ARCHIVUM MATHEMATICUM (BRNO) Tomus 51 (2015), 129–141

HARDY-ROGERS-TYPE FIXED POINT THEOREMS

FOR α -GF -CONTRACTIONS

Muhammad Arshad, Eskandar Ameer, and Aftab Hussain

Abstract. The aim of this paper is to introduce some new fixed point results of Hardy-Rogers-type for α-η-GF -contraction in a complete metric space. We extend the concept of F -contraction into an α-η-GF -contraction of Hardy-Rogers-type. An example has been constructed to demonstrate the novelty of our results.

1. Introduction

The Banach contraction principle [ 3] is one of the earliest and most important resluts in fixed point theory. Because of its importance and simplicity, a lot of authors have improved generalized and extended the Banach contraction principle in the literature (see [1–24]) and the references therein.

In [21] Samet et al. introduced a concept of α-ψ -contractive type mappings and established various fixed point theorems for mappings in complete metric spaces. Afterwards Karapınar et al. [ 16], refined the notion and obtained various fixed point results. Hussain et al. [ 11], extended the concept of α-admissible mappings and obtained useful fixed point theorems. Subsequently, Abdeljawad [ 1] introduced pairs of α-admissible mappings satisfying new sufficient contractive conditions different from those in [ 11, 21], and proved fixed point and common fixed point theorems. Lately, Salimi et al. [ 20], modified the concept of α-ψ - contractive mappings and established fixed point results. Throughout the article we denote by R the set of all real numbers, by R^+ the set af all positive real numbers and by N the set of all positive integers.

Definition 1 ([21]). Let T : X → X and α : X × X → [0,+ ∞ ). We say that T is α -admissible if x, y ∈ X , α (x, y) ≥ 1 implies that α (T x, T y) ≥ 1.

Definition 2 ([20]). Let T : X → X and α, η : X × X → [0,+ ∞ ) two functions. We say that T is α-admissible mapping with respect to η if x, y ∈ X, α(x, y) ≥ η(x, y) implies that α (T x, T y) ≥ η(T x, T y).

2010 Mathematics Subject Classification : primary 46S40; secondary 47H10, 54H25. Key words and phrases : metric space, fixed point, F -contraction, α-η-GF -contraction of Hardy-Rogers-type.

Received March 13, 2015. Editor A. Pultr. DOI: 10.5817/AM2015-3-129

130 M. ARSHAD, E. AMEER AND A. HUSSAIN

If η(x, y) = 1 , then above definition reduces to Definition 1. If α(x, y) = 1 , then T is called an η-subadmissible mapping. Definition 3 ([13]). Let (X, d) be a metric space. Let T : X → X and α, η : X × X → [0,+ ∞ ) be two functions. We say that T is α-η-continuous mapping on (X, d) if for given x ∈ X , and sequence { x_n } with x_n → x as n → ∞ , α (x_n , x_{n +1} ) ≥ η(x_n , x_{n +1} ) for all n ∈ N ⇒ T x_n → T x .

In [6] Edelstein proved the following version of the Banach contraction principle. Theorem 4 ([6]). Let (X, d) be a metric space and T : X → X be a self mapping. Assume that

d(T x, T y) < d (x, y) , holds for all x, y ∈ X with x ≠ y . Then T has a unique fixed point in X .

In [24] Wardowski introduced a new type of contractions called F -contractions and proved fixed point theorems concerning F -contractions as a generalization of the Banach contraction principle as follows. Definition 5 ([24]). Let (X, d) be a metric space. A mapping T : X → X is said to be an F -contraction if there exists τ > 0 such that (1.1) ∀x, y ∈ X , d (T x, T y) > 0 ⇒ τ + F � d(T x, T y) � ≤ F � d(x, y) � , where F : R_+ → R is a mapping satisfying the following conditions:

(F1) F is strictly increasing, i.e. for all x, y ∈ R_+ such that x < y , F (x) < F (y); (F2) For each sequence { α_n }^∞_{n =1} of positive numbers, lim

n →∞

α_n = 0 if and only if lim n →∞

F (α_n ) = −∞ ;

(F3) There exists k ∈ (0, 1) such that lim α → 0^+ α^k F (α ) = 0 . We denote by � , the set of all functions satisfying the conditions (F1)–(F3).

Example 6 ([24]). Let F : R_+ → R be given by the formula F (α) = ln α. It is clear that F satisfied (F1)–(F2)–(F3) for any k ∈ (0,1). Each mapping T : X → X satisfying (1.1) is an F -contraction such that d(T x, T y) ≤ e^{− τ} d(x, y) , for all x, y ∈ X , T x ≠ T y .

It is clear that for x, y ∈ X such that T x = T y the inequality d(T x, T y) ≤ e^{− τ} d(x, y), also holds, i.e. T is a Banach contraction. Example 7 ([24]). If F (r) = ln r + r, r > 0 then F satisfies (F1)–(F3) and the condition (1.1) is of the form

d(T x, T y) d(x, y)

≤ e^{d(T x,T y )− d(x,y )} ≤ e^{− τ} , for all x, y ∈ X , T x ≠ T y .

HARDY-ROGERS-TYPE FIXED POINT THEOREMS FOR α -GF -CONTRACTIONS 131

Remark 8. From (F1) and (1.1) it is easy to conclude that every F -contraction is necessarily continuous.

Theorem 9 ([24]). Let (X, d) be a complete metric space and let T : X → X be an F -contraction. Then T has a unique fixed point x^∗ ∈ X and for every x ∈ X the sequence { T^n x}_{n ∈ N} converges to x^∗ .

In [5] Cosentino et al. presented some fixed point results for F -contraction of Hardy-Rogers-type for self-mappings on complete metric spaces.

Definition 10 ([5]). Let (X, d ) be a metric space. a mapping T : X −→ X is called an F -contraction of Hardy-Rogers-type if there exists F ∈ � and τ > 0 such that

τ + F � d(T x, T y) � ≤ F � κd (x, y) + βd (x, T x) + γd (y, T y) + δd (x, T y) + Ld(y, T x) � , for all x, y ∈ X with d (T x, T y) > 0, where κ, β, γ, δ, L ≥ 0, κ + β + γ + 2 δ = 1 and γ ≠ 1 .

Theorem 11 ([5]). Let (X, d ) be a complete metric space and let T : X −→ X. Assume there exists F ∈ � and τ > 0 such that T is an F -contraction of Hardy-Rogers-type, that is

τ + F � d(T x, T y) � ≤ F � κd (x, y) + βd (x, T x) + γd (y, T y) + δd (x, T y) + Ld(y, T x) � , for all x, y ∈ X with d (T x, T y) > 0, where κ, β, γ, δ, L ≥ 0, κ + β + γ + 2 δ = 1 and γ ≠ 1 . Then T has a fixed point. Moreover, if κ + δ + L ≤ 1, then the fixed point of T is unique.

Hussain et al. [11] introduced a family of functions as follows. Let Δ_G denotes the set of all functions G : R^{+4} → R^+ satisfying: (G) for all t_1, t_2, t_3, t_4 ∈ R^+ with t_1 t_2 t_3 t_4 = 0 there exists τ > 0 such that G(t_1 , t_2 , t_3 , t_4 ) = τ.

Example 12 ([14]). If G(t_1 , t_2 , t_3 , t_4) = τe^{v min { t 1 ,t 2 ,t 3 ,t 4 }} where v ∈ R^+ and τ > 0, then G ∈ Δ_G .

Definition 13 ([14]). Let (X, d) be a metric space and T be a self mapping on X. Also suppose that α, η : X × X → [0,+ ∞ ) be two functions. We say that T is α-η-GF -contraction if for x, y ∈ X, with η(x, T x) ≤ α(x, y) and d(T x, T y) > 0 we have G � d(x, T x), d(y, T y), d(x, T y), d(y, T x) � + F � d(T x, T y) � ≤ F � d(x, y) � , where G ∈ Δ_G and F ∈ Δ_F .

On the other hand Secelean [ 22] proved the following lemma and replaced condition (F2 by an equivalent but a more simple condition (F 2^′).

132 M. ARSHAD, E. AMEER AND A. HUSSAIN

Lemma 14 ([22]). Let F : R^+ −→ R be an increasing map and { α_n }^∞_{n =1} be a sequence of positive real numbers. Then the following assertions hold:

(a) if lim

n →∞ F (α

n ) = −∞ then lim

n →∞ α

n = 0 ; (b) if inf F = −∞ and lim

n →∞

α_n = 0 , then lim

n →∞

F (α_n ) = −∞ .

He replaced the following condition. (F 2^′) inf F = −∞ or, also, by (F2^{′′}) there exists a sequence { α_n }^∞_{n =1} of positive real numbers such that lim n →∞ F (α

n ) = −∞ . Recently Piri [ 19] replaced the following condition (F 3^′) instead of the condition (F3) in Definition 5.

(F 3^′) F is continuous on (0, ∞ ). We denote by Δ_F the set of all functions satisfying the conditions (F1), (F 2^′) and (F 3^′).

For p ≥ 1, F (α) = −^1_{α P} satisfies in (F1) and (F2) but it does not apply in (F3) while satisfy conditions (F1), (F2) and (F 3^′). Also, a > 1, t ∈ � 0,^1_a � , F (α ) =^{− 1}_{(α +[ α ])} t , where [α ] denotes the integral part of α, satisfies the condition (F1) and (F2) but it does not satisfy (F 3^′) , while it satisfies the condition (F3) for any k ∈

�_1 a , 1 � . Therefore � ∩ Δ_F = ∅ .

Theorem 15 ([19]). Let T be a self-mapping of a complete metric space X into itself. Suppose F ∈ Δ_F and there exists τ > 0 such that

∀x, y ∈ X, d (T x, T y) > 0 ⇒ τ + F (d(T x, T y)) ≤ F (d(x, y)) .

Then T has a unique fixed point x^∗ ∈ X and for every x ∈ X the sequence { T^n x}^∞_{n =1} converges to x^∗ .

Definition 16. Let (X, d) be a metric space and T be a self mapping on X. Also suppose that α, η : X × X → [0,+ ∞ ) be two functions. We say that T is an α-η-GF -contraction of Hardy-Rogers-type if for x, y ∈ X, with η(x, T x) ≤ α(x, y) and d(T x, T y) > 0 we have

(1.2) G � d(x, T x), d(y, T y), d(x, T y), d(y, T x) � + F � d(T x, T y) � ≤ F � κd (x, y) + βd(x, T x) + γd (y, T y) + δd (x, T y) + Ld(y, T x) � , where G ∈ Δ_G , F ∈ Δ_F , κ, β, γ, δ, L ≥ 0, κ + β + γ + 2 δ = 1 and γ ≠ 1 .

2. Main result

In this paper, we establish new some fixed point theorems for α-η-GF -contraction of Hardy-Rogers-type in a complete metric space.

Theorem 17. Let (X, d) be a complete metric space. Let T be a self mapping satisfying the following assertions:

(i) T is an α -admissible mapping with respect to η; (ii) T is an α -η-GF -contraction of Hardy-Rogers-type;

HARDY-ROGERS-TYPE FIXED POINT THEOREMS FOR α -GF -CONTRACTIONS 133

(iii) there exists x_0 ∈ X such that α (x_0 , T x_0 ) ≥ η(x_0 , T x_0 ); (iv) T is α -η-continuous. Then T has a fixed point in X. Moreover, T has a unique fixed point when α (x, y) ≥ η(x, x ) for all x, y ∈ Fix( T) and κ + δ + L ≤ 1.

Proof. Let x_0 in X, such that α(x_0 , T x_0) ≥ η(x_0 , T x_0). For x_0 ∈ X, we construct a sequence { x_n }^∞_{n =1} such that x_1 = T x_0, x_2 = T x_1 = T^2 x_0. Continuing this process, x_{n +1} = T x_n = T^{n +1} x_0, for all n ∈ N. Now since, T is an α-admissible mapping with respect to η then α(x_0 , x_1) = α(x_0 , T x_0) ≥ η(x_0 , T x_0) = η(x_0 , x_1). By continuing in this process, we have

(2.1) η(x_{n − 1} , T x_{n − 1} ) = η(x_{n − 1} , x_n ) ≤ α (x_{n − 1} , x_n ) , for all n ∈ N .

If there exists n ∈ N such that d(x_n , T x_n ) = 0 , there is nothing to prove. So, we assume that x_n ≠ x_{n +1} with

(2.2) d(T x_{n − 1} , T x_n ) = d(x_n , T x_n ) > 0 , ∀n ∈ N .

Since, T is an α -η-GF -contraction of Hardy-Rogers-type, for any n ∈ N, we have G � d(x_{n − 1} , T x_{n − 1} ), d(x_n , T x_n ), d(x_{n − 1} , T x_n ), d(x_n , T x_{n − 1} ) �

+ F � d(T x_{n − 1} , T x_n ) � ≤ F � κd (x_{n − 1} , x_n ) + βd (x_{n − 1} , T x_{n − 1} ) + γd (x_n , T x_n ) + δd (x_{n − 1} , T x_n ) + Ld (x_n , T x_{n − 1} ) �

which implies

G(d(x_{n − 1} , x_n ), d(x_n , x_{n +1} ), d(x_{n − 1} , x_{n +1} ), 0) + F (d(T x_{n − 1} , T x_n )) ≤ F � κd (x_{n − 1} , x_n ) + βd (x_{n − 1} , T x_{n − 1} ) + γd (x_n , T x_n ) + δd (x_{n − 1} , T x_n ) + Ld(x_n , T x_{n − 1} � . (2.3)

Now since, d(x_{n − 1} , x_n ) ·d(x_n , x_{n +1} ) ·d(x_{n − 1} , x_{n +1} ) ·0 = 0 , so from (G) there exists τ > 0 such that, G � d(x_{n − 1} , x_n ), d(x_n , x_{n +1} ), d(x_{n − 1} , x_{n +1} ), 0 � = τ .

Therefore F � d(x_n , x_{n +1} ) � = F (d (T x_{n − 1} , T x_n )) ≤ F � κd (x_{n − 1} , x_n ) + βd (x_{n − 1} , T x_{n − 1} ) + γd (x_n , T x_n ) + δd (x_{n − 1} , T x_n ) + Ld (x_n , T x_{n − 1} ) � − τ

= F � κd (x_{n − 1} , x_n ) + βd (x_{n − 1} , x_n ) + γd (x_n , x_{n +1} ) + δd (x_{n − 1} , x_{n +1} ) + Ld (x_n , x_n ) � − τ

≤ F � κd (x_{n − 1} , x_n ) + βd (x_{n − 1} , x_n ) + γd (x_n , x_{n +1} ) + δd (x_{n − 1} , x_n ) + δd (x_n , x_{n +1} ) � − τ = F ((κ + β + δ) d (x_{n − 1} , x_n ) + ( γ + δ) d (x_n , x_{n +1} )) − τ

134 M. ARSHAD, E. AMEER AND A. HUSSAIN

Since F is strictly increasing, we deduce

d (x_n , x_{n +1} ) < (κ + β + δ) d (x_{n − 1} , x_n ) + ( γ + δ) d (x_n , x_{n +1} ) . This implies

(1 − γ − δ) d (x_n , x_{n +1} ) < (κ + β + δ) d (x_{n − 1} , x_n ) for all n ∈ N . From κ + β + γ + 2 δ = 1 and γ ≠ 1 , we deduce that 1 − γ − δ > 0 and so

d (x_n , x_{n +1} ) <

(κ + β + δ) (1 − γ − δ) d (x_{n − 1} , x_n ) = d (x_{n − 1} , x_n ) for all n ∈ N .

Consequently (2.4) F � d(x_n , x_{n +1} ) � ≤ F � d(x_{n − 1} , x_n ) � − τ .

Continuing this process, we get F � d(x_n , x_{n +1} ) � ≤ F � d(x_{n − 1} , x_n ) � − τ = F � d(T x_{n − 2} , T x_{n − 1} ) � − τ ≤ F � d(x_{n − 2} , x_{n − 1} ) � − 2τ = F � d(T x_{n − 3} , T x_{n − 2} ) � − 2τ ≤ F � d(x_{n − 3} , x_{n − 2} ) � − 3τ . . ≤ F � d(x_0 , x_1 ) � − nτ .

This implies that (2.5) F � d(x_n , x_{n +1} ) � ≤ F � d(x_0 , x_1 ) � − nτ .

And so lim

n →∞ F (d (T x n − 1 , T xn )) = −∞ , which together with (F 2

′) and Lemma 14 gives that (2.6) lim

n →∞

d(x_n , T x_n ) = 0 .

Now, we claim that { x_n }^∞_{n =1} is a cauchy sequence. Arguing by contradiction, we have that there exists ϵ > 0 and sequence { p(n)}^∞_{n =1} and { q(n)}^∞_{n =1} of natural numbers such that (2.7) p(n) > q (n) > n , d (x_{p(n )} , x_{q(n )} ) ≥ ϵ , d(x_{p(n )− 1} , x_{q(n )} ) < ϵ ∀n ∈ N . So, we have ϵ ≤ d(x_{p(n )} , x_{q(n )} ) ≤ d(x_{p(n )} , x_{p(n )− 1} ) + d(x_{p(n )− 1} , x_{q(n )} )

≤ d(x_{p(n )} , x_{p(n )− 1} ) + ϵ = d(x_{p(n )− 1} , T x_{p(n )− 1} ) + ϵ .

(2.8) Letting n −→ ∞ in (2.8) and using (2.6), we obtain (2.9) lim

n −→∞ d(xp(n ) , xq(n ) ) = ϵ .

HARDY-ROGERS-TYPE FIXED POINT THEOREMS FOR α -GF -CONTRACTIONS 135

Also, from (2.6) there exists a natural number n_1 ∈ N such that

(2.10) d(x_{p(n )} , T x_{p(n )} ) < ϵ 4 and d(x_{q(n )} , T x_{q(n )} ) < ϵ 4 , ∀ n ≥ n_1 .

Next, we claim that

(2.11) d(T x_{p(n )} , T x_{q(n )} ) = d(x_{p(n )+1} , x_{q(n )+1} ) > 0 ∀ n ≥ n_1 .

Arguing by contradiction, there exists m ≥ n_1 such that

(2.12) d(x_{p(m )+1} , x_{q(m )+1} ) = 0 .

It follows from (2.7), (2.10) and (2.12) that

ϵ ≤ d(x_{p(m )} , x_{q(m )} ) ≤ d(x_{p(m )} , x_{p(m )+1} ) + d(x_{p(m )+1} , x_{q(m )} )

≤ d(x_{p(m )} , x_{p(m )+1} ) + d(x_{p(m )+1} , x_{q(m )+1} ) + d(x_{q(m )+1} , x_{q(m )} )

= d(x_{p(m )} , T x_{p(m )} ) + d(x_{p(m )+1} , x_{q(m )+1} ) + d(x_{q(m )} , T x_{q(m )} ) < ϵ 4 + 0 + ϵ 4 . This contradiction establishes the relation (2.11) it follows from (2.11) and (1.2)

that G � d � x_{p(n )} , T x_{p(n )} � , d � x_{q(n )} , T x_{q(n )} � , d � x_{p(n )} , T x_{q(n )} � , d � x_{q(n )} , T x_{p(n )} � � + F � d � T x_{P (n )} , T x_{q(n )} � �

≤ F � κd � x_{p(n )} , x_{q(n )} � + βd � x_{p(n )} , T x_{p(n )} � + γd � x_{q(n )} , T x_{q(n )} � + δd � x_{p(n )} , T x_{q(n )} � + Ld � x_{q(n )} , T x_{p(n )} � � ∀ n ≥ n_1 ,

which implies, G � d � x_{p(n )} , x_{p(n )+1} � , d � x_{q(n )} , x_{q(n )+1} � , d � x_{p(n )} , x_{q(n )+1} � , d � x_{q(n )} , x_{p(n )+1} � � + F � d � x_{P (n )+1} , x_{q(n )+1} � �

≤ F � κd � x_{p(n )} , x_{q(n )} � + βd � x_{p(n )} , x_{p(n )+1} � + γd � x_{q(n )} , x_{q(n )+1} � + δd � x_{p(n )} , x_{q(n )+1} � + Ld � x_{q(n )} , x_{p(n )+1} � � . Now since, 0 ·d � x_{q(n )} , T x_{q(n )} � ·d � x_{p(n )} , T x_{q(n )} � ·d � x_{q(n )} , T x_{p(n )} � = 0 , so from

(G) there exists τ > 0 such that, G � 0, d � x_{q(n )} , T x_{q(n )} � , d � x_{p(n )} , T x_{q(n )} � , d � x_{q(n )} , T x_{p(n )} � � = τ .

Therefore,

(2.13) τ + F � d � T x_{P (n )} , T x_{q(n )} � � ≤ F � κd � x_{p(n )} , x_{q(n )} � + βd � x_{p(n )} , T x_{p(n )} � + γd � x_{q(n )} , T x_{q(n )} � + δd � x_{p(n )} , T x_{q(n )} � + Ld � x_{q(n )} , T x_{p(n )} � �

So from (F 3^′), (2.6), (2.9) and (2.13), we have

τ + F (ϵ) ≤ F ((κ + δ + L) ϵ) = F (ϵ) .

This contradiction show that { x_n }^∞_{n =1} is a Cauchy sequence. By completeness of

(X, d ), { x_n }^∞_{n =1} converges to some point x in X. Since T is an α-η-continuous and

η(x_{n − 1} , x_n ) ≤ α(x_{n − 1} , x_n ), for all n ∈ N, then x_{n +1} = T x_n → T x as n → ∞ . That

136 M. ARSHAD, E. AMEER AND A. HUSSAIN

is, x = T x. Hence x is a fixed point of T. Let x, y ∈ Fix ( T) where x ≠ y, then from G � d(x, T x), d(y, T y), d(x, T y), d(y, T x) � + F � d(T x, T y) � ≤ F � κd (x, y) + βd (x, T x) + γd (y, T y) + δd (x, T y) + Ld(y, T x) � = F � (κ + δ + L) d (x, y) � . Which is a contradiction, if κ + δ + L ≤ 1 and hence x = y. □ Theorem 18. Let (X, d) be a complete metric space. Let T be a self mapping satisfying the following assertions:

(i) T is an α -admissible mapping with respect to η; (ii) T is an α -η-GF -contraction of Hardy-Rogers-type; (iii) there exists x_0 ∈ X such that α (x_0 , T x_0 ) ≥ η(x_0 , T x_0 ); (iv) if { x_n } is a sequence in X such that α(x_n , x_{n +1} ) ≥ η(x_n , x_{n +1} ) with x_n → x as n → ∞ then either

α (T x_n , x) ≥ η(T x_n , T^2 x_n ) or α (T^2 x_n , x) ≥ η(T^2 x_n , T^3 x_n ) holds for all n ∈ N.

Then T has a fixed point in X. Moreover, T has a unique fixed point when α (x, y) ≥ η(x, x ) for all x, y ∈ Fix( T) and κ + δ + L ≤ 1. Proof. As similar lines of the Theorem 17, we can conclude that α (x_n , x_{n +1} ) ≥ η(x_n , x_{n +1} ) and x_n → x as n → ∞ .

Since, by (iv), either

α (T x_n , x) ≥ η(T x_n , T^2 x_n ) or α (T^2 x_n , x) ≥ η(T^2 x_n , T^3 x_n ) , holds for all n ∈ N. This implies

α (x_{n +1} , x) ≥ η(x_{n +1} , x_{n +2} ) or α (x_{n +2} , x) ≥ η(x_{n +2} , x_{n +3} ) . Then there exists a subsequence { x_{n k} } of { x_n } such that η(x_{n k} , T x_{n k} ) = η(x_{n k} , x_{n k +1} ) ≤ α (x_{n k} , x) and from (1.2), we deduce that G � d(x_{n k} , T x_{n k} ), d(x, T x), d(x_{n k} , T x), d(x, T x_{n k} ) � + F � d(T x_{n k} , T x) � ≤ F � κd(x_{n k} , x) + βd(x_{n k} , T x_{n k} ) + γd(x, T x) + δd(x_{n k} , T x) + Ld(x, T x_{n k} ) � . This implies (2.14) F � d(T x_{n k} , T x) � ≤ F � κd (x_{n k} , x) + βd (x_{n k} , x_{n k +1} ) + γd (x, T x) + δd (x_{n k} , T x) + Ld(x, x_{n k +1} ) � . From (F1) we have (2.15) d(x_{n k +1} , T x)

< κd (x_{n k} , x) + βd (x_{n k} , x_{n k +1} ) + γd (x, T x) + δd (x_{n k} , T x) + Ld(x, x_{n k +1} ) .

HARDY-ROGERS-TYPE FIXED POINT THEOREMS FOR α -GF -CONTRACTIONS 137

By taking the limit as k → ∞ in (2.15), we obtain

(2.16) d(x, T x) < (γ + δ) d(x, T x) < d (x, T x) .

Which is implies that d(x, T x) = 0 , implies x is a fixed point of T. Uniqueness follows similarly as in Theorem 17. □

Theorem 19. Let T be a continuous selfmapping on a complete metric space X. If for x, y ∈ X with d(x, T x) ≤ d(x, y) and d(T x, T y) > 0, we have G � d(x, T x), d(y, T y), d(x, T y), d(y, T x) � + F � d(T x, T y) � ≤ F � κd(x, y) + βd(x, T x) + γd(y, T y) + δd(x, T y) + Ld(y, T x) � , where G ∈ Δ_G , F ∈ Δ_F , κ, β, γ, δ, L ≥ 0, κ + β + γ + 2 δ = 1 and γ ≠ 1 . Then T has a fixed point in X .

Proof. Let us define α , η : X × X → [0, + ∞ ) by

α (x, y) = d(x, y) and η(x, y) = d(x, y) for all x, y ∈ X .

Now, d(x, y) ≤ d(x, y) for all x, y ∈ X, so α(x, y) ≥ η(x, y) for all x, y ∈ X. That is, conditions (i) and (iii) of Theorem 17 hold true. Since T is continuous, so T is α-η-continuous. Let η(x, T x) ≤ α(x, y) and d(T x, T y) > 0, we have d(x, T x) ≤ d(x, y) with d(T x, T y) > 0, then G � d(x, T x), d(y, T y), d(x, T y), d(y, T x) � + F � d(T x, T y) � ≤ F � κd (x, y) + βd (x, T x) + γd (y, T y) + δd (x, T y) + Ld(y, T x) � . That is, T is an α-η-GF -contraction mapping of Hardy-Rogers-type. Hence, all conditions of Theorem 17 satisfied and T has a fixed point. □

Corollary 20. Let T be a continuous selfmapping on a complete metric space X. If for x, y ∈ X with d(x, T x) ≤ d(x, y) and d(T x, T y) > 0, we have

τ + F � d(T x, T y) � ≤ F � κd (x, y)+ βd (x, T x)+ γd (y, T y)+ δd (x, T y)+ Ld(y, T x) � , where τ > 0, κ, β, γ, δ, L ≥ 0, κ + β + γ + 2 δ = 1 and γ ≠ 1 and F ∈ Δ_F . Then T has a fixed point in X .

Corollary 21. Let T be a continuous selfmapping on a complete metric space X. If for x, y ∈ X with d(x, T x) ≤ d(x, y) and d(T x, T y) > 0, we have

τe^{v min { d(x,T x ),d (y,T y ),d (x,T y ),d (y,T x )}} + F � d(T x, T y) � ≤ F � (κd (x, y) + βd (x, T x) + γd (y, T y) + δd (x, T y) + Ld(y, T x) � , where τ > 0, κ, β, γ, δ, L, v ≥ 0, κ + β + γ + 2 δ = 1 , γ ≠ 1 and F ∈ Δ_F . Then T has a fixed point in X .

Example 22. Let S_n =^{n (n +1)( n +2)}_3 , n ∈ N, X = { S_n : n ∈ N} and d (x, y) = |x − y|. Then (X, d ) is a complete metric space. Define the mapping T : X −→ X, by T (S_1 ) = S_1 and T (S_n ) = S_{n − 1}, for all n > 1 and α (x, y) = 1 for all x ∈ X, η (x, T x) =^1_2 for all x ∈ X, G (t_1 , t_2 , t_3 , t_4 ) = τ where τ =^7_2 > 0. Since lim

n →∞ d(T (S_n ),T (S_1 )) d(S_n ,S_1 ) = lim n →∞

S_{n − 1} − 2 S_n − 2 =

(n − 1) n (n +1) − 6 n (n +1)( n +2) − 6 = 1 , T is not Banach

138 M. ARSHAD, E. AMEER AND A. HUSSAIN

contraction. On the other hand taking F (r ) =^{− 1}_r + r ∈ Δ_F , we obtain the result that T is an α-η-GF -contraction of Hardy-Rogers-type with κ = β =^1_3 , γ =^1_6 , δ =^1_{12} and L =^7_{12} . To see this, let us consider the following calculation. We conclude the following three cases:

Case 1: For every m ∈ N, m > n = 1 , then α (S_m , S_n ) ≥ η(S_m , T(S_m )), we have |T (S_m )− T (S_1 )| = |S_1 − T (S_m )| = |S_{m − 1} − S_1 | = 2 × 3 + 3 × 4 + · · ·+ ( m − 1) m , |S_m − S_1 | = 2 × 3 + 3 × 4 + · · ·+ m (m + 1) , |S_m − T (S_m )| = |S_m − S_{m − 1} | = m (m + 1) , |S_1 − T (S_1 )| = |S_1 − S_1 | = 0 .

Since m > 1 and − 1 2 × 3 + · · ·+ ( m − 1) m < − 1 �_1

3 (2 × 3 + · · ·+ m (m + 1)) +^1_3 m (m + 1) +^1_{12} (2 × 3 + · · ·+ m (m + 1)) +^7_{12} (2 × 3 + · · ·+ ( m − 1) m) � .

We have 7 2 − 1 2 × 3 + 3 × 4 + · · ·+ ( m − 1)m

+ [2 × 3 + 3 × 4 + · · ·+ ( m − 1)m]

< 7 2 − 1 �_1

3 (2 × 3 + · · ·+ m(m + 1)) +^1_3 m(m + 1) +^1_{12} (2 × 3 + · · ·+ m(m + 1)) +^7_{12} (2 × 3 + · · ·+ ( m − 1)m) �

+ [2 × 3 + 3 × 4 + · · ·+ ( m − 1)m] ≤ − 1 �_1

3 (2 × 3 + · · ·+ m(m + 1)) +^1_3 m(m + 1) +^1_{12} (2 × 3 + · · ·+ m(m + 1)) +^7_{12} (2 × 3 + · · ·+ ( m − 1)m) �

+ �_1

3 (2 × 3 + · · ·+ m (m + 1)) +^1_3 m (m + 1) +^1_{12} (2 × 3 + · · ·+ m (m + 1)) +^7_{12} (2 × 3 + · · ·+ ( m − 1) m) � . So, we get 7 2 − 1 |T (S_m ) − T (S_1 )| + � T (S_m ) − T (S_1 ) �

< − 1 1 3 |S_m − S_1 |+^1_3 |S_m − T (S_m )|+^1_6 |S_1− T (S_1 )|+^1_{12} |S_m − T (S_1 )|+^7_{12} |S_1− T (S_m )| + h1 3 |S_m − S_1 |+ 1 3 |S_m − T (S_m )|+ 1 6 |S_1− T (S_1 )|+ 1 12 |S_m − T (S_1 )|+ 7 12 |S_1− T (S_m )| i .

HARDY-ROGERS-TYPE FIXED POINT THEOREMS FOR α -GF -CONTRACTIONS 139

Case 2: For 1 ≤ m < n , similar to Case 1. Case 3: For m > n > 1, then α (S_m , S_n ) ≥ η(S_m , T(S_m )), we have

|T (S_m ) − T (S_n )| = n × (n + 1) + ( n + 1) ( n + 2) + · · ·+ ( m − 1) m , |S_m − S_n | = ( n + 1) ( n + 2) + ( n + 2) ( n + 3) + · · ·+ m (m + 1) , |S_m − T (S_m )| = |S_m − S_{m − 1} | = m (m + 1) , |S_n − T (S_n )| = |S_n − S_{n − 1} | = n (n + 1) , |S_m − T (S_n )| = |S_m − S_{n − 1} | = n (n + 1) + · · ·+ m (m + 1) , |S_n − T (S_m )| = |S_n − S_{m − 1} | = ( n + 1) ( n + 2) + · · ·+ ( m − 1) m .

Since m > n > 1, and − 1 n × (n + 1) + ( n + 1) ( n + 2) + · · ·+ ( m − 1) m < − 1 �_1

3 ((n + 1) ( n + 2) + ... + m (m + 1)) +^1_3 m (m + 1) +^1_6 n (n + 1) +^1_{12} (n (n + 1) + · · ·+ ( m − 1) m) +^7_{12} ((n + 1) ( n + 2) + · · ·+ ( m − 1) m) � .

Therefore 7 2 − 1 n × (n + 1) + ( n + 1) ( n + 2) + · · ·+ ( m − 1) m + � n × (n + 1) + ( n + 1) ( n + 2) + · · ·+ ( m − 1) m �

< 7 2 − 1 �_1

3 ((n + 1) ( n + 2) + · · ·+ m (m + 1)) +^1_3 m (m + 1) +^1_6 n (n + 1) +^1_{12} (n (n +1) + · · ·+ ( m − 1) m)+^7_{12} ((n +1) ( n +2) + · · ·+ ( m − 1) m) �

+ [ n × (n + 1) + ( n + 1) ( n + 2) + · · ·+ ( m − 1) m] ≤ − 1 �_1

3 ((n + 1) ( n + 2) + · · ·+ m (m + 1)) +^1_3 m (m + 1) +^1_6 n (n + 1) +^1_{12} (n (n + 1) + · · ·+ ( m − 1) m) +^7_{12} ((n + 1) ( n + 2) + · · ·+ ( m − 1) m) �

+ �_1

3 ((n + 1) ( n + 2) + · · ·+ m (m + 1)) +^1_3 m (m + 1) +^1_6 n (n + 1) +^1_{12} (n (n + 1) + · · ·+ ( m − 1) m) +^7_{12} ((n + 1) ( n + 2) + · · ·+ ( m − 1) m) � . So, we get 7 2 − 1 |T (S_m ) − T (S_n )|

+ |T (S_m ) − T (S_n )| < − 1 1 3 |S_m − S_n |+^1_3 |S_m − T (S_m )|+^1_6 |S_n− T (S_n )|+^1_{12} |S_m − T (S_n )|+^7_{12} |S_n− T (S_m )|

140 M. ARSHAD, E. AMEER AND A. HUSSAIN + h1 3 |S_m − S_n | + 1 3 |S_m − T (S_m )|+ 1 6 |S_n− T (S_n )| + 1 12 |S_m − T (S_n )| + 7 12 |S_n− T (S_m )| i . Therefore 7 2 + F � d (T (S_m ) , T (S_n )) �

≤ F � 1 3 d (S_m , S_n ) + 1 3 d � S_m , T (S_m ) � + 1 6 d � S_n , T (S_n ) �

+ 1 12 d � S_m , T (S_n ) � + 7 12 d � S_n , T (S_m ) � . for all m, n ∈ N. Hence all condition of theorems are satisfied, T has a fixed point.

Let (X, d, ⪯ ) be a partially ordered metric space. Let T : X → X is such that for x, y ∈ X, with x ⪯ y implies T x ⪯ T y, then the mapping T is said to be non-decreasing. We derive following important result in partially ordered metric spaces.

Theorem 23. Let (X, d, ⪯ ) be a complete partially ordered metric space. Assume that the following assertions hold true:

(i) T is nondecreasing and ordered GF -contraction of Hardy-Rogers-type;;

(ii) there exists x_0 ∈ X such that x_0 ⪯ T x_0 ;

(iii) either for a given x ∈ X and sequence { x_n } in X such that x_n → x as n → ∞ and x_n ⪯ x_{n +1} for all n ∈ N we have T x_n → T x or if { x_n } is a sequence in X such that x_n ⪯ x_{n +1} with x_n → x as n → ∞ then either T x_n ⪯ x or T^2 x_n ⪯ x holds for all n ∈ N.

Then T has a fixed point in X .

Conflict of interests. The authors declare that they have no competing interests.

References

[1] Abdeljawad, T., Meir-Keeler α-contractive fixed and common fixed point theorems , Fixed Point Theory Appl. (2013). DOI: 10.1186/1687-1812-2013-19 [2] Arshad, M., Fahimuddin, Shoaib, A., Hussain, A., Fixed point results for α-ψ -locally graphic contraction in dislocated quasi metric spaces , Mathematical Sciences (2014), 7 pp. DOI: 10.1007/s40096-014-0132 [3] Banach, S., Sur les opérations dans les ensembles abstraits et leur application aux equations itegrales , Fund. Math. 3 (1922), 133–181.

[4] Ćirić, L.B., A generalization of Banach’s contraction principle , Proc. Amer. Math. Soc. 45 (1974), 267–273.

[5] Cosentino, M., Vetro, P., Fixed point results for F -contractive mappings of Hardy-Rogers-type , Filomat 28 (4) (2014), 715–722. DOI: 10.2298/FIL 1404715C

HARDY-ROGERS-TYPE FIXED POINT THEOREMS FOR α -GF -CONTRACTIONS 141

[6] Edelstein, M., On fixed and periodic points under contractive mappings , J. Lond. Math. Soc.

37 (1962), 74–79. [7] Fisher, B., Set-valued mappings on metric spaces , Fund. Math. 112 (2) (1981), 141–145. [8] Geraghty, M., On contractive mappings , Proc. Amer. Math. Soc. 40 (1973), 604–608. [9] Hussain, N., Al-Mezel, S., Salimi, P., Fixed points for α-ψ -graphic contractions with application to integral equations , Abstr. Appl. Anal. (2013), Article 575869.

[10] Hussain, N., Arshad, M., Shoaib, A., Fahimuddin, Common fixed point results for α -ψ -contractions on a metric space endowed with graph , J. Inequal. Appl. 136 (2014).

[11] Hussain, N., Karapınar, E., Salimi, P., Akbar, F., α-admissible mappings and related fixed point theorems , J. Inequal. Appl. 114 (2013), 1–11.

[12] Hussain, N., Karapınar, E., Salimi, P., Vetro, P., Fixed point results for G^m -Meir-Keeler contractive and G-(α, ψ )-Meir-Keeler contractive mappings , Fixed Point Theory Appl. 34 (2013).

[13] Hussain, N., Kutbi, M.A., Salimi, P., Fixed point theory in α-complete metric spaces with applications , Abstr. Appl. Anal. (2014), 11pp., Article ID 280817.

[14] Hussain, N., Salimi, P., Suzuki-Wardowski type fixed point theorems for α-GF -contractions , Taiwanese J. Math. 18 (6) (2014), 1879–1895. DOI: 10.11650/tjm.18.2014.4462 [15] Hussain, N., Salimi, P., Latif, A., Fixed point results for single and set-valued α -η-ψ -contractive mappings , Fixed Point Theory Appl. 212 (2013).

[16] Karapınar, E., Samet, B., Generalized (α − ψ ) contractive type mappings and related fixed point theorems with applications , Abstr. Appl. Anal. (2012), Article ID 793486.

[17] Kutbi, M.A., Arshad, M., Hussain, A., On modified α-η-contractive mappings , Abstr. Appl.

Anal. 2014 (2014), 7pp., Article ID 657858. [18] Nadler, S.B., Multivalued contraction mappings , Pacific J. Math. 30 (1969), 475–488. [19] Piri, H., Kumam, P., Some fixed point theorems concerning F -contraction in complete metric spaces , Fixed Point Theory Appl. 210 (2014).

[20] Salimi, P., Latif, A., Hussain, N., Modified α-ψ -contractive mappings with applications , Fixed Point Theory Appl. 151 (2013).

[21] Samet, B., Vetro, C., Vetro, P., Fixed point theorems for α-ψ -contractive type mappings , Nonlinear Anal. 75 (2012), 2154–2165.

[22] Secelean, N.A., Iterated function systems consisting of F -contractions , Fixed Point Theory Appl. (2013), Article ID 277 (2013). DOI: 10.1186/1687-1812-2013-277 [23] Sgroi, M., Vetro, C., Multi-valued F -contractions and the solution of certain functional and integral equations , Filomat 27 (7) (2013), 1259–1268.

[24] Wardowski, D., Fixed point theory of a new type of contractive mappings in complete metric spaces , Fixed Point Theory Appl. (2012), Article ID 94 (2012).

Department of Mathematics, International Islamic University, H-10, Islamabad - 44000, Pakistan E-mail : marshad_zia@yahoo.com eskandarameer@yahoo.com aftabshh@gmail.com