ARCHIVUM MATHEMATICUM (BRNO) Tomus 49 (2013), 65–78

SOME GENERALIZED COMPARISON RESULTS IN FINSLER GEOMETRY AND THEIR APPLICATIONS

Yecheng Zhu and Wenming Hu

Abstract. In this paper, we generalize the Hessian comparison theorems and Laplacian comparison theorems described in [ 16, 18], then give some applications under various curvature conditions.

1. Introduction

Recently, there has been a surge of interest in Finsler geometry, especially in its global and analytic aspects (see [14]). One of the fundamental problems is to study the comparison theorem in Finsler manifold. It has been started in [ 16, 13, 18], and the following results are obtained by Z. Shen, B. Y. Wu and Y. L. Xin.

Proposition 1.1 (see [18, Theorem 4.1]) . Let (M, F ) be a complete Finsler manifold of dimension m, and r = d_F (p, x) is the distance function on M from a fixed point p ∈ M. Suppose that the flag curvature of M satisfies K(V;W) ≤ C (resp. K (V; W ) ≥ C), then the following inequality holds whenever r is smooth:

(1.1) Hess(r )(X, X ) ≤ (resp. ≥ ) ct_C (r) � g_{∇ r} (X, X) − g^2_{∇ r} (∇ r, X) � . Proposition 1.2 (see [16, Theorem 8.2], or see [ 18, Theorem 5.1 and Theorem 5.3]). Let (M, F ) be a complete Finsler manifold of dimension m, and r = d_F (p, x) is the distance function on M from a fixed point p ∈ M . (i) Suppose that the flag curvature of M satisfies K (V; W ) ≤ C, then

(1.2) △ r ≥ (m − 1)ct_C (r) − S(∇ r) on (D_p \p) ∩ B_{r 0} (p) ;

(ii) Suppose that the Ricci curvature of M satisfies Ric ≥ (m − 1)C, then

(1.3) △ r ≤ (m − 1)ct_C (r) − S(∇ r) on (D_p \p) ∩ B_{r 0} (p) ,

2010 Mathematics Subject Classification : primary 53C60; secondary 53B40. Key words and phrases : comparison theorem, Finsler geometry, distance function, first eigenvalue.

This work was completely supported by Youth Talents Key Foundation of colleges and universities of Anhui Province (No: 2012SQRL038ZD) and Youth Foundation of AHUT (NO: QZ200918).

Received March 11, 2012, revised March 2013. Editor J. Slovák. DOI: 10.5817/AM2013-1-65

66 YECHENG ZHU AND WENMING HU

where

(1.4) ct_C (r) = 8 > >< > :

√ C cotanh( √ Cr ) for C > 0 ; 1 r for C = 0 ; √ − C cotanh( √ − Cr ) for C < 0 .

In this paper, we generalize the above propositions under a weaker assumptions that the curvature is bounded by a delicate bound given by a radial function, then obtain some applications of them. The article is organized as follows.

In Section 2, we revive some basic facts in Finsler geometry and prepare some tools for the proof of the main theorems.

In Section 3, we establish a Sturm’s type comparison theorem, and deduce a comparison result for the solutions of Ricci (in)equalities of the form (1.5) ρ^′ + ρ^2 = G (≥ G, ≤ G) , on (0, T) with appropriate asymptotic behavior as t → 0^+ .

After these preparations, we obtain the generalized comparison result for the Hessian as follows.

Theorem 1.3. Let (M, F ) be a complete Finsler manifold of dimension m, and r = d_F (p, x) is the distance function on M from a fixed point p ∈ M. Let D_p = M \cut (p) be the domain of the normal geodesic coordinates centered at p. Given a smooth function G on [0, + ∞ ), let h be the solution of the Cauchy problem

(1.6) ( h^{′′}+ Gh = 0 , h(0) = 0 , h^′(0) = 1 ,

and r_0 = max { t|h(s) ≥ 0, s ∈ (0, t)}. If the radial flag curvature of M satisfies (1.7) K (∇ r, ·) ≥ (resp . ≤ )G(r ) on B_{r 0} (p) , then

Hess(r )(X, X ) ≤ (resp. ≥ ) h^′ h � g_{∇ r} (X, X ) − g^2_{∇ r} (∇ r, X ) � (1.8)

on (D_p \p) ∩ B_{r 0} (p) .

Remark 1.4. If G(r ) = C = const , it is easy to see

(1.9) h^′ h = ct_C (r) ,

then our conclusion turns into Proposition 1.1.

In Section 4, firstly by taking traces in Theorem 1.3, we immediately obtain corresponding estimates for △ r. In particular, If the radial flag curvature K (∇ r, ·) ≤ (resp. ≥ ) G(r ) on B_{r 0} (p), it follows that

(1.10) △ r ≥ (resp. ≤ ) (m − 1) h^′ h − S(∇ r ) on (D_p \p) ∩ B_{r 0} (p) .

SOME GENERALIZED COMPARISON RESULTS 67

Furthermore, the upper estimate of △ r holds under the weaker assumption that the radial Ricci curvature is bounded below by (m − 1)G(r). Indeed we have the following Laplacian comparison theorem.

Theorem 1.5. Let (M, F ) be a complete Finsler manifold of dimension m, and r = d_F (p, x) is the distance function on M from a fixed point p ∈ M. Let D_p = M \ cut(p) be the domain of the normal geodesic coordinates centered at p. Given a smooth function G on [0, + ∞ ), let h be the solution of the problem

(1.11) ( h^{′′}+ Gh ≥ 0 , h(0) = 0 , h^′(0) = 1 ,

and r_0 = max { t|h(s) ≥ 0, s ∈ (0, t)}. Suppose that the radial Ricci curvature of M satisfies Ric( ∇ r, ∇ r ) ≥ (m − 1)G(r ), then

(1.12) △ r (x) ≤ (m − 1) h^′ h − S(∇ r ) on D_p ∩ (B_{r 0} (p)\p) .

Remark 1.6. If (1.11) be the Cauchy problem (1.6) and G(r) = C = const, then (1.12) yields (1.3).

Next, we derive a more direct and interesting result, which is an extension of the comparison results described in [16, 18] as well.

Theorem 1.7. Let (M, F ) be a complete Finsler manifold of dimension m, and r = d_F (p, x) is the distance function on M from a fixed point p ∈ M, let D_p = M \ cut(p) be the domain of the normal geodesic coordinates centered at p. If Ric_M ≥ (m − 1)G(r), where G is a nonincrease smooth function on [0,+ ∞ )and G ≤ − 1. Then

(1.13) △ r (x) ≤ (m − 1) p (shr )^{− 2} − G(r ) − S(∇ r ) on D_p \p .

In Section 5, based on above comparison theorems, some applications to area and first eigenvalue estimates are given.

2. Preliminaries In this section, we briefly revive some basic facts of Finsler manifolds. Let (M, F ) be a m-dimensional complete connected Finsler manifold with Finsler metric F : T M → [0,+ ∞ ). Let (x, v) = ( x^i , v^i) be local coordinates on T M, and π : T M \ 0 → M be the natural projection. We denote

g_{ij} := 1 2 ∂^2 F^2 (x, v) ∂v^i v^j

(fundamental tensor) ,

(2.1)

C_{ijk} := 1 4 ∂^3 F^2 (x, v) ∂v^i v^j v^k

(Cartan tensor) .

(2.2)

According to [ 2], the pulled-back bundle π^∗ T M admits a unique linear connection, named Chern connection. Its connection forms are characterized by the following

68 YECHENG ZHU AND WENMING HU

structural equations: dx^j ∧ ω^i_j = 0 (torsion freeness) ,

(2.3)

dg_{ij} − g_{kj} ω^k_i − g_{ik} ω^k_j = 2 C_{ijk} ω^{n + k} (almost g-compatibility) .

(2.4)

Let V = v^{i ∂}_{∂xi} be a non-vanishing vector field on an open subset U ⊂ M. One can introduce a Riemannian metric g_V and a linear connection ∇^V on the tangent bundle over U as follows.

g_V (X, Y ) = X^i Y^j g_{ij} (x, V ) , ∀X = X^i ∂ ∂x^i

, Y = Y^i ∂ ∂x^i , (2.5)

∇^V∂_{∂x i} ∂ ∂x^j

= Γ^k_{ij} (x, V ) ∂ ∂x^k . (2.6) By the torsion freeness and g-compatibility of Chern connection, we have (see [2, 18])

∇^V_X Y − ∇^V_Y X = [ X, Y ],

(2.7) Xg_V (Y, Z) = g_V (∇^V_X Y, Z) + g_V (Y,∇^V_X Z ) + 2 C_V (∇^V_X V, Y, Z) ,

(2.8) where C_V is defined by C_V (X, Y, Z) = X^i Y^j Z^k C_{ijk} (x, v).

The Chern curvature R^V (X, Y )Z for vector fields X , Y, Z on U is defined by (2.9) R^V (X, Y )Z := ∇^V_X ∇^V_Y Z − ∇^V_Y ∇^V_X Z − ∇^V_{[X,Y ]}Z . Let V be a geodesic vector and W a tangent vector, which span the 2-plane in T_x M , then the flag curvature is defined by

K (V; W ) = g_V (R^V (V, W)W, V) g_V (V, V)g_V (W, W ) − g^2_V (V, W) , (2.10) and Ric( V) = X i K (V, E_i )

(2.11)

is called the Ricci curvature, where E_1 , E_2 , . . . E_m is the local g_V -orthonormal frame over U.

Let γ(s), 0 ≤ s ≤ l be a geodesic with unit speed velocity field T. A vector field J along γ is called a Jacobi field if it satisfies the following equation (2.12) ∇^T ∇^T J + R^T (J, T )T = 0 . For vector field X and Y along γ, the index form I_γ (X, Y ) is defined by

(2.13) I_γ =

Z_l 0 � g_T (∇^T X, ∇^T Y) − g_T (R^T (X, T )T, Y) � dt .

A frequently used volume form for (M, F ) is the so-called Busemann-Hausdorff volume form dV_F which is locally expressed by (see [4]) dV_F = σ_F (x)dx^1 ∧ · · · ∧dx^m ,

(2.14)

SOME GENERALIZED COMPARISON RESULTS 69

where

σ_F (x) = vol(B^m (1)) vol(( v^i ) ∈ R^m ; F (x, v^{i ∂}_{∂xi} ) < 1) . (2.15)

For v ∈ T_x M \{ 0}, define

(2.16) τ(v) = log p det( g_{ij} (x, v)) σ_F , and τ is called the distortion of (M, F ). To measure the rate of distortion along geodesic, we define

(2.17) S(v) = d ds � τ � γ̇(s) � s =0 ,

where γ(s) is the geodesic with γ̇(0) = v, S is called the S-curvature (see [15]).

The canonical energy function is defined by

(2.18) E (u) = R M F^∗ (du)^2 dV_F R M u^2 dV_F

, u ∈ C^1 (M ) and u ≠ 0 ,

where F^∗ : T^∗ M → [0,+ ∞ ) is the Finsler metric dual to F . Let W^{1,2}(M) denote the Sobolev space, and let (2.19)

V = 8 > >< > :

{ u ∈ W^{1,2} (M ) : R M udV_F = 0 }, if M is compact with ∂M= ∅ ;

{ u ∈ W^{1,2} (M ) : u|_{∂M} = 0 }, if M is compact with ∂M≠ ∅ (the Dirichlet problem ) .

Then E can be extended to be a function on V. Furthermore, E is differentiable on V.

Definition 2.1. Critical values λ of E are called the eigenvalues of M and the corresponding critical points u are called the eigenfunctions of M .

It is easy to see that the first eigenvalue

(2.20) λ_1 = inf

u ∈ V \{ 0} R M F^∗ (du)^2 dV_F R M u^2 dV_F

is the smallest eigenvalue of M and λ_1 ≥^1_4 C^2(M) (the Cheeger’s inquality), where C(M )is defined as follows

(2.21) C(M ) = 8 >< >: inf{^{Vol( ∂Ω)}

Vol(Ω) |Ω ⊂ M, if ∂M≠ ∅}

inf{^{Vol( M )}

min { Vol( M_1 ),Vol( M_2 )} |H be a surface in M , which

divides M into { M_i (i = 1 , 2)} and ∂M_1 = ∂M_2 = H }.

70 YECHENG ZHU AND WENMING HU

3. The Hessian Comparison Theorems Let (M, F ) be a Finsler manifold, the Legendre transformation l: T M → T^∗ M is defined by

(3.1) l(Y) = ( g_Y (Y,·) , Y ≠ 0 ; 0, Y = 0 .

Now let f : M → R be a smooth function on M, and the gradient of f is defined by ∇ f = l^{− 1} (df ), then we have (3.2) df (X ) = g_{∇ f} (∇ f, X ) , X ∈ T M . Let U = { x ∈ M, ∇ f |_x ≠ 0 }. We define the Hessian Hess(f ) of f on U as follows (see [18]) (3.3) Hess(f )(X, Y ) = XY (f ) − ∇^{∇ f}_X Y(f ) , ∀ X, Y ∈ T M |_U . By the torsion freeness and g-compatibility of Chern connection, it is clearly that Hess(f ) is symmetric, which can be rewritten as (3.4) Hess(f )(X, Y ) = g_{∇ f} (∇^{∇ f}_X ∇ f, Y ) , ∀ X, Y ∈ T M |_U . Let hess( f )(X ) = ∇^{∇ f}_X ∇ f , then Hess(f )(X, Y ) = g_{∇ f} (hess( f )(X ), Y). Lemma 3.1. Let G ∈ C[0,+ ∞ ), and f , g ∈ C^1[0,+ ∞ ) with f^′, g^′ ∈ AC(0,+ ∞ ) be solutions of the problems

(3.5) ( f^{′′}+ Gf ≤ 0 , a.e. on (0, + ∞ ), f (0) = 0 , f^′(0) ≤ 1 ( g^{′′}+ Gg ≥ 0 , a.e. on (0, + ∞ ), g(0) = 0 , g^′(0) ≥ 1 .

If f (t) > 0 for t ∈ (0, T) and g^′(0) ≥ f^′(0), then^{f ′}_f ≤^{g ′}_g and f ≤ g on (0, T). Proof. Let β = sup{ s : g(s) > 0 on (0, s)} and τ = min{ β, T }, then f and g are both positive on (0, τ). Since the function g^′f − f^′g is continuous on [0,+ ∞ ), vanishes in t = 0 , and

(g^′f − f^′g)^′ = g^{′′}f − f^{′′}g ≥ − Ggf − (− Gfg ) = 0 , on (0, + ∞ ) ,

(3.6) we have g^′ g ≥ f^′ f , on (0, τ) .

(3.7) Integrating from ε to t (0 < ε < t < τ ), we have f (t) ≤ f (ε) g(ε) g(t) ,

(3.8)

and since lim ε → 0^+

f (ε) g(ε) = f^′(0) g^′(0)

≤ 1 ,

(3.9)

SOME GENERALIZED COMPARISON RESULTS 71

we have f (t) ≤ g(t) on [0, τ) .

(3.10) Since f > 0 on (0, T) by assumption, this in turn forces τ = T. Otherwise, if τ = β < T , then f (β) > 0. While by continuity, g(β) = 0 . This leads to a contradiction. □ Lemma 3.2. Let G ∈ C[0,+ ∞ ) and ρ_i ∈ AC(0, T_i) be solutions of the differential inequalities (3.11) ρ^′_1 + ρ^2_1 + G ≤ 0 a.e. on (0, T_1 ) ; ρ^′_2 + ρ^2 + G ≥ 0 a.e. on (0, T_2 ) , satisfying the asymptotic condition (3.12) ρ_i (t) = 1 t + o(1) , as t → 0^+ .

Then T_1 ≤ T_2 and ρ_1 ≤ ρ_2 on (0, T_1 ). Proof. Observe that the function ρ_i(s) −^1_s is bounded and integrable in a neighboorhood of s = 0 , we let

(3.13) Φ_i (t) = t ·exp{

Z_t 0 (ρ_i (s) − 1 2 ) ds} , a.e. on [0, T_i ) , then Φ_i(0) = 0 , Φ_i > 0 on (0, T_i), Φ^′_i = ρ_iΦ_i ∈ AC(0, T_i) and Φ^′_i(0) = 1 . By straightforward computations, we have (3.14) Φ^{′′}_1 + GΦ_1 ≤ 0 on (0, T_1 ) ; Φ^{′′}_2 + GΦ_2 ≥ 0 on (0, T_2 ) . An application of Lemma 3.1 shows that T_1 ≤ T_2 and ρ_1 =^{Φ ′1}_{Φ 1} ≤^{Φ ′2}_{Φ 2} ≤ ρ_2 on (0, T_1 ), as required. □ After these preparations, we are going to prove Theorem 1.3.

Proof. Since Hess(r) is symmetric, there is an orthonormal basic of T_x M consisting of eigenvectors of Hess(r). Denoting by ξ_{max} (x) and ξ_{min} (x), respectively, the greatest and smallest eigenvalues of the Hess(r) in the orthogonal complement of ∇ r (x), the theorem amounts to showing that on (D_p \p) ∩ B_{r 0} (P ), if K (∇ r, ·) ≥ G(r ), then ξ_{max} (x) ≤^{h ′}_h (r (x)); if K (∇ r, ·) ≤ G(r ), then ξ_{min} (x) ≥^{h ′}_h (r (x)).

Let x ∈ D_p \p and let γ be the minimizing geodesic joining p to x, we claim that if K (∇ r, ·) ≥ G(r ), then the Lipschitz function ξ_{max} satisfies

(3.15)

(_d ds (ξ_{max} ∘ γ) + ( ξ_{max} ∘ γ)^2 + G ≤ 0 for a.e. s > 0 , ξ_{max} ∘ γ =^1_s + o(1) , as s → 0^+ ;

similarly, if K (∇ r, ·) ≤ G(r ), then the Lipschitz function ξ_{min} satisfies

(3.16)

(_d ds (ξ_{min} ∘ γ) + ( ξ_{min} ∘ γ)^2 + G ≥ 0 for a.e. s > 0 , ξ_{min} ∘ γ =^1_s + o(1) , as s → 0^+ .

72 YECHENG ZHU AND WENMING HU

since ϕ =^{h ′}_h satisfies

(3.17) ϕ^′ + ϕ^2 + G = 0 on (0, r_0 ) , ϕ(s) = 1 s + o(s) , as s → 0^+ ,

the required conclusion follows immediately from Lemma 3.2. It remains to prove that ξ_{max} and ξ_{min} satisfy the required differential inequalities. Now let γ(s) be the geodesic parametrized by arc-length issuing from p with γ(s_0) = x, then γ is an integral curve of ∇ r. For every unit vector Y ∈ T_x M such that Y ⊥ γ̇(s_0), define a vector field Y ⊥ γ̇, by parallel translation along γ. By the definition of covariant derivative and curvature tensor, we have

∇^{∇ r}_{γ̇} � hess( r )(Y) � = ∇^{∇ r}_{γ̇} � hess( r ) � (Y) + hess( r )(∇^{∇ r}_{γ̇} Y)

= ∇^{∇ r}_{∇ r} � hess( r ) � (Y) = ∇^{∇ r}_Y � hess( r ) � (∇ r ) + R^{∇ r} (∇ r, Y )∇ r

= ∇^{∇ r}_Y � hess( r ) � ∇ r ) − hess( r )(∇^{∇ R}_Y ∇ r ) − R^{∇ r} (Y,∇ r )∇ r

= − hess( r ) � hess( r )(Y) � − R^{∇ r} (Y,∇ r )∇ r ,

(3.18)

that is

(3.19) ∇^{∇ r}_{γ̇} � hess( r )(Y) � + hess( r ) � hess( r )(Y) � = − R^{∇ r} (Y,∇ r )∇ r .

Since Y is parallel,

(3.20) d ds g_{∇ r} � hess( r )(Y), Y � = g_{∇ r} � ∇^{∇ r}_{γ̇} � (r )(Y) � , Y � , and we conclude that

(3.21) d ds � Hess(r )(γ)(Y, Y) � + g_{∇ r} � hess( r )(γ)(Y), hess( r )(γ)(Y) � = − K (γ̇, Y) .

Note that, for any unit vector field E ⊥ ∇ r ,

(3.22) Hess(r )(E, E ) ≤ ξ_{max} .

Thus,

(3.23) Hess(r )(γ)(Y, Y)|_{s = s 0} = ξ_{max} ∘ γ(s_0 ).

then the function Hess(r)(γ)(Y, Y) − ξ_{max} ∘ γ attains its maximum at s_0, and its derivative vanishes:

(3.24) d ds |_{s = s 0} Hess(r )(γ)(Y, Y) − d ds |_{s = s 0} ξ_{max} ∘ γ = 0 .

Assume that K (∇ r, ·) ≥ G(r ), by (3.21) and (3.24), we have, at s_0 ,

(3.25) d ds (ξ_{max} ∘ γ) + ( ξ_{max} ∘ γ)^2 + G ≤ 0 ,

which is the desired inequality stated in (3.15). The asymptotic behavior of ξ_{max} ∘ γ near s = 0^+ follows from the fact that

(3.26) Hess(r ) = 1 r (g_{∇ r} (·, ·) − g^2_{∇ r} � ∇ r, ·) � + o(1) , r → 0^+ ,

SOME GENERALIZED COMPARISON RESULTS 73

as one can verify by a simple computation in normal coordinates at p ∈ M. The argument in the case where K (∇ r, ·) ≤ G(r ) is completely similar. □

4. The Laplacian comparison theorems Let (M, F ) be a Finsler manifold, the dual Finsler metric F^∗ on M is defined by

(4.1) F^∗ (ς_x ) = sup

Y ∈ T_x M \{ 0}

ς(Y) F (Y)

, ∀ ς∈ T^∗ M , and (4.2) g^{∗kl} (ς) = 1 2 ∂^2 F^{∗2} (ς) ∂ς_k ∂ς_l is the corresponding fundamental tensor. Then we have (see [2], [15]) (4.3) F (Y) = F^∗ � l(Y) � , ∀Y ∈ T M ; g^{ij} (Y) = g^{∗ij} � l(Y) � , ∀Y ∈ T M .

The divergence div X of X is defined as follows. (4.4) d(X ⌋dV_F ) = div( X )dV_F . It is easy to see that div X depends only on the volume form dV_F . Then for a vector field X = X^{i ∂}_{∂Xi} on M , we have

(4.5) div X = 1 σ ∂ ∂x^i

(σX^i ) =

∂X^i ∂x^i + X^i σ · ∂σ ∂x^i . The laplacian of f , denoted by △ f , is defined as (4.6) △ f = div( ∇ f ) = div � l^{− 1} (df_1 ) � . By (4.3) and (4.4), we have the following local expression for △ f ,

(4.7) △ f = 1 σ(x) ∂ ∂x^i � σ(x)g^{∗ij} (df ) ∂f ∂x^j � = 1 σ(x) ∂ ∂X^i � σ(x)g^{ij} (∇ f ) ∂f ∂x^j � , By a direct computation, we have (see [16, 18])

(4.8) △ f = nX i =1

Hess(f )(e_i , e_i ) − S(∇ f ) .

As mentioned above, by taking trace in Theorem 1.3, we immediately obtain corresponding estimates for △ r .

Theorem 4.1. Let (M, F ) be a complete Finsler manifold of dimension m, and r = d_F (x, p) is the distance function on M from a fixed point P ∈ M. Let D_p = M \ cut(p) be the domain of the normal geodesic coordinates centered at p. Given a smooth function G on [0,+ ∞ ), let h be the solution of the Cauchy problem

(4.9) ( h^{′′}+ Gh = 0 , h(0) = 0 , h^′(0) = 1 , and r_0 = max { t|h(s) ≥ 0, s ∈ (0, t)}. If the radial flag curvature of M satisfies (4.10) K (∇ r, ·) ≥ (resp. ≤ ) G(r ) on B_{r 0} (p) ,

74 YECHENG ZHU AND WENMING HU

then

(4.11) △ r ≤ (resp. ≥ ) (m − 1) h^′ h − S(∇ r ) on (D_p \p) ∩ B_{r 0} (p) .

Next we are going to prove Theorem 1.5. Proof. Let D_p = M \ cut(p) be the maximal star-shaped domain of the normal coordinates at p. Fix any x ∈ D_p ∩ (B_{r 0} (p)\{ p}) and let γ(s) be the minimizing geodesic from p to x parametrized by arc-length. Set ψ (s) = ( ¯△ r) ∘ γ(s), where ¯△ r = tr_{∇ r} (Hess( r )) =^nP

i =1

Hess(r )(e_i , e_i ), we claim that

(4.12) ( ψ^′ +^1_{m − 1} ψ^2 + ( m − 1) G ≤ 0 , (i) ψ (s) =^{m − 1}_s + 0(1) , as s → 0^+ . (ii) Indeed, note that by tracing in (3.21), we deduce that

(4.13) d ds ( ¯△ ∘ γ) + | Hess(r )|^2 (γ) = − Ric( ∇ r, ∇ r )(γ) .

By the elementary inequality

(4.14)

( ¯△ r )^2 m − 1

≤ | Hess(r )|^2 ,

which in turn follows easily from the Cauchy-Schwarz inequality, we deduce that

(4.15) d ds ( ¯△ ∘ γ) +

( ¯△ ∘ γ)^2 m − 1

≤ − Ric( ∇ r, ∇ r )(γ).

Inequality (4.12)(i) follows from the assumption on Ric. As for the asymptotic behavior (4.12)(ii) follows from the well-known fact that

(4.16) tr_{∇ r} � Hess(r ) � = m − 1 r + o(1) , as r → 0^+ .

Now, by using (4.12) and arguing as in the proof of Theorem 1.3, it is easy to see that (1.12) holds pointwise on D_p ∩ (B_{r 0} (p)\p). □ Next we are ready to attest Theorem 1.7, firstly we will need the following lemma. Lemma 4.2. Let G be a continuous function on [0,+ ∞ ) and G ≤ − 1. If w be solution of the Cauchy problem

(4.17) ( w^{′′}+ Gw = 0 , w(0) = 0 , w^′(0) = 1 , then w(t) ≥ sh t. Proof. Certainly, there is a unique solution w(t) of (4.17), and w(t) ≥ 0. Let w_1(t) be the solution of

(4.18) ( w^{′′}_1 − w_1 = 0 , w_1 (0) = 0 , w^′_1 (0) = 1 .

SOME GENERALIZED COMPARISON RESULTS 75

Since 0 = Z_t 0 { w(w^{′′}_1 − w_1 ) − w_1 (w^{′′}+ Gw)}du = Z_t 0 (ww^{′′}_1 − w_1 w^{′′})du +

Z_t 0 (− 1 − G)ww_1 du

≥ (ww^′_1 − w_1 w^′)|^t_0

= w(t)w^′_1 (t) − w_1 (t)w^′(t),

(4.19)

we have that

�_{w (t )}

w_1 (t )

�_′

≥ 0. Then for any ε ∈ (0, t), we have

(4.20) w(t) w_1 (t) ≥ w(ε) w_1 (ε) . Therefore,

(4.21) w(t) w_1 (t)

≥ lim_{ε → 0} w(ε) w_1 (ε)

= lim_{ε → 0} w^′(ε) w^′_1 (ϵ)

= 1 ,

that is w(t) ≥ w_1 (t) = sh t. □ After this preparation,we can prove Theorem 1.7 as follows.

Proof. Let γ : [0, r(x)] → M be the unit-speed geodesic from p to x, and let e_1 , . . . , e_{m − 1} , e_m = γ̇ be the g_T -orthonormal basic of T_x M .

By parallel translation along γ, we obtain the parallel vector fields E_1(t), . . . , E_m (t) along γ. For 1 ≤ i ≤ m − 1, let J_i be the unique Jocobi field along γ such that J_i(0) = 0 , J_i(r(x)) = e_i. Next, let φ (t) be an arbitrary piecewise smooth function defined on [0, r] with φ (0) = 0 and φ (r) = 1 , then φ (t)E_i(t) would be piecewise smooth vector fields along γ satisfying φ (0)E_i(0) = 0 and φ (r)E_i(r) = J_i(r). By the basic index lemma (see [2, 18]), we have

tr_{∇ r} � Hess(r ) � = nX i =1

Hess(r )(e_i , e_i ) =

n − 1X

i =1

I_γ (J_i , J_i ) = Z_r 0 � (m − 1)(φ^′)^2 − Ric φ̇^2 � dt ≤ Z_r 0 � (m − 1)(φ^′)^2 − (m − 1)G(r ) ·φ^2 � dt = ( m − 1)

Z_r 0 � (φ^′)^2 − Gφ^2 � dt .

(4.22)

The Euler-Lagrange equation of the right-hand side of inequality (4.22) is (4.23) φ^{′′}+ Gφ = 0 . By Lemma 4.2 and note that φ (t) =^{w (t )}_{w (r )} is the solution of the boundary value problem

(4.24) ( φ^{′′}+ Gφ = 0 , φ (0) = 0 , φ (r ) = 1 ,

76 YECHENG ZHU AND WENMING HU

we have

tr_{∇ r} � Hess(r ) � ≤ (m − 1)

Z_r 0 � (φ^′)^2 + φφ^{′′} � dt = ( m − 1)φ (r )φ^′(r ) = ( m − 1)φ^′(r ) .

(4.25)

Since

(4.26) 0 < φ^′(0) = w^′(0) w(r ) ≤ 1 sh r , then we have � φ^′(r )

�_2 = � φ^′(0)

�_2 + Z_r 0 � d dt � φ^′(t)

�_2 � dt = � φ^′(0)

�_2 + Z_r 0 2φ^′ ·(− Gφ ) dt = � φ^′(0)

�_2 + Z_r 0 G(t)[φ^2 (t)]^′ dt ≤ � 1 sh r

�_2 − G(r )

Z_r 0 [φ^2 (t)]^′ dt ≤ � 1 sh r

�_2 − G(r ) .

(4.27)

Combining (4.8), (4.25) and (4.27) we obtain the desired result. □

5. Some Applications In this section, we give some applications of the above estimates.

First, we obtain a simple application of Theorem 4.1.

Theorem 5.1. Let (M, F ) be a complete Finsler manifold of dimension m, and r = d_F (x, p) is the distance function on M from a fixed point p ∈ M. Let D_p = M \ cut(p) be the domain of the normal geodesic coordinates centered at p. Given a smooth function G on [0, + ∞ ). Let h be the solution of the Cauchy problem

(5.1) ( h^{′′}+ Gh = 0 , h(0) = 0 , h^′(0) = 1 ,

and let r_0 = max { t|h(s) ≥ 0, s ∈ (0, t)}, and D_p ⊂ B_p(r_0). If the radial flag curvature of M satisfies

K (∇ r, ·) ≤ G(r ) ,

(5.2)

then

Vol(∂D_p ) ≥ Z D_p

((m − 1) h^′ h − S(∇ r ))dV_F .

(5.3)

SOME GENERALIZED COMPARISON RESULTS 77

Proof. By △ r ≥ (m − 1)^{h ′}_h − S(∇ r ), we have

vol(∂D_p ) ≥ Z ∂D_p

g_Z (Z, ▽ r )dA = Z D_P

△ rdV_F ≥ Z D_P � (m − 1) h^′ h − S(▽ r ) � dV_F ,

(5.4)

where Z is the outer normal along ∂D_p . □ Remark 5.2. If G(r) = C = const(C < 0), and S(∇ r) ≤ (m − 1)δ(δ < √ − C), then

(5.5) vol(∂D_p ) ≥ Z D_p

(m − 1) �√ − C − δ � dV_F = ( m − 1)( √ − C − δ) vol( D_P ) .

Furthermore,

(5.6) λ_1 ≥ 1 4 C^2 (M ) = 1 4 (m − 1)^2 �√ − C − δ

�_2 . Next, we study the first eigenvalue under the condition with the lower bound of flag curvature (or Ricci curvature), and we will apply the key idea in [ 8] to archive this goal. In this section the discussion is based on the estimate on Δ r described in Theorem 1.5 and others are similar.

Let (M, F ) be a Finsler m-dimension manifold with (5.7) Ric ≥ (m − 1)G(r ) � G(r ) ≤ − 1 � , ‖S‖ ≥ (m − 1)δ .

Let Λ = Λ( m, δ, R) > 0 be a number such that there is a function u ∈ C^2[0, R] with u^′ ≤ 0, which satisfies

(5.8) 8 < : u^{′′}(r ) + ( m − 1) �q (sh r

�_{− 2}

− G(r ) − δ)u^′(r ) + Λ u(r ) ≥ 0 , u(R) = 0 , u^′(0) = 0 .

Then we have Theorem 5.3. Let B_R (p) (R ≤ i_p, where i_p denotes the injectivity radius about p) be an open ball in a complete Finsler m-manifold satisfying (5.7) , then (5.9) λ_1 � B_R (p) � ≤ Λ( m, δ, R ) .

Proof. By (1.13), we have

△ u = u^{′′}(r ) + u^′(r )△ r ≥ u^{′′}(r ) + ( m − 1)( p (sh r )^{− 2} − G(r ) − δ)u^′(r ) ≥ − Λ u ,

(5.10) then Z

B_R (p)

F ∗ (du)^2 dV_F = Z B_R (p)

du(∇ u)dV_F

= − Z B_R (p)

uΔ udV_F ≤ Λ Z B_R (p)

u^2 dV_F .

(5.11)

Now the conclusion is obvious. □

78 YECHENG ZHU AND WENMING HU

References

[1] Astola, L., Jalba, A., Balmashnova, E., Florack, L., Finsler streamline tracking with single tensor orientation distribution function for high angular resolution diffusion imaging , J. Math. Imaging Vision 41 (2011), 170–181.

[2] Bao, D., Chern, S. S., Shen, Z., An Introduction to Riemann–Finsler Geometry , Springer, New York, 2000.

[3] Beil, R. G., Finsler geometry and relativistic field theory , Found. Phys. 33 (2003), 1107–1127. [4] Busemann, H., Intrinsic Area , Ann. Math. 48 (1947), 234–267. [5] Chen, Q., Xin, Y. L., A generalized maximum principle and its applications in geometry , Amer. J. Math. 114 (1992), 335–366.

[6] Chen, X. Y., Shen, Z. M., A comparison theorem on the Ricci curvature in projective geometry , Ann. Glob. Anal. Geom. 23 (2003), 14–155.

[7] Chern, S. S., Local equivalence and Euclidean connections in Finsler space , Sci. Rep. Nat.

Tsing Hua Univ. Ser. A 5 (1948), 95–121. [8] Kasue, A., On a lower bound for the first eigenvalue of the Laplace operator on a Riemannian manifold , Ann. Sci. Ecole. Norm. Sup. 17 (1984), 31–44.

[9] Kim, C. W., Min, K., Finsler metrics with positive constant flag curvature , Ann. Glob. Anal.

Geom. 92 (2009), 70–79. [10] Ohta, S., Finsler interpolation inequalities , Calc. Var. Partial Differential Equations 36 (2009), 211–249.

[11] Ohta, S., Uniform convexity and smoothness, and their applications in Finsler geometry , Math. Ann. 343 (2009), 669–699.

[12] Renesse, M., Heat kernel comparison on Alexandrov spaces with curvature bounded below , Potential Anal. 21 (2004), 151–176.

[13] Shen, Z., Volume comparision and its application in Riemann–Finsler geometry , Adv. Math.

128 (1997), 306–328. [14] Shen, Z., The Non-linear Laplacian Finsler Manifolds , The Theory of Finslerian Laplacians and Applications (Antonelli, P. L., Lackey, B. C., eds.), Kluwer Acad. Publ., Dordrecht, 1998, pp. 187–198.

[15] Shen, Z., Lectures on Finsler Geometry , World Scientific, Singapare, 2001. [16] Shen, Z., Curvature, distance and volume in Finsler geometry , IHES 311 (2003), 549–576. [17] Wu, B. Y., Some rigidity theorems for locally symmetrical Finsler manifolds , J. Geom. Phys.

58 (2008), 923–930. [18] Wu, B. Y., Xin, Y. L., Comparision theorem in Finsler geometry and their applications , Math. Ann. 337 (2007), 177–196.

Department of Applied Mathematics, Anhui University of Technology, Hudong Road. NO. 59, Huashan District, 243002, Maanshan, Anhui Province, China E-mail : zhuyecheng929@sohu.com