ARCHIVUM MATHEMATICUM (BRNO)

Tomus 49 (2013), 309–315

DERIVATIONS OF HOMOTOPY ALGEBRAS

Tom Lada and Melissa Tolley

Abstract. We recall the definition of strong homotopy derivations of A_∞ algebras and introduce the corresponding definition for L_∞ algebras. We define strong homotopy inner derivations for both algebras and exhibit explicit examples of both.

1. Introduction

The concept of a strong homotopy derivation of an A_∞ algebra was introduced by Kajiura and Stasheff in [ 2]. In this note we will introduce the corresponding concept for L_∞ algebras. We will discuss several concrete examples of such algebras and strong homotopy inner derivations on them.

In Section 2, we recall the definitions of A_∞ and L_∞ algebras and discuss an explicit example of each. We will use these examples to exhibit examples of strong homotopy derivations.

In Section 3, we review the definition of a strong homotopy derivation of an A_∞ algebra. We introduce the concept of an inner such derivation of these algebras and present an explicit example of this concept by using the A_∞ algebra in the previous section.

The next section contains our definition of a strong homotopy derivation of an L_∞ algebra. We discuss the concept of inner derivation and present a concrete example of such a derivation on the L_∞ algebra in Section 2.

In the final section we will discuss the relationship between the A_∞ data and the L_∞ data using symmetrization.

We work in the setting of Z graded vector spaces and will occasionally use the notation |x| to denote the degree of an element x.

2. A_∞ and L_∞ algebras

Definition 1. An A_∞ algebra [6] structure on a Z graded vector space V is a collection of degree one linear maps m_n : V^{⊗ n} → V that satisfy the relations

(2.1) X k + l= n +1 kX i =1

(− 1)^α m_k � v_1 , . . . , v_{i − 1} , m_l (v_i , . . . , v_{i + l− 1} ), v_{i + l} , . . . , v_n � = 0

2010 Mathematics Subject Classification : primary 18G55. Key words and phrases : L_∞ algebra, A_∞ algebra, strong homotopy derivation. DOI: 10.5817/AM2013-5-309

310 T. LADA AND M. TOLLEY

for n ≥ 1 and α is the sum of the degrees of the elements v_1 , . . . , v_{i − 1} .

We remark that this definition differs from but is equivalent to the original definition [ 6] in which the maps m_n have degree n − 2 and the signs are adjusted accordingly. It is well known [ 6] that the structure maps m_n ’s may be extended to a degree +1 coderivation m on the tensor coalgebra T^c(V) of V, and that the relations are equivalent to the equation m^2 = 0 .

Example 2 ([1]). Consider the graded vector space in which V_{− 1} has basis ⟨x_1 , x_2 ⟩, V_0 has basis ⟨y⟩, and V_n = 0 otherwise. Define degree one maps m_1 (x_1 ) = m_1 (x_2 ) = y

m_n (x_1 ⊗ y^{⊗ k} ⊗ x_1 ⊗ y^{⊗ n − 2− k} ) = x_1 , 0 ≤ k ≤ n − 2

m_n (x_1 ⊗ y^{⊗ n − 2} ⊗ x_2 ) = x_1

m_n (x_1 ⊗ y^{⊗ n − 1} ) = y and m_n = 0 on the remaining elements of V. This determines an A_∞ algebra structure on V.

We next recall the definition of L_∞ algebras.

Definition 3 ([5]). An L_∞ algebra structure on a Z graded vector space V is a collection of degree one graded symmetric linear maps l_n : V^{⊗ n} → V, n ≥ 1, that satisfy the relations (higher order Jacobi relations) X j + k = n X σ (− 1)^{e(σ )} l_{1+ j} � l_k (v_{σ (1)} , . . . , v_{σ (k )} ), v_{σ (k +1)} , . . . , v_{σ (n )} � = 0 where σ runs over all (k, n − k) unshuffle permutations. The exponent e(σ) is the sum of the products of the degrees of the elements that are permuted, sometimes known as the Koszul sign.

Again, we remark that this definition differs from but is equivalent to the original definition [ 5] in which the maps l_n have degree n − 2 and are graded skew symmetric with the signs adjusted. Also, the structure maps may be extended to a degree +1 coderivation l on the symmetric coalgebra S^c(V) on V, and the relations are equivalent to l^2 = 0 , [4],[5].

It is well known that skew symmetrization of an A_∞ algebra structure yields an L_∞ algebra structure [ 4] when one utilizes the original definitions. However, with the definitions that we use here, we symmetrize the data in the example above to obtain

Example 4. Consider the graded vector space in which V_{− 1} has basis ⟨x_1 , x_2 ⟩, V_0 has basis ⟨y⟩, and V_n = 0 otherwise. Define degree one symmetric maps

l_1 (x_1 ) = l_1 (x_2 ) = y

l_n (x_1 ⊗ y^{⊗ n − 1} ) = ( n − 1)! y

l_n (x_1 ⊗ y^{⊗ n − 2} ⊗ x_2 ) = ( n − 2)! x_1

DERIVATIONS OF HOMOTOPY ALGEBRAS 311

and extend the maps using symmetry. This yields an L_∞ algebra structure on V.

We will use these examples above to illustrate examples of strong homotopy derivations which we will define in the next two sections.

3. Strong homotopy derivations of A_∞ algebras

Kajiura and Stasheff [2] have formulated the following definition:

Definition 5. A strong homotopy derivation of degree one of an A_∞ algebra (V,{ m_n }) is a collection of degree one linear maps θ_q : V^{⊗ q} → V, q ≥ 1, that satisfy the relations 0 = X r + s = q+1 r − 1X

i =0

(− 1)^{β (s,i )} θ_r � v_1 , . . . , v_i , m_s (v_{i +1} , . . . , v_{i + s} ), . . . , v_q �

+ ( − 1)^{β (s,i )} m_r � v_1 , . . . , v_i , θ_s (v_{i +1} , . . . , v_{i + s} ), . . . , v_q � . (3.1)

The exponent β(s, i) results from moving the degree one maps m_s and θ_s past (v_1 , . . . , v_i). The θ_q’s may be extended to a degree +1 coderivation θ on T^c(V) and the relations then can be described by the equation [m , θ] = 0 .

As an example of such a structure, we can define a strong homotopy inner derivation of an A_∞ algebra.

Proposition 6. Let (V,{ m_n }) be an A_∞ algebra and let a ∈ V have the property that m_1 (a) = 0 and the degree of a is even. Then the maps

θ_n (v_1 , . . . , v_n ) = m_{n +1} (a, v_1 , . . . , v_n ) + · · ·+ m_{n +1} (v_1 , . . . , v_i , a, v_{i +1} , . . . , v_n ) + · · ·+ m_{n +1} (v_1 , . . . , v_n , a)

(3.2)

define a strong homotopy derivation of V. We call such a derivation inner.

Proof. It can be calculated that the defining relations for a strong homotopy derivation in this case result in n + 1 copies of the defining relations for an A_∞ algebra except for terms that involve m_1(a). Because of our requirement that m_1(a) = 0 , we may add in the missing terms and utilize the A_∞ algebra relations n + 1 times to obtain the result. □ Recall the example of an A_∞ algebra in Section 2. There we had the following data. Consider the graded vector space in which V_{− 1} has basis ⟨x_1 , x_2 ⟩, V_0 has basis ⟨y⟩, and V_n = 0 otherwise. We may construct a strong homotopy inner derivation on V by letting a = y. One may then calculate resulting θ_n ’s to be

θ_1 (x_1 ) = y

θ_n (x_1 ⊗ y^{⊗ k} ⊗ x_1 ⊗ y^{⊗ n − 2− k} ) = nx_1

θ_n (x_1 ⊗ y^{⊗ n − 1} ) = ny

θ_n (x_1 ⊗ y^{⊗ n − 2} ⊗ x_2 ) = ( n − 1)x_1

and θ_n = 0 on the terms not mentioned.

312 T. LADA AND M. TOLLEY

4. Strong homotopy derivations of L_∞ algebras

We now turn our attention to L_∞ algebras.

Definition 7. A strong homotopy derivation of degree one of an L_∞ algebra (V,{ l_n }) is a collection of degree one graded symmetric linear maps θ_q : V^{⊗ q} → V, q ≥ 1, that satisfy the relations nX j =1 X σ (− 1)^{e(σ )} θ_{n − j +1} � l_j (v_{σ (1)} , . . . , v_{σ (j )} ), v_{σ (j +1)} , . . . , v_{σ (n )} �

+( − 1)^{e(σ )} l_{n − j +1} � θ_j (v_{σ (1)} , . . . , v_{σ (j )} ), v_{σ (j +1)} , . . . , v_{σ (n )} ) = 0

(4.1)

where σ runs over all (j, n − j ) unshuffle permutations.

The exponent e(σ) is the sum of the products of the degrees of the permuted elements. As we saw for A_∞ derivations, we may express the defining relations for strong homotopy derivations on L_∞ algebras by the equation [l, θ] = 0 where θ is the degree +1 coderivation on S^c (V) induced by the θ_n ’s. See [7] for details.

As an example, we define a strong homotopy inner derivation of an L_∞ algebra.

Proposition 8. Let (V,{ l_n }) be an L_∞ algebra and let a ∈ V have the property that l_1 (a) = 0 and the degree of a is even. Then the maps

(4.2) θ_n (v_1 , . . . , v_n ) = l_{n +1} (v_1 , . . . , v_n , a)

define a strong homotopy derivation of V.

Proof. We compute nX j =1 σ (− 1)^{e(σ )} θ_{n − j +1} � l_j (v_{σ (1)} , . . . , v_{σ (j )} ), v_{σ (j +1)} , . . . , v_{σ (n )} �

+ ( − 1)^{e(σ )} l_{n − j +1} � θ_j (v_{σ (1)} , . . . , v_{σ (j )} ), v_{σ (j +1)} , . . . , v_{σ (n )} �

= nX j =1 σ (− 1)^{e(σ )} l_{n − j +2} � l_j (v_{σ (1)} , . . . , v_{σ (j )} ), v_{σ (j +1)} , . . . , v_{σ (n )} , a �

+ ( − 1)^{e(σ )} l_{n − j +1} � l_{j +1} (v_{σ (1)} , . . . , v_{σ (j )} , a), v_{σ (j +1)} , . . . , v_{σ (n )} �

= nX j =1 σ (− 1)^{e(σ )} l_{n − j +2} � l_j (v_{σ (1)} , . . . , v_{σ (j )} ), v_{σ (j +1)} , . . . , v_{σ (n )} , a �

+ ( − 1)^{e(σ )} (− 1)^α l_{n − j +1} � l_{j +1} (v_{σ (1)} . . . , v_{σ (j )} , a), v_{σ (j +1)} , . . . , v_{σ (n )} � + ( − 1)^β l_{n +1} � l_1 (a), v_1 , . . . , v_n � = 0 because these are precisely the L_∞ algebra relations on (v_1 , . . . , v_n , a). Note that it is necessary to add the last line, where β = |a|

P_n

i =1 |vi |, to the homotopy derivation

relations to obtain the L_∞ algebra relations; this term, however, is zero because of

DERIVATIONS OF HOMOTOPY ALGEBRAS 313

our assumptions on the element a. The sign in the next to last line reduces to the required (− 1)^{e(σ )} because α = |a|

P_n

i = j +1 |vσ (i ) | is even. □

Recall the example of an L_∞ algebra in Section 2. There, V = V_{− 1} ⊕ V_0 with basis for V_{− 1} = ⟨x_1 , x_2 ⟩ and basis for V_0 = ⟨y⟩ and the degree one graded symmetric maps given by l_1 (x_1 ) = l_1 (x_2 ) = y l_n (x_1 ⊗ y^{⊗ n − 1} ) = ( n − 1)! y l_n (x_1 ⊗ y^{⊗ n − 2} ⊗ x_2 ) = ( n − 2)! x_1 .

We construct a strong homotopy derivation of V by letting a = y and then calculate the resulting θ_n ’s to be θ_1 (x_1 ) = y θ_n (x_1 ⊗ y^{⊗ n − 1} ) = n! y θ_n (x_1 ⊗ y^{⊗ n − 2} ⊗ x_2 ) = ( n − 1)! x_1 and θ_n is zero on the elements not listed.

For example,

θ_n (x_1 ⊗ y^{⊗ n − 2} ⊗ x_2 ) := l_{n +1} (x_1 ⊗ y^{⊗ n − 2} ⊗ x_2 ⊗ y) = l_{n +1} (x_1 ⊗ y^{⊗ n − 1} ⊗ x_2 ) = ( n − 1)! x_1 .

5. Symmetrization of A_∞ derivations We recall that there is a well known injective coalgebra map χ : S^c(V) −→ T^c(V) given by χ (v_1 , . . . , v_n ) = X σ ∈ S_n

(− 1)^{e(σ )} v_{σ (1)} ⊗ · · · ⊗v_{σ (n )}

where (− 1)^{e(σ )} is the Koszul sign.

Suppose that f : T^c(V) −→ V is a linear map which extends to the coderivation f : T^c(V) −→ T^c(V) such that π_1 ∘ f = f , where π_1 : T^c(V) −→ V is projection. Then the linear map f ∘ χ : S^c(V) −→ V extends to the coderivation f ∘ χ : S^c (V) −→ S^c (V) and the following diagram commutes ([3, Prop. 5])

S^c (V)^χ �T^c (V)

π_1 � � � � S^c (V)

f ∘ χ � χ �T c (V) f �

f �V

The symmetrization of an A_∞ algebra structure that was mentioned in Section 2 may then be described by the commutative diagram

314 T. LADA AND M. TOLLEY

S^c (V)^χ �T^c (V)

π_1 � � � � S^c (V) l �

χ �T c (V) m �

m �V

where m = P m_n : T^c(V) −→ V is the collection of the A_∞ algebra structure maps, m is the lift of m to a coderivation on T^c(V) with m^2 = 0 , and the L_∞ algebra structure l is the lift of the map m ∘ χ : S^c(V) −→ V to a coderivation on S^c (V).

We now address the issue of symmetrization of strong homotopy derivations of A_∞ algebras.

Proposition 9. Let θ = { θ_n } denote the the collection of maps giving a strong homotopy derivation on the A_∞ algebra (V, m). Regard θ as a map T^c(V) −→ V and lift it to the coderivation θ on T^c(V). Then the extension of the map θ∘χ : S^c(V) −→ V to the coderivation θ^′ on S^c(V) is a strong homotopy derivation on the L_∞ algebra V with algebra structure given by m ∘ χ .

Proof. We claim that [l, θ^′] = 0 . We have the commutative diagram

S^c (V)^χ �T^c (V)

π_1 � � � � S^c (V)

θ^′ �

χ �T c (V) θ �

θ �V

and we calculate χ [l, θ^′] = χ (lθ^′ + θ^′l)

= ( χ l)θ^′ + ( χ θ^′)l

= m (χ θ^′) + θ(χ l)

= mθ χ + θm χ

= [ m , θ]χ = 0 because χ ∘ l = m ∘ χ from the commutative diagram and [m , θ] = 0 because θ is a strong homotopy derivation of an A_∞ algebra. Because χ is injective, it follows that [l, θ^′] = 0 . □ Acknowledgement. We thank the referee for the careful reading of this article and for the helpful corrections.

References

[1] Allocca, M., Lada, T., A finite dimensional A_∞ algebra example , Georgian Math. J. 12 (10) (2010), 1–12.

[2] Kajiura, H., Stasheff, J., Homotopy algebras inspired by classical open–closed string field theory , Comm. Math. Phys. 263 (3) (2006), 553–581.

DERIVATIONS OF HOMOTOPY ALGEBRAS 315

[3] Lada, T., Commutators of A_∞ structures , Contemporary Mathematics, 1999, pp. 227–233. [4] Lada, T., Markl, M., Strongly homotopy Lie algebras , Comm. Algebra 23 (6) (1995), 2147–2161. [5] Lada, T., Stasheff, J., Introduction to SH Lie algebras for physicists , Internat. J. Theoret.

Phys. 32 (7) (1993), 1087–1103. [6] Stasheff, J., Homotopy associativity of H-spaces II , Trans. Amer. Math. Soc. 108 (1963), 293–312.

[7] Tolley, M., The connections between A_∞ and L_∞ algebras , Ph.D. thesis, NCSU, 2013.

Department of Mathematics, North Carolina State University, Raleigh, NC 27695 E-mail : lada@math.ncsu.edu mmtolley@ncsu.edu