ARCHIVUM MATHEMATICUM (BRNO) Tomus 49 (2013), 87–104

TANGENT LIFTS OF HIGHER ORDER OF MULTIPLICATIVE DIRAC STRUCTURES

P. M. Kouotchop Wamba and A. Ntyam

Abstract. The tangent lifts of higher order of Dirac structures and some properties have been defined in [ 9] and studied in [ 11]. By the same way, the tangent lifts of higher order of Poisson structures have been studied in [10] and some applications are given. In particular, the authors have studied the nature of the Lie algebroids and singular foliations induced by these lifting. In this paper, we study the tangent lifts of higher order of multiplicative Poisson structures, multiplicative Dirac structures and we describe the Lie bialgebroid structures and the algebroid-Dirac structures induced by these prolongations.

Introduction

We denote by LG and LA the categories of Lie groupoids and Lie algebroids, respectively. There is a natural functor A : LG → LA , which maps each object G ∈ LG to the object AG ∈ LA , and every morphism of Lie groupoids ϕ : G_1 → G_2 is mapped to the Lie algebroid morphism Aϕ : AG_1 → AG_2. It is called the Lie functor and preserves the product bundles. Let G be a Lie groupoid over a manifold M, we denote by G_{(2)} the set of composable groupoid pairs and we recall that, a Poisson groupoid is a pair (G; Π_G ) where Π_G is a Poisson structure on G which is multiplicative in the sense that the graph of the multiplication map Λ = � (g, h, gh) , (g, h) ∈ G_{(2)} � is a coisotropic submanifold of G × G × G , where G means that G is equipped with the opposite Poisson structure. We say that the bivector Π_G is a multiplicative bivector. On the other hand, it is well known that Lie bialgebroid is a

2010 Mathematics Subject Classification : primary 53C15; secondary 53C75, 53D05. Key words and phrases : Lie groupoids, Lie bialgebroids, multiplicative Dirac structures, tangent functor of higher order, natural transformations. Received September 4, 2012, revised April 2013. Editor I. Kolář. DOI: 10.5817/AM2013-2-87

88 P. M. KOUOTCHOP WAMBA AND A. NTYAM

pair of Lie algebroids in duality (E, E^∗ ) satisfying

d_E ∗ ([u, v]) = [ d_E ∗ (u) , v] + [u, d_E ∗ (v)]

for any u, v ∈ Γ (E ). Here d_E ∗ : Γ

�_k E � → Γ �_{k +1} E � denotes the Lie algebroid differential induced by E^∗ and [·, ·] is the Schouten bracket on multisections of E. A classical example of a Lie bialgebroid is a Lie bialgebra. As a Lie bialgebras arise as the infinitesimal counterpart of Poisson-Lie groups, K. Mackenzie and P. Xu have shown that, the Lie bialgebroids are the infinitesimal version of Poisson groupoids (see [ 12]). More precisely, if (G; Π_G ) is a Poisson groupoid, then (AG, A^∗ G) is a Lie bialgebroid.

Let G be a Lie groupoid over a manifold M, with Lie algebroid AG. The tangent bundle of order r T^r G has a natural Lie groupoid structure over T^r M. This structure is obtained by applying the tangent functor of order r to each of the structure maps defining G (source, target, multiplication, inversion and identity section). In the particular case where r = 1 , we obtain the tangent Lie groupoid.

Consider now the cotangent bundle T^∗ G over G, we know that T^∗ G is a Lie groupoid over A^∗ G. The source and target maps are defined by:

s^∗ (γ_g ) (u) = γ_g � T L_g (u − T t (u)) � and t^∗ (δ_g ) (v) = δ_g � T R_g (v) � where γ_g ∈ T^∗_g G, u ∈ A_{s (g)} G and δ_g ∈ T^∗_g G, v ∈ A_{t (g)} G. The multiplication on T^∗ G is defined by:

(β_g • γ_h ) (X_g ▪X_h ) = β_g (X_g ) + γ_h (X_h )

for (X_g , X_h ) ∈ T_{(g,h )} G_{(2)} . In [13], the author defines the cotangent Lie algebroid and proves that: There is a natural isomorphism of Lie algebroids

j_G : A (T^∗ G) → T^∗ (AG)

such that the following diagram commutes

A(T^∗ G)^{j G} �

i_{A ( T} ∗_{G )} � T^∗ (AG)

T T^∗ G_{ε G} �T^∗ T G

T^∗ i_{AG} �

where i_{AG} : AG → T G is the natural injection and ε_G : T T^∗ G → T^∗ T G is the natural isomorphism of Tulczyjew. By this isomorphism, we identify A (T^∗ G) with T^∗ (AG). Let (E, M, π ) be a vector bundle, we denote by � x^i , y^j � an

TANGENT LIFTS OF HIGHER ORDER OF . . . 89

adapted coordinates system of E , it induces the local coordinates system � x^i , π_j � in E^∗ � x^i , y^j , p_i , ζ_j � in T^∗ E and � x^i , π_j , p_i , ξ^j � in T^∗ E^∗

In [13], [12] is defined the natural submersion r_E : T^∗ E → E^∗ such that locally

r_E � x^i , y^j , p_i , ζ_j � = � x^i , ζ_j � . There exists a Legendre type map

R_E : T^∗ E^∗ → T^∗ E

which is an anti-symplectomorphism with respect to the canonical symplectic structures on T^∗ E^∗ and T^∗ E respectively, and is locally defined by:

R_E � x^i , π_j , p_i , ξ^j � = � x^i , y^j , − p_i , ζ_j � with � y^j = ξ^j π_j = ζ_j

In this paper, we study the tangent lifts of higher order of multiplicative Poisson structures, multiplicative Dirac structures and we study some properties. In particular, we describe the structures of Dirac-algebroids induced by the tangent lifts of higher order of multiplicative Dirac structures. Thus, the main results are Propositions 3, 8, Theorems 1 and 2. For the prolongations of functions, vector fields and differential forms, we adopt the same notations of [ 14]. More precisely, for any X ∈ X(M) and ω ∈ Ω^k (M) we denote by X^{(α )} and ω^{(α )} the α-prolongations of X and ω respectively. All geometric objects and maps are assumed to be infinitely differentiable. r will be a natural integer (r ≥ 1).

1. Preliminaries

1.1. Some canonical transformations. For each β ∈ { 0, . . . , r }, we denote by τ_β the canonical linear form on J^r_0 (R, R) defined by:

τ_β (j^r_0 g) = 1 β! · d^β dt^β � g(t) � |_{t =0} , where g ∈ C^∞ (R, R) .

90 P. M. KOUOTCHOP WAMBA AND A. NTYAM

For each manifold M , there is a canonical diffeomorphism (see [5], [8]) κ^r_M : T^r T M → T T^r M which is an isomorphism of vector bundles from

T^r (π_M ): T^r T M → T^r M to π_T r_M : T T^r M → T^r M . It is called the canonical isomorphism of flow associated to the bundle functor T^r . Let (x^1 , . . . , x^m ) be a local coordinates system of M, we introduce a coordinates � x^i , ẋ^i � in T M, (x^i , ẋ^i , x^i_β , ẋ^i_β ) in T^r T M and (x^i , x^i_β , ẋ^i , ẋ^i_β ) in T T^r M . The local expression of κ^r_M is given by: κ^r_M (x^i , ẋ^i , x^i_β , ẋ^i_β ) = ( x^i , x^i_β , ẋ^i , ẋ^i_β ) with ẋ^i_β = ẋ^i_β .

By the same way, there is a canonical diffeomorphism (see [1]) α^r_M : T^∗ T^r M → T^r T^∗ M which is an isomorphism of vector bundles

π^∗_T r_M : T^∗ T^r M → T^r M and T^r (π^∗_M ): T^r T^∗ M → T^r M dual of κ^r_M with respect to pairings ⟨·, ·⟩^′_T r_M = τ_r ∘ T^r (⟨·, ·⟩_M ) and ⟨·, ·⟩_T r_M , i.e. for any (u, u^∗ ) ∈ T^r T M ⊕ T^∗ T^r M , (1.1) ⟨κ^r_M (u), u^∗ ⟩_T r_M = ⟨u, α^r_M (u^∗ )⟩^′_T r_M . Let (x^1 , . . . , x^m ) be a local coordinates system of M, we introduce the coordinates (x^i , p_j ) in T^∗ M, (x^i , p_j , x^i_β , p^β_j ) in T^r T^∗ M and (x^i , x^i_β , π_j , π^β_j ) in T^∗ T^r M . We have: α^r_M � x^i , π_j , x^i_β , π^β_j � = � x^i , x^i_β , p_j , p^β_j � with � p_j = π^r_j p^β_j = π^{r − β}_j . By ε^r_M we denote the map (α^r_M )^{− 1} . Remark 1. In the particular case where r = 1 , the canonical isomorphism α^1_M : T^∗ T M → T T^∗ M coincides with the canonical isomorphism of Tulczyjew.

TANGENT LIFTS OF HIGHER ORDER OF . . . 91

1.2. Tangent lifts of higher order of Poisson manifolds. We recall that in [ 10], it is defined for each integer q ≥ 1, the natural transformations (1.2) κ^{r,q} : T^r ∘ (

�_q

T) →

�_q

T ∘ T^r such that, for each manifold M of dimension m, we have locally: (1.3) κ^{r,q}_M (x^i_α , Π^{i 1 ...i q} α ) = ( x^i_α , ~Π^{i 1 ,α 1 ...i q ,α q} ) with (1.4) ~Π^{i 1 ,α 1 ...i q ,α q} = � γ_1 + ···+ γ_q + β = r

δ^{r − γ 1}

α_1 . . . δ r − γ_q α_q Π i_1 ...i_q β . Let Π be a multivector field of degree q on M . We put (1.5) Π^{(c)} = κ^{r,q}_M ∘ T^r Π: T^r M →

�_q

T T^r M . Π^{(c)} is a multivector field of degree q on T^r M . Therefore, if locally Π = � 1≤ i_1 < ···<i_q ≤ m

Π^{i 1 ...i q} ∂ ∂x^{i 1}

∧ · · · ∧ ∂ ∂x^{i q}

then, we have

(1.6) Π^{(c)} = � α_1 + ···+ α_q + μ = r

(Π^{i 1 ...i q} )^{(μ )} ∂ ∂x^{i 1}_{r − α 1}

∧ · · · ∧ ∂ ∂x^{i q}_{r − α q} .

In the particular case where q = 2 , and Π = Π^{ij} ∂ ∂x^i ∧ ∂ ∂x^j we have:

(1.7) Π^{(c)} = (Π^{ij} )^{(α + β − r )} ∂ ∂x^i_α ∧ ∂ ∂x^j_β . For a simple k-vector field of Π = X_1 ∧ · · · ∧X_k with X_1 , . . . , X_k ∈ X(M), we have (1.8) Π^{(c)} = � β_1 + ···+ β_k = r

X^{(r − β 1 )}

1 ∧ · · · ∧X^{t (r − β k )} k . Using the equation (1.8), we prove in [10] the following equality, for any Φ ∈ X^p (M ) and Ψ ∈ X^q (M ), we have: (1.9) � Φ^{(c)} , Ψ^{(c)} � = [Φ , Ψ]^{(c)} .

Thus, if (M, Π_M ) is a Poisson manifold then, the pair (T^r M, Π^{(c)}_M ) is also a Poisson manifold. This structure is called the tangent lift of order r of Poisson structure.

92 P. M. KOUOTCHOP WAMBA AND A. NTYAM

Proposition 1. Let (M, Π_M ) be a Poisson manifold. We denote by ♯_{Π M} the anchor map induced by Π_M . We have the following formula (1.10) ♯_Π ( c )_M = κ^r_M ∘ T^r (♯_{Π M} ) ∘ α^r_M .

Proof. See [10]. □ For some properties of the Poisson manifold (T^r M, Π^{(c)}_M ) see [10]. however, these fundamental properties come from the formula: i_Π ( c )_M ω^{(r − α )} = ( i_{Π M} ω )^{(α )}

where ω ∈ Ω^1 (M ) and α ∈ { 0, 1, . . . , r }. 1.3. Tangent lifts of higher order of Lie algebroids. For any vector bundle (E, M, π ), we consider the natural vector bundle morphism χ^{(α )}_E : T^r E → T^r E defined for each j^r_0 φ ∈ T^r E by: χ^{(α )}_E (j^r_0 φ ) = j^r_0 (t^α φ ) .

Let u ∈ Γ( E ), we define the section u^{(α )} of (T^r E, T^r M, T^r π) by: u^{(α )} = χ^{(α )}_E ∘ T^r u , 0 ≤ α ≤ r .

u^{(α )} is called α -prolongation of the section u (see [5] or [16]). We suppose that E is a Lie algebroid over M of anchor map ρ. In [10], we have shown that: it exists one and only one Lie algebroid structure on T^r E, of anchor map ρ^{(r )} = κ^r_M ∘ T^r ρ such that: for any u, v ∈ Γ(E) and α, β ∈ { 0, . . . , r } we have: (1.11) [u^{(α )} , v^{(β )} ] = [u, v]^{(α + β )} . This Lie algebroid structure is called tangent lift of order r of Lie algebroid (E, [·, ·], ρ). For some properties of the Lie algebroid (T^r E, [·, ·], ρ^{(r )}), see [10]. In particular for r = 1 , we obtain the tangent lift of Lie algebroid (E, [·, ·], ρ) defined in [4]. For s ∈ { 1, . . . , r }, we consider the natural projection π^{r,s}_E : T^r E → T^s E defined by: π^{r,s}_E (j^r_0 φ ) = j^s_0 φ .

For any u ∈ Γ( E ) and natural number α ≤ r , we have:

(1.12) π^{r,s}_E (u^{(α )} ) = � u^{(α )} if α ≤ s 0 if α > s . In this case, we have the following result:

TANGENT LIFTS OF HIGHER ORDER OF . . . 93

Proposition 2. The vector bundle projection π^{r,s}_E : T^r E → T^s E is a morphism of Lie algebroids over π^{r,s}_M : T^r M → T^s M . Proof. The property of compatibility of Lie bracket between Γ(T^r E) and Γ(T^s E) is obtained by the formula (1.12). Since, for any u ∈ Γ(E) and α ∈ { 0, . . . , r },

T(π^{r,s}_M ) ∘ ρ^{(r )} (u^{(α )} ) = T(π^{r,s}_M ) ∘ [ρ(u)]^{(α )}

= T(π^{r,s}_M ) ∘ � κ^r_M ∘ χ^{(α )}_{T M} ∘ T^r [ρ(u)] � = κ^s_M ∘ π^{r,s}_{T M} � j^r_0 (t^α [ρ(u)]) � = ρ^{(s )} ∘ π^{r,s}_A (u^{(α )} )

we deduce that, the projection π^{r,s}_E : T^r E → T^s E is a morphism of Lie algebroids over π^{r,s}_M . □ Remark 2. In the particular case where s = 1 , the bundle projection π^{r, 1}_E : T^r E → T E is a morphism of Lie algebroids over π^{r, 1}_M : T^r M → T M. In [12], it is shown that, the bundle map (tangent projection) τ_E : T E → E is a morphism of Lie algebroids over τ_M : T M → M , therefore we have: Corollary 1. The vector bundle projection τ^r_E : T^r E → E is a morphism of Lie algebroids over τ^r_M : T^r M → M .

Let (E, M, π ) be a vector bundle. Consider the canonical pairing E^∗ ×_M E → R. Applying the tangent functor of order r and projecting onto the (r + 1) -component, we get a non degenerate pairing T^r E^∗ ×_T r_M T^r E → R. We use this pairing to define an isomorphism of vector bundles (1.13) I^r_E : T^r E^∗ → (T^r E )^∗ . Theorem 1. Let (E, [·, ·], ρ) be a Lie algebroid. The natural vector bundle α^r_E : T^∗ T^r E → T^r T^∗ E is an isomorphism of Lie algebroids over the canonical isomorphism I^r_E . Proof. As E is a Lie algebroid, it follows that E^∗ has a Poisson structure. Therefore, the vector bundle morphism α^r_E ∗ : T^∗ T^r E^∗ → T^r T^∗ E^∗ is an isomorphism of Lie algebroids (see [ 10]). The rest of the proof comes from the commutative diagram

T^∗ T^r E^{∗ α} r E ∗ �

^R_T r_E � T^r T^∗ E^∗

T^r R_E � T^∗ T^r E_{α rE} �T^r T^∗ E

94 P. M. KOUOTCHOP WAMBA AND A. NTYAM

Where R_E : T^∗ E^∗ → T^∗ E is the Legendre map and ^R_T r_E = R_T r_E ∘T^∗((I^r_E )^{− 1}). □ Let (G ⇒ M) be a Lie groupoid. The vector bundle morphism κ^r_G : T^r T G → T T^r G is an isomorphism of Lie groupoids. So, it induces the isomorphism of vector bundles

(1.14) j^r_G : T^r (AG) → A(T^r G)

such that, the following diagram commutes

T^r (AG)^j r G � T^r i_{AG} � A(T^r G)

i_{A ( T} r_{G )} � T^r T G_{κ rG} �T T^r G

In [7], it is defined the natural isomorphism (1.14) by the replacement of tangent functor of order r , by any Weil functor.

2. Tangent lifts of higher order of Lie bialgebroids and some properties 2.1. Lifting of Lie bialgebroids.

Proposition 3. Let (A, A^∗) be a Lie bialgebroid. The pair (T^r A,(T^r A)^∗) has a canonical structure of Lie bialgebroid.

Proof. It is well-know that, if (A, A^∗ ) is a pair of Lie algebroids and Π_A be a linear Poisson bivector on A defined by the Lie algebroid A^∗, then (A, A^∗ ) is a Lie bialgebroids if and only if

T π ∘ ♯_{Π A} = ρ_A ∗ ∘ r_A .

Since A and A^∗ are the Lie algebroids, it follows that T^r A and T^r A^∗ are also Lie algebroids. The structure of Lie algebroid of (T^r A)^∗ is such that the map I^r_A : T^r A^∗ → (T^r A)^∗ is an isomorphism of Lie algebroids. In this case, we have two structures of Poisson manifolds Π^{(c)}_A and Π_T r_A on T^r A. By calculation in local coordinates, we deduce that Π^{(c)}_A = Π_T r_A . In fact, let (u_i)_{i =1 ...,n} be a basis of sections of A^∗ the local expression of Lie bracket of sections and anchor map are given by:

[u_i , u_j ] = c^k_{ij} u_k and ρ_A ∗ (u_j ) = ρ^i_j ∂ ∂x^i .

TANGENT LIFTS OF HIGHER ORDER OF . . . 95

So, the Poisson bivector on A induced by a Lie algebroid A^∗ is such that:

Π_A = 1 2 c^k_{ij} y_k ∂ ∂y_i ∧ ∂ ∂y_j

+ ρ^i_j ∂ ∂x^i ∧ ∂ ∂y_j . The structure of tangent lift of higher order of Lie algebroid on T^r A^∗ is given by: � u^{(α )}_i , u^{(β )}_j � = � c^k_{ij}

�_{(γ )}

u^{(α + β + γ )} k We put u^{(α )}_{·i} = I^r_A (u^{(r − α )} i ). It follows that the Lie bracket of sections of (T^r A)^∗ is given by: � u^{(α )}_{·i} , u^{(β )}_{·j} � = ( c^k_{ij} )^{(γ )} u^{(α + β − γ − r )}

·k . The Poisson structure on T^r A is such that:

Π_T r_A = 1 2 (c^k_{ij} )^{(α + β − γ − r )} y^γ_k ∂ ∂y^α_i ∧ ∂ ∂y^β_j

+ ( ρ^i_j )^{(α + β − r )} ∂ ∂x^i_α ∧ ∂ ∂y^β_j = 1 2 (c^k_{ij} y_k )^{(α + β − r )} ∂ ∂y^α_i ∧ ∂ ∂y^β_j

+ ( ρ^i_j )^{(α + β − r )} ∂ ∂x^i_α ∧ ∂ ∂y^β_j

= Π^{(c)}_A

Thus, Π_T r_A = Π^{(c)}_A . By the following commutative diagram

T^r T^∗ A^T

r r_A �

T^r A^∗

I^r_{A ∗} � T^∗ T^r A

α^r_A �

r_T r_A

�(T r A)∗

we deduce that, the diagram

T^∗ T^r A

♯_{Π ( c )} A � r_T r_A � T T^r A

T T^r π � (T^r A)^∗_{ρ ( T r A ) ∗}�T T^r M

commutes. Where ρ_{(T} r_{A )} ∗ = ρ^{(r )}_A ∗ ∘(I^r_A )^{− 1}. We deduce that the pair (T^r A,(T^r A)^∗) is a Lie bialgebroid (see the theorem of Mackenzie and Xu in [12]). □

Remark 3. (i) The Lie algebroids (T^r A)^∗ and T^r A^∗ are naturally equivalent by the isomorphism of vector bundles (I^r_A )^{− 1} .

(ii) When (g, g^∗ ) is a Lie bialgebra then, (T^r g, (T^r g)^∗ ) is a Lie bialgebra.

96 P. M. KOUOTCHOP WAMBA AND A. NTYAM

Let (A, A^∗) be a Lie bialgebroid, the composition ρ_A ∗ ∘ ρ^∗_A : T^∗ M → T M defines a Poisson structure on M of bivector Π_{A,A} ∗ . Therefore, we have ♯_{Π A,A ∗} = ρ_A ∗ ∘ ρ^∗_A .

Corollary 2. Let (A, A^∗) be a Lie bialgebroid. The Poisson bivector on T^r M induced by the Lie bialgebroid (T^r A,(T^r A)^∗) is the complete lift of order r of the Poisson bivector Π_{A,A} ∗ . For further details, we have:

Π_T r_{A, (T} r_{A )} ∗ = Π^{(c)}_{A,A} ∗ .

Proof. The anchor maps of T^r A and (T^r A)^∗ are given by: ρ^{(r )}_A = κ^r_M ∘ T^r ρ_A and ρ_{(T} r_{A )} ∗ = κ^r_M ∘ T^r ρ_A ∗ ∘ (I^r_A )^{− 1} . By the formulas (I^r_A )^{− 1} ∘ (T^r ρ_A )^∗ = T^r (ρ^∗_A ) ∘ (I^r_{T M} )^{− 1} (I^r_{T M} )^{− 1} ∘ (κ^r_M )^∗ = α^r_M we have: ♯_{Π T r A ( T r A ) ∗} = κ^r_M ∘ T^r ρ_A ∗ ∘ (I^r_A )^{− 1} ∘ (κ^r_M ∘ T^r ρ_A )^∗ = κ^r_M ∘ T^r ρ_A ∗ ∘ (I^r_A )^{− 1} ∘ (T^r ρ_A )^∗ ∘ (κ^r_M )^∗ = κ^r_M ∘ T^r (ρ_A ∗ ∘ ρ^∗_A ) ∘ α^r_M = κ^r_M ∘ T^r (♯_{Π A,A ∗} ) ∘ α^r_M = ♯_Π ( c )_{A,A ∗} □ 2.2. Tangent lifts of higher order of multiplicative Poisson manifolds. Let G be a Lie groupoid over M, AG denote the Lie algebroid of Lie groupoid G and A^∗ (G) his dual. In [12], it is known that a bivector Π_G ∈ Γ(

�_2 T G) is a multiplicative bivector if and only if

T^∗ G^{♯ Π G} � � T G � A^∗ (G)_{ρ A ∗ ( G )} �T M

is a morphism of Lie groupoids over the vector bundle map ρ_A ∗_{(G )} .

TANGENT LIFTS OF HIGHER ORDER OF . . . 97

Theorem 2. Let (G, Π_G ) be a multiplicative Poisson manifold on a Lie groupoid G over M. The pair (T^r G, Π^{(c)}_G ) is a multiplicative Poisson manifold on the Lie groupoid T^r G over T^r M .

Proof. We put γ^r_{AG} = ( I^r_{A (G )})^{− 1} ∘ (j^r_G )^∗, we have the following commutative diagram

T^∗ T^r G^α r G � � T^r T^∗ G � A^∗ (T^r G)_{γ rAG} �T^r (A^∗ (G))

we deduce that the diagram

T^∗ T^r G

♯_{Π ( c )} G � � T T^r G � A^∗ (T^r G)_{ρ A ∗ ( T r G )} �T T^r M

commutes, where ρ_A ∗_{(T} r_{G )} = ( I^r_{A (G )})^{− 1} ∘ (j^r_G )^∗ ∘ ρ^{(r )}_{A ∗ (G )}. We deduce that (T^r G, Π^{(c)}_G ) is a multiplicative Poisson manifold on the Lie groupoid T^r G over T^r M . □

Corollary 3. Let (G, Π_G ) be a multiplicative Poisson manifold. There is a natural isomorphism of Lie bialgebroids between the Lie bialgebroid (A(T^r G), A^∗(T^r G)) of the Poisson groupoid (T^r G, Π^{(c)}_G ) and the Lie bialgebroid (T^r (AG), (T^r (AG))^∗ ).

Proof. In [12], it is shown that the diagram

A(T^∗ G)^{A (♯ Π G )} �

ε_G � A(T G)

j^1_G � T^∗ (AG)_{♯ Π AG} �T(AG)

98 P. M. KOUOTCHOP WAMBA AND A. NTYAM

commutes. By the equalities T^r � (j^1_G )^{− 1} � ∘ T^r A(♯_{Π G} ) = T^r (♯_{Π AG} ) ∘ T^r (j_G ) κ^r_{AG} ∘ T^r (♯_{Π AG} ) = ♯_Π ( c )_{AG} ∘ ε^r_{AG}

T(j^r_G ) ∘ ♯_Π ( c )_{AG} = ♯_{Π A ( T r G )} ∘ T^∗ � (j^r_G )^{− 1} � j^1_{A (T} r_{G )} ∘ ♯_{Π A ( T r G )} = A(♯_Π ( c )_G ) ∘ j^{− 1}_G .

It follows that the diagram

A(T^∗ T^r G)

A (♯_{Π ( c )} G ) � � A(T T^r G) � A^∗ (T^r G)_{ρ A ∗ ( T r G )} �T T^r M commutes. So, the Lie bialgebroid (T^r (AG),(T^r (AG))^∗) is the Lie bialgebroid induced by the Poisson groupoid (T^r G, Π^{(c)}_G ). □ Remark 4. If (G, Π_G ) is a Poisson-Lie group then, � T^r G, Π^{(c)}_G � is a Poisson-Lie group. The Lie bialgebra defined by (T^r G, Π^{(c)}_G ), is the Lie bialgebra (T^r g, (T^r g)^∗ ), where (g, g^∗ ) is the Lie bialgebra of (G, Π_G ).

3. Multiplicative Dirac structures of higher order 3.1. Tangent lifts of higher order of Dirac structures. Let (M, L_M ) be an almost Dirac structure. We set (3.1) L_T r_M = ( κ^r_M ⊕ ε^r_M )(T^r L_M ) ⊂ T T^r M ⊕ T^∗ T^r M , L_T r_M is an almost Dirac structure on T^r M .

By the formula (3.1), we deduce that: for any S = X ⊕ ω ∈ Γ(L_M ) and β ∈ { 0, . . . , r }, (3.2) (κ^r_M ⊕ ε^r_M )(S^{(β )} ) = X^{(β )} ⊕ ω^{(r − β )} is a section of vector bundle L_T r_M .

The integrability of an almost Dirac structure (M, L_M ) is measured by the Courant 3-tensor T_{L M} defined by: T_{L M} : Γ( L_M ) × Γ( L_M ) × Γ( L_M ) → C^∞ (M ) (S_1 , S_2 , S_3 ) → ⟨[S_1 , S_2 ], S_3 ⟩_+

TANGENT LIFTS OF HIGHER ORDER OF . . . 99

where [·, ·] is the Courant bracket defined on X(M)⊕ Ω^1(M). In fact, an almost Dirac structure L_M ⊂ T M ⊕ T^∗ M defines a Dirac structure if and only if the Courant tensor T_{L M} vanishes.

Proposition 4. T_{L M}^{(c)}is a complete lift of 3-tensor T_{L M} from L_M to T^r L_M (see [2]). We have:

(3.3) T_{L M}^{(c)} = T_{L T r M} ∘

�^3� (κ^r_M ⊕ ε^r_M ) � Proof. See [11]. □ By this result, we deduce that an almost Dirac structure (M, L_M ) is integrable if and only if (T^r M, L_T r_M ) is integrable.

Let f : M → N be a smooth map. The elements X ⊕ ω ∈ X(M) ⊕ Ω^1(M) and Y ⊕ ϖ ∈ X(N ) ⊕ Ω^1 (N ) are f -related if Y = T f (X ) and T^∗ f (ϖ ) = ω .

Proposition 5. Let (M, L_M ) and (N, L_N ) the Dirac manifolds. If f : M → N is a backward (resp. forward ) Dirac map then,

T^r f : (T^r M, L_T r_M ) → (T^r N, L_T r_N )

is a backward (resp. forward ) Dirac map.

Proof. We recall that, f is a backward Dirac map if and only if, the C^∞ (N)-module Γ(L_N ) is the space of all f -related sections to sections of Γ(L_M ). The remainder of proof comes from the fact that, if X ⊕ ω and Y ⊕ ϖ are f -related then, for any α = 0 , · · ·, r, X^{(α )} ⊕ ω^{(r − α )} and Y^{(α )} ⊕ ϖ^{(r − α )} are T^r f -related and the spaces Γ (L_T r_M ), Γ (L_T r_N ) are generated by the sets � X^{(α )} ⊕ ω^{(r − α )} , X ⊕ ω ∈ Γ (L_M ) � and � Y^{(α )} ⊕ ϖ^{(r − α )} , Y ⊕ ϖ ∈ Γ (L_N ) � respectively. When f is a forward Dirac map, we have the same proof. □

Remark 5. We denote by DM the category of Dirac manifolds and Dirac maps. By the Proposition 5, we have the natural functor which send an object (M, L_M ) to the tangent object of higher order (T^r M, L_T r_M ), and a Dirac morphism f : (M, L_M ) → (N, L_N ) to the tangent morphism of higher order T^r f : (T^r M, L_T r_M ) → (T^r N, L_T r_N ). This functor is denoted by T^r : DM → DM .

3.2. Tangent lifts of higher order of multiplicative Dirac structures.

Definition 1. Let G be a Lie groupoid over the manifold M. A Dirac structure L_G on G is said to be multiplicative if L_G ⊂ T G ⊕ T^∗ G is a sub groupoid over some sub bundle E of T M ⊕ A^∗ (G).

100 P. M. KOUOTCHOP WAMBA AND A. NTYAM

Example 1. Let (G, Π_G ) be a Poisson groupoid. The multiplication of Π_G is equivalent to saying that ♯_{Π G} : T^∗ G → T G is a morphism of Lie groupoids. Therefore, the sub bundle L_{Π G} = graph (♯_{Π G} ) ⊂ T G ⊕ T^∗ G defines a multiplicative Dirac structure over the sub bundle E ⊂ T M ⊕ A^∗ (G), where E is the graph of dual anchor map ρ_A ∗_{(G )} : A^∗ (G) → T M .

Proposition 6. Let L_G ⊂ T G ⊕ T^∗ G be a multiplicative Dirac structure on a Lie groupoid G. The tangent Dirac structure of higher order L_T r_G ⊂ T T^r G ⊕ T^∗ T^r G is also a multiplicative Dirac structure on a Lie groupoid (T^r G ⇒ T^r M ).

Proof. The map κ^r_G : T^r T G → T T^r G is an isomorphism of Lie groupoids over κ^r_M : T^r T M → T T^r M. By the same way, the bundle ε^r_G : T^r T^∗ G → T^∗ T^r G is an isomorphism of Lie groupoids over ((j^r_G )^∗)^{− 1} ∘ I^r_{AG} : T^r (A^∗ G) → A^∗(T^r G). Since L_G is a Lie sub groupoid of T G ⊕ T^∗ G, then T^r L_G is a Lie sub groupoid of T^r T G ⊕ T^r T^∗ G over the sub bundle T^r E. By the groupoid isomorphism κ^r_G ⊕ ε^r_G : T^r T G ⊕ T^r T^∗ G → T T^r G ⊕ T^∗ T^r G, we deduce that L_T r_G = ( κ^r_G ⊕ ε^r_G )(T^r L_G ) is a Lie sub groupoid of T T^r G ⊕ T^∗ T^r G over the sub bundle T^r E = � κ^r_M ⊕ � ((j^r_G )^∗)^{− 1} ∘ I^r_{AG} � (T^r E) ⊂ T T^r M ⊕ A^∗(T^r G). Hence we conclude that L_T r_G is a multiplicative Dirac structure on (T^r G ⇒ T^r M). □

Remark 6. In the particular case where G is a Lie group, the tangent Dirac structure of higher order L_G is a Dirac structure on the Lie group T^r G.

3.3. Tangent lifts of higher order of linear Dirac structures. Let (E, M, π ) be a vector bundle. We consider the double vector bundle structures (T E, T M, E, M ), (T^∗ E, E^∗ , E, M ) and (T E ⊕ T^∗ E, T M ⊕ E^∗ , E, M )

Definition 2. A Dirac structure L_E ⊂ T E ⊕ T^∗ E is called linear if it defines a double sub vector bundle (L, F, E, M ) where F is sub bundle of T M ⊕ E^∗ .

Example 2. Let Π be a linear Poisson bivector on (E, M, π ). Since ♯_Π : T^∗ E → T E is a morphism of double vector bundles, it follows that L_Π = graph (♯_Π ) ⊂ T E ⊕ T^∗ E is a linear Dirac structure over the sub bundle F_Π = graph (ρ_E ∗ ) where ρ_E ∗ :E^∗ → T M is the anchor map of the Lie algebroid E^∗ .

Proposition 7. Let L_E ⊂ T E ⊕ T^∗ E be a linear Dirac structure over the sub bundle F ⊂ T M ⊕ E^∗. The Dirac structure L_T r_E ⊂ T T^r E ⊕ T^∗ T^r E is linear over the sub bundle T^r F = ( κ^r_M ⊕ I^r_E )(T^r F ) ⊂ T T^r M ⊕ (T^r E )^∗ .

Proof. It comes from the fact that, κ^r_E : T^r T E → T T^r E and ε^r_M : T^r T^∗ E → T^∗ T^r E are the isomorphism of double vector bundles. □ Let (E, [·, ·], ρ) be a Lie algebroid over M, we consider the cotangent Lie algebroid r_E : T^∗ E → E^∗ and the Lie algebroid T E ⊕ T^∗ E over T M ⊕ E^∗.

TANGENT LIFTS OF HIGHER ORDER OF . . . 101

There is a class of linear Dirac structures L_E over E, which also define a Lie subalgebroid of T E ⊕ T^∗ E → T M ⊕ E^∗ over some bundle F ⊂ T M ⊕ E^∗. It is called algebroid-Dirac structure.

Proposition 8. Let L_E ⊂ T E ⊕ T^∗ E be an algebroid-Dirac structure over the sub bundle F ⊂ T M ⊕ E^∗. The linear Dirac structure L_T r_E ⊂ T T^r E ⊕ T^∗ T^r E is an algebroid-Dirac structure over the sub bundle T^r F = ( κ^r_M ⊕ I^r_E ) (T^r F ) ⊂ T T^r M ⊕ (T^r E )^∗ .

Proof. Let u ∈ Γ( E ), for any 0 ≤ α ≤ r and β ∈ { 0, 1} we have:

κ^r_E � (u^{(β )} )^{(α )} � = ( u^{(α )} )^{(β )} and (ρ^{(r )} )^{(1)} ∘ κ^r_E = ( ρ^{(1)} )^{(r )} .

By the equalities above, we deduce that κ^r_E : T^r T E → T T^r E is an isomorphism of Lie algebroids over κ^r_M : T^r T M → T T^r M . As ε^r_E is an isomorphism of Lie algebroids over I^r_E : T^r E^∗ → (T^r E)^∗, we deduce that L_T r_E ⊂ T T^r E ⊕ T^∗ T^r E is an algebroid-Dirac structure over the sub bundle T^r F = ( κ^r_M ⊕ I^r_E )(T^r F ) ⊂ T T^r M ⊕ (T^r E )^∗ . □

Remark 7. We denote by ⟨·, ·⟩_G the non degenerate symmetric pairing on T G ⊕ T^∗ G. ⟨·, ·⟩_G is a morphism of Lie groupoids, where R is equipped with the usual abelian group structure. We apply the Lie functor, we obtain a non degenerate pairing

A(⟨·, ·⟩_G ): A(T G) ⊕ A(T^∗ G) ×_{AG} A(T G) ⊕ A(T^∗ G) → R .

By the same way, we denote by ⟨·, ·⟩_{AG} the non degenerate symmetric pairing on T(AG) ⊕ T^∗ (AG), by the canonical map,

(j^1_G )^{− 1} ⊕ j_G : A(T G) ⊕ A(T^∗ G) → T(AG) ⊕ T^∗ (AG)

we deduce that:

(3.4) ⟨·, ·⟩_{AG} = A(⟨·, ·⟩_G ) ∘ � (j^1_G ⊕ j^{− 1}_G ) ⊕ (j^1_G ⊕ j^{− 1}_G ) � . Let L_G ⊂ T G ⊕ T^∗ G be an almost multiplicative Dirac structure. We put:

(3.5) L_{AG} = � (j^1_G )^{− 1} ⊕ j_G ) � A(L_G ) � ⊂ T(AG) ⊕ T^∗ (AG) .

Clearly, L_{AG} is a linear almost Dirac structure on AG. In [17], it is shown that: L_{AG} is integrable if and only if L_G is integrable.

Remark 8. We denote by Dir_{mult} (G) (resp. Dir_{alg} (E)) the space of all multiplicative Dirac structures on G (resp. algebroid-Dirac structures on E). We have the natural map

Dir_{mult} (G) → Dir_{alg} (AG) L_G → L_{AG}

102 P. M. KOUOTCHOP WAMBA AND A. NTYAM

where L_{AG} = (( j^1_G )^{− 1} ⊕ j_G )(A(L_G )). We have the functor which send an

object (G, L_G ) to the algebroid-Dirac object (AG, L_{AG} ), and a multiplica-

tive Dirac morphism f : (G, L_G ) → (H, L_H ) to the algebroid-Dirac structure

Af : (AG, L_{AG} ) → (AH, L_{AH} ). This functor is denoted by A. Via the canonical

natural equivalence, this functor coincides with the Lie functor A.

Corollary 4. The natural vector bundle

T(j^r_G ) ⊕ T^∗ ((j^r_G )^{− 1} ): T T^r (AG) ⊕ T^∗ T^r (AG) → T(A(T^r G)) ⊕ T^∗ (A(T^r G))

send the linear Dirac structure L_T r_{(AG )} in L_{A (T} r_{G )} and it is an isomorphism

of Dirac structures.

Proof. We know that,

T(j^r_G ) ∘ κ^r_{AG} ∘ T^r � (j^1_G )^{− 1} � = ( j^1_T r_G )^{− 1} ∘ A(κ^r_G ) ∘ j^r_{T G}

T^∗ � (j^r_G )^{− 1} � ∘ ε^r_{AG} ∘ T^r (j_G ) = j_T r_G ∘ A(ε^r_G ) ∘ j^r_T ∗_G .

In this case, we have: � T(j^r_G ) ⊕ T^∗ � (j^r_G )^{− 1} � (κ^r_{AG} ⊕ ε^r_{AG} ) � T^r (L_{AG} ) � = � T(j^r_G ) ∘ κ^r_{AG} � ⊕ � T^∗ � (j^r_G )^{− 1} � ∘ ε^r_{AG} � T^r (L_{AG} ) � = � T(j^r_G )∘κ^r_{AG} ∘T^r � (j^1_G )^{− 1} � ⊕ � T^∗ � (j^r_G )^{− 1} � ∘ ε^r_{AG} ∘ T^r(j_G ) � T^r � A(L_G ) � = � (j^1_T r_G )^{− 1} ∘ A(κ^r_G ) ∘ j^r_{T G} � ⊕ � j_T r_G ∘ A(ε^r_G ) ∘ j^r_T ∗_G � T^r � A(L_G ) � = � (j^1_T r_G )^{− 1} ∘ A(κ^r_G ) � ⊕ j_T r_G ∘ A(ε^r_G ) � A(T^r L_G ) � = � (j^1_T r_G )^{− 1} ⊕ j_T r_G � A � (κ^r_G ⊕ ε^r_G )(T^r L_G ) � = � (j^1_T r_G )^{− 1} ⊕ j_T r_G � A(L_T r_G ) � We conclude that, (T(j^r_G ) ⊕ T^∗ ((j^r_G )^{− 1} ))( L_T r_{(AG )} ) = L_{A (T} r_{G )} . □

These results generalize the tangent lifts of higher order of multiplica-

tive Poisson structures and multiplicative symplectic structures on the Lie

groupoids.

Remark 9. By the Corollary 4, we have the natural equivalence between the

functors A ∘ T^r and T^r ∘ A.

TANGENT LIFTS OF HIGHER ORDER OF . . . 103

References

[1] Cantrijn, F., Crampin, M., Sarlet, W., Saunders, D., The canonical isomorphism between T^k T^∗ and T^∗ T^k , C.R. Acad. Sci. Paris 309 (1989), 1509–1514.

[2] Courant, J., T., Dirac manifols , Trans. Amer. Math. Soc. 319 (2) (1990), 631–661. [3] Courant, T., Tangent Dirac structures , J. Phys. A; Math. Gen. 23 (1990), 5153–5168, printed in theUK.

[4] Courant, T., Tangent Lie algebroids , J. Phys. A; Math. Gen. 23 (1994), 4527–4536, printed in the UK.

[5] Gancarzewicz, J., Mikulski, W., Pogoda, Z., Lifts of some tensor fields and connections to product preserving functors , Nagoya Math. J. 135 (1994), 1–41.

[6] Grabowski, J., Urbanski, P., Tangent lifts of Poisson and related structures , J.Phys. A:

Math. Gen. 28 (1995), 6743–6777. [7] Kolář, I., Functorial prolongations of Lie algebroids , Proceedings Conf. Prague 2004, Charles University, Prague, 2005.

[8] Kolář, I., Michor, P., Slovák, J., Natural Operations in Differential Geometry , Springer–Verlag, 1993.

[9] Kouotchop Wamba, P. M., Ntyam, A., Wouafo Kamga, J., Tangent Dirac structures of higher order , Arch. Math. (Brno) 47 (2011), 17–22.

[10] Kouotchop Wamba, P. M., Ntyam, A., Wouafo Kamga, J., Tangent lifts of higher order of multivector fields and applications , J. Math. Sci. Adv. Appl. 15 (2) (2012), 89–112.

[11] Kouotchop Wamba, P.M., Ntyam, A., Wouafo Kamga, J., Some properties of tangent Dirac structures of higher order , Arch. Math. (Brno) 48 (3) (2012), 233–241.

[12] Mackenzie, K., Xu, P., Lie bialgebroids and Poisson groupoids , Duke Math. J. 73 (2) (1998), 415–452.

[13] Mackenzie, K. C. H., General theory of Lie groupoids and Lie algebroids , London Math.

Soc. Lecture Note Ser. 213, Cambridge Univ. Press, Cambridge, 2005. [14] Morimoto, A., Lifting of some type of tensors fields and connections to tangent bundles of p^r –velocities , Nagoya Math. J. 40 (1970), 13–31.

[15] Ntyam, A., Mba, A., On natural vector bundle morphisms T^A ∘

�_q s → �_q

s ∘T^A over id_T A , Ann. Polon. Math. 96 (3) (2009), 295–301.

[16] Ntyam, A., Wouafo Kamga, J., New versions of curvatures and torsion formulas of complete lifting of a linear connection to Weil bundles , Ann. Polon. Math. 82 (3) (2003), 233–240.

[17] Ortiz, C., B-Fiel transformations of Poisson groupoids , arXiv:1107.3343v3[math.SG], 31 Aug 2011.

[18] Ortiz, C., Multiplicative Dirac structures on Lie groups , C.R. Acad. Sci. Paris Ser. I 346 (23–24) (2008), 1279–1282.

[19] Vaisman, I., Lectures on the geometry of Poisson manifolds , vol. 118, Progress in Mathematics, 1994.

[20] Vaisman, I., Mitric, G., Poisson structures on tangent bundles , Differential Geom. Appl.

18 (2003), 200–228.

104 P. M. KOUOTCHOP WAMBA AND A. NTYAM

[21] Wouafo Kamga, J., Global prolongation of geometric objects to some jet spaces , International Centre for Theoretical Physics, Trieste, Italy, 1997.

Department of Mathematics of the University of Yaoundé 1, PO. BOX 812 Yaoundé, Cameroon E-mail : wambapm@yahoo.fr antyam@yahoo.ca