ARCHIVUM MATHEMATICUM (BRNO) Tomus 51 (2015), 163–173

EXISTENCE AND MULTIPLICITY OF SOLUTIONS

FOR A p(x )-KIRCHHOFF TYPE PROBLEM

VIA VARIATIONAL TECHNIQUES

A. Mokhtari, T. Moussaoui, and D. O’Regan

Abstract. This paper discusses the existence and multiplicity of solutions for a class of p(x)-Kirchhoff type problems with Dirichlet boundary data of the following form

(_− �_{a + b} R Ω 1 p ( x ) |∇ u| p ( x ) dx � div �_{|∇ u|p ( x ) − 2 ∇ u}�_{= f (x, u ) , in Ω}

u = 0 on ∂Ω ,

where Ω is a smooth open subset of R^N and p ∈ C(Ω ) with N < p^− = inf_{x ∈ Ω} p(x) ≤ p^+ = sup_{x ∈ Ω} p(x) < + ∞ , a, b are positive constants and f : Ω × R → R is a continuous function. The proof is based on critical point theory and variable exponent Sobolev space theory.

1. Introduction

In this paper we study (1) 8 < : − � a + b R Ω 1 p(x ) |∇ u| p(x ) dx � div � |∇ u|^{p(x )− 2} ∇ u � = f (x, u ) , in Ω

u = 0 on ∂Ω ,

where Ω is a bounded domain of R^N with smooth boundary ∂Ω and N ≥ 1, p ∈ C(Ω ) with N < p^− = inf_{x ∈ Ω} p(x) ≤ p^+ = sup_{x ∈ Ω} p(x) < + ∞ , a, b are positive constants and f : Ω × R → R is a continuous function.

Problem (1) is related for example to vibrations and deformations of plates or tended cords. The operator − div � |∇ u|^{p(x )− 2} ∇ u � is said to be the p(x)-Laplacian, and becomes the p-Laplacian when p(x) = p. The variable exponent Sobolev space W^{1,p (x )}

0 (Ω) is a natural generalization of the classical Sobolev space W^{1,p}_0 (Ω) and related preliminaries concerning W^{1,p (x )}

0 (Ω) and p(x)-Laplacian equations will be given in Section 2.

2010 Mathematics Subject Classification : primary 34B27; secondary 35J60, 35B05. Key words and phrases : existence results, genus theory, nonlocal problems Kirchhoff equation, critical point theory.

Received March 18, 2015. Editor V. Müller. DOI: 10.5817/AM2015-3-163

164 A. MOKHTARI, T. MOUSSAOUI AND D. O’REGAN

In this paper we examine existence and multiplicity of solutions of the p(x)-Kirchhoff equation associated to problem (1) by applying a minimization principle and the genus theory introduced by Krasnoselskii (see [ 4], [13]). Problem (1) is related to the stationary problem of a model introduced by Kirchhoff [ 12]. More precisely, Kirchhoff proposed a model given by the equation ρ ∂^2 u ∂t^2 − � ρ_0 h + E 2L Z_L 0 � � ∂u ∂x � �^2 dx � ρ ∂^2 u ∂x^2

= 0 ,

G. Dai and J. Wei established the existence of infinitely many nonnegative solutions for problem (1) by applying a general variational principle due to B. Ricceri (see Theorem 3.1 and Theorem 3.2 in [ 8]). In this paper, we first prove the existence of a solution to problem (1), by using a minimization principle with the hypothesis lim sup_{|u |→ + ∞}^{F (x,t )}_{|u |θ ( x )} ≤ a(x), where F (x, u) =

R_u 0 f (x, t) dt and a is a measurable function which belongs to L^∞ (Ω) and θ ∈ C(Ω ) satisfies θ^+ = sup_Ω θ(x) < 2p^− . Our second result gives the existence and multiplicity of solutions using Clarke’s theorem under the following assumptions:

• there exists positive constants C_1, C_2 > 0 and a function q measurable on Ω such that C_1 t^{q(x )− 1} ≤ f (x, t) ≤ C_2 t^{q(x )− 1} for all t ≥ 0 and for all x ∈ Ω , where q ∈ L^∞ (Ω) and 1 < q^− = essinf_Ω q(x) ≤ q(x) ≤ q^+ = esssup_Ω q(x) < p^− = essinf_Ω p(x),

• f (x, − t) = − f (x, t ) for all t ∈ R and for all x ∈ Ω . These hypotheses are a generalization of the hypotheses introduced in [7].

This paper is organized as follows. In Section 2, we present some necessary preliminaries on variable exponent Lebesgue and Sobolev spaces and we recall some definitions and basic properties of the Krasnoselskii genus. In Section 3, using critical point theory, we establish existence and multiplicity results for problem (1).

2. Preliminaries

Suppose that Ω is a smooth bounded open domain of R^N with a smooth boundary ∂Ω and p ∈ C(Ω) satisfies

1 < p^− .= inf_{x ∈ Ω} p(x) ≤ p^+ .= sup_{x ∈ Ω} p(x) < + ∞ .

The variable exponent Lebesgue space L^{p(x )} (Ω) is defined by

L^{p(x )} (Ω) = � u : Ω → R is mesurable , Z Ω |u(x)|^{p(x )} dx < + ∞

endowed with the norm

|u|_{p(x )} = inf n λ > 0 : Z Ω � � � u(x) λ � � �^{p(x )} dx ≤ 1 o . Define the variable exponent Sobolev space W^{1,p (x )} (Ω) by

W^{1,p (x )} (Ω) = { u ∈ L^{p(x )} (Ω) : |∇ u| ∈ L^{p(x )} (Ω) }

endowed with the norm ‖u‖_{1,p (x )} = |u|_{p(x )} + |∇ u|_{p(x )} .

ON A p(x )-KIRCHHOFF TYPE PROBLEM 165

Denote by C(Ω ) the space of continuous functions on Ω endowed with the norm |u|_∞ = sup_{x ∈ Ω} |u(x)|. W^{1,p (x )}

0 (Ω) denotes the closure of C^∞_0 (Ω) in W^{1,p (x )} (Ω) .

Proposition 2.1 (See [10]). L^{p(x )}(Ω) , W^{1,p (x )}

0 (Ω) and W^{1,p (x )}(Ω) are separable, reflexive and uniformly convex Banach spaces. Proposition 2.2 (See [10]). Let ρ(u) = R Ω |u(x)|^{p(x )} dx. For any u, u_k ∈ L^{p(x )}(Ω) , k = 1 , 2, . . . , we have

(1) For u ≠ 0 , |u|_{p(x )} = λ ⇔ ρ

�_u λ � = 1 .

(2) |u|_{p(x )} < 1(= 1; > 1) ⇔ ρ(u) < 1(= 1; > 1).

(3) If |u|_{p(x )} > 1, then |u|^{p −}_{p(x )} ≤ ρ(u) ≤ | u|^{p +}_{p(x )} .

(4) If |u|_{p(x )} < 1, then |u|^{p+}_{p(x )} ≤ ρ(u) ≤ | u|^{p −}_{p(x )} . (5) lim_{k → + ∞} |u_k |_{p(x )} = 0 ⇔ lim_{k → + ∞} ρ(u_k ) = 0 . (6) lim_{k → + ∞} |u_k |_{p(x )} = + ∞ ⇔ lim_{k → + ∞} ρ(u_k ) = + ∞ .

Proposition 2.3 (See [10]). If u, u_k ∈ L^{p(x )}(Ω) , k = 1 ,2, . . ., then the following statements are equivalent to each other:

(1) lim_{k → + ∞} |u_k − u|_{p(x )} = 0 ( i.e. u_k → u in L^{p(x )} (Ω)) . (2) lim_{k → + ∞} ρ(u_k − u) = 0 . (3) u_k → u in measure in Ω and lim_{k → + ∞} ρ(u_k ) = ρ(u).

Proposition 2.4 (See [9]). The Poincaré-type inequality holds, that is, there exists a positive constant c_Ω such that |u|_{p(x )} ≤ c_Ω |∇ u|_{p(x )} , ∀u ∈ W^{1,p (x )}

0 (Ω) .

Thus |∇ u|_{p(x )} is an equivalent norm in W^{1,p (x )}

0 (Ω) . We will use this equivalent norm in the following discussion and write ‖u‖ = |∇ u|_{p(x )} for simplicity.

We now recall the Krasnoselskii genus and more information on this subject may be found in ([ 11], [1], [4], [13]). Let E be a real Banach space. Let us denote by Σ the class of all closed subsets A ⊂ E − { 0} that are symmetric with respect to the origin, that is, u ∈ A implies − u ∈ A. Definition 2.1. Let A ∈ Σ . The Krasnoselskii genus γ(A) is defined as being the least positive integer n such that there is an odd mapping φ ∈ C(A, R^n − { 0}). If such an n does not exist we set γ(A) = + ∞ . Furthermore, by definition, γ(∅ ) = 0 . Theorem 2.1 (See [11]). Let E = R^N and ∂Ω be the boundary of an open, symmetric and bounded subset Ω ⊂ R^N with 0 ∈ Ω . Then γ(∂Ω) = N .

Note γ(S^{N − 1}) = N. If E is of infinite dimension and separable and S is the unit sphere in E, then γ(S) = + ∞ . Proposition 2.5 (See [11]). Let A, B ∈ Σ . Then:

166 A. MOKHTARI, T. MOUSSAOUI AND D. O’REGAN

• if there exists an odd map f ∈ C(A, B), then γ(A) ≤ γ(B). Consequently, if there exists an odd homeomorphism f : A → B , then γ(A) = γ(B ).

• if A ⊂ B , then γ(A) ≤ γ(B ). • γ(A ∪ B ) ≤ γ(A) + γ(B ).

Theorem 2.2 (Minimization principle) . Let X be a real reflexive Banach space. If the functional J : X → R is weakly lower semi-continuous and coercive (i.e. lim_{‖u ‖→ + ∞} J (u) = + ∞ ), then there exists u_0 ∈ X such that J (u_0) = inf_{u ∈ X} J (u). Moreover, if J is also Gateaux differentiable on X , then J^′(u_0 ) = 0 .

Definition 2.2. Let J ∈ C^1(X, R). If any sequences (u_n ) ⊂ X for which (J (u_n )) is bounded and J^′(u_n ) → 0 when n → + ∞ in X^′ possesses a convergent subsequence, then we say that J satisfies the Palais-Smale condition (denoted by the (P-S) condition).

We now state a theorem due to Clarke.

Theorem 2.3 (See [5], [15]). Let J ∈ C^1(E, R) be a functional satisfying the Palais-Smale condition. Also suppose that:

• J is bounded from below and even; • there is a compact set K ∈ Σ such that γ(K ) = k and sup_{x ∈ K} J (x) < J (0).

Then J possesses at least k pairs of distinct critical points and their corresponding critical values are less than J (0).

3. Main results In this section we will discuss the existence of weak solutions of (1).

Definition 3.1. We say that u ∈ W^{1,p (x )}

0 (Ω) is a weak solution of problem (1) if and only if � a + b Z Ω 1 p(x)

|∇ u|^{p(x )} dx � Z Ω |∇ u|^{p(x )− 2} ∇ u∇ v dx = Z Ω f (x, u )v dx ,

for all v ∈ W^{1,p (x )}

0 (Ω) .

The energy functional corresponding to problem (1) is defined as follows,

J (u) = a Z Ω 1 p(x)

|∇ u|^{p(x )} dx + b 2 � Z Ω 1 p(x)

|∇ u|^{p(x )} dx

�_2 − Z Ω F (x, u ) dx

where F (x, t) =

R_t 0 f (x, s) ds. It is easy to see that J ∈ C^1(W^{1,p (x )}

0 (Ω) , R) and for all u, v ∈ W^{1,p (x )}

0 (Ω)

J^′(u)·v = � a+ b Z Ω 1 p(x)

|∇ u|^{p(x )} dx � Z Ω 1 p(x)

|∇ u|^{p(x )− 2} ∇ u∇ v dx− Z Ω f (x, u )v dx .

Thus the critical points of J are the weak solutions of (1).

ON A p(x )-KIRCHHOFF TYPE PROBLEM 167

Theorem 3.1. Assume that

(H1) lim sup

|u |→ + ∞

F (x, u ) |u|^{θ(x )}

≤ a(x) ,

where θ ∈ C(Ω ) with θ^− = inf_{x ∈ Ω} θ(x) > 1 and a ∈ L^∞ (Ω) . If θ^+ = sup_{x ∈ Ω} θ(x) < 2p^− , then (1) has a weak solution.

Proof. From the continuity of F and assumption (H1) we deduce that there exists a positive constant C such that

F (x, u ) ≤ a(x)|u|^{θ(x )} + C , ∀u ∈ R , ∀x ∈ Ω .

We have for ‖u‖ > 1 that

J (u) = a Z Ω 1 p(x)

|∇ u|^{p(x )} dx + b 2 � Z Ω 1 p(x)

|∇ u|^{p(x )} dx

�_2 − Z Ω F (x, u ) dx ≥ a p^+ ρ_p (∇ u) + b 2(p^+ )^2 � ρ_p (∇ u)

�_2 − Z Ω (a(x)|u|^{θ(x )} + C) dx , ≥ a p^+

‖u‖^{p −} + b 2(p^+ )^2

‖u‖^{2p −} − C meas(Ω) − | a|_L ∞ Z Ω |u|^{θ(x )} dx .

Since p^− > N , the embedding W^{1,p (x )}

0 → C(Ω) is continuous and we see that Z Ω |u|^{θ(x )} dx ≤ Z Ω |u|^{θ(x )}_∞ dx ≤ C_0 Z Ω ‖u‖^{θ(x )} ≤ C_0 ‖u‖^{θ+} ,

where C_0 = max_{x ∈ Ω} C^{θ(x )} and C is the constant of the embedding, and this implies that

J (u) ≥ a p^+

‖u‖^{p −} + b 2(p^+ )^2

‖u‖^{2p −} − C meas(Ω) − | a|_L ∞ C_0 ‖u‖^{θ+} .

Since θ^+ < 2p^− then J is coercive. Now J is also weakly lower semicontinuous (see Theorem 3.2.9 in [ 9]), so we see that J has a global minimum point u ∈ W^{1,p (x )}

0 (Ω) , which is a weak solution to problem (1). □

Example 3.1. We consider Ω = (0 ,1) and f (x, t) = a(x)θ(x)|t|^{θ(x )− 2} t, for all t ∈ R, and we put for x ∈ Ω , a(x) = sin x, θ(x) = x +^3_2 and p(x) = x^2 + 2 . Our problem becomes 8 < : − � a + b

R_1 0 1 x^2 +2 |u

′|^{x 2 +2} dx � |u^′|^{x 2} u^′

�_′

=^{sin x}_{x 2 +2} |u|^{− 2 x}

2 +3 x 2 +2 u, in (0, 1)

u(0) = u(1) = 0 , and it admits at least one weak solution.

Remark 3.1. To obtain a nontrivial solution, we may assume that f (x_0 ,0) ≠ 0 for some x_0 ∈ [0, 1].

Theorem 3.2. Assume that:

168 A. MOKHTARI, T. MOUSSAOUI AND D. O’REGAN

(H2) there exist positive constants C_1, C_2 > 0 and a function q measurable on Ω such that C_1 t^{q(x )− 1} ≤ f (x, t) ≤ C_2 t^{q(x )− 1} for all t ≥ 0 and for all x ∈ Ω , where q ∈ L^∞ (Ω) and 1 < q^− = essinf_{x ∈ Ω} q(x) ≤ q(x) ≤ q^+ = esssup_{x ∈ Ω} q(x) < p^− = inf_{x ∈ Ω} p(x), (H3) f (x, − t) = − f (x, t ) for all t ∈ R and for all x ∈ Ω .

Then (1) has infinitely many weak solutions.

For the proof of Theorem 3.2 we will need the following steps. Step 1: J is bounded from below.

Indeed, for any u ∈ W^{1,p (x )}

0 (Ω) , we have

J (u) ≥ a p^+ Z Ω |∇ u|^{p(x )} dx + b 2(p^+ )^2 � Z Ω |∇ u|^{p(x )} dx

�_2 − C_2 q^− Z Ω |∇ u|^{q(x )} dx .

Let ρ_p(u) = R Ω |u|^{p(x )} dx and ρ_q(u) = R Ω |u|^{q(x )} dx. We have the following four cases:

(i) If ρ_p (u) > 1 and ρ_q (u) < 1, then by Proposition 2.2, we obtain

J (u) ≥ a p^+

‖u‖^{p −} + b 2(p^+ )^2

‖u‖^{2p −} −

C_2 q^−

|u|^{q−}_{q(x )} .

Since q(x) ≤ p(x) for all x ∈ Ω ,

J (u) ≥ a p^+

‖u‖^{p −} + b 2(p^+ )^2

‖u‖^{2p −} −

C_2 C_3 q^−

|u|^{q−}_{p(x )} ,

where C_3 is the constant of the continuous embedding of L^{p(x )} in L^{q(x )}. Using the Poincaré inequality, we have

J (u) ≥ a p^+

‖u‖^{p −} + b 2(p^+ )^2

‖u‖^{2p −} −

C_2 C_3 c^{q−}_Ω q^−

‖u‖^{q−}_{p(x )} .

We note that 2p^− > q^− , so J is bounded from below. (ii) If ρ_p (u) > 1 and ρ_q (u) > 1 then,

J (u) ≥ a p^+

‖u‖^{p −} + b 2(p^+ )^2

‖u‖^{2p −} −

C_2 C_3 c^{q−}_Ω q^−

‖u‖^{q+}_{p(x )} .

We note that 2p^− > q^+ , so J is bounded from below. (iii) If ρ_p (u) < 1 and ρ_q (u) < 1 then,

J (u) ≥ a p^+

‖u‖^{p +} + b 2(p^+ )^2

‖u‖^{2p +} −

C_2 C_3 c^{q−}_Ω q^−

‖u‖^{q−}_{p(x )} .

(iv) If ρ_p (u) < 1 and ρ_q (u) > 1 then,

J (u) ≥ a p^+

‖u‖^{p +} + b 2(p^+ )^2

‖u‖^{2p +} −

C_2 C_3 c^{q−}_Ω q^−

‖u‖^{q+}_{p(x )} .

Since 2p^+ > q^− and 2p^+ > q^+ in (iii) and (iv) successively then J is bounded from below.

ON A p(x )-KIRCHHOFF TYPE PROBLEM 169

Step 2: J satisfies the (P-S) condition.

Indeed, let (u_n ) be a Palais-Smale sequence for J . Thus there exists a positive constant C such that J (u_n ) ≤ C. Arguing as above, we obtain for all u ∈ W^{1,p (x )}

0 (Ω) , the following cases:

(1) If ρ_p (u) < 1 and ρ_q (u) < 1 then,

J (u) ≥ a p^+

‖u‖^{p +} + b 2(p^+ )^2

‖u‖^{2p +} −

C_2 C_3 c^{q−}_Ω q^−

‖u‖^{q−}_{p(x )} .

(2) If ρ_p (u) < 1 and ρ_q (u) > 1 then,

J (u) ≥ a p^+

‖u‖^{p +} + b 2(p^+ )^2

‖u‖^{2p +} −

C_2 C_3 c^{q−}_Ω q^−

‖u‖^{q+}_{p(x )} .

(3) If ρ_p (u) > 1 and ρ_q (u) < 1 then,

J (u) ≥ a p^+

‖u‖^{p −} + b 2(p^+ )^2

‖u‖^{2p −} −

C_2 C_3 c^{q−}_Ω q^−

‖u‖^{q−}_{p(x )} .

(4) If ρ_p (u) > 1 and ρ_q (u) > 1 then,

J (u) ≥ a p^−

‖u‖^{p −} + b 2(p^− )^2

‖u‖^{2p −} −

C_2 C_3 c^{q−}_Ω q^−

‖u‖^{q+}_{p(x )} .

Since q^+ < p^− , in all cases we now deduce that the sequence (u_n ) is bounded in W^{1,p (x )}

0 (Ω) . Thus, passing to a subsequence if necessary, there exists u ∈ W^{1,p (x )}

0 (Ω) such that u_n ⇀ u weakly in W^{1,p (x )}

0 (Ω) . Since a, b > 0 we get

a + b Z Ω 1 p(x)

|∇ u|^{p(x )} dx > a > 0 .

Consider the sequence

K_n = J^′(u_n )u_n + Z Ω f (x, u_n )u_n dx − J^′(u_n )u − Z Ω f (x, u_n )u dx .

From the Lebesgue dominated convergence theorem and the Sobolev embedding, we have that Z Ω f (x, u_n )u_n dx → Z Ω f (x, u )u dx , Z Ω f (x, u_n )u dx → Z Ω f (x, u )u dx ,

so we have that K_n → 0 and it can be seen that

K_n = � a + b Z Ω 1 p(x)

|∇ u_n |^{p(x )} dx � Z Ω |∇ u_n |^{p(x )} − � a + b Z Ω 1 p(x)

|∇ u|^{p(x )} dx � Z Ω |∇ u_n |^{p(x )− 2} ∇ u_n ∇ u dx . Let L_n = − � a + b Z Ω 1 p(x)

|∇ u_n |^{p(x )} dx � Z Ω |∇ u|^{p(x )− 2} ∇ u_n ∇ u dx

170 A. MOKHTARI, T. MOUSSAOUI AND D. O’REGAN + � a + b Z Ω 1 p(x)

|∇ u_n |^{p(x )} dx � Z Ω |∇ u|^{p(x )} dx = − � a + b Z Ω 1 p(x)

|∇ u_n |^{p(x )} dx

�h Z Ω |∇ u|^{p(x )− 2} ∇ u_n ∇ u dx − Z Ω |∇ u|^{p(x )} dx i . From the weak convergence of (u_n ), we have that L_n → 0. Hence,

K_n + L_n = � a + b Z Ω 1 p(x)

|∇ u_n |^{p(x )} dx

�h Z Ω |∇ u_n |^{p(x )} − Z Ω |∇ u_n |^{p(x )− 2} ∇ u_n ∇ u dx − Z Ω |∇ u|^{p(x )− 2} ∇ u_n ∇ u dx + Z Ω |∇ u|^{p(x )} dx i

= � a + b Z Ω 1 p(x)

|∇ u_n |^{p(x )} dx �

× Z Ω � |∇ u_n |^{p(x )− 2} ∇ u_n − |∇ u|^{p(x )− 2} ∇ u � (∇ u_n − ∇ u) dx .

We can generalize the elementary inequalities from [ 14] to the variable exponent case and we obtain

(|x|^{p(·)− 2} x − | y|^{p(·)− 2} y)(x − y) ≥ C_{p(·)} |x − y|^{p(·)} if p(·) ≥ 2 ,

where C_{p(·)} ≥ min � 1,^1_{2p + − 2} , and

(|x|^{p(·)− 2} x − | y|^{p(·)− 2} y)(x − y) ≥

C_{p(·)} |x − y|^2 (|x| + |y|)^{2− p(·)} if 1 < p (·) < 2 .

We obtain that, K_n + L_n ≥ aC_{p(·)} ρ_{p(·)} � ∇ (u_n − u) � , and as C_{p(·)} is dominated by a constant we deduce that ρ_p(∇ (u_n − u)) converges to 0 as n → + ∞ . By Proposition 2.3, we conclude that ‖u_n − u‖ → 0 in W^{1,p (x )}

0 (Ω) .

Proof of Theorem 3.2. We notice that W^{1,p +}_0 (Ω) ⊂ W^{1,p (x )}

0 (Ω) . Consider { e_1 , e_2 , . . .}, a Schauder basis of the space W^{1,p +}_0 (Ω) (see [17]), and for each k ∈ N, consider X_k , the subspace of W^{1,p +}_0 (Ω) generated by k vectors { e_1 , e_2 , . . . , e_k }. Clearly X_k is subspace of W^{1,p (x )}

0 (Ω) . So we notice that X_k ⊂ L^{q(x )}(Ω) because X_k ⊂ W^{1,p +}_0 (Ω) ⊂ L^{q(x )}. Thus, the norms ‖ · ‖ and | · |_{q(x )} are equivalent on X_k because X_k is a finite dimension space. Consequently, there exists a positive constant C_k such that

−| u|_{q(x )} ≤ − C_k ‖u‖ , for all u ∈ X_k .

Thus we have

J (u) ≤ a p^− ρ_p (∇ u) + b 2(p^− )^2 � ρ_p (∇ u)

�_2 − C_1 q^+ ρ_q (u) .

ON A p(x )-KIRCHHOFF TYPE PROBLEM 171

• If ρ_p (∇ u) < 1 and ρ_q (u) < 1, then

J (u) ≤ a p^−

‖u‖^{p −} + b 2(p^− )^2

‖u‖^{2p −} −

C_1 q^+

|u|^{q+}_{q(x )} ≤ a p^−

‖u‖^{p −} + b 2(p^− )^2

‖u‖^{2p −} −

C_1 q^+

C_k ‖u‖^{q+}

= ‖u‖^{q+} h a p^−

‖u‖^{p − − q+} + b 2(p^− )^2

‖u‖^{2p − − q+} −

C_1 q^+

C_k i . We choose R > 0 small enough such that a p^−

R^{p − − q+} + b 2(p^− )^2

R^{2p − − q+} <

C_1 q^+

C_k .

Thus, for 0 < r < R , we consider the set K = { u ∈ X_k : ‖u‖ = r }. For all u ∈ K , we have

J (u) ≤ r^{q+} h a p^− r^{p − − q+} + b 2(p^− )^2 r^{2p − − q+} −

C_1 q^+

C_k i

< R^{q+} h a p^−

R^{p − − q+} + b 2(p^− )^2

R^{2p − − q+} −

C_1 q^+

C_k i

< 0 = J (0) . We can apply similar reasoning to the other cases since:

• If ρ_p (∇ u) < 1 and ρ_q (u) > 1, then

J (u) ≤ ‖ u‖^{q−} h a p^−

‖u‖^{p − − q−} + b 2(p^− )^2

‖u‖^{2p − − q−} −

C_1 q^+

C_k i . • If ρ_p (∇ u) > 1 and ρ_q (u) < 1, then

J (u) ≤ ‖ u‖^{q+} h a p^−

‖u‖^{p + − q+} + b 2(p^− )^2

‖u‖^{2p + − q+} −

C_1 q^+

C_k i . • If ρ_p (∇ u) > 1 and ρ_q (u) > 1, then

J (u) ≤ ‖ u‖^{q−} h a p^−

‖u‖^{p + − q−} + b 2(p^− )^2

‖u‖^{2p + − q−} −

C_1 q^+

C_k i . We can be considered the odd homeomorphism h : K → S^{k − 1} defined by h(u) = ( α_1 , α_2 , ..., α_k ), where S^{k − 1} is the sphere in R^k . From Theorem 2.1 and proposition 2.5 we conclude that γ(K) = k. thanks to theorem 2.3, J has at least k pairs of different critical points. Since k is arbitrary, we obtain infinitely many critical points of J . □ Example 3.2. We consider Ω = (0 ,1) and let f (x, t) = C_1 t^{q(x )− 1} if t ≥ 0 and f (x, t) = − C_1(− t)^{q(x )− 1} if t < 0, where p(x) = x^2 + 2 and q(x) =^1_{x 2 +2} + 1 , for all x ∈ Ω . Then, the problem ( − � a + b R Ω 1 x^2 +2 |u

′|^{x 2 +2} dx � |u^′|^{x 2} u^′

�_′

= sgn ( u)C_1 |u|^{1x 2 +2} , in (0, 1) u(0) = u(1) = 0 ,

172 A. MOKHTARI, T. MOUSSAOUI AND D. O’REGAN

has infinitely many solutions.

References

[1] Ambrosetti, A., Malchiodi, A., Nonlinear analysis and semilinear elliptic problems , Cambridge Stud. Adv. Math., vol. 14, Cambridge Univ. Press, 2007.

[2] Antontsev, S.N., Rodrigues, J.F., A model porous medium equation with variable exponent of nonlinearity: existence, uniqueness and localization properties of solutions , Nonlinear Anal. (2005), 515–545.

[3] Antontsev, S.N., Rodrigues, J.F., On stationary thermo-rheological viscous flows , Ann. Univ.

Ferrara Sez. VII (N.S.) 52 (2006), 19–36.

[4] Castro, A., Metodos variacionales y analisis functional no linear , X Colóquio Colombiano de Matematicas, 1980.

[5] Clarke, D.C., A variant of the Lusternik-Schnirelman theory , Indiana Univ. Math. J. 22 (1972), 65–74.

[6] Corrêa, F.J.S.A., Figueiredo, G.M., On an elliptic equation of p-Kirchhoff-type via variational methods , Bull. Austral. Math. Soc. 74 (2006), 263–277.

[7] Corrêa, F.J.S.A., Figueiredo, G.M., On a p-Kirchhoff equation via Krasnoselskii’s genus , Appl. Math. Lett. 22 (’2009), 819–822.

[8] Dai, G., Wei, J., Infinitely many non-negative solutions for a p(x)-Kirchhoff-type problem with Dirichlet boundary condition , Nonlinear Anal. 73 (2010), 3420–3430.

[9] Diening, L., Harjulehto, P., Hast"o, P., Ružička, M., Lebesgue and Sobolev spaces with variable exponents , Lecture Notes in Math., vol. 2017, Springer, New York, 2011.

[10] Fan, X.L., Zhao, D., On the spaces L^{p ( x )} and W^{m,p ( x )} , J. Math. Anal. Appl. 263 (2001), 424–446.

[11] Kavian, O., ‘Introduction ‘a la théorie des points critiques et applications aux problémes elliptiques , Springer-Verlag, 1993.

[12] Kirchhoff, G., Mechanik , Teubner, Leipzig, Germany, 1883.

[13] Krasnoselskii, M.A., Topological methods in the theory of nonlinear integral equations , MacMillan, New York, 1964.

[14] Peral, I., Multiplicity of solutions for the p-Laplacian , Second School of Nonlinear Functional Analysis and Applications to Differential Equations, ICTP, Trieste, 1997.

[15] Rabinowitz, P. H., Minimax methods in critical point theory with applications to differential equations , Conference Board of the Mathematical Sciences, by the American Mathematical Society, Providence, Rhode Island, 1984.

[16] Ružička, M., Electro-rheological Fluids: Modeling and Mathematical Theory , Springer-Verlag, Berlin, 2000.

[17] Triebel, H., Interpolation Theory, Function Spaces, Differential Operators , North-Holland, Amsterdam, 1978.

[18] Zhikov, V.V., Averaging of functionals of the calculus of variations and elasticity theory , Math. USSR Izv. 9 (1987), 33–66.

ON A p(x )-KIRCHHOFF TYPE PROBLEM 173

A. Mokhtari, T. Moussaoui, Laboratory of Fixed Point Theory and Applications, Department of Mathematics, E.N.S. Kouba, Algiers, Algeria E-mail : mokhtarimaths@yahoo.fr moussaoui@ens-kouba.dz

National University of Ireland, School of Mathematics, Statistics and Applied Mathematics, Galway, Ireland

King Abdulaziz University, NAAM Research Group, Jeddah, Saudi Arabia E-mail : donal.oregan@nuigalway.ie