ARCHIVUM MATHEMATICUM (BRNO) Tomus 48 (2012), 243–260

PARTIAL DCPO’S AND SOME APPLICATIONS

Zhao Dongsheng

Abstract. We introduce partial dcpo’s and show their some applications. A partial dcpo is a poset associated with a designated collection of directed subsets. We prove that (i) the dcpo-completion of every partial dcpo exists; (ii) for certain spaces X , the corresponding partial dcpo’s of continuous real valued functions on X are continuous partial dcpos; (iii) if a space X is Hausdorff compact, the lattice of all S-lower semicontinuous functions on X is the dcpo-completion of that of continuous real valued functions on the space; (iv) a topological space has an injective hull iff it is homeomorphic to the pre-Scott space of a continuous partial dcpo whose way-below relation satisfies the interpolation property.

1. Introduction

Domain theory is a branch of mathematics about a special class of partially ordered sets. It has essential applications in theoretical computer science as well as other areas of mathematics. In general topology, one type of application is to represent some topological spaces in terms of intrinsic order topologies on posets. For instance, the injective T_0 spaces are represented as the continuous lattices with their Scott topologies [ 23], sober spaces that have an injective hull are represented as the continuous dcpo’s with their Scott topologies (see [ 17] and [11]), and complete metric spaces are represented as the maximal point spaces of certain continuous dcpo’s [3] (see also [18]). More generally, every T_1 space is homeomorphic to the maximal point space of some algebraic poset (see [ 27] and [7]). For other works on maximal point spaces, see [15], [20], [22] and [19].

In the present paper we examine two other links of domain theory with topology. Given a topological space X, let C(X, R) be the set of all continuous real valued functions (with respect to the usual topology on R) on X. Then C(X, R) is a lattice under the pointwise order of functions. However, C(X, R) is not a directed complete poset (a directed subset need not have a supremum). In [ 28] (also in [14] and [16]), a directed complete poset E(P ), called the dcpo-completion of P , is constructed for every poset P , which in certain sense, is the smallest extension of P

2010 Mathematics Subject Classification : primary 06B35; secondary 06F30, 06B23, 54C05, 54C30, 54A05.

Key words and phrases : directed complete poset, Scott topology, dcpo-completion, partial dcpo, C-space, lattice of continuous functions, lower semicontinuous functions, injective hull.

Received November 30, 2011, revised August 2012. Editor A. Pultr. DOI: 10.5817/AM2012-4-243

244 D. ZHAO

to a directed complete poset. It is thus natural to wonder what the dcpo-completion of C(X, R) could be. It seems hard to represent the dcpo-completion of C(X, R) as a class of naturally defined real valued functions on X. In addition, the poset C(X, R) need not be a continuous poset (in the sense of [ 10]) even for the Euclidean space X = [0,1]. In the following, we introduce partially directed complete posets (partial dcpos, for short), of which all posets are special cases. We show that if X is a compact Hausdorff space, then C(X, R) is a continuous partial dcpo. Furthermore, the dcpo-completion of every partial dcpo exists and for certain spaces X, the dcpo-completion of C(X, R), when it is taken as a special partial dcpo, is the poset SLSC (X, R^T ) of certain lower semicontinuous functions from X to R^T = R ∪ { + ∞} with the usual topology.

A topology (pre-Scott topology), generalizing the Scott topology on a poset, is defined for each partial dcpo and it is proved that the lattice of all closed subsets of a partial dcpo P is isomorphic to the lattice of Scott closed sets of its dcpo-completion. We also prove that a topological spaces has an injective hull iff it is homeomorphic to a continuous partial dcpo with the pre-Scott topology and the way-below relation satisfies the interpolation property. Spaces having an injective hull were first systematically studied by Banaschewski [ 1], and later by Hoffmann [11], Lawson, Erné and others. Recently, Erné showed that if X is a weak monotone convergence space and has an injective hull, then X is homeomorphic to the Scott space of a continuous poset [6].

2. Partially directed-complete posets

If A is a subset of a poset P , we denote ↓A = { x ∈ P : ∃y ∈ A, x ≤ y} and ↑A = { x ∈ P : ∃y ∈ A, y ≤ x}. For any x ∈ P , we take ↓x = ↓{ x} and ↑x = ↑{ x}. A subset A of P is an upper (lower) set if A = ↑A (resp. A = ↓A). A non-empty subset D of a poset is called a directed set if any two elements in D have an upper bound in D .

A subset U of a poset P is Scott open if it is an upper set and for any directed subset D ⊆ P , sup D ∈ U implies D ∩ U ≠ ∅ whenever sup D exists. The Scott open sets form a topology, called the Scott topology on P and denoted by σ(P ). The symbol Σ P is used for the space (P, σ(P )). Every Σ P is a T_0 space and it is T_1 only if P has the discrete order.

The Scott topology on the poset of real numbers (with the usual order of numbers) coincides with the upper topology generated by { (r, ∞ ) : r ∈ R}.

A mapping f : P → Q between two posets is Scott continuous if for each directed set D of P , f (sup D) = sup f (D) whenever sup D exists. It’s well known that a mapping f : P → Q is Scott continuous iff it is continuous with respect to the Scott topology (see Lemma 1 below for a more general result).

A poset P is a directed complete poset (or dcpo for short) if the supremum sup D exists for every directed subset D ⊆ P .

For more about dcpo’s, continuous posets and Scott topology see the excellent monograph [10].

PARTIAL DCPO’S AND SOME APPLICATIONS 245

Definition 1. A partial dcpo is a pair (P, Ψ) , where P is a poset and Ψ is a collection of directed subsets of P , such that

(1) sup D exists for each D ∈ Ψ ; (2) for any directed subset E of P , E ∈ Ψ if and only if ↓E ∈ Ψ ; (3) { x} ∈ Ψ for any x ∈ P .

Example 1. (1) For every poset P , let D_P be the set of all directed subsets D of P such that sup D exists in P . Then (P, D_P ) is a partial dcpo. We shall call D_P the standard family of directed sets. Obviously, for any partial dcpo (P, Ψ) , Ψ ⊆ D_P .

In the following, if a poset P is taken as a partial dcpo without specifying Ψ we shall mean that Ψ = D_P . In particular, if P is a dcpo, then the family Ψ denotes the set of all directed subsets of P .

(2) Let Q be a subposet of a poset P and Ψ be the set of all directed subsets D of Q such that sup_P D exists and sup_P D ∈ Q. Then (Q, Ψ) is a partial dcpo.

(3) Let X be a topological space and C(X, R) be the set of all continuous real valued functions defined on X. With the pointwise order, C(X, R) is a poset. Let Ψ be the set of all directed subset D of C(X, R) such that the function f defined by f (x) = sup{ g(x) : g ∈ D }(x ∈ X) exists and is continuous. Then (C(X, R),Ψ) is a partial dcpo.

(4) Let X be a topological space and F (X) be the set of all non-empty closed sets of X. Let Ψ = {F ⊆ F (X) : F is a filter base and T F ≠ ∅} . Then with the inverse inclusion order, (F (X ), Ψ) is a partial dcpo.

(5) Let P be a poset. Define M (P ) = { A ⊆ P : A has a largest element }. Then for any x ∈ P, { x} ∈ M (P ) and ↓x ∈ M (P ). In general, A ∈ M (P ) if and only if there is x ∈ P such that A = { x} ∪ E with E a subset of ↓x. Then (P, M (P )) is a partial dcpo. Obviously, if (P, Ψ) is a partial dcpo, then M (P ) ⊆ Ψ .

(6) An ω -chain C in a poset P is a countable subset of P which is a chain. For any poset P , let D_ω (P ) = { E ⊆ P :↓ E = ↓ C for some ω − chain C}. Then (P, D_ω (P )) is a partial dcpo.

Example 2. Given a T_0 space (X, τ), the specialization order ≤_τ (or just denoted by ≤ ) is the partial order on X defined by x ≤_τ y if and only if x ∈ cl({ y}) (the closure of { y}) for x, y ∈ X. Every open set U ∈ τ is an upper set with respect to the specialization order. A directed subset D of (X, ≤_τ ) is called τ-defined if (i) sup D exists and (ii) for any U ∈ τ, D ∩ U ≠ ∅ whenever sup D ∈ U. Let Φ_τ be the collection of all τ-defined directed subsets of X. Then conditions (1) and (3) of Definition 1 are clearly satisfied by Φ_τ . As every U ∈ τ is an upper subset of (X, ≤_τ ), it is also straightforward to show that condition (2) is satisfied by Ψ_τ . Thus we have a partial dcpo (X, Ψ_τ ) for any T_0 space X, which will be called the induced partial dcpo of space X. One can easily verify that a directed subset of X (with respect to the specialization order) is τ-defined iff sup D exists and the net S = { s(d) : d ∈ D } converges to sup D , where s(d) = d for each d ∈ D .

We will use (X, ≤_τ )^′s to construct a right adjoint functor from the category of T_0 space to the category of partial dcpo’s in the last section.

The lemma below can be verified easily.

246 D. ZHAO

Lemma 1. Given a T_0 space (X, τ), a directed subset D ⊆ X is τ-defined iff cl(D ) = c({ x}) for some x ∈ X .

Note that for a given poset P , there could be two different collections Ψ_1 and Ψ_2 such that both (P, Ψ_1 ) and (P, Ψ_2 ) are partial dcpos.

A homomorphism f : (P, Ψ) → (Q, Φ) between two partial dcpo’s is a map f : P → Q such that for each D ∈ Ψ , f (D ) ∈ Φ and f (sup D ) = sup f (D ).

If f : (P, Ψ) → (Q, Φ) is a homomorphism and x, y ∈ P with x ≤ y, then ↓ y ∈ Ψ , so f (y) = f (sup ↓y) = sup f (↓y) ≥ f (x). Thus every homomorphism between partial dcpo’s is monotone.

Let P DCP O be the category of partial dcpo’s and homomorphisms between them. The category DCP O of all dcpo’s and Scott continuous functions is a full subcategory of P DCP O .

Definition 2. A dcpo-completion of a partial dcpo (P, Ψ) is a pair (M, η), where M is a dcpo (with the standard family of directed subsets) and η : (P, Ψ) → M is a homomorphism in P DCP O (called the universal homomorphism) such that for any homomorphism f : (P, Ψ) → Q into a dcpo Q, there is a unique Scott continuous map f̂ : M → Q such that f = f̂ ∘ η.

Our main concern in this section is : does the dcpo-completion exist for every partial dcpo? Equivalently, is the category DCP O reflective in P DCP O ? In [28] (also in [16] and [14]), it is proved that every poset has a dcpo-completion (in terms of the current definition, it means that for each poset P , the partial dcpo (P, D_P ) has a dcpo-completion).

In order to answer the above question, we first introduce a topology on each partial dcpo, which is similar to the Scott topology on posets.

A subset U of a partial dcpo (P, Ψ) is called pre-Scott open if it is an upper set and for any D ∈ Ψ , sup D ∈ U implies D ∩ U ≠ ∅ . The complements of pre-Scott open sets are called pre-Scott closed sets.

The pre-Scott open sets of a partial dcpo P form a topology on P , denoted by σ_Ψ (P ) and called the pre-Scott topology on P . We will denote the space (P, σ_Ψ (P )) by Σ( P, Ψ) . The set of all pre-Scott closed sets is denoted by Γ_Ψ (P ). As for any topological space, σ_Ψ (P ) and Γ_Ψ (P ) are complete lattices under the inclusion order. A subset A of a partial dcpo (P, Ψ) is pre-Scott closed iff it is a lower set and for any D ∈ Ψ , D ⊆ A implies sup D ∈ A.

Let (P, Ψ) be a partial dcpo. A subset A of P is called D-closed if sup E ∈ A whenever E ∈ Ψ and E ⊆ A. Obviously, the intersection of any collection of D-closed sets is D-closed. Now assume that A and B are D-closed sets of P , and E ∈ Ψ such that E ⊆ A ∪ B. Then there must be a directed set F ⊆ E such that ↓F ⊇ E and either F ⊆ A or F ⊆ B. Then as ↓F = ↓E, so F ∈ Ψ and sup F ∈ A or sup F ∈ B. But sup F = sup E, thus we have sup E ∈ A ∪ B. So A ∪ B is D-closed.

Therefore, the set of all D-closed sets of P forms the set of closed sets of a topology on P , called the D-topology. Complements of D-closed sets are called D-open sets.

Remark 1. (1) Every Scott open set is D-open.

PARTIAL DCPO’S AND SOME APPLICATIONS 247

(2) Every lower set is D-open. (3) A subset is pre-Scott open iff it is a D-open upper set.

The D-closure (the closure with respect to the D-topology) of A ⊆ P will be denoted by cl^Ψ_d (A) (or just cl_d (A) where no confusion may occur).

The following lemma can be proved by a routine checking. For the sick of convenience to readers, we give a brief proof.

Lemma 2. Let f : (P, Ψ) → (Q, Φ) be a mapping between two partial dcpo’s such that f (D ) ∈ Φ for each D ∈ Ψ . Then the following statements are equivalent:

(1) f is a homomorphism. (2) f is continuous with respect to the pre-Scott topologies. (3) f is monotone and is continuous with respect to the D-topologies.

Proof. (1) implies (2). Let f be a homomorphism. Then f can be shown to be monotone by Definition 1(3). For each pre-Scott open set U of Q, f^{− 1}(U) is an upper set because f is monotone. If D ∈ Ψ and sup D ∈ f^{− 1}(U), then sup f (D) ∈ U, implying f (D) ∩ U ≠ ∅ . Thus D ∩ f^{− 1}(U) ≠ ∅ . Hence f^{− 1}(U) is pre-Scott open in P , and thus f is continuous.

(2) implies (1). Assume that f is continuous. Let D ∈ Ψ and f (sup D) ≰ sup f (D). Put a = sup f (D). The set Q− ↓ a is D-open and sup D ∈ f^{− 1}(Q− ↓ a). Thus D ∩ f^{− 1}(Q−↓ a) ≠ ∅ , this then implies f (D)∩ (Q−↓ a) ≠ ∅ , which is impossible because f (D) ⊆↓ a = ↓sup f (D). So for any D ∈ Ψ , f (sup D) ≤ sup f (D) and thus f (sup D ) = sup f (D ), showing that f is a homomorphism.

(1) implies (3). This is trivial. (3) implies (2). Let f be monotone and continuous with respect to the D-topology.

For any pre-Scott open set U of Q, f^{− 1}(U) is an upper set as well as a D-open set, and hence it is pre-Scott open. □ The corollary below follows from a general fact on continuous mappings and closure operators.

Corollary 1. If f : P → Q is a homomorphism between partial dcpo’s, then for any A ⊆ P, f (cl_d (A)) ⊆ cl_d (f (A)).

Lemma 3. If f and g are Scott continuous mappings from dcpo P to dcpo Q, and A ⊆ P with f |_A = g|_A , then f (x) = g(x) for every x ∈ cl_d (A).

Proof. Let B = { x ∈ P : f (x) = g(x)}. It is clear that B is a D-closed set and contains A, thus cl_d (A) ⊆ B , implying f (x) = g(x) for all x ∈ cl_d (A). □ Note that if L is a complete lattice (regarded as the partial dcpo (L, D_L )), then for any subset A of L, the D-closure cl_d(A) of A is a sub dcpo of L (it is actually the smallest sub dcpo containing A), that is, it is closed under taking supremum of directed sets. In particular, cl_d (A) is a dcpo under the inherited order from L.

Theorem 1. For any partial dcpo (P, Ψ) , (E(P ), η_P ) is a dcpo-completion of (P, Ψ) , where E(P ) is the D-closure of κ(P ) = {↓x : x ∈ P } in the complete lattice Γ_Ψ (P ) and the universal mapping η_P : P → E (P ) sends each x ∈ P to ↓x.

248 D. ZHAO

Proof. First, by the above remarks, E(P ) is a dcpo with respect to the inclusion order, where for any directed B ⊆ E(P ), sup B in E(P ) equals its supremum in Γ_Ψ (P ) which equals cl_d ( S B). For any B ∈ Ψ , a = sup B exists in P , and a ∈ cl_d( S {↓x : x ∈ B }) = sup{ η_P (x) :

x ∈ B } = sup η_P (B) (here the supremum is taken in E(P )). As cl_d( S {↓x : x ∈ B }) is a lower set of P , ↓a ⊆ sup η_P (B). But it is trivial that ↓a ⊇ sup η_P (B), hence η_P (sup B) = sup η_P (B) holds for every B ∈ Ψ , therefore η_P is a homomorphism in P DCP O .

Now let f : P → Q be any homomorphism in P DCP O from (P, Ψ) to a dcpo Q. Then, by Lemma 1, f is continuous with respect to the pre-Scott topology on P and the Scott topology on Q. Thus the mapping f^{− 1} : Γ(Q) → Γ_Ψ (P ), sending each A ∈ Γ(Q) to its inverse image under f , is a mapping preserving arbitrary meets and finite unions. Let f^∗ : Γ_Ψ (P ) → Γ(B) be the mapping that sends X ∈ Γ_Ψ (P ) to cl(f (X)) (the closure of f (X) in (Q, σ(Q)) ). Then f^∗ is the lower adjoint of f^{− 1}. Thus f^∗ preserves arbitrary joins, and so it is Scott continuous between the two complete lattices Γ_Ψ (P ) and Γ( Q).

By Corollary 1, f^∗(cl_d(κ(P ))) ⊆ cl_d(f^∗(κ(P ))). For each x ∈ P, f^∗(↓x) = cl(f (↓ x)). Since f is monotone, f (↓x) ⊆↓ f (x) ⊆↓ f (↓x), implying cl(f (↓x)) = ↓f (x). Now f^∗(↓ x) = cl(f (↓ x)) = ↓ f (x) ∈ κ(Q) = {↓ y : y ∈ Q}. This shows that f^∗(κ(P )) ⊆ κ(Q). Since Q is a dcpo, one easily verify that the D-closure of κ(Q) in Γ(Q) equals itself, that is cl_d(κ(Q)) = κ(Q). Now we deduced that f^∗ (cl_d (κ(P ))) ⊆ cl_d (f^∗ (κ(P ))) ⊆ cl_d (κ(Q)) = κ(Q).

Let f^o : cl_d(κ(P )) → κ(Q) be the restriction of f^∗ to the domain cl_d(κ(P )) and the codomain κ(Q). The mapping ξ: κ(Q) → Q defined by ξ(↓y) = y is obviously an isomorphism.

Now let f̂ = ξ ∘ f^o. Then f̂ : cl_d(κ(P )) → Q is a Scott continuous mapping satisfying f = f̂ ∘ η_P .

If h : cl_d(κ(P )) → Q is any Scott continuous mapping satisfying f = h ∘η_P , then for each x ∈ P , h(↓x) = h ∘η_P (x) = f (x) = f̂ ∘η_P (x)) = f̂ (↓x), that is, h(C) = f̂ (C) holds for all C ∈ κ(P ). By Lemma 3, h = f̂ . The proof is completed. □

In [16], Keimel and Lawson took another approach to obtain the dcpo-completion of a poset P . First consider the standard soberification ϵ_P : P → P^s of the Scott space Σ P = ( P, σ), where P^s consists of all the irreducible Scott closed sets. Note that the specialization order on P^s equals the inclusion order. Let P^d be the D-closure of the image of P in P^s (here the D-topology on a T_0 space X is the D-topology on X with the specialization order and the standard family of directed sets). Since the union of a directed family of irreducible closed sets is an irreducible set, so P^s is a D-closed set of Γ(P ). Also κ(P ) = {↓ x : x ∈ P } is a subset of P^s , so the D-closure of κ(P ) in Γ(P ) equals its D-closure in P^s . It thus follow that P^d equipped with the relative specialization order of P^s is the dcpo-completion of the poset P .

Now given a partial dcpo (P, Ψ) , the soberification P^s_Ψ of (P, σ_Ψ (P )) consists of all the irreducible pre-Scott closed sets. Again, P^s_Ψ is a D-closed subset of Γ_Ψ (P ), so the D-closure of κ(P ) in P^s_Ψ equals its D-closure in Γ_Ψ (P ).

PARTIAL DCPO’S AND SOME APPLICATIONS 249

By the proof of Theorem 1 and the above remarks, we have the following result:

Proposition 1. For a partial dcpo (P, Ψ) , let η : P → X be a soberification of (P, σ_Ψ (P ). Then the D-closure of η(P ) in X equipped with the relative specialization order on X is the dcpo-completion of (P, Ψ) .

Definition 3. A subset B of a dcpo P is called a basis of P if there is a function ϕ : P → P (B) from P to the power set of B such that the following conditions are satisfied:

(B1) for each a ∈ P , ϕ(a) is a directed set and sup ϕ(a) = a; (B2) for any directed set D ⊆ P, ϕ (sup D ) = S { ϕ(a) : a ∈ D }.

Theorem 2. Let B be a basis of a dcpo P . Then (P, η_B ) is a dcpo-completion of the partial dcpo (B, Ψ) , where Ψ = { C ⊆ B : C is directed and sup_P C ∈ B } and η_B : B → P is the embedding map.

Proof. By the definition of Ψ , η_B is a homomorphism from (B, Ψ) to P . Now assume that f : (B, Ψ) → Q is a partial dcpo homomorphism from B to a dcpo Q. Define f̂ : P → Q by f̂ (a) = sup f (ϕ(a)) for each a ∈ P . Then f̂ ∘ η_B = f .

For any directed set D ⊆ P , f̂ (sup D) = sup f (ϕ(sup D)) = sup f ( S { ϕ(x) : x ∈ D }) = sup S { f (ϕ(x)) : x ∈ D } = sup{ sup f (ϕ(x)) : x ∈ D } = sup{ f̂ (x) : x ∈ D }.

Thus f̂ is a Scott continuous mapping between P and Q. Let h : P → Q be any Scott continuous mapping satisfying h ∘ η_B = f . Then for any a ∈ P , a = sup ϕ(a), so h(a) = sup h(ϕ(a)) = sup f (ϕ(a)), the last equation holds because ϕ(a) ⊆ B and for any x ∈ B, h(x) = h ∘ η_B (x) = f (x). Hence h(a) = f̂ (a) for all a ∈ P . Therefore (P, η_B ) is a dcpo-completion of (B, Ψ) . □

Example 3. (1) Let Q be the poset of all rational numbers with the usual order of numbers. Then Q is a subset of R^T = R ∪ {∞} . Define ϕ : R^T → Q by ϕ(x) = { y ∈ Q : y < x }. Then ϕ satisfies the conditions of Definition 3, so Q is a basis of R^T . By Theorem 2, R^T is a dcpo-completion of (Q,Ψ) , where Ψ is the set of all non-empty D ⊆ Q with sup D ∈ Q.

Clearly, if B is a basis of P and B ⊆ A ⊆ P , then A is also a basis of P , thus P is also a dcpo-completion of (A,Ψ) . It follows that the dcpo-completion of R, the poset of all real numbers, is also R^T .

(2) Let X be a non-empty set and (P (X), ⊆ ) be the complete lattice of all subsets of X. The set B of all finite subsets of X is a basis of P (X) (define ϕ(A) = { D ∈ B : D ⊆ A}). Hence P (X ) is a dcpo-completion of (B , Ψ) .

The major application of Theorem 2 is in the proof of Theorem 5. The concept of bases of a domain (i.e. continuous dcpo) L was defined in [ 10]:

B ⊆ L is a basis of L if for each x ∈ L, (i){ y ∈ L : y ≪ x} ∩ B is a directed set and (ii) x = sup({ y ∈ L : y ≪ x} ∩ B) ([10, Definition III-4.1]). A basis B of a domain L in this sense is clearly a basis as defined in Definition 3, here we just let ϕ(x) = { y ∈ L : y ≪ x} ∩ B for each x ∈ L.

The reader may wonder whether a dcpo that has a basis in the sense of Definition 3 must be a domain. The following example gives a negative answer.

250 D. ZHAO

Example 4. Let L = {0,1, a} ∪ { b_n : n = 1 ,2,3, ...} and define 0 < a < 1, 0 < b_n < b_{n +1} < 1 for all n. It is well-known that (L, ≤ ) is not a meet-continuous lattice (let alone a domain). Let B = {0, a} ∪ { b_n : n = 1 ,2,3, . . .} and assign ϕ(x) = { x} if x ≠ 1 , and ϕ(1) = { b_n : n = 1 ,2,3, . . .}. Then B is a basis of L. It is easily verified that this B is the smallest basis (i.e. if C is another basis of L, then B ⊆ C).

Definition 4. Let P be a dcpo. For any x, y ∈ P , define x ⊣ y if for any directed subset D of P , sup D = y implies x ≤ d for some d ∈ D .

A dcpo P is called below-continuous if for each a ∈ P , T_a = { x ∈ P : x ⊣ a} is a directed set and a = supT_a .

Remark 2. (1) If x ⊣ y then x ≤ y (consider the directed set D = { y}), so T_a is a lower set for each a ∈ P .

(2) x ≤ y ⊣ z implies x ⊣ z. Unlike the way-below relation ≪ , in general x ⊣ y ≤ z do not imply x ⊣ z.

(3) If P is below-continuous, then the relation ⊣ satisfies the interpolation property: if x ⊣ y then there is z ∈ P such that x ⊣ z ⊣ y. The proof is similar to that for the way-below relation of continuous posets (see [10, Theorem I-1.9]).

(4) Let L be a complete lattice which is meet-continuous (i.e. x ∧ sup D = sup{ x ∧ d : d ∈ D } holds for any element x and directed subset D). Then x ⊣ y holds in L iff x ≪ y. Thus L is below-continuous iff it is continuous. For example, for any topological space X, the lattice O(X) of all open sets of X is below-continuous iff it is continuous.

Theorem 3. A dcpo is below-continuous iff it has a basis.

Proof. Assume that dcpo P is below-continuous. Let B = P and define ϕ(x) = { y ∈ P : y ⊣ x}. Then B is a basis of P . To see this, we only need to verify condition (B2) of Definition 3, but this follows directly from Remark 2.

Now let P have a basis B determined by the function ϕ : P → P (B). Then for each x ∈ P , one can easily verify that ↓ϕ(x) = { y ∈ P : y ⊣ x}, which is a directed set because ϕ(x) is directed. Also sup ↓ϕ(x) = sup ϕ(x) = x. Thus P is below-continuous. □ Example 4 gives a complete lattice that is below-continuous but not continuous. For any poset P , let Idl(P ) be the poset of all ideals of P (directed and lower subsets of P ). Recall that a dcpo P is continuous iff the mapping sup: Idl(P ) → P has a lower adjoint (see [10, Theorem I-1.10]).

The more differences and similarities between continuous dcpo’s and below-continuous dcpo’s can be seen in the following proposition.

Proposition 2. Let P be a dcpo. Then the following statements are equivalent:

(1) P is below-continuous; (2) the mapping sup: Idl(P ) → P has a Scott continuous right inverse, i.e there is a Scott continuous mapping g : P → Idl(P ) such that sup ∘g = id_P ;

(3) there is a non-empty subset B of P such that the mapping sup: Idl(B) → P has a Scott continuous right inverse.

PARTIAL DCPO’S AND SOME APPLICATIONS 251

Example 5. Let M = { a_n : n ∈ N } ∪ { b_n : n ∈ N } ∪ { 0,1} with the order given by 0 < a_n < a_{n +1} < 1, 0 < b_n < b_{n +1} < 1 for all n. Then M is a complete lattice. There is no non-zero element x satisfying x ⊣ 1.

Remark 3. If P and Q are below-continuous, then their Cartesian product is below-continuous. If P is below-continuous and D is a retraction of P (i.e. there are Scott continuous functions f , g such that g ∘ f = id_Q ), then Q is below-continuous.

It is well-known that if P is a continuous dcpo, then the Scott space Σ P is sober. The reader may also wonder whether the Scott space of each below-continuous dcpo is sober. The answer is negative: the dcpo N × (N ∪ {∝} ) constructed by Johnstone [12] is below-continuous and its Scott space is not sober.

3. The lattice of Scott closed sets of dcpo-completion

Recall that a subset U of a partial dcpo (P, Ψ) is pre-Scott open if it is an upper set and sup D ∈ U implies D ∩ U ≠ ∅ for any D ∈ Ψ . The set of all pre-Scott open (closed) sets of P is denoted by σ_Ψ (P ) (Γ_Ψ (P ), respectively). In this section, we show that for any partial dcpo (P, Ψ) , the complete lattice Γ_Ψ (P ) is isomorphic to the lattice Γ( E (P )) of Scott closed sets of the dcpo-completion E (P ) of P .

Note that for a partial dcpo (P, Ψ) and each A ⊆ P , cl(A) denotes the closure of A with respect to the Scott topology and cl_d(A) denotes the D-closure of A. For any A ⊆ P , cl_d (A) ⊆ cl(A) because cl(A) is D-closed.

Recall that for each poset P , D_P denotes the family of all directed subsets of P whose supremum exist.

Lemma 4. Suppose that A is a subset of a poset P such that P = cl_d(A), where the family of directed subsets on P is taken to be D_P . Then for any F ∈ Γ(P ), F = cl( F ∩ A).

Proof. Since F is a lower set, by Remark 1, it is D-open. As A is dense in P with respect to the D-topology, A is dense in every D-open set, thus cl_d(F ∩ A) ⊇ F . But cl_d (F ∩ A) ⊆ cl(F ∩ A) ⊆ cl(F ) = F , thus F = cl( F ∩ A). □ A pair (g, f ) of monotone mappings f : P → Q, g : Q → P between posets is a Galois connection or an adjunction between P and Q if for any x ∈ P , y ∈ Q, x ≤ g(y) iff f (x) ≤ y. In the adjunction (g, f ), g is called the upper adjoint and f the lower adjoint. If h : L → M is a mapping between complete lattices and preserves the sups (infs) of arbitrary subsets, then h has an upper (lower, resp.) adjoint. A left adjoint f is surjective (injective, resp.) iff it’s right adjoint is injective (surjective, resp.). See Proposition O-3.7 of [10].

Theorem 4. If E(P ) is a dcpo-completion of a partial dcpo (P, Ψ) , then Γ_Ψ (P ) is isomorphic to Γ( E (P )).

Proof. Let η : P → E(P ) be the universal homomorphism of P into the dcpo-com-pletion. Then η is a continuous mapping with respect to the pre-Scott topology on P and the Scott topology on E(P ), so the mapping η^∗ : Γ_Ψ (P ) → Γ(E(P )), which sends X to cl(η(X)), is a left adjoint to the mapping η^{− 1} : Γ(E(P )) → Γ_Ψ (P ). We show that η^∗ is an isomorphism. By the proof of Theorem 1, cl_d(η(P )) = E(P ).

252 D. ZHAO

Thus by Lemma 4, for each F ∈ Γ(E(P )), F = cl(F ∩ η(P )). Let G = η^{− 1}(F ). Then, as η is continuous, G ∈ Γ_Ψ (P ) and η^∗(G) = cl(η(G)). Note that η(G) = η(η^{− 1}(F )) = F ∩ η(P ), so cl(η(G)) = cl(F ∩ η(P )) = F . Thus η^∗ is surjective. For each A ∈ Γ_Ψ (P ), the function j : P → 2 with j^{− 1}({0}) = A, is a homomorphism in P DCP O . As E(P ) is a dcpo-completion of P , there is a Scott continuous function h : E(P ) → 2 such that h ∘ η = j. Then A = j^{− 1}({0}) = η^{− 1}(h^{− 1}({0})), where h^{− 1}({0}) ∈ Γ(E(P )). Thus η^{− 1} : Γ(E(P )) → Γ_Ψ (P ) is surjective. Therefore, by Proposition O-3.7 of [ 10], the left adjoint η^∗ of η^{− 1} is injective. It follows that the mapping η^∗ is an isomorphism between Γ(P ) and Γ(E(P )). The proof is completed. □

Remark 4. (1) From Theorem 4, it follows that for any partial dcpo (P, Ψ) , the lattice σ_Ψ (P ) of all pre-Scott open sets of P is isomorphic to the Scott open set lattice σ(E (P )) of the dcpo E (P ).

(2) Given a poset P and any collection F of directed subsets of P whose supremum exist, then F defines a topology O_F (P ) on P : U ∈ O_F (P ) if U is an upper set and for any D ∈ F , sup D ∈ U implies D ∩ U ≠ ∅ . One may wonder what type the complete lattice O_F (P ) would be. Let Ψ = { E ⊆ P : E is directed and ↓ E = ↓ D for some D ∈ F or ↓ E = ↓ x for some x ∈ P }. Then (P, Ψ) is a partial dcpo and U ∈ O_F (P ) if and only if U is pre-Scott open. Hence O_F (P ) = σ_Ψ (P ). Then by Theorem 4, the lattice O_F (P ) is isomorphic to the Scott open set σ(Q) of some dcpo Q.

For example, an ω -open set U of a poset P is an upper set such that for each increasing sequence D = { a_n : n ∈ N }, supD ∈ U implies D ∩ U ≠ ∅ . The lattice of all ω -open sets of P is now isomorphic to the lattice of Scott open sets of a dcpo.

There is, however, still no a characterization of Scott open set (closed set) lattices of dcpo’s.

Given a partial dcpo (P, Ψ) , we define the binary relation ≪_Ψ on P by x ≪_Ψ y iff for any D ∈ Ψ , sup D ≥ y implies x ≤ d for some d ∈ D. For each a ∈ P , let W_Ψ (a) = { x ∈ P : x ≪_Ψ a}. Clearly, x ≤ y implies W_Ψ (x) ⊆ W_Ψ (y).

A partial dcpo (P, Ψ) is called continuous if for each x ∈ P , W_Ψ (x) ∈ Ψ and sup W_Ψ (x) = x.

We write ≪ for ≪_Ψ if Ψ = D_P , the set of all directed subsets of P which have a supremum. If P is a poset such that (P, D_P ) is continuous, then P is just called a continuous poset (see [10, Definition I-1.6]).

Lemma 5. Let (P, Ψ) be a partial dcpo and Ψ be closed under taking directed unions. If (P, Ψ) is continuous then the relation ≪_Ψ satisfies the interpolation property, that is, for any x ≪_Ψ y, there exits z ∈ P such that x ≪_Ψ z ≪_Ψ y.

The proof is similar to that for continuous posets (see [10, Theorem I-1.9]). If (P, Ψ) is a continuous partial dcpo and the relation ≪_Ψ satisfies the interpolation property, then for each x ∈ P, { y ∈ P : x ≪_Ψ y} is pre-Scott open.

The following result can be proved in a similar way as for dcpo’s (see [ 10, Theorem II-1.14]).

PARTIAL DCPO’S AND SOME APPLICATIONS 253

Lemma 6. Let (P, Ψ) be a partial dcpo such that Ψ is closed under taking directed unions. Then (P, Ψ) is continuous iff (Γ_Ψ (P ), ⊆ ) is a completely distributive lattice.

4. The partial dcpo of continuous functions

For any topological space X, let C(X, R) denote the set of continuous real valued functions f : X → R. With respect to the pointwise order, C(X, R) is a lattice.

The following example shows that under the pointwise order, C([0,1], R) is not a continuous poset.

Example 6. Let f (x) ≡ 1 (x ∈ [0,1]) be the function with the constant value 1. Given any element g in C(X, R), let a = g(0). For each natural number n, define f_n ∈ C([0, 1], R) by

f_n (x) = ( 1^1_n ≤ x ≤ 1 , n(2 − a)x + ( a − 1) 0 ≤ x ≤^1_n .

Then { f_n } is a directed subset of C(X, R), and the supremum of { f_n } in C(X, R) equals f . However, g ≰f_n for any n. Thus g ≪̸ f . Hence there is no g ∈ C(X, R) satisfying g ≪ f , so C(X, R) is not a continuous poset.

Let X be a topological space and (C(X, R),Ψ) be the partial dcpo defined in Example 1(3). The next questions we are to consider are: (1) for what X, is (C(X, R),Ψ) a continuous partial dcpo? (2) what is the dcpo-completion of (C(X, R), Ψ) ?

In the following, for simplicity, we use ≪ to denote the relation ≪_Ψ in (C(X, R),Ψ) . The following lemma is folklore of analysis. The key part of it’s proof is similar to the proof of Dini’s Theorem.

Lemma 7. Let X be a compact space. Then for any f , g ∈ C(X, R), f ≪ g iff f (x) < g (x) holds for every x ∈ X .

A space X is called F-compact if for any f , g ∈ C(X, R) with f (x) < g (x) for all x ∈ X , f ≪ g holds in (C(X, R), Ψ) .

Proposition 3. A completely regular space is F-compact iff it is compact.

Proof. By Lemma 7 we only need to verify the necessity. Let X be F-compact. Assume, by contrapositive, that X is not compact. Then there is an open cover U of X that has no finite subcover. This is equivalent to that there is an open neighbourhood assignment x → U(x) such that for any finite set G ⊆ X, S { U(x): x ∈ G} ≠ X. For each x ∈ X, there is a continuous function f_x : X → [0,1] such that f_x (x) = 1 , and f_x (X − U(x)) = {0}. Consider the family F = { sup_{x ∈ G} f_x : G ⊆ X is non-empty and finite }. Then F is a directed subset of C(X, R) and the pointwise supremum of F has the constant value 1. Thus sup F = C_1. The constant function C 1_2 satisfies C 1_2 < C_1, but there is no finite G ⊆ X such that C 1_2 ≤ sup_{x ∈ G} f_x because the value of sup_{x ∈ G} f_x at each y ∈ X − S { U(x) : x ∈ G} equals 0. This contradicts the assumption. Hence X must be compact. □

254 D. ZHAO

Now if X is F-compact, then for any f ∈ C(X, R), the set { g ∈ C(X, R) : g ≪ f } = { g ∈ C(X, R) : g(x) < f (x) for all x ∈ X } is a directed set and its supremum is f . Thus we have

Corollary 2. For any F-compact space X, (C(X, R),Ψ) is a continuous partial dcpo.

Let R^T = R ∪{ + ∞} . A function f : X → R^T is called lower semicontinuous if for any r ∈ R^T , { x ∈ X : f (x) > r } is open in X. The set of all lower semicontinuous functions on X is denoted by LSC (X, R^T ). Under the pointwise order, LSC (X, R^T ) is a lattice and C(X, R) is a sublattice of LSC (X, R^T ).

It is well known that the pointwise supremum of any non-empty collection of lower semicontinuous functions is also lower semicontinuous. Thus every non-empty subset in LSC (X, R^T ) has a supremum.

A function f : X → R^T is called an S-lower semicontinuous function if it is the (pointwise) superemum of some continuous functions in C(X, R)(note, we did not define continuous function from X to R^T ). Let SLSC (X, R^T ) be the set of all S-lower semicontinuous functions on X. Clearly every non-empty subset of SLSC (X, R^T ) has a supremum in SLSC (X, R^T ).

In [24], it was proved that a space X is perfectly normal iff every lower semicontinuous function is the supremum of a sequence of continuous functions. Thus for each perfectly normal space X , LSC (X, R^T ) = SLSC (X, R^T ).

Lemma 8. Let X be a compact space. If { f_i : i ∈ I } is a directed subset of LSC (X, R^T ), f is a continuous function and sup{ f_i : i ∈ I } > f (i.e. sup { f_i(x) : i ∈ I } > f (x) holds for each x ∈ X ), then f_i > f for some i ∈ I .

Proof. For each x ∈ X, there is i(x) such that f_{i (x )}(x) > f (x). Let a =^{f (x )+ f i ( x ) (x )}_2 . Since f_{i (x )} is lower semicontinuous and f is continuous, one can find an open set U_x containing x such that f (y) < a , f_{i (x )}(y) > a for all y ∈ U_x . Now { U_x : x ∈ X } forms an open cover of X, so it has a finite subcover, say { U_{x 1} , U_{x 2} , . . . , U_{x m} }. Choose an f_i with f_i ≥ f_{i (x k )} for each k = 1 ,2, . . . , m. Then clearly f_i(x) > f (x) holds for each x ∈ X . □

Theorem 5. Let X be a compact space. Then (SLSC (X, R^T ), η) is a dcpo-comple-tion of (C(X, R), Ψ) , where η is the embedding map.

Proof. By Theorem 2, it is enough to show that C(X, R) is a basis of SLSC (X, R^T ). For each f ∈ SLSC (X, R^T ), let ϕ(f ) = { h ∈ C(X, R) : h < f }. Then ϕ(f ) is a directed subset of C(X, R) and sup ϕ(f ) = f . From Lemma 8 one deduces that for any directed subset { f_i : i ∈ I } of SLSC (X, R^T ), ϕ(sup{ f_i : i ∈ I }) = S { ϕ(f_i) : i ∈ I } holds. Thus C(X, R) is a basis of SLSC (X, R^T ) and the proof is completed. □ Let X be a compact space and f ∈ SLSC (X, R^T ). Then f = sup{ g ∈ C(X, R) :

g < f } and { g ∈ C(X, R) : g < f } is directed. Also by Lemma 7, if g ∈ C(X, R^T ) with g < f then g ≪ f . So we have the following result.

Corollary 3. For any compact space X , SLSC (X, R^T ) is a continuous dcpo.

PARTIAL DCPO’S AND SOME APPLICATIONS 255

Note that for each space X, the poset SLSC (X, R^T ) is more than being a dcpo. In fact, every non-empty subset of SLSC (X, R^T ) has a supremum in it. One can also check that if f, g ∈ SLSC (X, R^T ) then f ∧ g ∈ SLSC (X, R^T ), where (f ∧ g)(x) = min { f (x), g(x)}. Thus SLSC (X, R^T ) is a lattice.

5. Continuous partial dcpo’s and spaces with an injective hull in the category of T_0 spaces

A T_0 space X is injective if for any topological embedding i : Z → Y and continuous mapping f : Z → X there is a continuous f̂ : Y → X such that f = f̂ ∘ i. One of the most important results in domain theory, proved by Scott, is that a space X is injective if and only if it is homeomorphic to the space Σ L of some continuous lattice L (i.e. it is a complete lattice which is continuous as a poset). Thus one has the following corresponding classes of posets and T_0 spaces:

(5.1) { continuous lattices } ⇐⇒ { injective T_0 spaces }

A topological embedding i : A → B is called an essential extension if, whenever h ∘ i : A → C is an embedding for some continuous h : B → C, then h is an embedding. Banaschewski [ 1] has shown that every T_0 space X has a unique(up to equivalence) maximal essential extension X → λ X . If λ X is injective, X is said to have an injective hull. If X is an injective space, then one can easily show that X is equivalent to λX , thus X has an injective hull.

In [11] and [17], it was proved that a T_0 space is sober and has an injective hull iff it is homeomorphic to the Scott space of a continuous dcpo. Noting that the Scott space Σ P is sober for any continuous dcpo P , so the correspondence (5.1) was extended as follows:

{ continuous lattices } ⇐⇒ { injective T_0 spaces } ↓ ↓ { continuous dcpo’s } ⇐⇒ { sober spaces with an injective hull }

For a general T_0 space X, the following characterizations have been established in [11].

Theorem 6. Let X be a T_0 space. Then the following conditions are equivalent:

(1) X has an injective hull. (2) the lattice O(X ) of open sets of X is completely distributive. (3) the lattice Γ( X ) of closed sets of X is completely distributive.

In [5], Erné characterized above T_0 spaces (called T_0 C-spaces) by means of C-ordered sets. C-ordered sets are the abstraction of continuous posets equipped with their way-below relations. In [ 6], Erné also characterized the weak monotone convergence C-space as the Scott spaces of continuous posets (a T_0 space is weak monotone convergence if for any directed set D ⊆ X, the corresponding net converges to sup D whenever sup D exisits).

256 D. ZHAO

In this section, we will use partial dcpo’s to establish a Scott type of representation for the general spaces that have an injective hull. The main result is the following:

Theorem 7. A topological space X has an injective hull iff there is a continuous partial dcpo (P, Ψ) such that ≪_Ψ satisfies the interpolation property and X is homeomorphic to (P, σ_Ψ (P )).

We first establish an adjunction between the category PDCPOS and the category Top_0 of T_0 topological spaces.

First, for any T_0 space (X, τ) let G(X) = ( X, Ψ_τ ) which is defined in Example 2. If f : (X, τ) → (Y, σ) is a continuous mapping between T_0 spaces, then f : X → Y is monotone with respect to the specialization orders on X and Y. For any D ∈ Ψ_τ , as mentioned in Example 2, the net S_D = { s(d) : d ∈ D }, where s(d) = d, converges to sup D in X. So f (D) is a directed set of Y and the net { f (s(d)) : d ∈ D } converges to f (sup D). Obviously f (sup D) is an upper bound of f (D). Assume that a is an upper bound of f (D) and f (supD) ≰a, then f (supD) belongs to Y− ↓ a = Y − cl({ a}) (note that ↓b = cl({ b}) holds for any point b ∈ Y, where ↓b = { y ∈ Y : y ≤ b}). So sup D lies in the open set f^{− 1}(Y−↓ a), therefore D ∩ f^{− 1}(Y−↓ a) ≠ ∅ because D is from Ψ_τ . Choose an element c in D ∩ f^{− 1}(Y−↓ a), then f (c) ≰a, which contradicts the assumption on a. It follows that f (sup D) = sup f (D). Now if V ⊆ Y is an open set and sup f (D) ∈ V, then f (sup D) ∈ V and so sup D ∈ f^{− 1}(V). Again, as D ∈ Ψ_τ we have D ∩ f^{− 1}(V) ≠ ∅ , which then implies f (D) ∩ V ≠ ∅ . Therefore f (D) ∈ Ψ_σ . Hence f is a homomorphism between the two partial dcpo’s (X, Ψ_τ ) and (Y,Ψ_σ ).

Hence we have a functor G : Top_0 → P DCP O , where for any T_0 space (X, τ), G(X ) = ( X, Ψ_τ ), and G(f ) = f for each continuous mapping f from X to Y.

Conversely, given any partial dcpo (P, Ψ) , let F (P ) = Σ( P, Ψ) = ( P, σ_Ψ (P )) and F (f ) = f for any partial dcpo homomorphism f : (P, Ψ) → (Q, Φ) (note that f is indeed a continuous map from (P, σ_Ψ ) to (Q, σ_Φ )).

Consider an arbitrary T_0 space (X, τ). By the definition of Ψ_τ we see that the identity mapping id_X : X → X is a continuous mapping from F G(X) to X. If f : F (P ) → (X, τ) is a continuous mapping for some partial dcpo (P, Ψ) , then f : (P, Ψ) → (X, Ψ_τ ) is a homomorphism in PDCPO, and it is the unique homomorphism satisfying f = id_X ∘ F (f ).

Proposition 4. The functors F and G between T op_0 and P DCP O defined above form an adjunction, more specifically, F is left adjoint to G.

Recall that a T_0 space is a monotone convergence space (or d-space) if X is a dcpo under the specialization order and all open sets of X are Scott open (with respect to the specialization order). Now from the above discussion we see that for any T_0 space X, the topology on (X, τ) is coarser than the pre-Scott topology on the partial dcpo (X, Ψ_τ ). It makes sense to consider the spaces X whose topology coincides with the pre-Scott topology on (X, Ψ_τ ). In the next part, we shall see a class of such spaces.

PARTIAL DCPO’S AND SOME APPLICATIONS 257

Theorem 8 ([1]). A T_0 space X has an injective hull iff for every open subset V of X and every u ∈ V there is some open set S of X with u ∈ S subject to the requirement that there is some t ∈ V such that t ≤ x (i.e. t ∈ cl{ x}) for all x ∈ S.

By [5], a topological space X is called a C-space if for any open set U and x ∈ U, there is y ∈ U such that x ∈ int (↑y). Here int (− ) is the interior operator. The C-spaces are also called α-spaces by Ershov [ 8]. By Theorem 8, it is trivial that a T_0 space X has a an injective hull iff it is a C-space.

Lemma 9. If (P, Ψ) is a continuous partial dcpo such that ≪_Ψ satisfies the interpolation property, then (P, σ_Ψ (P )) is a T_0 C-space. In this case, R (↑x) = { y :

x ≪_Ψ y}.

Proof. First, as ≪_Ψ satisfies the interpolation property, each { y : x ≪_Ψ y} is a pre-Scott open set contained in int (↑ x). Now if y ∈ int (↑ x), then sup{ z ∈ P : z ≪_Ψ y} = y and y is in the pre-Scott open set int (↑ x), and { z ∈ P : z ≪_Ψ y} ∈ Ψ , so there is z ≪_Ψ y such that z ∈ R (↑ x), which then implies x ≤ z ≪_Ψ y, so x ≪_Ψ y. Hence R (↑ x) = { y : x ≪_Ψ y}. Now if U is pre-Scott open and x ∈ U, then again, as P is continuous, there is z ≪_Ψ x with z ∈ U. Then x ∈ { y : z ≪_Ψ y} = int (↑ z) ⊆ U. Hence the space (P, σ_Ψ (P )) is a T_0 C-space. The proof is completed. □ Now we show that every T_0 C-space is homeomorphic to (P, σ_Ψ (P )) for some continuous partial dcpo P .

Let X be a topological space. Define the binary relation ⪯ on X by: x ⪯ y iff y ∈ int (↑ x) [11].

In [11], it was claimed that the following result holds for any space X that has an injective hull. As it is already known that every T_0 C-space has an injective hull, so the following lemma holds. For the convenience of readers, we give a direct brief proof.

Lemma 10. Let X be a C-space and ≤ be the specialization order on X .

(a) z ≤ x ≺ y ≤ w implies z ≺ w. (b) For any b ∈ X , the set b̂ = { x : x ⪯ b} is a directed set and sup b̂ = b. (c) The relation ⪯ satisfies the interpolation property: if x ⪯ y then there exists z such that x ⪯ z ⪯ y.

Proof. (a) follows from the definition of ≺ straightforwardly.

(b) If x ⪯ b and y ⪯ b, then b ∈ R (↑ x) ∩ R (↑ y). Since X is a C-space and R (↑ x) ∩ R (↑ y) is an open set, there is z ∈ R (↑ x) ∩ R (↑ y) satisfying b ∈ R (↑ z) ⊆ R (↑ x) ∩ R (↑ y). It follows then that z ⪯ b and x ≤ z, y ≤ z. So b̂ = { x : x ⪯ b} is a directed set. Obviously b is an upper bound of b̂ = { x : x ⪯ b}. If u is an upper bound of b̂ and b ≰u, then b ∈ X − ↓ u = X − cl({ u}). But then there would be e ∈ X − cl({ u}) with b ∈ R (↑e), i.e. e ⪯ b and e ≰u. This contradiction shows that b is the least upper bound of b̂.

(c) If x ⪯ y, y ∈ R (↑ x). Since X is a C-space, there exists z ∈ R (↑ x) such that y ∈ R (↑ z). Now it’s clear that x ⪯ z ⪯ y. □

258 D. ZHAO

For a T_0 space (X, τ), let ≪_τ denote the relation such that x ≪_τ y iff for any D ∈ Ψ_τ , sup D ≥ y implies x ≤ d for some d ∈ D .

Lemma 11. Let (X, τ ) be a T_0 C-space. Then

(a) (X, Ψ_τ ) is a continuous partial dcpo with ≪_τ satisfying the interpolation property; and

(b) X = ( X, σ_Ψ (X )).

Proof. (a) By Lemma 10, ŷ = { z ∈ X : z ⪯ y} is a directed set and sup ŷ = y. For any open set U containing y, there is x ⪯ y and x ∈ U. Thus y ∈ cl(ŷ), implying cl(ŷ) = cl({ y}). Hence, by Lemma 1, ŷ ∈ Ψ_τ . Now if x ≪_τ y, then as ŷ ∈ Ψ_τ , x ≤ z for some z ∈ ŷ, thus x ∈ ŷ. Conversely, assume that x ∈ ŷ and D ∈ Ψ_τ with sup D ≥ y. Then, as y ∈ R (↑ x) so sup D ∈ R (↑ x), implying D ∩ R (↑ x) ≠ ∅ .

So there is d ∈ D such that d ≥ x. Therefore x ≪_τ y. Now for any y ∈ X, { x ∈ X : x ≪_τ y} = ŷ ∈ Ψ_τ and sup{ x ∈ X : x ≪_τ y} = sup ŷ = y. It thus shows that (X, Ψ_τ ) is a continuous partial dcpo. The interpolation property of ≪_τ follows from Lemma 10.

(b) We need to verify that τ equals the set of all pre-Scott open sets of (X, Ψ_τ ). First, by the proof of (a) we see that ≪_τ = ⪯ . Let U ∈ τ, then for any x ∈ U there is y ∈ U with x ∈ R (↑ y), this means, by (a), that x ∈ { z : y ≪_τ z} ⊆ U. But each { z : y ≪_τ z} is pre-Scott open, so U is pre-Scott open. Conversely, assume that U ⊆ X is pre-Scott open. For any x ∈ U, since x = sup x̂ ∈ U and x̂ ∈ Ψ_τ , so x̂ ∩ U ≠ ∅ . Hence there is y ≪_τ x such that y ∈ U. Then x ∈ { z : y ≪_τ z} ⊆ U. But { z : y ≪_τ z} = { z : y ⪯ z} = R (↑ y) ∈ τ. Hence U ∈ τ. □ Now from Lemma 9 and Lemma 11 we obtain the Theorem 7.

Remark 5. (1) A T_0 space X is called monotone convergence if (X, ≤ ) is a dcpo and every directed subset converges to its supremum. Thus if (X, τ) is a monotone convergence space and C-space, then (X, Ψ_τ ) is a continuous dcpo, hence, as X is homeomorphic to Σ( X, Ψ_τ ), so X is a sober space (the Scott space of each continuous dcpo is sober). Hence a monotone convergence C-space is sober (the converse conclusion is true for any T_0 space).

(2) A T_0 space X is called a weak monotone convergence space if for any directed subset D ⊆ X with sup D exists then D converges (as a net) to sup D. Thus a T_0 space (X, τ) is a weak monotone convergence space iff Ψ_τ equals the standard family of directed sets on (X, ≤ ) (Example 1(1)). It is easily seen that for each poset P , the Scott space Σ P = ( P, σ(P )) is a weak monotone convergence space. From this it follows that a C-space X is a weak monotone convergence space iff there is a continuous poset P such that X is homeomorphic to Σ P (see also [6]).

We summarize the results on spaces that have an injective hull by the following theorem.

Theorem 9. Let X be a T_0 space.

(1) X is injective iff X is homeomorphic to Σ L for a continuous lattice L. (2) X is sober and has an injective hull iff X is homeomorphic to Σ P for a continuous dcpo P .

PARTIAL DCPO’S AND SOME APPLICATIONS 259

(3) X is a weak monotone convergence space and has an injective hull iff X is homeomorphic to Σ P for a continuous poset P .

(4) X has an injective hull iff X is homeomorphic to Σ( P, Ψ) for a continuous partial dcpo P with ≪_Ψ satisfying the interpolation property.

Remark 6. (1) If (X, τ) is homeomorphic to Σ P for a partial dcpo (P, Ψ) , then we can assume P = X and the order on P is the same as the specialization order on X. It then follows that Ψ ⊆ Ψ_τ , thus each U ∈ σ_Ψ (P ) is pre-Scott open with respect to Ψ_τ . Therefore (X, τ) = Σ( X, Ψ_τ ). So we have the following conclusion: (X, τ) is homeomorphic to Σ( P, Ψ) for some partial dcpo (P, Ψ) iff (X, τ) is homeomorphic to (X, Ψ_τ ).

(2) For any poset P , let Ψ be the set of all directed subsets D such that ↓ D = ↓ x for some x ∈ X (equivalently, if D has a largest element), then σ_Ψ (P ) is the Alexandrov topology on P – the set of all upper sets of P . For this Ψ , ≪_Ψ = ≤ . So (P, Ψ) is continuous and ≪_Ψ satisfies the interpolation property.

References

[1] Banaschewski, B., Essential extensions of T_0–spaces , General Topology and Appl. 7 (1977), 233–246.

[2] Bourbaki, N., General Topology , vol. IX, Paris, 1948. [3] Edalat, A., Heckmann, R., A computational model for metric spaces , Theoret. Comput. Sci.

193 (1998), 53–73. [4] Engelking, R., General Topology , Polish Scientific Publisher, Warszawa, 1977. [5] Erné, M., The ABC of order and topology , Category Theory at Work (Herlich, H., Porst, H.-E., eds.), Heldermann Verlag, Berlin, 1991, pp. 57–83.

[6] Erné, M., Minimal bases, ideal extensions, and basic dualities , Topology Proc. 29 (2005), 445–489.

[7] Erné, M., Algebraic models for T1-spaces , Topology Appl. 158 (7) (2011), 945–967. [8] Ershov, Yu. L., Computable functionals of finite types , Algebra and Logic 11 (4) (1972), 367–437.

[9] Ershov, Yu. L., On d–spaces , Theoret. Comput. Sci. 224 (1999), 59–72. [10] Gierz, G., al. et, Continuous lattices and domains , Encyclopedia Math. Appl., vol. 93, Cambridge University Press, 2003.

[11] Hoffmann, R., Continuous posets, prime spectra of completely distributive lattices and Hausdorff compactifications , Continuous Lattices, Lecture Notes in Math. 159 - 208., vol. 871, Springer–Verlag, 1981, pp. 159–208.

[12] Johnstone, P., Scott is not always sober , Continuous Lattices, Lecture Notes in Math., vol.

871, Springer–Verlag, 1981, pp. 282–283. [13] Johnstone, P., Stone spaces , Cambridge University Press, 1982. [14] Jung, A., Moshier, M. A., Vickers, S., Presenting dcpos and dcpo algebras , Proceedings of the 24th Annual Conference on foundation of programming semantics, Electronic Notes in Theoretical Computer Science, vol. 218, 2008, pp. 209–229.

[15] Kamimura, T., Tang, A., Total objects of domains , Theoret. Comput. Sci. 34 (1984), 275–288. [16] Keimel, K., Lawson, J. D., D–completions and the d–topology , Ann. Pure Appl. Logic 159 (3) (2009), 292–306.

260 D. ZHAO

[17] Lawson, J. D., The duality of continuous posets , Houston J. Math. 5 (1979), 357–394. [18] Lawson, J. D., Spaces of maximal points , Math. Structures Comput. Sci. 7 (5) (1997), 543–555.

[19] Liang, L., Klause, K., Order environment of topological spaces , Acta Math. Sinica 20 (5) (2004), 943–948.

[20] Martin, K., Ideal models of spaces , Theoret. Comput. Sci. 305 (2003), 277–297. [21] Martin, K., The regular spaces with countably based models , Theoret. Comput. Sci. 305 (2003), 299–310.

[22] Martin, K., Topological games in domain theory , Topology Appl. 129 (2) (2003), 177–186. [23] Scott, D. S., Continuous lattices , Toposes, Algebraic Geometry and Logic, Lecture Notes in Math., vol. 274, Springer–Verlag, 1972, pp. 97–136.

[24] Tong, H., Some characterizations of normal and perfectly normal spaces , Duke Math. J. 19 (1952), 289–292.

[25] Waszkiewicz, P., How do domains model topologies , Electron. Notes Theor. Comput. Sci. 83 (2004), 1–18.

[26] Wyler, O., Dedekind complete posets and Scott topologies , Continuous Lattices, Lecture Notes in Math., vol. 871, Springer–Verlag, 1981, pp. 384–389.

[27] Zhao, D., Poset models of topological spaces , Proceeding of International Conference on Quantitative Logic and Quantification of Software, Global–Link Publisher, 2009, pp. 229–238.

[28] Zhao, D., Fan, T., dcpo-completion of posets , Theoret. Comput. Sci. 411 (2010), 2167–2173.

Mathematics and Mathematics Education, National Institute of Education Singapore, Nanyang Technological University, 1 Nanyang Walk, Singapore 637616 E-mail : dongsheng.zhao@nie.edu.sg