ARCHIVUM MATHEMATICUM (BRNO) Tomus 49 (2013), 187–197

CONTROL AFFINE SYSTEMS ON SOLVABLE

THREE-DIMENSIONAL LIE GROUPS, I

Rory Biggs and Claudiu C. Remsing

Abstract. We seek to classify the full-rank left-invariant control affine systems evolving on solvable three-dimensional Lie groups. In this paper we consider only the cases corresponding to the solvable Lie algebras of types II , IV , and V in the Bianchi-Behr classification.

1. Introduction

Left-invariant control affine systems constitute an important class of systems, extensively used in many control applications. In this paper we classify, under local detached feedback equivalence, the full-rank left-invariant control affine systems evolving on certain (real) solvable three-dimensional Lie groups. Specifically, we consider only those Lie groups with Lie algebras of types II , IV, and V, in the Bianchi-Behr classification.

We reduce the problem of classifying such systems to that of classifying affine subspaces of the associated Lie algebras. Thus, for each of the three types of Lie algebra, we need only classify their affine subspaces. A tabulation of the results is included as an appendix.

2. Invariant control systems and equivalence

A left-invariant control affine system Σ is a control system of the form ġ = g Ξ ( 1, u) = g (A + u_1 B_1 + · · ·+ u_ℓ B_ℓ ) , g ∈ G, u ∈ R^ℓ .

Here G is a (real, finite-dimensional) Lie group with Lie algebra g and A, B_1 , . . . , B_ℓ ∈ g. Also, the parametrisation map Ξ( 1, ·): R^ℓ → g is an injective affine map (i.e., B_1 , . . . , B_ℓ are linearly independent). The “product” gΞ ( 1, u) is to be understood as T_1 L_g ·Ξ ( 1, u), where L_g : G→ G, h → gh is the left translation by g. Note that the dynamics Ξ : G× R^ℓ → TG are invariant under left translations, i.e., Ξ ( g, u) = g Ξ ( 1, u). We shall denote such a system by Σ = ( G, Ξ) (cf. [3]).

The admissible controls are piecewise continuous maps u(·): [0, T] → R^ℓ . A trajectory for an admissible control u(·) is an absolutely continuous curve

2010 Mathematics Subject Classification : primary 93A10; secondary 93B27, 17B30. Key words and phrases : left-invariant control system, (detached) feedback equivalence, affine subspace, solvable Lie algebra.

Received December 9, 2011, revised September 2013. Editor J. Slovák. DOI: 10.5817/AM2013-3-187

188 R. BIGGS AND C. C. REMSING

g(·): [0, T] → G such that ġ(t) = g(t) Ξ ( 1, u(t)) for almost every t ∈ [0, T]. We say that a system Σ is controllable if for any g_0 , g_1 ∈ G, there exists a trajectory g(·): [0, T] → G such that g(0) = g_0 and g(T) = g_1. For more details about (invariant) control systems see, e.g., [1], [10], [11], [16].

The image set Γ = im Ξ ( 1, ·), called the trace of Σ , is an affine subspace of g. Accordingly, Γ = A + Γ^0 = A + ⟨B_1 , . . . , B_ℓ ⟩. A system Σ is called homogeneous if A ∈ Γ^0, and inhomogeneous otherwise. Furthermore, Σ is said to have full rank if its trace generates the whole Lie algebra (i.e., the smallest Lie algebra containing Γ is g). Henceforth, we assume that all systems under consideration have full rank. (The full-rank condition is necessary for a system Σ to be controllable.)

A natural equivalence relation for control systems is feedback equivalence (see, e.g., [9]). We specialize feedback equivalence (in the context of left-invariant control systems) by requiring that the feedback transformations are left-invariant (i.e., constant over the state space). Such transformations are exactly those that are compatible with the Lie group structure (see, e.g., [ 3, 2]). More precisely, let Σ = ( G,Ξ) and Σ^′ = ( G^′,Ξ^′) be left-invariant control affine systems. Σ and Σ^′ are called locally detached feedback equivalent (shortly DF_{loc} -equivalent) at points a ∈ G and a^′ ∈ G^′ if there exist open neighbourhoods N and N^′ of a and a^′, respectively, and a (local) diffeomorphism Φ : N × R^ℓ → N^′ × R^{ℓ ′} , (g, u) → (ϕ(g), φ (u)) such that ϕ(a) = a^′ and T_g ϕ ·Ξ ( g, u) = Ξ^′(ϕ(g), φ (u)) for g ∈ N and u ∈ R^ℓ (i.e., the diagram

N × R^{ℓ ϕ × φ} � Ξ � N^′ × R^{ℓ ′}

Ξ^′ � T N_{T ϕ} �T N^′

commutes).

Any DF_{loc} -equivalence between two control systems can be reduced to an equivalence between neighbourhoods of the identity (by composing the diffeomorphism ϕ with a suitable left-translation). More precisely, Σ and Σ^′ are DF_{loc} -equivalent at a ∈ G and a^′ ∈ G^′ if and only if they are DF_{loc} -equivalent at 1 ∈ G and 1^′ ∈ G^′. Henceforth, we will assume that any DF_{loc} -equivalence is between neighbourhoods of identity. We have the following algebraic characterisation of DF_{loc} -equivalence.

Proposition 1 ([2]). Σ and Σ^′ are DF_{loc} -equivalent if and only if there exists a Lie algebra isomorphism ψ : g → g^′ such that ψ ·Γ = Γ^′.

Proof. Suppose Σ and Σ^′ are DF_{loc} -equivalent. Then T_1 ϕ ·Ξ( 1, u) = Ξ^′(1^′, φ (u)) and so T_1 ϕ ·Γ = Γ^′. As T_1 ϕ is a linear isomorphism, it remains only to show that it preserves the Lie bracket. Let u, v ∈ R^ℓ , and let Ξ_u = Ξ( ·, u) and Ξ_v = Ξ( ·, v) denote the corresponding vector fields. Then the push-forward ϕ_∗[Ξ_u ,Ξ_v] = [ϕ_∗Ξ_u , ϕ_∗Ξ_v] and so T_1 ϕ·[Ξ_u (1),Ξ_v(1)] = [Ξ^′_{φ (u )}(1^′),Ξ^′_{φ (v)}(1^′)] = [T_1 ϕ·Ξ_u (1), T_1 ϕ· Ξ_v(1)]. As Σ has full rank, the elements Ξ_u (1), u ∈ R^ℓ generate the Lie algebra g; hence T_1 ϕ is a Lie algebra isomorphism.

CONTROL AFFINE SYSTEMS ON SOLVABLE 3D LIE GROUPS, I 189

Conversely, suppose we have a Lie algebra isomorphism ψ such that ψ ·Γ = Γ^′. Then there exists neighbourhoods N and N^′ of 1 and 1^′, respectively, and a local group isomorphism ϕ : N → N^′ such that T_1 ϕ = ψ (see, e.g., [12]). Furthermore, there exists a unique affine isomorphism φ : R^ℓ → R^{ℓ ′} such that ψ ·Ξ( 1, u) = Ξ^′(1^′, φ (u)). Consequently, T_g ϕ ·Ξ( g, u) = T_1 L_{ϕ (g)} ·ψ ·Ξ( 1, u) = Ξ^′(ϕ(g), φ (u)). Hence Σ and Σ^′ are DF_{loc} -equivalent. □ For the purpose of classification, we may assume that Σ and Σ^′ have the same Lie algebra g. We will say that two affine subspaces Γ and Γ^′ are L-equivalent if there exists a Lie algebra automorphism ψ : g → g such that ψ ·Γ = Γ^′. Then Σ and Σ^′ are DF_{loc} -equivalent if and only if there traces Γ and Γ^′ are L-equivalent. This reduces the problem of classifying under DF_{loc} -equivalence to that of classifying under L-equivalence. Suppose {Γ_i : i ∈ I } is an exhaustive collection of (non-equivalent) class representatives (i.e., any affine subspace is L-equivalent to exactly one Γ_i). For each i ∈ I, we can easily find a system Σ_i = ( G,Ξ_i) with trace Γ_i. Then any system Σ is DF_{loc} -equivalent to exactly one Σ_i .

3. Affine subspaces of 3D Lie algebras

The classification of three-dimensional Lie algebras is well known. The classification over C was done by S. Lie (1893), whereas the standard enumeration of the real cases is that of L. Bianchi (1918). In more recent times, a different (method of) classification was introduced by C. Behr (1968) and others (see [ 14], [13], [15] and the references therein); this is customarily referred to as the Bianchi-Behr classification (or even the “Bianchi-Schücking-Behr classification”). Any solvable three-dimensional Lie algebra is isomorphic to one of nine types (in fact, there are seven algebras and two parametrised infinite families of algebras). In terms of an (appropriate) ordered basis (E_1 , E_2 , E_3 ), the commutator operation is given by

[E_2 , E_3 ] = n_1 E_1 − aE_2 [E_3 , E_1 ] = aE_1 + n_2 E_2 [E_1 , E_2 ] = n_3 E_3 .

The (Bianchi-Behr) structure parameters a, n_1 , n_2 , n_3 for each type are given in Table 1.

In this paper we are only concerned with types II , IV, and V . The remaining solvable Lie algebras (i.e., those of types III , V I_h , V I_0, V II_h , and V II_0) are treated in [6]. (For the Abelian Lie algebra 3g_1 the classification is trivial.)

An affine subspace Γ of a Lie algebra g is written as

Γ = A + Γ^0 = A + ⟨B_1 , B_2 , . . . , B_ℓ ⟩

where A, B_1 , . . . , B_ℓ ∈ g. Let Γ_1 and Γ_2 be two affine subspaces of g. Γ_1 and Γ_2 are L-equivalent if there exists a Lie algebra automorphism ψ ∈ Aut(g) such that ψ ·Γ_1 = Γ_2. L-equivalence is a genuine equivalence relation. (Note that Γ_1 = A_1 + Γ^0_1 and Γ_2 = A_2 + Γ^0_2 are L-equivalent if and only if there exists an automorphism ψ such that ψ ·Γ^0_1 = Γ^0_2 and ψ ·A_1 ∈ Γ_2.) An affine subspace Γ is

190 R. BIGGS AND C. C. REMSING

Type Notation a n_1 n_2 n_3 Representatives

I 3g_1 0 0 0 0 R^3 II g_{3.1} 0 1 0 0 h_3 III = V I_{− 1} g_{2.1} ⊕ g_1 1 1 − 1 0 aff(R) ⊕ R IV g_{3.2} 1 1 0 0 V g_{3.3} 1 0 0 0 V I_0 g^0_{3.4} 0 1 − 1 0 se(1, 1) V I_h ,^{h< 0}_{h ≠ − 1} g^h_{3.4} √ − h 1 − 1 0 V II_0 g^0_{3.5} 0 1 1 0 se(2) V II_h , h> 0 g^h_{3.5} √ h 1 1 0

Tab. 1: Bianchi-Behr classification (solvable)

said to have full rank if it generates the whole Lie algebra. The full-rank property is invariant under L-equivalence. Henceforth, we assume that all affine subspaces under consideration have full rank.

In this paper we classify, under L-equivalence, the (full-rank) affine subspaces of g_{3.1}, g_{3.2}, and g_{3.3}. Clearly, if Γ_1 and Γ_2 are L-equivalent, then they are necessarily of the same dimension. Furthermore, 0 ∈ Γ_1 if and only if 0 ∈ Γ_2. We shall find it convenient to refer to an ℓ-dimensional affine subspace Γ as an (ℓ, 0)-affine subspace when 0 ∈ Γ (i.e., Γ is a vector subspace) and as an (ℓ, 1)-affine subspace, otherwise. Alternatively, Γ is said to be homogeneous if 0 ∈ Γ , and inhomogeneous otherwise.

Remark. We have the following characterization of the full-rank condition when dim g = 3 . No (1,0)-affine subspace has full rank. A (1,1)-affine subspace has full rank if and only if A, B_1, and [A, B_1] are linearly independent. A (2,0)-affine subspace has full rank if and only if B_1 , B_2, and [B_1 , B_2] are linearly independent. Any (2, 1)-affine subspace or (3, 0)-affine subspace has full rank.

Clearly, there is only one affine subspace whose dimension coincides with that of the Lie algebra g, namely the space itself. From the standpoint of classification, this case is trivial and hence will not be covered explicitly.

Let us fix a three-dimensional Lie algebra g (together with an ordered basis). In order to classify the affine subspaces of g, we require the (group of) automorphisms of g. These are well known (see, e.g., [ 7], [8], [15]); a summary is given in Table 2. For each type of Lie algebra, we construct class representatives (by considering the action of automorphisms on a typical affine subspace). By using some classifying conditions, we explicitly construct L-equivalence relations relating an arbitrary affine subspace to a fixed representative. Finally, we verify that none of the representatives are equivalent.

The following result is easy to prove.

CONTROL AFFINE SYSTEMS ON SOLVABLE 3D LIE GROUPS, I 191

Proposition 2. Let Γ be a (2,0)-affine subspace of a Lie algebra g. Suppose {Γ_i : i ∈ I } is an exhaustive collection of L-equivalence class representatives for (1,1)-affine subspaces of g. Then Γ is L-equivalent to at least one element of {⟨Γ_i ⟩ : i ∈ I }.

4. Type II (the Heisenberg algebra) In terms of an (appropriate) basis (E_1 , E_2 , E_3) for g_{3.1}, the commutator operation is given by [E_2 , E_3 ] = E_1 , [E_3 , E_1 ] = 0 , [E_1 , E_2 ] = 0 .

With respect to this ordered basis, the group of automorphisms is

Aut(g_{3.1} ) = 8 < : 2 4 yw − vz x u

0 y v 0 z w

3 5 : u, v, w, x, y, z ∈ R, yw ≠ vz 9 = ; . We start the classification of the affine subspace of g_{3.1} with the (inhomogeneous) one-dimensional case. Proposition 3. Any (1,1)-affine subspace of g_{3.1} is L-equivalent to Γ_1 = E_2 + ⟨E_3 ⟩. Proof. Let Γ be a (1,1)-affine subspace of g_{3.1}. Then Γ may be written as Γ = P_3

i =1 a i E i +

DP_3

i =1 bi E i E . Accordingly (as Γ has full rank)

ψ = 2 4 a_2 b_3 − a_3 b_2 a_1 b_1 0 a_2 b_2 0 a_3 b_3

3 5 is a Lie algebra automorphism such that ψ ·Γ_1 = Γ . □ The result for the homogeneous two-dimensional case follows from Propositions 2 and 3. Proposition 4. Any (2, 0)-affine subspace of g_{3.1} is L-equivalent to ⟨E_2 , E_3 ⟩.

Lastly, we consider the inhomogeneous two-dimensional case. Proposition 5. Any (2,1)-affine subspace of g_{3.1} is L-equivalent to exactly one of the following subspaces Γ_1 = E_1 + ⟨E_2 , E_3 ⟩ Γ_2 = E_3 + ⟨E_1 , E_2 ⟩ .

Proof. Let Γ = A + Γ^0 be a (2,1)-affine subspace of g_{3.1}. First, suppose that E_1 ∈ Γ^0 . Then Γ =

P_3

i =1 a i E i + D E_1 ,

P_3

i =1 bi E i E . Consequently

ψ = 2 4 a_3 b_2 − a_2 b_3 b_1 a_1 0 b_2 a_2 0 b_3 a_3

3 5 is an automorphism such that ψ ·Γ_2 = Γ .

192 R. BIGGS AND C. C. REMSING

On the other hand, suppose that E_1 /∈ Γ^0. Again we can write Γ as Γ = P_3

i =1 a i E i +

DP_3

i =1 bi E i ,

P_3

i =1 ci E i E . Then the equation 2 4 a_1 a_2 a_3 b_1 b_2 b_3 c_1 c_2 c_3 3 5 2 4 v_1 v_2 v_3 3 5 = 2 4 1 0 0 3 5 has a unique solution for v. Moreover, a simple calculation shows that v_1 ≠ 0 . We may thus choose non-zero constants x, y ∈ R such that xy = v_1 . Then ψ = 2 4 v_1 v_2 v_3 0 x 0 0 0 y 3 5 is an automorphism. A simple calculation shows that ψ ·Γ = Γ_1 .

Finally, as E_1 is an eigenvector of every automorphism, it is easy to show that Γ_1 and Γ_2 cannot be L-equivalent. □ In summary, Theorem 1. Any affine subspace of g_{3.1} (type II ) is L-equivalent to exactly one of E_2 + ⟨E_3 ⟩, ⟨E_2 , E_3 ⟩, E_1 + ⟨E_2 , E_3 ⟩, and E_3 + ⟨E_1 , E_2 ⟩.

5. Type IV The Lie algebra g_{3.2} has commutator operation given by [E_2 , E_3 ] = E_1 − E_2 , [E_3 , E_1 ] = E_1 , [E_1 , E_2 ] = 0 in terms of an (appropriate) ordered basis (E_1 , E_2 , E_3). With respect to this basis, the group of automorphisms is

Aut(g_{3.2} ) = 8 < : 2 4 u x y 0 u z 0 0 1 3 5 : x, y, z, u ∈ R, u ≠ 0 9 = ; . Again, we start with the (inhomogeneous) one-dimensional case.

Proposition 6. Any (1,1)-affine subspace of g_{3.2} is L-equivalent to exactly of the following subspaces Γ_1 = E_2 + ⟨E_3 ⟩ Γ_{2,α} = αE_3 + ⟨E_2 ⟩ .

Here α ≠ 0 parametrises a family of class representatives, each different value corresponding to a distinct non-equivalent representative. Proof. Let Γ = A + Γ^0 be a (1,1)-affine subspace of g_{3.2}. First, suppose that E^∗_3 (Γ^0) ≠ {0}. (Here E^∗_3 denotes the corresponding element of the dual basis.) Then Γ =

P_3

i =1 a i E i +

DP_3

i =1 bi E i E with b_3 ≠ 0 . Thus Γ = a^′_1 E_1 + a^′_2 E_2 + ⟨b^′_1 E_1 + b^′_2 E_2 + E_3 ⟩. As Γ has full rank, a simple calculation shows that a^′_2 ≠ 0 . Hence ψ = 2 4 a^′_2 a^′_1 b^′_1 0 a^′_2 b^′_2 0 0 1

3 5

CONTROL AFFINE SYSTEMS ON SOLVABLE 3D LIE GROUPS, I 193

is an automorphism such that ψ ·Γ_1 = Γ .

On the other hand, suppose that E^∗_3 (Γ^0) = {0} and E^∗_3 (A) = α ≠ 0 . (As Γ has full rank, the situation α = 0 is impossible.) Then Γ = a_1 E_1 + a_2 E_2 + αE_3 + ⟨b_1 E_1 + b_2 E_2 ⟩. A simple calculation shows that b_2 ≠ 0 . Thus ψ = 2 4 b_2 b_1^{a 1}_α 0 b_2^{a 2}_α 0 0 1

3 5 is an automorphism such that ψ ·Γ_{2,α} = Γ .

Finally, we verify that none of representatives are L-equivalent. As E_2 ∈ Γ_1, αE_3 ∈ Γ_{2,α} , and ⟨E_1 , E_2 ⟩ is an invariant subspace of every automorphism, it follows that Γ_1 and Γ_{2,α} cannot be L-equivalent. Then again, as E^∗_3 (ψ ·αE_3) = α for any automorphism ψ , it follows that Γ_{2,α} and Γ_{2,α} ′ are L-equivalent only if α = α^′. □ We obtain the result for the homogeneous two-dimensional case by use of Propositions 2 and 6.

Proposition 7. Any (2, 0)-affine subspace of g_{3.2} is L-equivalent to ⟨E_2 , E_3 ⟩.

Lastly, we consider the inhomogeneous two-dimensional case and then summarise the results of this section.

Proposition 8. Any (2,1)-affine subspace of g_{3.2} is L-equivalent to exactly one of the following subspaces

Γ_1 = E_2 + ⟨E_1 , E_3 ⟩ Γ_2 = E_1 + ⟨E_2 , E_3 ⟩ Γ_{3,α} = αE_3 + ⟨E_1 , E_2 ⟩ .

Here α ≠ 0 parametrises a family of class representatives, each different value corresponding to a distinct non-equivalent representative.

Proof. Let Γ = A+Γ^0 be a (2,1)-affine subspace of g_{3.2}. First, assume E^∗_3 (Γ^0) ≠ {0} and E_1 ∈ Γ^0. Then Γ =

P_3

i =1 a i E i + D E_1 ,

P_3

i =1 bi E i E with b_3 ≠ 0 . Hence Γ = a^′_2 E_2 + ⟨E_1 , b^′_2 E_2 + E_3 ⟩ with a^′_2 ≠ 0 . Thus ψ = 2 4 a^′_2 0 0 0 a^′_2 b^′_2 0 0 1

3 5 is an automorphism such that ψ ·Γ_1 = Γ .

Next, assume E^∗_3 (Γ^0) ≠ {0} and E_1 /∈ Γ^0. Then Γ =

P_3

i =1 a i E i +

P_3

i =1 bi E i ,

P_3

i =1 ci E i � with c_3 ≠ 0 . Hence Γ = a^′_1 E_1 + a^′_2 E_2 + ⟨b^′_1 E_1 + b^′_2 E_2 , c^′_1 E_1 + c^′_2 E_2 + E_3 ⟩.

Now, as E_1 /∈ Γ^0, it follows that b^′_2 ≠ 0 . Thus Γ = a^{′′}_1 E_1 + ⟨b^{′′}_1 E_1 + E_2 , c^{′′}_1 E_1 + E_3 ⟩ with a^{′′}_1 ≠ 0 . Therefore ψ = 2 4 a^{′′}_1 a^{′′}_1 b^{′′}_1 c^{′′}_1 0 a^{′′}_1 0 0 0 1

3 5 is an automorphism such that ψ ·Γ_2 = Γ .

194 R. BIGGS AND C. C. REMSING

Lastly, assume E^∗_3 (Γ^0) = {0} and E^∗_3 (A) = α ≠ 0 . Then Γ^0 = ⟨E_1 , E_2 ⟩ and so Γ = αE_3 + ⟨E_1 , E_2 ⟩ = Γ_{3,α} .

Finally, we verify that none of the representatives are L-equivalent. As E_1 is an eigenvector of every automorphism, it follows that Γ_2 cannot be L-equivalent to Γ_1 or Γ_{3,α} . Then again, Γ_2 cannot be L-equivalent to Γ_{3,α} as E_2 ∈ Γ_1 and ⟨E_1 , E_2 ⟩ is an invariant subspace of every automorphism. Lastly, as E^∗_3 (ψ ·αE_3) = α for any automorphism ψ , it follows that Γ_{2,α} and Γ_{2,α} ′ are L-equivalent only if α = α^′. □

Theorem 2. Any affine subspace of g_{3.2} (type IV) is L-equivalent to exactly one of E_2+ ⟨E_3 ⟩, α E_3+ ⟨E_2 ⟩, ⟨E_2 , E_3 ⟩, E_1+ ⟨E_2 , E_3 ⟩, E_2+ ⟨E_3 , E_1 ⟩, and αE_3+ ⟨E_1 , E_2 ⟩. Here α ≠ 0 parametrises two families of class representatives, each different value corresponding to a distinct non-equivalent representative.

6. Type V

The Lie algebra g_{3.3} has commutator relations given by

[E_2 , E_3 ] = − E_2 , [E_3 , E_1 ] = E_1 , [E_1 , E_2 ] = 0

in terms of an (appropriate) ordered basis (E_1 , E_2 , E_3). With respect to this basis, the group of automorphisms is

Aut(g_{3.3} ) = 8 < : 2 4 x y z u v w 0 0 1

3 5 : x, y, z, u, v, w ∈ R, xv ≠ yu 9 = ; . Many of the affine subspaces of g_{3.3} do not have full rank.

Proposition 9. No one-dimensional or homogeneous two-dimensional affine subspace of g_{3.3} has full rank.

Proof. An one-dimensional affine subspace Γ = A + ⟨B ⟩, or a homogeneous two-dimensional subspace Γ = ⟨A, B ⟩, has full rank if and only if A, B, and [A, B] are linearly independent. Let A =

P_3

i =1 a i E i and B =

P_3

i =1 bi E i. Then

[A, B ] = ( − a_1 b_3 + a_3 b_1 )E_1 + ( − a_2 b_3 + a_3 b_2 )E_2 . A direct computation shows that � � � � a_1 a_2 a_3 b_1 b_2 b_3 − a_1 b_3 + a_3 b_1 − a_2 b_3 + a_3 b_2 0

� � � � = 0 .

Hence A, B , and [A, B ] are necessarily linearly dependent. □ Accordingly, we need only consider the inhomogeneous two-dimensional case.

Theorem 3. Any affine subspace of g_{3.3} (type V) is L-equivalent to exactly one of the following subspaces

Γ_1 = E_2 + ⟨E_1 , E_3 ⟩ Γ_{2,α} = αE_3 + ⟨E_1 , E_2 ⟩ .

Here α ≠ 0 parametrises a family of class representatives, each different value corresponding to a distinct non-equivalent representative.

CONTROL AFFINE SYSTEMS ON SOLVABLE 3D LIE GROUPS, I 195

Proof. Let Γ = A + Γ^0 be a (2,1)-affine subspace of g_{3.3}. First, assume that E^∗_3 (Γ^0) ≠ {0}. (Again, E^∗_3 denotes the corresponding element of the dual basis.) Then Γ =

P_3

i =1 a i E i +

DP_3

i =1 bi E i ,

P_3

i =1 ci E i E with c_3 ≠ 0 . Hence Γ = a^′_1 E_1 + a^′_2 E_2 + ⟨b^′_1 E_1 + b^′_2 E_2 , c^′_1 E_1 + c^′_2 E_2 + E_3 ⟩. As Γ is inhomogeneous, it follows that a^′_1 b^′_2 − a^′_2 b^′_1 ≠ 0 . Thus ψ = 2 4 b^′_1 a^′_1 c^′_1 b^′_2 a^′_2 c^′_2 0 0 1

3 5 is a automorphism such that ψ ·Γ_1 = Γ . On the other hand, assume E^∗_3 (Γ^0) = {0} and E^∗_3 (A) = α ≠ 0 . Then Γ^0 = ⟨E_1 , E_2 ⟩ and so Γ = αE_3 + ⟨E_1 , E_2 ⟩ = Γ_{2,α} .

Lastly, we verify that none of these representatives are equivalent. As ⟨E_1 , E_2 ⟩ is an invariant subspace of every automorphism, it follows that Γ_{2,α} cannot be L-equivalent to Γ_1. Then again, as E^∗_3 (ψ ·αE_3) = α for any automorphism ψ , it follows that Γ_{2,α} and Γ_{2,α} ′ are equivalent only if α = α^′. □

7. Final remark This paper forms part of a series in which the full-rank left-invariant control affine systems, evolving on three-dimensional Lie groups, are classified. A summary of this classification can be found in [ 4]. The remaining solvable cases are treated in [6], whereas the semisimple cases are treated in [5].

Tabulation of results

Type Commutators Automorphisms

II [E 2 , E 3 ] = E 1 2 4 yw − vz x u 0 y v 0 z w

3 5 ; yw ≠ vz [E 3 , E 1 ] = 0 [E 1 , E 2 ] = 0 IV [E 2 , E 3 ] = E 1 − E 2 2 4 u x y 0 u z 0 0 1

3 5 ; u ≠ 0 [E 3 , E 1 ] = E 1 [E 1 , E 2 ] = 0 V [E 2 , E 3 ] = − E 2 2 4 x y z u v w 0 0 1

3 5 ; xv ≠ yu [E 3 , E 1 ] = E 1 [E 1 , E 2 ] = 0

Tab. 2: Lie algebra automorphisms

196 R. BIGGS AND C. C. REMSING

Type (ℓ, ε ) Classifying conditions Equiv. repr.

II (1, 1) E_2 + ⟨E_3 ⟩ (2, 0) ⟨E_2 , E_3 ⟩

(2, 1)

E_1 /∈ Γ^0 E_1 + ⟨E_2 , E_3 ⟩ E_1 ∈ Γ^0 E_3 + ⟨E_1 , E_2 ⟩

IV (1, 1)

E^∗_3 (Γ^0 ) ≠ { 0} E_2 + ⟨E_3 ⟩ E^∗_3 (Γ^0 ) = { 0}, E^∗_3 (A) = α ≠ 0 αE_3 + ⟨E_2 ⟩ (2, 0) ⟨E_2 , E_3 ⟩

(2, 1)

E^∗_3 (Γ^0 ) ≠ { 0}

E_1 /∈ Γ^0 E_1 + ⟨E_2 , E_3 ⟩ E_1 ∈ Γ^0 E_2 + ⟨E_1 , E_3 ⟩ E^∗_3 (Γ^0 ) = { 0}, E^∗_3 (A) = α ≠ 0 αE_3 + ⟨E_1 , E_2 ⟩

V (1, 1) ∅ (2, 0) ∅

(2, 1)

E^∗_3 (Γ^0 ) ≠ { 0} E_1 + ⟨E_2 , E_3 ⟩ E^∗_3 (Γ^0 ) = { 0}, E^∗_3 (A) = α ≠ 0 αE_3 + ⟨E_1 , E_2 ⟩ Tab. 3: Full-rank affine subspaces of Lie algebras

References

[1] Agrachev, A. A., Sachkov, Y. L., Control Theory from the Geometric Viewpoint , Springer Verlag, 2004.

[2] Biggs, R., Remsing, C. C., On the equivalence of control systems on Lie groups , submitted. [3] Biggs, R., Remsing, C. C., A category of control systems , An. Ştiinţ. Univ. Ovidius Constanţa Ser. Mat. 20 (1) (2012), 355–368.

[4] Biggs, R., Remsing, C. C., A note on the affine subspaces of three–dimensional Lie algebras , Bul. Acad. Ştiinţe Repub. Mold. Mat. no. 3 (2012), 45–52.

[5] Biggs, R., Remsing, C. C., Control affine systems on semisimple three–dimensional Lie groups , An. Ştiinţ. Univ. Al. I. Cuza Iaşi Mat. (N.S.) 59 (2) (2013), 399–414.

[6] Biggs, R., Remsing, C. C., Control affine systems on solvable three–dimensional Lie groups, II , to appear in Note Mat. 33 (2013).

[7] Ha, K. Y., Lee, J. B., Left invariant metrics and curvatures on simply connected three–dimensional Lie groups , Math. Nachr. 282 (6) (2009), 868–898.

[8] Harvey, A., Automorphisms of the Bianchi model Lie groups , J. Math. Phys. 20 (2) (1979), 251–253.

[9] Jakubczyk, B., Equivalence and Invariants of Nonlinear Control Systems , Nonlinear Controllability and Optimal Control (Sussmann, H. J., ed.), M. Dekker, 1990, pp. 177–218.

[10] Jurdjevic, V., Geometric Control Theory , Cambridge University Press, 1977. [11] Jurdjevic, V., Sussmann, H. J., Control systems on Lie groups , J. Differential Equations 12 (1972), 313–329.

[12] Knapp, A. W., Lie Groups beyond an Introduction , Progress in Mathematics, Birkhäuser, second ed., 2004.

CONTROL AFFINE SYSTEMS ON SOLVABLE 3D LIE GROUPS, I 197

[13] Krasinski, A., et al., The Bianchi classification in the Schücking–Behr approach , Gen.

Relativity Gravitation 35 (3) (2003), 475–489. [14] MacCallum, M. A. H., On the Classification of the Real Four–Dimensional Lie Algebras , On Einstein^′s Path: Essays in Honour of E. Schücking (Harvey, A., ed.), Springer Verlag, 1999, pp. 299–317.

[15] Popovych, R. O., Boyco, V. M., Nesterenko, M. O., Lutfullin, M. W., Realizations of real low–dimensional Lie algebras , J. Phys. A: Math. Gen. 36 (2003), 7337–7360.

[16] Remsing, C. C., Optimal control and Hamilton–Poisson formalism , Int. J. Pure Appl. Math.

59 (1) (2001), 11–17.

Department of Mathematics (Pure and Applied), Rhodes University, PO Box 94, 6140 Grahamstown, South Africa E-mail : rorybiggs@gmail.com c.c.remsing@ru.ac.za