ARCHIVUM MATHEMATICUM (BRNO) Tomus 49 (2013), 79–86

ON UNITARY CONVEX DECOMPOSITIONS OF VECTORS IN A JB^∗ -ALGEBRA

Akhlaq A. Siddiqui

Abstract. By exploiting his recent results, the author further investigates the extent to which variation in the coefficients of a unitary convex decomposition of a vector in a unital JB^∗ -algebra permits the vector decomposable as convex combination of fewer unitaries; certain C^∗ -algebra results due to M. Rørdam have been extended to the general setting of JB^∗ -algebras.

Introduction

It is well known that the class of JB^∗-algebras includes all C^∗-algebras (cf. [ 15]). The present author developed a theory of unitary isotopes of a unital JB^∗-algebra and by applying the same he has obtained various results on the geometry of the unit ball in a JB^∗-algebra with his special interest in studying decompositions of vectors as convex combinations of unitaries, called unitary convex decompositions (cf. [6]–[14]); these include generalization of some well known results due to B. Russo, H. A. Dye, R. V. Kadison, C. L. Olsen, G. K. Pedersen and M. Rørdam. In turn, we proved in [ 7] generalization of some C^∗-algebra results on asymmetric decompositions of vector, due to R. V. Kadison and G. K. Pedersen appeared in [3], for general JB^∗-algebras. Now, with our recent results appeared in [ 6, 8, 14], we further investigate the extent to which variation in the coefficients of a unitary convex decomposition of a vector in a unital JB^∗-algebra J permits the vector decomposable as convex combination of fewer unitaries in J . In the course of our analysis we also obtain extension of certain C^∗-algebra results due to M. Rørdam to the general setting of JB^∗-algebras. As we have seen in [ 6, 8, 14], the set V(x) (see below) plays a basic role in the study of convex combinations of unitaries; this set is an interval and also gives major information about those convex combinations of unitaries which can represent an element of the unit ball of a JB^∗-algebra. Inspired by the work of M. Rørdam [ 5], we give some further results about the set V(x) in relation to the unitary convex decompositions of vectors in the unit ball of a unital JB^∗ -algebra.

2010 Mathematics Subject Classification : primary 17C65; secondary 46L70, 46H70. Key words and phrases : C^∗ -algebra, JB^∗ -algebra, unit ball, invertible element, unitary element, unitary isotope, convex hull, unitary rank, unitary convex decomposition.

Received November 27, 2012, revised April 2013. Editor V. Müller. DOI: 10.5817/AM2013-2-79

80 A. A. SIDDIQUI

Isotopes of Jordan algebras

We recall (from [ 2], for instance) that a commutative (not necessarily associative) algebra (J , ∘) over a field of characteristic ≠ 2 is called a Jordan algebra if for all x, y ∈ J , x^2 ∘ (x ∘ y) = ( x^2 ∘ y) ∘ x; a Jordan algebra with unit is called unital. An element x in a Jordan algebra J with unit e is said to be invertible if there exists x^{− 1} ∈ J , called the inverse of x, such that x ∘ x^{− 1} = e and x^2 ∘ x^{− 1} = x. The set of all invertible elements of J is symbolized as J_{inv} .

For any Jordan algebra J and x ∈ J , the x-homotope of J , denoted by J_{[x ]}, is the Jordan algebra consisting of the same elements and linear space structure as J but a different product, denoted by “ ._x ”, defined by a._x b = { axb} for all a, b ∈ J , where { pqr} denotes the Jordan triple product of p, q, r given by { pqr} = (p ∘ q) ∘ r − (p ∘ r ) ∘ q + ( q ∘ r ) ∘ p.

If J is a unital Jordan algebra and x ∈ J_{inv} , then by x-isotope of J , denoted by J^{[x ]}, we mean the x^{− 1}-homotope J_{[x} − 1_] of J ; clearly, x acts as the unit for J^{[x ]}. For any invertible element a in J (unital Jordan algebra), J_{inv} = J^{[a ]}_{inv} (see [11, Lemma 4.2]); thus, the set of invertible elements in a unital Jordan algebra is invariant on passage to any of its isotopes.

Unitary isotopes of JB^∗ -algebras

A real or complex Jordan algebra J with product “ ∘” is called a Banach Jordan algebra if there is a complete norm ‖ · ‖on J satisfying ‖a ∘ b‖ ≤ ‖ a‖‖b‖ for all a, b ∈ J . If, in addition, J has a unit e with ‖e‖ = 1 then it is called a unital Banach Jordan algebra; throughout the sequel, we will only be considering complex unital Banach Jordan algebras.

In this article, we are interested in a special class of Banach Jordan algebras, called JB^∗-algebras (originally, Jordan C^∗-algebras); this includes all C^∗-algebras as a proper subclass: a complex Banach Jordan algebra J with involution “ ∗” is called a JB^∗-algebra if ‖{ xx^∗ x}‖ = ‖x‖^3 for all x ∈ J (cf. [15, 16]). We denote the open and closed unit balls in a JB^∗-algebra J by (J )^∘_1 and (J )_1, respectively. A JB^∗-algebra J is said to be of topological stable rank 1 (in short, tsr 1) if J_{inv} is norm dense in J ; for some interesting properties of such algebras see [11].

An element u in a unital JB^∗-algebra J is called a unitary if u^∗ = u^{− 1} (the inverse of u); in such a case, ‖u‖ = 1 . The set of all unitary elements in a JB^∗-algebra J is denoted by U(J ); the algebraic convex hull of U(J ) is symbolized by co U(J ) and its norm closure by c̄o U(J ). For any unitary element u of JB^∗-algebra J , the isotope J^{[u ]} is called a unitary isotope of J ; which indeed is a JB^∗-algebra with u as its unit with respect to the original norm and the new involution ∗_u given as x^{∗u} = { ux^∗ u} (see [1], for instance). For any unitary element u in unital JB^∗-algebra J , U(J ) = U(J^{[u ]}) (see [11, Theorem 4.6]); thus, the set of unitaries is invariant on passage to unitary isotopes.

Unitary convex decompositions

In papers [ 6] and [7], the author presented several applications of the theory of unitary isotopes of JB^∗-algebras; these include a new proof of the celebrated

ON UNITARY CONVEX DECOMPOSITIONS OF VECTORS IN A JB^∗ -ALGEBRA 81

Russo-Dye theorem for JB^∗-algebras and various other results on means and convex combinations of unitaries.

For any element x in a unital JB^∗-algebra J , The numbers u_c(x) and u_m (x) are defined by

u_c (x) = min n n : x = nX j =1

α_j u_j with u_j ∈ U (J ), α_j ≥ 0, nX j =1

α_j = 1 o ,

u_m (x) = min n n : x = 1 n nX j =1

u_j , u_j ∈ U (J ) o . If x has no unitary convex decomposition, the u_c(x) is defined to be the ∞ . Indeed, each convex combination of unitaries in a unital JB^∗-algebra J is the mean of the same number of unitaries in J . Hence, u_m (x) = u_c(x) (see [13, Corollary 4.5], also see [3, Corollary 15] for C^∗-algebras); this number is called unitary rank of x and is symbolized simply by u(x).

Let J be a unital JB^∗-algebra. For every positive integer n, the set co_n U(J ) in J is defined by

co_n U(J ) = n^nX

i =1

α_i u_i : u_i ∈ U (J ), α_i ≥ 0, nX i =1

α_i = 1 o . Hence, co_n U(J ) = { x ∈ J : u(x) ≤ n}. Another related set co_{n +} U(J ) is defined as the set of vectors x in J such that for each real number ϵ > 0 there is a convex decomposition

P_{n +1}

i =1 α i ui of x with ui ∈ U (J ) and α n +1 < ϵ.

Asymmetric decompositions

Inspired by the work of R. V. Kadison and G. K. Pedersen [ 3] and M. Rørdam [ 5]. In [7] the present author began a study of asymmetric decompositions of vectors in a unitary JB^∗-algebra. From [ 7], we know the following results on unitary convex decompositions (see [3], for C^∗ -algebra case):

Lemma 1. Let J be a unital JB^∗-algebra and x ∈ J such that ‖x‖ ≤ 1 − ϵ for some ϵ ∈ (0,(n + 1)^{− 1}). If dist(x, co_n U(J )) <^{ϵ2}_{1− ϵ}, then there exist unitaries u_i ∈ U (J ), i = 1 , . . . , n + 1 , such that x = nX i =1

α_i u_i + ϵu_{n +1} ,

where α_k ≥ 0 and

P_n

i =1 α i + ϵ = 1 .

Lemma 2. For any unital JB^∗ -algebra J ,

(J )^∘_1 ∩ c̄o_n U(J ) = ( J )^∘_1 ∩ co_{n +} U(J ) .

By using the above Lemmas 1 and 2, the author obtained the following generalization of [3, Proposition 18]; this gives us two characterizations of JB^∗-algebras of tsr 1 (see [7, Theorem 11]):

82 A. A. SIDDIQUI

Theorem 3. For any unital JB^∗-algebra J , the following statements are equivalent:

(i) J is of tsr 1 ; (ii)^1_2 U(J ) +^1_2 U(J ) is norm dense in (J )_1 ; (iii) (J )^∘_1 ⊆ co_{2+} U(J ).

Generally, it is not possible to replace co_{2+} U(J ) by co_2 U(J ) in the statement (iii) of the above theorem: this follows from the fact that any C^∗-algebra can be considered as a JB^∗-algebra and the illustration given with the C^∗-algebra of convergent complex number sequences, by Kadison and Pedersen in [3].

For vectors of unitary rank ≥ 3, we know the following fact from [ 7, Theorem 13]:

Theorem 4. Let J be a unital JB^∗-algebra and x ∈ J such that u(x) = n ≥ 3. Suppose x =

P_n

i =1 α i ui, where u1 , . . . , un ∈ U(J ) and α 1 , . . . , α n are non-negative

real numbers with sum equal to 1. Then

(i) α_i ≤ α_j + α_k , (for j ≠ k); (ii)^1_{n − 1} ≤ α_j + α_k , (for j ≠ k); (iii) α_j ≤^2_{n +1} , ∀j .

More about asymmetric decompositions

We continue the study of asymmetric decompositions. By using our recent results appeared in [ 6, 8, 14], we keep on investigating the extent to which variation in the coefficients of a unitary convex decomposition of a vector in a unital JB^∗-algebra J permits the vector decomposable as convex combination of fewer unitaries in J . In the sequel, we extend certain C^∗-algebra results due to M. Rørdam to the general setting of JB^∗ -algebras.

Let J be a unital JB^∗-algebra. For each real number δ ≥ 1, consider the subset co_δ U(J ) of co U(J ) given by

co_δ U(J ) = n δ^{− 1}

n − 1X

i =1

u_i + δ^{− 1} (1 + δ − n)u_n : u_j ∈ U (J ), j = 1 , . . . , n o , where n is the integer given by n − 1 < δ ≤ n. Clearly, co_δ U(J ) = co_n U(J ) if δ = n. For any element x ∈ (J )_1 , we can define the set V(x) as follows:

V(x) = { β ≥ 1 : x ∈ co_β U(J )} .

As mentioned above, the set V(x) is an interval in the real line and it plays a vital role in the study of convex combinations of unitaries (cf. [ 6, 8, 14]). We shall see below that the set V(x) also gives major information about those convex combinations of unitaries which can represent an element of the unit ball of a JB^∗ -algebra.

Theorem 5. Let (a_1 , . . . , a_m ) ∈ ℜ^m , a_j ≥ 0 and

P_m

j =1 a j = 1 . Let x ∈ (J )1 and

a_o = max { a_1 , . . . , a_m }. (i) If V(x) = [ γ, ∞ ), then there exist u_1 , . . . , u_m ∈ U(J ) such that x =

P_m

j =1 a j uj

if and only if a_o ≤ γ^{− 1} .

ON UNITARY CONVEX DECOMPOSITIONS OF VECTORS IN A JB^∗ -ALGEBRA 83

(ii) If V(x) = ( γ, ∞ ), then there exist u_1 , . . . , u_m ∈ U(J ) such that x =

P_m

j =1 a j uj

if a_o < γ^{− 1} and only if a_o ≤ γ^{− 1} .

Proof. Without any loss of generality, we suppose a_o = a_1 ≥ a_2 ≥ . . . ≥ a_m . Assuming x =

P_m

j =1 a j uj for some uj ∈ U(J ), we have ‖a − 1 1 x − u_1 ‖ ≤ a^{− 1}_1 (a_2 + . . .+ a_m ) = a^{− 1}_1 (1− a_1) = a^{− 1}_1 − 1. Hence, by [14, Theorem 2.2], (a^{− 1}_1 , ∞ ) ⊆ V (x) so that a_o ≤ γ^{− 1}. For the other hand, suppose a_o ≤ γ^{− 1} if V(x) = [ γ, ∞ ) (and a_o < γ^{− 1} if V(x) = ( γ, ∞ )). Let n ∈ N such that n − 1 < a^{− 1}_o ≤ n. Since ma_o ≥ 1, n ≤ m and x = a_o(v_1 + . . .+ v_{n − 1}) + a_o(a^{− 1}_o + 1 − n)v_n + 0 v_{n +1} + . . .+ 0 v_m = b_1 v_1 + . . .+ b_m v_m (say) where b_{n +1} = . . . = b_m = 0 . By [3, Lemma 13] and [ 13, Theorem 4.4], there exist u_1 , . . . , u_m ∈ U(J ) with x =

P_m

j =1 a j uj if

P_k

j =1 a j ≤

P_k

j =1 bj for

all k = 1 , . . . , m − 1. However,

P_k

j =1 a j ≤ 1 =

P_k

j =1 bj for k ≥ n; otherwise

P_k

j =1 a j ≤ ka o =

P_k

j =1 bj . □

From the examples appearing in [ 5, Remark 3.13]), we know the existence of at least two operators x with V(x) = (2 , ∞ ): one of the operators has no representation as a convex combination of unitaries having^1_2 as a coefficient; whereas in case of the second operator^1_2 appears as a coefficient in such a representation.

The next result gives us more information in determining the convex combinations which represent a given element of the unit ball of a JB^∗ -algebra.

Theorem 6. Let (a_1 , . . . , a_n ) ∈ ℜ^n and (b_1 , . . . , b_m ) ∈ ℜ^m be such that a_j ≥ 0, b_j ≥ 0 and

P_n

j =1 a j =

P_m

k =1 bk = 1 . Let a o = max { a 1 , . . . , an } and bo =

max { b_1 , . . . , b_m }. Then for any unital JB^∗ -algebra J ,

a_1 U(J ) + . . . + a_n U(J ) ⊆ b_1 U(J ) + . . . + b_m U(J )

if a_o > b_o or if a_o = b_o and l ≥ l^′

where l = card { j : a_j = a_o } and l^′ = card { k : b_k = b_o }.

Proof. Without any loss of generality, assume a_o = a_1 ≥ a_2 ≥ . . . ≥ a_n and b_o = b_1 ≥ b_2 ≥ . . . ≥ b_m . Let x ∈ a_1 U(J ) + . . . + a_n U(J ). Then there exist u_1 , . . . , u_n ∈ U(J ) such that x =

P_n

j =1 a j uj . So, ‖a − 1 1 x − u_1 ‖ ≤ a^{− 1}_1 − 1 since a_1 ≥ a_2 ≥ . . . ≥ a_n . Hence, by [14, Theorem 2.2], (a^{− 1}_o , ∞ ) ⊆ V (x). If a_o > b_o then, by previous theorem, x = b_1 U(J ) + . . .+ b_m U(J ). Now, assume a_o = b_o and l ≥ l^′. Then

P_n

i = l^′+1 a i = 1 − l

′b_o =

P_m

i = l^′+1 bi and there exist u1 , . . . , un ∈ U(J ) such

that

(i) x = nX i =1

a_i u_i = b_o

l^′X

j =1

u_j + ( b_l ′_{+1} + . . . + b_m )y

where y = (1 − l^′a_o)^{− 1}(a_l ′_{+1} u_l ′_{+1} + . . . + a_n u_n ) ∈ (J )_1. For any k > l^′, we have 0 ≤ b^{− 1}_o b_k < 1 and so by [13, Theorem 2.6] (repeating m − l^′ times) we get

(ii) u_l ′ + ( b^{− 1}_o b_l ′_{+1} + . . . + b^{− 1}_o b_m )y = v_l ′ + b^{− 1}_o b_l ′_{+1} v_l ′_{+1} + . . . + b^{− 1}_o b_m v_m

with v_l ′ , . . . , v_m ∈ U(J ). It follows from above observations (i) and (ii) that x ∈ b_1 U(J ) + . . . + b_m U(J ). □

84 A. A. SIDDIQUI

In [5], Rørdam remarks that for certain C^∗-algebras “if” in the above theorem (the C^∗-algebra version) can be replaced with “if and only if”; for more details see [4].

Corollary 7. For any unital JB^∗-algebra J , if a_j ≥ 0 and b_k ≥ 0 with

P_n

j =1 a j = 1 = P_m

k =1 bk , then one of the sets a 1 U(J )+ . . .+ a n U(J ) and b1 U(J )+ . . .+ bm U(J )

contains the other.

Proof. Follows immediately from the previous theorem. □ Next, we consider the extension co_{γ +} U(J ) of the construct co_{n +} U(J ) (see above) given for any number γ ≥ 1 by co_{γ +} U(J ) = ∩_{δ>γ} co_δ U(J ).

From [14, Corollary 2.3], it follows that co_γ U(J ) ⊆ co_{γ +} U(J ), and x ∈ co_{γ +} U(J ) if and only if (γ, ∞ ) ⊆ V (x).

Next, we need to recall the following result on invertibles appeared in our paper [14, Corollary 2.8]:

Lemma 8. If x is an invertible element of the unit ball in a JB^∗-algebra, then V(x) = [2(1 + ‖x^{− 1} ‖^{− 1} )^{− 1} , ∞ ); in particular, the interval V(x) is closed.

Theorem 9. Let J be a unital JB^∗-algebra. Let (a_1 , . . . , a_n ) ∈ ℜ^n be such that a_j ≥ 0 and

P_n

j =1 a j = 1 , and put a = max { a 1 , . . . , an }.

(i) co_a − 1 U(J ) ⊆ a_1 U(J ) + . . . + a_n U(J ) ⊆ co_a − 1_+ U(J ). (ii) For 1 ≤ δ < 2, co_δ U(J ) = c̄o_{δ+} U(J ).

Proof. (i) Follows immediately from Theorem 6.

(ii) We observe that x ∈ co_{δ+} U(J ) together with 1 ≤ δ < 2 gives x = αu_1 + (1 − α)u_2 for some unitaries u_1 , u_2 ∈ U(J ) with 0 ≤ α <^1_2 , by the construction of co_{δ+} U(J ). So that ‖x − u_2 ‖ < 1 since ‖u‖ = 1 for all u ∈ U(J ). Hence, x ∈ J^{[u 2 ]}_{inv} by the construction of the unitary isotope J^{[u 2 ]} (see above) and [11, Lemma 2.1]. This together with [ 11, Lemma 4.2] gives that x ∈ J_{inv} . Thus, V(x) is a closed interval by the previous lemma. However, x ∈ co_{δ+} U(J ) clearly gives the set inclusion (δ,∞ ) ⊆ V (x) . Therefore, [δ,∞ ) ⊆ V (x); this in turn gives x ∈ co_δ U(J ). Thus, the required result follows from [14, Corollary 2.9]. □ The next couple of results describe the set co_{δ+} U(J ) for the case δ ≥ 2. Here, α(x) denotes the distance from vector x ∈ J to the set J_{inv} of invertibles in the JB^∗ -algebra J ; see [11] for some of its properties.

Theorem 10. Let J be a unital JB^∗ -algebra and δ ≥ 2. Then: (i) co_{δ+} U(J ) ⊆ { x ∈ (J )_1 : α (x) ≤ 1 − 2δ^{− 1} }. (ii) co_{δ+} U(J ) ⊆ c̄o_δ U(J ).

Proof. (i) Suppose x ∈ (J )_1 and α(x) > 1 − 2δ^{− 1} ≥ 0. Then x is non-invertible (otherwise, α(x) must be zero). From this and the fact α ≤ ‖ x‖ (cf. [11]), we get V(x) ⊆ [β_x , ∞ ) with β_x = 2(1 − α(x))^{− 1} by [8, Theorem 30]. However, δ < β_x . Therefore, (δ,∞ ) ⊈ V(x). This proves the part (i). (ii) Let x ∈ co_{δ+} U(J ) and let m ∈ N be given by m ≤ δ < m + 1 . Let ϵ > 0 and choose γ > δ such that |γ − δ| < (2m)^{− 1} δ^2 ϵ and γ < m + 1 . It follows from the definition of co_{δ+} U(J ) that x ∈ co_γ U(J ), and hence x = γ^{− 1}(

P_m

j =1 uj + ( γ −

ON UNITARY CONVEX DECOMPOSITIONS OF VECTORS IN A JB^∗ -ALGEBRA 85

m)u_{m +1} ) with u_1 , . . . , u_{m +1} ∈ U(J ). Setting y = δ^{− 1}(

P_m

j =1 uj + ( δ − m)um +1 ),

we see that y ∈ co_δ U(J ) satisfying

‖x − y‖ ≤ m|δ^{− 1} − γ^{− 1} | + |γ^{− 1} (γ − m) − δ^{− 1} (δ − m)|

= ( δγ)^{− 1} (m|γ − δ| + |δ(γ − m) − γ(δ − m)|) ≤ 2mδ^{− 2} |γ − δ| < ϵ .

From this, we immediately conclude x ∈ c̄o_δ U(J ). □ From [14], we recall that the λ_u -function is defined on the closed unit ball (J )_1 of unital JB^∗ -algebra J as follows:

λ_u (x) := sup { 0 ≤ λ ≤ 1 : x = λv + (1 − λ)y with v ∈ U (J ), y ∈ (J )_1 } ,

for all x ∈ (J )_1. In [6], we introduced the following Λ-conditions for elements x in a JB^∗ -algebra, where β_x denotes the number 2(1 − α (x))^{− 1} : (Λ_1 ): (β_x , ∞ ) ⊆ V (x). (Λ_2 ): (λ_u (x))^{− 1} = inf V(x) = β_x . (Λ_3 ): For all γ > β_x , there exists u ∈ U (J ) such that ‖γx − u‖ ≤ γ − 1. (Λ_4 ): λ_u (x) ≥ β^{− 1}_x .

For any x ∈ (J )_1 with α(x) < 1, the above conditions are equivalent to each other (see [ 6, Theorem 3.6]). The next result improves the previous theorem, provided that any one of the above conditions ( Λ_1 )–(Λ_4 ) is satisfied:

Theorem 11. Let J be a unital JB^∗-algebra such that for any x ∈ (J )_1 with α (x) < 1, x satisfies any one of the conditions (Λ_1 )–(Λ_4 ) and let δ ≥ 2. Then (i) co_{δ+} U(J ) = { x ∈ (J )_1 : α (x) ≤ 1 − 2δ^{− 1} }. (ii) c̄o_δ U(J ) = co_{δ+} U(J ).

Proof. (i) Let x ∈ (J )_1 and α(x) ≤ 1 − 2δ^{− 1} with δ ≥ 2. If x is invertible, then (δ,∞ ) ⊆ V (x) by [14, Corollary 2.8]. On the other hand, if x is non-invertible, then under the hypothesis we have (δ,∞ ) ⊆ (β_x , ∞ ) ⊆ V (x) because δ ≥ β_x . Thus, in any case, x ∈ co_{δ+} U(J ) by the construction of co_{δ+} U(J ) (see above). Hence, the part (i) follows from the previous theorem. (ii) If δ ≥ 2, then by the part (i) we have co_{δ+} U(J ) = { x ∈ (J )_1 : α(x) ≤ 1 − 2δ^{− 1} }. By the continuity of α(x) (cf. [11, Lemma 6.2]), the set { x ∈ (J )_1 : α(x) ≤ 1 − 2δ^{− 1} }, and hence also the co_{δ+} U(J ) are closed. We conclude that c̄o_δ U(J ) = co_{δ+} U(J ). □

References

[1] Braun, R., Kaup, W., Upmeier, H., A holomorphic characterization of Jordan C^∗ –algebras , Math. Z. 161 (1978), 277–290.

[2] Jacobson, N., Structure and representations of Jordan algebras , AMS Providence, Rhode Island, 1968.

[3] Kadison, R. V., Pedersen, G. K., Means and convex combinations of unitary operators , Math.

Scand. 57 (1985), 249–266.

[4] Rørdam, M., The theory of unitary rank and regular approximation , Ph.D. thesis, University of Pennsylvania, 1987.

86 A. A. SIDDIQUI

[5] Rørdam, M., Advances in the theory of unitary rank and regular approximations , Ann. of Math. (2) 128 (1988), 153–172.

[6] Siddiqui, A. A., Computation of the λ_u –function in JB^∗ –algebras , submitted. [7] Siddiqui, A. A., Asymmetric decompositions of vectors in JB^∗ –algebras , Arch. Math. (Brno) 42 (2006), 159–166.

[8] Siddiqui, A. A., On unitaries in JB^∗ –algebras , Indian J. Math. 48 (1) (2006), 35–48. [9] Siddiqui, A. A., Self–adjointness in unitary isotopes of JB^∗ –algebras , Arch. Math. 87 (2006), 350–358.

[10] Siddiqui, A. A., Average of two extreme points in JBW^∗ –triples , Proc. Japan Acad. Ser. A Math. Sci. 83 (2007), 176–178.

[11] Siddiqui, A. A., JB^∗ –algebras of topological stable rank 1, Int. J. Math. Math. Sci. 2007 (2007), 24, DOI:10.1155/2007/37186.

[12] Siddiqui, A. A., A proof of the Russo–Dye theorem for JB^∗ –algebras , New York J. Math.

16 (2010), 53–60. [13] Siddiqui, A. A., Convex combinations of unitaries in JB^∗ –algebras , New York J. Math. 17 (2011), 127–137.

[14] Siddiqui, A. A., The λ_u –function in JB^∗ –algebras , New York J. Math. 17 (2011), 139–147. [15] Wright, J. D. M., Jordan C^∗ –algebras , Michigan Math. J. 24 (1977), 291–302. [16] Youngson, M. A., A Vidav theorem for Banach Jordan algebras , Math. Proc. Cambridge Philos. Soc. 84 (1978), 263–272.

Department of Mathematics, College of Science, King Saud University P.O.Box 2455-5, Riyadh-11451, Kingdom of Saudi Arabia E-mail : asiddiqui@ksu.edu.sa