u)�du .

Substituting the right hand side of (2.4) into (2.3) and simplifying gives the desired result.

The converse implication is easily obtained and the proof is complete. □

In this article, we employ a fixed point theorem in which the notion of a large contraction is required as one of the sufficient conditions to prove our main results. Before stating this theorem we give the following definition and theorem which can be found in [4].

Definition 2.2. Let (M, d) be a metric space and B : M → M. B is said to be a large contraction if ψ, φ ∈ M, with ψ ≠ φ then d(Bφ, Bψ ) < d (φ, ψ ) and if for all ϵ > 0 there exists δ < 1 such that

[ψ, φ ∈ M, d(φ, ψ ) ≥ ϵ] ⇒ d(Bφ, Bψ ) ≤ δd(φ, ψ ) .

Theorem 2.3. Let (M, d) be a complete metric space and B a large contraction. Suppose there is an x ∈ M and an L > 0, such that d(x, B^n x) ≤ L for all n ≥ 1. Then B has a unique fixed point in M.

The next theorem, which constitutes a basis for our main result, is a reformulated version of Krasnoselskii’s fixed point theorem.

Theorem 2.4 ([4]). Let M be a bounded convex non-empty subset of a Banach space (S, ||.||). Suppose that A, B map M into M and that

(i) for all x, y ∈ M ⇒ Ax + By ∈ M,

(ii) A is continuous and AM is contained in a compact subset of M ,

(iii) B is a large contraction.

Then there is a z ∈ M with z = Az + Bz .

264 E. YANKSON

3. Existence of periodic solution

In this section we state and prove our existence results. In view of this we first define the operator H by

(Hφ )(t) = c(t)φ (g(t)) + ρ

Z_t

t − T

a(u)[φ (u) − φ^3 (u)]e^−

R_t u a (r )dr du

+ ρ Z_t

t − T

[q(u, φ^3 (g(u))) − r (u)φ (g(u))]e^−

R_t u a (r )dr du ,

(3.1)

where r is given in Lemma 2.1. It therefore follows from Lemma 2.1 that fixed points of H are solutions of (1.1) and vice versa.

In order to employ Theorem 2.4 we need to express the operator H as a sum of two operators, one of which is completely continuous and the other is a large contraction. Let (Hφ )(t) = Aφ (t) + Bφ (t) where A, B : P_T → P_T are defined by

(Bφ )(t) = ρ

Z_t

t − T

a(u)[φ (u) − φ^3 (u)]e^−

R_t u a (r )dr du,

(3.2) and (Aφ )(t) = c(t)φ (g(t)) + ρ

Z_t

t − T � q � u, φ^3 (g(u)) �

− r (u)φ � g(u) � e^−

R_t u a (r )dr du

(3.3)

respectively.

Lemma 3.1. Suppose that conditions (D1), (D2), (D3), and (D4) hold. Then A : P_T → P_T is completely continuous.

Proof. It follows from (3.3) and conditions (D1), (D2), that r(σ + T) = r(σ) and

e^−

R_{t + T}

σ + T

a (r )dr

= e^−

R_t σ a (u )du . Consequently, we have that

(Aφ )(t + T) = ( Aφ )(t) .

That is, if φ ∈ P_T then Aφ is periodic with period T.

To see that A is continuous let { φ_i } ⊂ P_T be such that φ_i → φ . By the Dominated Convergence Theorem,

lim_{i →∞} |Aφ_i (t) − Aφ (t)| ≤ lim_{i →∞} � |c(t)| � φ_i � g(t) � − φ � g(t) �

+ ρ Z_t

t − T � q(u, φ^3_i (g(u))) − q(u, φ^3 (g(u))) �

+ |r (u)| � �φ_i (g(u)) − φ (g(u)) � �e^−

R_t u a (r )dr du� → 0 .

Hence A : P_T → P_T .

POSITIVE SOLUTIONS FOR PERIODIC DIFFERENTIAL EQUATIONS 265

We next show that A is completely continuous. Let Q ⊂ P_T be a closed bounded

subset and let μ be such that ‖φ ‖ ≤ μ for all φ ∈ Q. Then

|Aφ (t)| ≤ νμ + ρ

Z_t

t − T � |q(u, φ^3 (g(u))) | + |r (u)||φ (g(u))| � e^−

R_t u a (r )dr du

≤ νμ + ρN

� Z t

t − T

α_μ (u)du + μ

Z_t

t − T

|r (u)|du � ≡ K ,

where ν = max_{t ∈ [0,T ]} c(t) and N = max_{u ∈ [t − T,t ]} e^−

R_t u a (r )dr . And so the family of

functions Aφ is uniformly bounded. Again, let φ ∈ Q. Without loss of generality,

we can pick τ < t such that t − τ < T . Then � Aφ (t) − Aφ (τ) � = � �c(t)φ (t) + ρ

Z_t

t − T � q(s, φ^3 (g(s))) − r (s)φ (g(s)) � e^−

R_t s a (r )dr ds

− c(τ)φ (τ) − ρ

Z_τ

τ − T � q(s, φ^3 (g(s))) − r (s)φ (g(s)) � e^−

R_τ s a (r )dr ds � � � ≤ � c(t)φ (t) − c(τ)φ (τ) � + ρ Z_t τ � |q(s, φ^3 (g(s))) | + |r (s)| |φ (g(s))| � e^−

R_t s a (r )dr ds

+ ρ Z_τ

τ − T � |q � s, φ^3 (g(s)) � | + |r (s)| |φ � g(s) � | � e^−

R_t s a (r )dr ds − e−

R_τ s a (r )dr ds�

+ ρ Z_{t − T}

τ − T � |q(s, φ^3 (g(s))) | + |r (s)| |φ � g(s) � | � e^−

R_τ s a (r )dr ds

≤ � �c(t)φ (t) − c(τ)φ (τ) � �+ 2 ρN

� Z t τ α_μ (s) + μ|r (s)| ds �

+ ρ Z_τ

t − T � α_μ (s) + μ|r (s)| � e^−

R_t s a (r )dr ds − e−

R_τ s a (r )dr �ds .

Now |c(t)φ (t) − c(τ)φ (τ) � �→ 0 and R^t_τ α_μ (s) + μ|r(s)|ds → 0 as (t − τ) → 0. Also,

since

Z_τ

t − T � α_μ (s) + μ|r (s)| � e^−

R_t s a (r )dr ds − e−

R_τ s a (r )dr �ds

≤ Z_T 0 � α_μ (s) + μ|r (s)| � e^−

R_t s a (r )dr ds − e−

R_τ s a (r )dr �ds ,

and |e^−

R_t s a (r )dr ds − e−

R_τ s a (r )dr � → 0 as (t − τ) → 0, then by the Dominated

Convergence Theorem, Z_τ

t − T � α_μ (s) + μ|r (s)| � e^−

R_t s a (r )dr ds − e−

R_τ s a (r )dr �ds → 0

as (t − τ) → 0. Thus |Aφ (t) − Aφ (τ)| → 0 as as (t − τ) → 0 independently of

φ ∈ Q. It therefore follows that the family of Aφ is equicontinuous on Q.

266 E. YANKSON

By the Arzelà-Ascoli Theorem, A is completely continuous and the proof is complete. □ Proposition 3.2. Let ‖ · ‖ be the supremum norm, and M = { φ : R → R : φ ∈ C, ‖φ ‖ ≤ √ 3/3} .

If (F φ )(t) = φ (t) − φ^3 (t). Then F is a large contraction of the set M. Proof. For each t ∈ R we have, for φ, ψ real functions,

|(F φ )(t) − (F ψ )(t)| = |φ (t) − φ^3 (t) − ψ (t) + ψ^3 (t)| = |φ (t) − ψ (t)| � �1 − �|φ^2 (t) + φ (t)ψ (t) + ψ^2 (t)� � �. Then for

|φ (t) − ψ (t)|^2 = φ^2 (t) − 2φ (t)ψ (t) + ψ^2 (t) ≤ 2 � φ^2 (t) + ψ^2 (t) � and for φ^2 (t) + ψ^2 (t) < 1, we have

|(F φ )(t) − (F ψ )(t)| = |φ (t) − ψ (t)| � 1 − (φ^2 (t) + ψ^2 (t)) + |φ (t)ψ (t)| � ≤ | φ (t) − ψ (t)| h 1 − (φ^2 (t) + ψ^2 (t)) + φ^2 (t) + ψ^2 (t) 2 i

≤ | φ (t) − ψ (t)| h 1 − φ^2 (t) + ψ^2 (t) 2 i . Thus, we have shown that pointwise F is a large contraction. It is easy to see that this implies a large contraction in the supremum norm.

For a given ϵ ∈ (0, 1), let φ , ψ ∈ M with ‖φ − ψ ‖ ≥ ϵ. (a) Suppose that for some t we have ϵ/2 ≤ | φ (t) − ψ (t)| so that (ϵ/2)^2 ≤ | φ (t) − ψ (t)|^2 ≤ 2(φ^2 (t) + ψ^2 (t)) or φ^2 (t) + ψ^2 (t) ≥ ϵ^2 /8 .

For all such t we have

|(F φ )(t) − (F ψ )(t)| ≤ | φ (t) − ψ (t)| h 1 − ϵ^2 16 i ≤ ‖ φ − ψ ‖ h 1 − ϵ^2 16 i . (b) Suppose that for some t, we have |φ (t) − ψ (t)| ≤ ϵ/2. Then |(F φ )(t) − (F ψ )(t)| ≤ | φ (t) − ψ (t)| ≤ (1/2)‖φ − ψ ‖ .

Thus, for all t we have

|(F φ )(t) − (F ψ )(t)| ≤ min h 1/2, 1 − ϵ^2 16 i ‖φ − ψ ‖ .

The proof is complete. □

POSITIVE SOLUTIONS FOR PERIODIC DIFFERENTIAL EQUATIONS 267

For the rest of the paper we define M = { φ ∈ P_T | ‖φ ‖ ≤ L} , where L = √ 3/3.

We also need the following condition on the nonlinear term q.

There exists periodic functions α , β ∈ L^1 [0, T], with period T, such that

(D5) |q(t, x )| ≤ α (t)|x| + β(t) , for all x ∈ R. Lemma 3.3. Suppose that (D5) hold. Also suppose there exist constants λ > 0, R > 0, J ≥ 3 and γ > 0 such that |α (t)|L^3 + |β(t)| ≤ λLa (t) ,

(3.4) |r (t)| ≤ Ra (t) ,

(3.5) γ = max

t ∈ [0,T ]

|c(t)| ,

(3.6) and J (γ + λ + R) ≤ 1 .

(3.7) For A defined by (3.3) , if φ ∈ M, then |(Aφ )(t)| ≤ L/J ≤ L for all t. Proof. Let φ ∈ M. Then ‖φ ‖ ≤ L. Thus for A defined by (3.3) we have that |(Aφ )(t)| ≤ � �c(t)φ �g(t)� � � + ρ Z_t

t − T � q � u, φ^3 (g(u)) � e^−

R_t u a (r )dr du

+ ρ Z_t

t − T � �r (u)φ �g(u)� � �e^−

R_t u a (r )dr du .

It follows from conditions (D5), (3.4), (3.5), (3.6) and (3.7) that |(Aφ )(t)| ≤ γL + ρ Z_t

t − T

[|α (u)|L^3 + |β(u)|]e^−

R_t u a (r )dr du

+ ρR

Z_t

t − T

a(u)Le^−

R_t u a (r )dr du

≤ γL

+ ρλL

Z_t

t − T

a(u)e^−

R_t u a (r )dr du

+ ρRL

Z_t

t − T

a(u)e^−

R_t u a (r )dr du

≤ (γ + λ + R)L ≤ L J < L .

268 E. YANKSON

Therefore A maps M into itself. □

Lemma 3.4. Suppose (D1), (D2), (D3), (D4) and (D5) hold. Suppose also that the hypotheses in Lemma 3.3 hold. For B, A defined by (3.2) and (3.3), if φ , ψ ∈ M are arbitrary, then Aφ + Bψ : M → M .

Moreover, B is a large contraction on M with a unique fixed point in M.

Proof. Let φ , ψ ∈ M be arbitrary. Note that |ψ (t)| ≤ √ 3/3 implies

|ψ (t) − ψ^3 (t)| ≤ (2 √ 3)/9 .

Using the definition of B and the result of Lemma 3.3, we obtain

|(Aφ )(t) + ( Bψ )(t)| ≤ � �c(t)φ �g(t)� � �+ ρ

Z_t

t − T � �q�u, φ^3 (g(u))� � �e^−

R_t u a (r )dr du

+ ρ Z_t

t − T � r (u)φ � g(u) � e^−

R_t u a (r )dr du

+ � �ρ Z_t

t − T

a(u)|ψ (u) − ψ^3 (u)|e^−

R_t u a (r )dr du � �

≤ √ 3 3J + 2 √ 3 9 ≤ L .

Thus Aφ + Bψ ∈ M.

We will next show that B is a large contraction with a unique fixed point in M. Proposition 3.2 shows that ψ − ψ^3 is a large contraction in the supremum norm. Thus for any ϵ, we found a δ < 1 from the proof of that proposition such that

|(Bφ )(t) − (Bψ )(t)| ≤ ρ

Z_t

t − T

a(u)δ||φ − ψ ||e^−

R_t u a (r )dr du ≤ δ‖φ − ψ ‖ .

Furthermore, since 0 ∈ M the above inequality shows that, B : M → M when ψ = 0 . This completes the proof. □

Theorem 3.5. Let (P_T , ‖ · ‖) be the Banach space of continuous T-periodic real functions and M = { φ ∈ P_T ‖φ ‖ ≤ L}, where L = √ 3/3. Suppose (D1), (D2), (D3), (D4), (D5) and (3.4)–(3.7) hold. Then equation (1.1) possesses a periodic solution φ in the subset M.

Proof. By Lemma 2.1, φ is a solution of (1.1) if

φ = Aφ + Bφ ,

where B and A are given by (3.2) and (3.3) respectively. By Lemma 3.1, A : M → M is completely continuous. By Lemma 3.4, Aφ + Bψ ∈ M whenever φ, ψ ∈ M. Moreover, B : M → M is a large contraction. Thus all the hypotheses of Theorem 2.4 of Krasnoselskii are satisfied. Thus, there exists a fixed point φ ∈ M such that φ = Aφ + Bφ . Hence (1.1) has a T-periodic solution. This completes the proof. □

POSITIVE SOLUTIONS FOR PERIODIC DIFFERENTIAL EQUATIONS 269

4. Existence of positive solutions In this section we obtain sufficient conditions under which there exists positive solutions of (1.1). We begin by defining some quantities. Let

z ≡ min

s ∈ [t − T,t ]

e^−

R_t s a (r )dr , Z ≡ max s ∈ [t − T,t ]

e^−

R_t s a (r )dr .

Given constants 0 < L < K, define the set M_p = { ψ ∈ P_T : L ≤ ψ (t) ≤ K, t ∈ [0, T]}.

In this section we make the following assumptions.

c ∈ C^1 (R, R) satisfies c(t + T) = c(t) for all t and there exists a

(D6)

c^∗ > 0 such that c^∗ < c (t) for all t ∈ [0, T].

There exits α such that ‖c‖ ≤ α < 1.

(D7)

There exists constants 0 < L < K such that

(D8) (1 − c^∗ )L ρzT ≤ a(u)[σ − σ^3 ] + q(u, σ^3 ) − r (u)σ ≤

(1 − α )K ρZT for all σ ∈ M and u ∈ [t − T, t].

Theorem 4.1. Suppose that conditions (D1), (D3), (D4), (D6), (D7) and (D8) hold. Then there exists a positive solution of (1.1) . Proof. Let φ, ψ ∈ M. Then

Aφ (t) + Bψ (t) = c(t)φ (g(t)) + ρ

Z_t

t − T � a(u)[ψ (u) − ψ^3 (u)]

+ q(u, φ^3 (g(u))) − r (u)φ (g(s)) � e^−

R_t u a (r )dr du

≥ c^∗ L + ρzT

(1 − c^∗ )L ρzT = L .

Likewise, Aφ (t) + Bψ (t) ≤ αK + ρZT

(1 − α )K ρZT = K .

Thus condition (i) of Theorem 2.4 is satisfied. From Lemma 3.1 the operator A is completely continuous and from Lemma 3.4 the operator B is a large contraction. Therefore, by Theorem 2.4, the operator H has a fixed point in M_p. This fixed point is a positive solution of (1.1). □

References

[1] Burton, T. A., Integral equations, implicit relations and fixed points , Proc. Amer. Math. Soc.

124 (1996), 2383–2390. [2] Burton, T. A., A fixed point theorem of Krasnoselskii , Appl. Math. Lett. 11 (1998), 85–88. [3] Burton, T. A., Liapunov functionals, fixed points and stability by Krasnoselskii’s theorem , Nonlinear Stud. 9 (2002), 181–190.

270 E. YANKSON

[4] Burton, T.A., Stability by fixed point theory for functional differential equations , Mineola, NY, Dover Publications, Inc., 2006.

[5] Chen, F. D., Positive periodic solutions of neutral Lotka-Volterra system with feedback control , Appl. Math. Comput. 162 (3) (2005), 1279–1302.

[6] Chen, F. D., Shi, J. L., Periodicity in a nonlinear predator-prey system with state dependent delays , Acta Math. Appl. Sinica (English Ser.) 21 (1) (2005), 49–60.

[7] Curtain, R. F., Pritchard, A. J., Functional analysis in modern applied mathematics , Mathematics in Science and Engineering, Vol. 132. London–New York, Academic Press, 1977.

[8] Elkadeky, W. K., El-Sayed, A. M., Caratheodory theorem for a nonlocal problem of the differential equation x^′ = f (t, x^′), Alex. J. Math. 1 (2) (2010), 8–14.

[9] Fan, M., Wang, K., Global periodic solutions of a generalized n-species Gilpin–Ayalacompetition model , Comput. Math. Appl. 40 (10–11) (2000), 1141–1151.

[10] Hafsia, D., Ahcene, D., Periodic solutions for nonlinear differential equation with functional delay , Georgian Math. J. 15 (4) (2008), 635–642.

[11] Hafsia, D., Ahcene, D., Existence of periodic solutions for neutral nonlinear differential equations with variable delay , Electron. J. Differential Equations 127 (2010), 1–8.

[12] Kaufmann, E. R., A nonlinear neutral periodic differential equation , Electron. J. Differential Equations 88 (2010), 1–8.

[13] Kun, L. Y., Periodic solution of a periodic neutral delay equation , J. Math. Anal. Appl. 214 (1997), 11–21.

[14] Raffoul, Y. N., Periodic solutions for neutral nonlinear differential equations with functional delays , Electron. J. Differential Equations 102 (2003), 1–7.

[15] Raffoul, Y. N., Positive periodic solutions in neutral nonlinear differential equations , Electron.

J. Qual. Theory Differ. Equ. 16 (2007), 1–10.

Department of Mathematics and Statistics, University of Cape Coast, Ghana E-mail : ernestoyank@yahoo.com