ARCHIVUM MATHEMATICUM (BRNO) Tomus 50 (2014), 27–37

LEFSCHETZ COINCIDENCE NUMBERS OF SOLVMANIFOLDS

WITH MOSTOW CONDITIONS

Hisashi Kasuya

Abstract. For any two continuous maps f , g between two solvmanifolds of the same dimension satisfying the Mostow condition, we give a technique of computation of the Lefschetz coincidence number of f , g. This result is an extension of the result of Ha, Lee and Penninckx for completely solvable case.

1. Introduction

For two compact oriented manifolds M_1 and M_2 of the same dimension, for two continuous maps f, g : M_1 → M_2, as generalizations of the Lefschetz number and the Nielsen number for topological fixed point theory, the Lefschetz coincidence number L(f, g) and the Nielsen coincidence number N(f, g) are defined. The Nielsen coincidence number N(f, g) is a lower bound for the number of connected components of coincidences of f and g. But computing the Nielsen coincidence number is very difficult. For some classes of manifolds, we have relationships between the Lefschetz coincidence number L(f, g) and the Nielsen coincidence number N (f, g ).

Let G be a simply connected solvable Lie group with a lattice (i.e. cocompact discrete subgroup of G) Γ. We call G/Γ a solvmanifold. If G is nilpotent, we call G/Γ a nilmanifold.

For two solvmanifolds G_1 /Γ_1 and G_2 /Γ_2 with two continuous maps f , g : G_1 /Γ_1 → G_2 /Γ_2 , in [18], Wang showed the inequality

|L(f, g )| ≤ N (f, g ).

Hence by Lefschetz coincidence number L(f, g) we can estimate the number of coincidences of f, g. Suppose that G_1 and G_2 are completely solvable i.e. for any element of G the all eigenvalues of the adjoint operator of g are real. Then the de Rham cohomologies of solvmanifolds G_1 /Γ_1 and G_2 /Γ_2 are isomorphic to the cohomologies of the Lie algebras of G_1 and G_2. Moreover for the induced maps f_∗ , g_∗ : π_1(G_1 /Γ_1) ∼= Γ_1 → Γ_2 ∼= π_1(G_2 /Γ_2), we can take homomorphisms Φ , Ψ : G_1 → G_2 which are extensions of f_∗ , g_∗. In [4], Ha, Lee and Penninckx

2010 Mathematics Subject Classification : primary 22E25; secondary 53C30, 54H25, 55M20. Key words and phrases : de Rham cohomology, Lefschetz coincidence number, solvmanifold. Received February 4, 2014. Editor J. Slovák. DOI: 10.5817/AM2014-1-27

28 H. KASUYA

computed the Lefschetz coincidence number L(f, g) by using “linearizations” Φ , Ψ of f and g.

In this paper, for a solvmanifold G/Γ we consider the Mostow condition: “ Ad(G) and Ad(Γ) have the same Zariski-closure in Aut(g_C)” where Ad is the adjoint representation of a Lie group G. The condition: “ G is completely solvable” is a special case of the Mostow condition (see [ 17] and [3]). In [12], Mostow showed that for a solvmanifold G/Γ satisfying the Mostow condition, the de Rham cohomology of G/Γ is also isomorphic to the cohomology of the Lie algebra of G. However, for two solvmanifolds G_1 /Γ_1 and G_2 /Γ_2 satisfying the Mostow conditions, extendability of homomorphisms between lattices Γ_1 and Γ_2 is not valid. (For isomorphisms, “virtually” extendability is known ([ 17])). Thus in order to compute the Lefschetz coincidence number L(f, g) of two continuous maps f , g : G_1 /Γ_1 → G_2 /Γ_2 between solvmanifolds satisfying the Mostow condition, we should give new idea of “linearizations”.

In this paper, we give a technique of linearizations of all maps between solvmanifolds satisfying the Mostow condition and we give a formula for the Lefschetz coincidence number which is similar to the result by Ha, Lee and Penninckx ([ 4]).

2. Lefschetz numbers and spectral sequences

Let V^∗ be a finite dimensional graded vector space and f^∗ : V^∗ → V^∗ a graded linear map. Then we denote

L(f ) = X i (− 1)^i tr f^i .

Lemma 2.1. Let C^∗ be a bounded filtered cochain complex and f^∗ : C^∗ → C^∗ a morphism of filtered cochain complex with the induced map H^∗(f ): H^∗(C^∗) → H^∗(C^∗). Consider the spectral sequences E^{∗,∗}_r (C^∗) of C^∗ and the map E^{∗,∗}_r (f ) : E^{∗,∗}_r (C^∗) → E^{∗,∗}_r (C^∗) induced by f^∗. Consider the graded linear map Tot^∗ E^{∗,∗}_r (f ): Tot^∗ E^{∗,∗}_r (C^∗) → Tot^∗ E^{∗,∗}_r (C^∗) for the total complex. We suppose that for some integer s, for r ≥ s, the E_r -term E^{∗,∗}_r (C^∗ ) is finite dimensional.

Then for each r ≥ s, we have

L(H^∗ (f )) = L(Tot^∗ E^{∗,∗}_r (f )) .

Proof. By the assumption, sufficiently large r , we have

E^{p+ q}_r (C) ∼= F^p H^{p+ q} (C)/F^{p+1} H^{p+ q} (C) .

Hence by using the property of trace (see [6, Proposition 2.3.11]) we have X p+ q= k

tr E^{p,q}_r (f ) = tr H^k (f ) .

By the Hopf lemma for trace (see [6, Lemma 2.3.23]), we have X p,q (− 1)^{p+ q} tr E^{p,q}_r (f ) = X p,q (− 1)^{p+ q} tr E^{p,q}_{r − 1} (f )

LEFSCHETZ COINCIDENCE NUMBERS OF SOLVMANIFOLDS 29

and inductively for s ≤ r , we have X p,q (− 1)^{p+ q} tr E^{p,q}_r (f ) = X p,q (− 1)^{p+ q} tr E^{p,q}_s (f ) .

Hence the lemma follows. □ Let A^∗ be a finite-dimensional graded commutative C-algebra.

Definition 2.2. A^∗ is of degree n Poincaré duality type (n-PD-type) if the following conditions hold:

• A^{∗< 0} = 0 and A^0 = R1 where 1 is the identity element of A^∗ . • For some positive integer n, A^{∗>n} = 0 and A^n = Rv for v ≠ 0 . • For any 0 < i < n the bi-linear map A^i × A^{n − i} ∋ (α, β ) → α ·β ∈ A^n is non-degenerate. Hence we have an isomorphism D_i : A^{n − i} ∼= (A^i)^∗ where (A^i)^∗ is the dual space of A^i .

Let A^∗_1 and A^∗_2 be finite-dimensional graded commutative R-algebras of n-PD-type and f^∗ : A^∗_2 → A^∗_1 and g^∗ : A^∗_2 → A^∗_1 graded linear maps. By isomorphisms : A^i_1 ∼= (A^{n − i}_1 )^∗ and : A^i_2 ∼= (A^{n − i}_2 )^∗, we have the map D^i(g^∗) : A^i_1 → A^i_2 which corresponds to the dual map (A^{n − i}_1 )^∗ → (A^{n − i}_2 )^∗ of g^{n − i}. Define the map θ^i (f, g ) = D^i (g^∗ ) ∘ f^i . We denote

L(f, g ) = L � θ^i (f, g ) � . For two compact oriented manifolds M_1 and M_2 of the same dimension, for two continuous maps f , g : M_1 → M_2, we consider the induced maps H^∗(f ), H^∗(g): H^∗(M_2) → H^∗(M_1). Then the Lefschetz coincidence number L(f, g) is defined as L(f, g ) = L(H^∗ (f ), H^∗ (g)).

Definition 2.3. A differential graded algebra (DGA) is a graded commutative R-algebra A^∗ with a differential d of degree +1 so that d ∘ d = 0 and d(α ·β) = dα ·β + ( − 1)^p α ·dβ for α ∈ A^p .

Definition 2.4. A finite-dimensional DGA (A^∗ , d) is of n-PD-type if the following conditions hold:

• A^∗ is a finite-dimensional graded R-algebra of n-PD-type. • dA^{n − 1} = 0 and dA^0 = 0 .

As similar to the Poincaré duality of the cohomology of compact Riemannian manifold, we can prove the following lemma.

Lemma 2.5 ([7]). Let (A^∗ , d) be a finite dimensional DGA of n-PD-type. Then the cohomology algebra H^∗(A) is a finite dimensional graded commutative R-algebra of n-PD-type.

Then the following lemma follows from Lemma 2.5 inductively.

Lemma 2.6. Let A^∗ be a bounded filtered differential graded algebra. Suppose that:

– The cohomology H^∗(A^∗) is a finite dimensional graded algebra of n-PD-type. – For some integer s, the total complex (Tot^∗ E^{∗,∗}_s (A^∗), d_s ) of the E_s -term of the spectral sequence is a finite dimensional graded algebra of n-PD-type.

30 H. KASUYA

Then for each r ≥ s, the total complex (Tot^∗ E^{∗,∗}_r (g), d_r ) of the E_r -term of the spectral sequence is also a graded algebra of n-PD-type.

Proof. Since we have H^0(A^∗) ∼= R, H^n (A^∗) ∼= R, Tot^0 E^{∗,∗}_s (A^∗) ∼= R and Tot^n E^{∗,∗}_s (A^∗) ∼= R, we have d_s (Tot^0 E^{∗,∗}_s (A^∗)) = 0 and d_s (Tot^{n − 1} E^{∗,∗}_s (A^∗)) = 0 . Hence the total complex (Tot^∗ E^{∗,∗}_s (A^∗), d_s ) of the E_s -term is a DGA of n-PD-type and by Lemma 2.5, the total complex Tot^∗ E^{∗,∗}_{s +1} (A^∗) is a graded algebra of n-PD-type. □ By Lemma 2.1, we have:

Lemma 2.7. Let A^∗_1 and A^∗_2 be bounded filtered DGAs and f^∗, g^∗ : A^∗_2 → A^∗_1 morphisms of filtered DGA with the induced maps H^∗(f ), H^∗(g): H^∗(A^∗_2) → H^∗(A^∗_1). Consider the spectral sequences E^{∗,∗}_r (A_1) and E^{∗,∗}_r (A_2) of A^∗_1 and A^∗_2 and the maps E^{∗,∗}_r (f ), E^{∗,∗}_r (g): E^{∗,∗}_r (A_2 ) → E^{∗,∗}_r (A_1 ) induced by f , g.

We suppose that: – The cohomologies H^∗(A^∗_1) and H^∗(A^∗_2) are finite dimensional graded algebra of n-PD-type.

– For some integer s, the total complexes Tot^∗ E^{∗,∗}_r (A_1) and Tot^∗ E^{∗,∗}_r (A_2) of E_r -terms are finite dimensional graded algebras of n-PD-type. Hence inductively the lemma follows.

Then for each r ≥ s, we have

L(H^∗ (f ), H^∗ (g)) = L � Tot^∗ E^{∗,∗}_r (f ), Tot^∗ E^{∗,∗}_r (g) � . 3. The Ha-Lee-Penninckx formula

Let V be a n-dimensional vector space. Consider the exterior algebra V V. Then V V is a finite-dimensional graded commutative C-algebras of n-PD-type. In [ 4], Ha-Lee-Penninckx showed:

Theorem 3.1 ([4]). Let V_1, V_2 be n-dimensional vector spaces and Φ ,Ψ : V_2 → V_1 linear maps. Consider the exterior algebras V V_1 and V V_2 and the extended map ∧Φ , ∧Ψ : V V_2 → V V_1. Take representation matrices A, B of Φ and Ψ associated with basis of V_1 and V_2 . Then we have

L(∧ Φ , ∧ Ψ) = det( A − B ) .

4. Lie algebra cohomology

Let g be a n-dimensional solvable Lie algebra. We consider the DGA V g^∗ with the differential d which is the dual to the Lie bracket of g. We suppose that g is unimodular. Then V g^∗ is a DGA of n-PD-type. Take a basis X_1 , . . . , X_n of g and its dual basis x_1 , . . . , x_n of g^∗ .

Let n be a ideal of g. We consider the spectral sequence (E^{p,q}_r (g), d_r ) given by the extension 0 → n → g → g/n → 0. This spectral sequence is given by the filtration

F^p

p+ q^

g^∗ = { ω ∈

p+ q^

g^∗ |ω (Y_1 , . . . , Y_{p+1} ) = 0 for Y_1 , . . . , Y_{p+1} ∈ n} .

LEFSCHETZ COINCIDENCE NUMBERS OF SOLVMANIFOLDS 31

We have E^{∗,∗}_0 (g) = ^ (g/n)^∗ ⊗ ^ n^∗

with the differential d_0 = 1 ⊗ dV_{n ∗} ,

E^{∗,∗}_1 (g) = ^ (g/n)^∗ ⊗ H^∗ (n)

whose differential d_1 is the differential on V (g/n)^∗ ⊗ H^∗(n) twisted by the action of g/n on H^∗ (n) and E^{∗,∗}_2 (g) = H^∗ (g/n, H^∗ (n)) .

Since we suppose that g is unimodular, we have d

�V_{n − 1} g^∗ � = 0 and so V g^∗ is a finite dimensional DGA of n-PD-type. By Lemma 2.6, the total complex (Tot^∗ E^{∗,∗}_r (g), d_r ) of each E_r -term of the spectral sequence is also a graded algebra of n-PD-type.

5. de Rham cohomology of solvamanifolds with Mostow conditions

Let G be a simply connected solvable Lie group with a lattice Γ. We suppose the Mostow condition: Ad(G) and Ad(Γ) have the same Zariski-closure in Aut(g_C). Then we have:

Proposition 5.1 ([2]). Discrete subgroups [Γ,Γ] and Γ ∩ [G, G] are lattices in the Lie group [G, G ] and the subgroup Γ[G, G ] is closed in G.

Set [G, G] = N, G/N = A and n the Lie algebra of N and a the Lie algebra of A. By Proposition 5.1, we have the fiber bundle structure

N/Γ ∩ N → G/Γ → G/Γ N

of the solvmanifold G/Γ with base space torus G/ΓN = A/p(Γ) and fiber nilmanifold N/Γ ∩ N where p: G → G/N is the quotient map.

We consider the filtration

F^p

p+ q^

g^∗ = { ω ∈

p+ q^

g^∗ |ω (X_1 , . . . , X_{p+1} ) = 0 for X_1 , . . . , X_{p+1} ∈ n} .

This filtration gives the filtration of the cochain complex V g^∗ and the filtration of the de Rham complex A^∗(G/Γ). We consider the spectral sequence E^{∗,∗}_∗ (g) of V g^∗ and the spectral sequence E^{∗,∗}_∗ (G/Γ) of A^∗(G/Γ). Then we have the commutative diagram E^{∗,∗}_2 (g) � ∼= � E^{∗,∗}_2 (G/Γ) ∼= � H^∗ (a, H^∗ (n)) �H^∗ (A/p(Γ) , H^∗ (N/Γ ∩ N ))

where H^∗(N/Γ ∩ N) is the local system on the cohomology of fiber induced by the fiber bundle (see [5], [15, Section 7]).

Theorem 5.2. The induced map E^{∗,∗}_2 (g) → E^{∗,∗}_2 (G/Γ) is an isomorphism.

32 H. KASUYA

Proof. We first show that for each r, the induced map E^{∗,∗}_r (g) → E^{∗,∗}_r (G/Γ) is injective. A simply connected solvable Lie group with a lattice is unimodular (see [15, Remark 1.9]). Let dμ be a bi-invariant volume form such that R G/ Γ dμ = 1 .

For α ∈ A^p (G/Γ) , we have a left-invariant form α_{inv} ∈

V_p g^∗ defined by

α_{inv} (X_1 , . . . , X_p ) = Z G/ Γ

α ( X̃_1 , . . . , X̃_p )dμ

for X_1 , . . . , X_p ∈ g where X̃_1 , . . . , X̃_p are vector fields on G/Γ induced by X_1 , . . . X_p. We define the map I : A^∗(M) → V g^∗ by α → α_{inv} . Then this map is a cochain complex map (see [ 8]) such that I ∘ i = id_|V_{g ∗} . The map I is compatible with the

filtration as above. Hence I induces a homomorphism E^{∗,∗}_r (G/Γ) → E^{∗,∗}_r (g). This implies that the induced map E^{∗,∗}_r (g) → E^{∗,∗}_r (G/Γ) is injective.

Consider the A-action on H^∗(n) which is the extension of the a-action on H^∗(n) given by 0 → n → g → a → 0. Since we have H^∗(n) ∼= H^∗(N/Γ ∩ N). The local system H^∗(N/Γ ∩ N) is given by the Γ-action on H^∗(n) which is the restriction of the A-action on H^∗(n). Since Ad(G) and Ad(Γ) have the same Zariski-closure in Aut(g_C), the images of actions A → Aut(H^∗(n)) and p(Γ) → Aut(H^∗(n)) have also the same Zariski-closure in Aut(H^∗(n)). Then by [ 15, Theorem 7.26] we have

H^∗ (a, H^∗ (n)) ∼= H^∗ (A/p(Γ) , H^∗ (N/Γ ∩ N ))

Hence the theorem follows. □

6. Linearizations of solvamanifolds with Mostow conditions

Consider two simply connected solvable Lie groups G_1 and G_2 with lattices Γ_1 and Γ_2. We assume that they satisfy the Mostow condition. Let ϕ : Γ_1 → Γ_2 be a homomorphism. Then we have

ϕ([Γ_1 , Γ_1 ]) ⊂ [Γ_2 , Γ_2 ].

Hence ϕ induces the homomorphism ϕ̄ : Γ_1 /[Γ_1 , Γ_1 ] → Γ_2 /[Γ_2 , Γ_2 ]. We show

Lemma 6.1. ϕ(Γ_1 ∩ [G_1 , G_1 ]) ⊂ Γ_2 ∩ [G_2 , G_2 ].

Proof. Consider the surjection

Γ_1 /[Γ_1 , Γ_1 ] ∋ (g mod [Γ_1 , Γ_1 ]) → (g mod Γ_1 ∩ [G_1 , G_1 ]) ∈ Γ /Γ_1 ∩ [G_1 , G_1 ].

By Proposition 5.1, two nilpotent groups [Γ_1 ,Γ_1] and Γ_1 ∩ [G_1 , G_1] have same rank and hence the kernel of this surjection consists of torsions. This implies that for g ∈ Γ_1 ∩ [G_1 , G_1 ], the element ϕ̄(g mod [Γ_1 , Γ_1 ]) = ϕ(g) mod [Γ_2 , Γ_2 ]

is a torsion. Since the group Γ_2 /Γ_2 ∩ [G_2 , G_2] is a lattice in G_2 /[G_2 , G_2], Γ_2 /Γ_2 ∩ [G_2 , G_2 ] is torsion-free. Hence we have

(ϕ(g) mod Γ_2 ∩ [G_2 , G_2 ]) = (0 mod Γ_2 ∩ [G_2 , G_2 ])

for g ∈ Γ_1 ∩ [G_1 , G_1 ]. Thus the lemma follows. □

LEFSCHETZ COINCIDENCE NUMBERS OF SOLVMANIFOLDS 33

Set N_1 = [G_1 , G_1], N_2 = [G_2 , G_2], A_1 = G_1 /N_1 and A_2 = G_2 /N_2. Let n_1, n_2, a_1 and a_2 be the Lie algebras of N_1, N_2, A_1 and A_2 respectively. Consider the quotient maps p_1 : G_1 → A_1 and p_2 : G_2 → A_2. By Lemma 6.1, we have the commutative diagram 1 �Γ 1 ∩ N1 � ϕ � Γ_1 � ϕ � p_1 (Γ_1 ) � ϕ̄ � 1

1 �Γ 2 ∩ N2 �Γ 2 �p2 (Γ 2 ) �1

Since Γ_1 ∩ N_1, Γ_2 ∩ N_2, p_1(Γ_1) and p_2(Γ_2) are lattices in N_1, N_2, A_1 and A_2 respectively, we can take unique Lie group homomorphisms Φ_1 : N_1 → N_2 and Φ_2 : A_1 → A_2 which are extensions of ϕ : Γ_1 ∩ N_1 → Γ_2 ∩ N_2 and ϕ̄ : p_1(Γ_1) → p_2(Γ_2).

Lemma 6.2. We consider the spectral sequences

E^{∗,∗}_0 (g_1 ) = ^ a^∗_1 ⊗ ^ n^∗_1 ,

E^{∗,∗}_0 (g_2 ) = ^ a^∗_2 ⊗ ^ n^∗_2 and E^{∗,∗}_1 (g_1 ) = ^ a^∗_1 ⊗ H^∗ (n_1 ),

E^{∗,∗}_1 (g_2 ) = ^ a^∗_2 ⊗ H^∗ (n_2 )

Then the linear map

∧ Φ^∗_2 ⊗ ∧ Φ^∗_1 : E^{∗,∗}_0 (g_2 ) = ^ a^∗_2 ⊗ ^ n^∗_2 → ^ a^∗_1 ⊗ ^ n^∗_1 = E^{∗,∗}_0 (g_1 )

is a cochain complex map and induced map

∧ Φ^∗_2 ⊗ H^∗ (∧ Φ^∗_1 ) : E^{∗,∗}_1 (g_2 ) = ^ a^∗_2 ⊗ H^∗ (n_2 ) → ^ a^∗_1 ⊗ H^∗ (n_1 ) = E^{∗,∗}_1 (g_1 )

is a cochain complex map.

Proof. Since Φ_1 is a homomorphism of Lie group, the linear map

∧ Φ^∗_2 ⊗ ∧ Φ^∗_1 : E^{∗,∗}_0 (g_2 ) = ^ a^∗_2 ⊗ ^ n^∗_2 → ^ a^∗_1 ⊗ ^ n^∗_1 = E^{∗,∗}_0 (g_1 )

is cochain complex map. We consider the induced map

∧ Φ^∗_2 ⊗ H^∗ (∧ Φ^∗_1 ): E^{∗,∗}_1 (g_2 ) = ^ a^∗_2 ⊗ H^∗ (n_2 ) → ^ a^∗_1 ⊗ H^∗ (n_1 ) = E^{∗,∗}_1 (g_1 ).

We show that this map is a cochain complex homomophism.

We consider the group cohomologies H^∗(Γ_1 ∩ N_1 , R) and H^∗(Γ_2 ∩ N_2 , R) and the induced map H^∗(ϕ): H^∗(Γ_2 ∩ N_2 , R) → H^∗(Γ_1 ∩ N_1 , R) of ϕ : Γ_1 ∩ N_1 → Γ_2 ∩ N_2. By the commutative diagram

1 �Γ 1 ∩ N1 � ϕ � Γ_1 � ϕ � p_1 (Γ_1 ) � ϕ̄ � 1

1 �Γ 2 ∩ N2 �Γ 2 �p2 (Γ 2 ) �1 ,

34 H. KASUYA

for the p_1(Γ_1)-action δ_1 : p_1(Γ_1) → Aut(H^∗(Γ_1 ∩ N_1 , R)) and the p_2(Γ_2)-action δ_2 : p_2 (Γ_2 ) → Aut( H^∗ (Γ_2 ∩ N_2 , R)), we have

H^∗ (ϕ) ∘ δ_2 (ϕ̄(g)) = δ_1 (g) ∘ H^∗ (ϕ) .

By the isomorphisms,

H^∗ (Γ_1 ∩ N_1 , R) ∼= H^∗ (N_1 /Γ_1 ∩ N_1 , R) ∼= H^∗ (n_1 ) and H^∗ (Γ_2 ∩ N_2 , R) ∼= H^∗ (N_2 /Γ_2 ∩ N_2 , R) ∼= H^∗ (n_2 ) ,

we have H^∗(ϕ) = H^∗(Φ_1). Consider the A_1-action Δ_1 : A → Aut(H^∗(n_1)) induced by the extension 1 → N_1 → G_1 → A_1 → 1 and A_2-action Δ_2 : A → Aut(H^∗(n_2)) induced by the extension 1 → N_2 → G_2 → A_2 → 1. By H^∗(ϕ) = H^∗(Φ_1) and H^∗ (ϕ) ∘ δ_2 (ϕ̄(g)) = δ_1 (g) ∘ H^∗ (ϕ), we have

H^∗ (Φ_1 ) ∘ Δ_2 (Φ_2 (v)) = Δ_1 (v) ∘ H^∗ (Φ_1 )

for all v ∈ p(Γ_1) ⊂ A_1. By the Mostow condition, Δ_1(A_1) × Δ_2(Φ_2(A_2)) and Δ_1(p_1(Γ_1)) × Δ_2(Φ_2(p_2(Γ_2))) have the same Zariski-closure in Aut(H^∗(n_1)) × Aut( H^∗ (n_2 )). By this we have

H^∗ (Φ_1 ) ∘ Δ_2 (Φ_2 (v)) = Δ_1 (v) ∘ H^∗ (Φ_1 )

for all v ∈ A_1 .

Consider the Lie algebra homomorphism Φ_{2∗} : a_1 → a_2 and the a_1-action Δ_{1∗} : a_1 → End( H^∗ (n_1 )) and a_2 -action Δ_{2∗} : a_{2∗} → End( H^∗ (n_2 )). Then we have

H^∗ (Φ_1 ) ∘ Δ_{2∗} (Φ_{2∗} (V)) = Δ_{1∗} (V) ∘ H^∗ (Φ_1 )

for all V ∈ a_1 . This implies that the map

∧ Φ^∗_2 ⊗ H^∗ (∧ Φ^∗_1 ) : E^{∗,∗}_1 (g_2 ) = ^ a^∗_2 ⊗ H^∗ (n_2 ) → ^ a^∗_1 ⊗ H^∗ (n_1 ) = E^{∗,∗}_1 (g_1 ) .

is a cochain complex homomophism, since the differentials of the cochain complexes E^{∗,∗}_1 (g_1) = V a^∗_1 ⊗ H^∗(n_1) and E^{∗,∗}_1 (g_2) = V a^∗_2 ⊗ H^∗(n_2) are twisted by the a_1-action Δ_{1∗} : a_1 → End(H^∗(n_1)) and the a_2-action Δ_{2∗} : a_{2∗} → End(H^∗(n_2)) respectively. □ Let f : G_1 /Γ_1 → G_2 /Γ_2 be a continuous map. We consider the induced map f_∗ : π_1(G_1 /Γ_1) ∼= Γ_1 → Γ_2 ∼= G_2 /Γ_2. We write ϕ = f_∗. In this case, the pair Φ_1, Φ_2 constructed as above is called the linearlization of f . Consider the spectral sequences E^{∗,∗}_r (G_1 /Γ_1) and E^{∗,∗}_r (G_2 /Γ_2) as Section 5. Then for r ≥ 2, E^{∗,∗}_r (G_1 /Γ_1) and E^{∗,∗}_r (G_2 /Γ_2) are identified with the Leray-Serre spectral sequences. By commutative diagram

1 �Γ 1 ∩ N1 � ϕ � Γ_1 � ϕ � p_1 (Γ_1 ) � ϕ̄ � 1

1 �Γ 2 ∩ N2 �Γ 2 �p2 (Γ 2 ) �1 ,

LEFSCHETZ COINCIDENCE NUMBERS OF SOLVMANIFOLDS 35

Any continous map from G_1 /Γ_1 to G_2 /Γ_2 is homotopic to a continous map f : G_1 /Γ_1 → G_2 /Γ_2 which is a fiber-preserving map as

1 �N1 /Γ 1 ∩ N1 � f � G_1 /Γ_1 � f � A_1 /p_1 (Γ_1 ) � f̄ � 1

1 �N2 /Γ 2 ∩ N2 �G2 /Γ 2 �A2 /p2 (Γ 2 ) �1.

Consider the induced map E^{∗,∗}_r (f ): E^{∗,∗}_r (G_1 /Γ_1 ) → E^{∗,∗}_r (G_2 /Γ_2 ). Then E^{∗,∗}_2 (f ) : H^∗ (A_2 /p(Γ_2 ), H^∗ (N_2 /Γ_2 ∩ N_2 )) → H^∗ (A_1 /p(Γ_1 ), H^∗ (N_1 /Γ_1 ∩ N_1 )) is induced by the fiber map f : N_1 /Γ_1 ∩ N_1 → N_2 /Γ_2 ∩ N_2 and the base space map f̄ : A_1 /p(Γ_1) → A_2 /p(Γ_2) (see [9]). Consider the linearlization Φ_1, Φ_2 of f and induced maps Φ_1 : N_1 /Γ_1 ∩ N_1 → N_2 /Γ_2 ∩ N_2 and Φ_2 : A_1 /p(Γ_1) → A_2 /p(Γ_2). Then the fiber map f : N_1 /Γ_1 ∩ N_1 → N_2 /Γ_2 ∩ N_2 and the base space map f̄ : A_1 /p(Γ_1) → A_2 /p(Γ_2) are homotopic to Φ_1 : N_1 /Γ_1 ∩ N_1 → N_2 /Γ_2 ∩ N_2 and Φ_2 : A_1 /p(Γ_1 ) → A_2 /p(Γ_2 ) respectively. By Theorem 5.2, we have H^∗ (a_1 , H^∗ (n_1 )) ∼= H^∗ (A_1 /p(Γ_1 ), H^∗ (N_1 /Γ_1 ∩ N_1 )) and H^∗ (a_2 , H^∗ (n_2 )) ∼= H^∗ (A_2 /p(Γ_2 ), H^∗ (N_2 /Γ_2 ∩ N_2 )) .

By these isomorphisms, E^{∗,∗}_2 (f ) is induced by ∧ Φ^∗_1 : V n^∗_2 → V n^∗_1 and ∧ Φ^∗_2 : V a^∗_2 → V a^∗_1 . Hence by Lemma 6.2 we have:

Lemma 6.3. The map E_2 (f ): E^{∗,∗}_2 (G_2 /Γ_2 ) → E^{∗,∗}_2 (G_1 /Γ_1 ) is identified with the map H^∗ (∧ Φ^∗_2 ) ⊗ H^∗ (∧ Φ^∗_1 ): E^{∗,∗}_2 (g_2 ) = H^∗ (a_1 , H^∗ (n_2 )) → H^∗ (a_1 , H^∗ (n_1 )) = E^{∗,∗}_2 (g_1 ) induced by the cochain complex map

∧ Φ^∗_2 ⊗ H^∗ (∧ Φ^∗_1 ): E^{∗,∗}_1 (g_2 ) = ^ a^∗_2 ⊗ H^∗ (n_2 ) → ^ a^∗_1 ⊗ H^∗ (n_1 ) = E^{∗,∗}_1 (g_1 )

as in Lemma 6.2.

7. Lefschetz coincidence numbers of Mostow solvamanifolds Theorem 7.1. Let G_1 and G_2 be simply connected solvable Lie groups of the same dimension with lattices Γ_1 and Γ_2. We assume they satisfy the Mostow condition. Let f , g : G_1 /Γ_1 → G_2 /Γ_2 be continuous maps. Take linearizations Φ_1, Φ_2 of f and Ψ_1, Ψ_2 of g as Section 6. Take representation matrices A_1, A_2, B_1 and B_2 of Φ_{1∗}, Φ_{2∗}, Ψ_{1∗} and Ψ_{2∗} associated with basis of Lie algebras. Let A = A_1 ⊕ A_2 and B = B_1 ⊕ B_2 . Then we have L(f, g ) = det( A − B ) .

36 H. KASUYA

Proof. By Lemma 2.7, we have L(f, g ) = L � Tot^∗ E^{∗,∗}_2 (f ), Tot^∗ E^{∗,∗}_2 (g) � . By Lemma 6.3 and the Hopf lemma, we have L � Tot^∗ E^{∗,∗}_2 (f ), Tot^∗ E^{∗,∗}_2 (g) � = L � ∧ Φ^∗_2 ⊗ ∧ Φ^∗_1 , ∧ Ψ^∗_2 ⊗ ∧ Ψ^∗_1 � . Take bases { X^1_1 , . . . , X^1_n }, { Y^1_1 , . . . , Y^1_m }, { X^2_1 , . . . , X^2_n ′ } and { Y^2_1 , . . . , Y^2_m ′ } of n_1, a_1, n_2 and a_2 which give representation matrices A_1, A_2, B_1 and B_2 of Φ_{1∗}, Φ_{2∗}, Ψ_{1∗} and Ψ_{2∗} respectively. Consider the dual bases { x^1 , . . . , x^1_n }, { y^1 , . . . , y^1_m }, { x^2_1 , . . . , x^2_n ′ } and { y^2_1 , . . . , y^2_m ′ } of these bases respectively Then we have ^ a^∗_1 ⊗ ^ n^∗_1 = ^ ⟨x^1 , . . . , x^1_n , y^1 , . . . , y^1_m ⟩, ^ a^∗_2 ⊗ ^ n^∗_2 = ^ ⟨x^2_1 , . . . , x^2_n , y^2_1 , . . . , y^2_m ⟩ and the maps ∧Φ^∗_2 ⊗ ∧ Φ^∗_1 and ∧Ψ^∗_2 ⊗ ∧ Ψ^∗_1 are represented by ∧ A^∗ and ∧ B^∗ respectively. Hence we have L(f, g ) = L(∧ Φ^∗_2 ⊗ ∧ Φ^∗_1 , ∧ Ψ^∗_2 ⊗ ∧ Ψ^∗_1 ) = L(∧ A^∗ , ∧ B^∗ ).

By Theorem 3.1, we have L(∧ A^∗ , ∧ B^∗ ) = det( A^∗ − B^∗ ) = det( A − B ) .

Hence the theorem follows. □

References

[1] Auslander, L., An exposition of the structure of solvmanifolds. I. Algebraic theory , Bull.

Amer. Math. Soc. 79 (1973), no. 2, 227–261. [2] Baues, O., Klopsch, B., Deformations and rigidity of lattices in solvable Lie groups , J. Topol.

(online published). [3] Console, S., Fino, A., On the de Rham cohomology of solvmanifolds , Ann. Scuola Norm. Sup.

Pisa Cl. Sci. (5) 10 (2011), no. 4, 801–811. [4] Ha, K.Y., Lee, J.B., Penninckx, P., Anosov theorem for coincidences on special solvmanifolds of type (R) , Proc. Amer. Math. Soc. 139 (2011), no. 6, 2239–2248.

[5] Hattori, A., Spectral sequence in the de Rham cohomology of fibre bundles , J. Fac. Sci. Univ.

Tokyo Sect. I 8 (1960), 289–331. [6] Jezierski, J., Marzantowicz, W., Homotopy methods in topological fixed and periodic points theory , Topol. Fixed Point Theory Appl., vol. 3, Springer, Dordrecht, 2006.

[7] Kasuya, H., The Frolicher spectral sequences of certain solvmanifolds , J. Geom. Anal. (2013), Online First. DOI: 10.1007/s12220-013-9429-2 [8] Kasuya, H., Vaisman metrics on solvmanifolds and Oeljeklaus-Toma manifolds , Bull. Lond.

Math. Soc. 45 (2013), no. 1, 15–26. [9] McCleary, J., A user’s guide to spectral sequences , second ed., Cambridge Studies in Advanced Mathematics, Cambridge, 2001.

[10] McCord, C. K., Lefschetz and Nielsen coincidence numbers on nilmanifolds and solvmanifolds , Topology Appl. 75 (1997), no. 1, 81–92.

[11] McCord, C.K., Nielsen numbers and Lefschetz numbers on solvmanifolds , Pacific J. Math.

147 (1991), no. 1, 153–164.

LEFSCHETZ COINCIDENCE NUMBERS OF SOLVMANIFOLDS 37

[12] Mostow, G.D., Cohomology of topological groups and solvmanifolds , Ann. of Math. (2) 73 (1961), 20–48.

[13] Nomizu, K., On the cohomology of compact homogeneous spaces of nilpotent Lie groups , Ann. of Math. (2) 59 (1954), 531–538.

[14] Onishchik, A.L., Vinberg, E.B. (eds.), Lie groups and Lie algebras II , Springer, 2000. [15] Raghnathan, M.S., Discrete subgroups of Lie Groups , Springer-Verlag, New York, 1972. [16] Steenrod, N., The Topology of Fibre Bundles , Princeton University Press, 1951. [17] Witte, D., Superrigidity of lattices in solvable Lie groups , Invent. Math. 122 (1995), no. 1, 147–193.

[18] Wong, P., Reidemeister number, Hirsch rank, coincidences on polycyclic groups and solvmanifolds , J. Reine Angew. Math. 524 (2000), 185–204.

Department of Mathematics, Tokyo Institute of Technology, 2-12-1 Ookayama, Meguro, Tokyo 152-8551, Japan E-mail : kasuya@math.titech.ac.jp