ARCHIVUM MATHEMATICUM (BRNO) Tomus 51 (2015), 175–187

ABELIAN ANALYTIC TORSION AND SYMPLECTIC VOLUME

B.D.K. McLellan

Abstract. This article studies the abelian analytic torsion on a closed, oriented, Sasakian three-manifold and identifies this quantity as a specific multiple of the natural unit symplectic volume form on the moduli space of flat abelian connections. This identification computes the analytic torsion explicitly in terms of Seifert data.

1. Introduction

This article studies the abelian analytic torsion on Sasakian three-manifolds. The analytic torsion is a topological invariant that was introduced by D.B. Ray and I.M. Singer [ 21] as an analytic analogue of the combinatorially defined Reidemeister torsion [ 22]. It is a well known fact that these two torsions agree, as was independently shown by W. Müller, [ 15], and J. Cheeger, [ 7], for unimodular representations. More recently an elegant new proof of this equivalence has been given by M. Braverman [6] using the Witten laplacian [27].

Our main objective in this article is to compute the (square-root of the) analytic torsion explicitly as a natural symplectic volume form on the moduli space of flat abelian connections. This identification is motivated by the work of C. Beasley and E. Witten [ 3] involving Chern-Simons theory on contact three-manifolds. Recall that A.S. Schwarz [ 25] has shown that the abelian Chern-Simons partition function is proportional to the analytic torsion and our study is also natural in light of this fact. Our main result, Theorem 9, shows that two mathematically a priori different definitions of the abelian Chern-Simons partitition function derived from [3] are rigorously equivalent. Our main strategy is to use the the work of M. Rumin and N. Seshadri [ 24] which naturally connects the analytic torsion with contact structures on three-manifolds.

Throughout, X will denote a closed, orientable three-manifold, and (X, ϕ, ξ, κ, G) will denote X equipped with a Sasakian structure. See [ 5], [9] for standard background on Sasakian and contact geometry. For convenience we recall that a Sasakian manifold is a normal contact metric manifold, (X, ϕ, ξ, κ, G), where

2010 Mathematics Subject Classification : primary 58J28; secondary 53D10, 53C25. Key words and phrases : analytic torsion, contact torsion, Chern-Simons theory, Sasakian three-manifold, quantum field theory.

Received July 13, 2015. Editor J. Slovák. DOI: 10.5817/AM2015-3-175

176 B.D.K. MCLELLAN

• κ ∈ Ω^1(X) is a contact form, i.e. κ ∧ dκ ≠ 0 , ξ ∈ Γ(T X) is the Reeb vector field, • ϕ ∈ End(T X), ϕ(Y) =: JY for Y ∈ Γ(H), ϕ(ξ) = 0 where J ∈ End(H) is an almost complex structure on the contact distribution H := ker κ ⊂ T X, and, • G = κ ⊗ κ + dκ ∘ (I ⊗ ϕ).

Definition 1. A Seifert manifold is a closed orientable three-manifold that admits a locally free U(1)-action.

Remark 2. See [18] for a general definition and classification of Seifert manifolds.

Let Σ denote the base of a Seifert manifold when viewed as the total space of a U(1)-bundle, U(1) � � � X � Σ It is well known that the topological isomorphism class of a Seifert manifold X is determined by its Seifert invariants [18],

[g, n; (α_1 , β_1 ), . . . , (α_M , β_M )], gcd(α_j , β_j ) = 1 ,

where g is the genus of Σ . Geometrically, the U(1) action on X is rotations of the fibres over Σ and the points in the U(1) fiber over each orbifold point p_j on Σ are fixed by the cyclic subgroup Z_{α j} of U(1). The fundamental group π_1(X) is generated by the following elements [18],

a_p , b_p , p = 1 , . . . , g, c_j , j = 1 , . . . , M, h , which satisfy the relations,

(1) [a_p , h] = [b_p , h] = [c_j , h] = 1 ,

c^{α j}_j h^{β j} = 1 , g� p=1 [a_p , b_p ] M� j =1

c_j = h^n .

Geometrically, the generator h is associated to the generic U(1) fiber over Σ , the generators a_p, b_p come from the 2g non-contractible cycles on Σ , and the generators c_j come from the small one cycles in Σ around each of the orbifold points p_j .

Remark 3. Since the analytic torsion is defined with respect to a choice of metric, we naturally work with Sasakian structures. Recall that X admits a Sasakian structure (X, ϕ, ξ, κ, G) ⇐⇒

• [5, Theorem 7.5.1, 7.5.2] X admits a Seifert structure that is the total space of a non-trivial principal U(1) orbibundle over a Hodge orbifold surface, Σ .

For this article, Seifert structures on X are induced by Sasakian structures.

ABELIAN ANALYTIC TORSION AND SYMPLECTIC VOLUME 177

Let T denote a compact, connected abelian Lie group of real dimension N, t denote its Lie algebra and Λ ⊂ t the integral lattice. Let Tors H^2(X, Λ) denote the torsion subgroup of H^2(X, Λ) . For P a principal T-bundle over X, A_P is the affine space of connections on P modeled on the vector space of T-invariant horizontal one-forms on P , (Ω^1_{hor} (P, t))^T ≃ Ω^1(X, t). The group of smooth gauge transformations is the group of T equivariant smooth maps G := ( Map^∞ (P, T))^T ≃ Map^∞ (X, T) and acts on A_P in the standard way. That is, for g ∈ Map^∞ (P, T), and A ∈ A_P , A ·g := A+ g^∗ ϑ, where ϑ ∈ Ω^1(T, t) denotes the Maurer-Cartan form on T. In order to define the Chern-Simons action, a negative definite symmetric bilinear form on t needs to be chosen. Let B T denote the classifying space of principal T-bundles. Valid choices for such forms ⟨·, ·⟩ ∈ Sym^2_T(t^∗) are classified by elements of H^4(B T, Z) [8], [4]. Choosing a basis e^α for H^2(B T, Z), an element in H^4(B T, Z) may be written as M_{α β} e^α ∪ e^β , where M_{α β} is an N × N integral symmetric matrix. For the purposes of this article we choose ⟨·, ·⟩ corresponding to M_{α β} = − 2I_{α β} , where I_{α β} is the identity matrix. Let W be a compact oriented four-manifold such that ∂W= X, which always exists [ 20]. Extend P to a T-bundle Q over W, which is always possible in our case [ 4]. Given a form α ∈ Ω^j (P, t), let ~α ∈ Ω^j (Q, t) denote the corresponding extension to Q. For a connection A ∈ Ω^1(P, t), denote the curvature form of the extension ~A ∈ Ω^1 (Q, t) by F ~_A ∈ Ω^2 (W, t).

Definition 4. The Chern-Simons action of a T-connection A ∈ A_P is defined by,

(2) CS_{X,P} (A) := 1 4π � W ⟨F ~_A ∧ F ~_A ⟩ mod (2 πZ).

We also define the following • m_X :=^N_2 (dim H^1 (X ; R) − 2 dim H^0 (X ; R)), • A_P denotes a flat connection on a principal T-bundle P over X , • c_1(X) = n+

�_M

j =1 β_j α_j is the first orbifold Chern number of the Seifert manifold X , • s(α, β ) :=^1_{4α}

�_{α − 1}

j =1 cot

�_{πj} α � cot �_{πjβ} α � ∈ Q is the Rademacher-Dedekind sum,

• η_0 = N

�_{c1 (X )} 6 − 2

�_M

j =1 s(α j , βj ) � is the adiabatic eta-invariant of the Sasakian manifold (X, ϕ, ξ, κ, G) [17], • M_X ≃ � [P ]∈ Tors H^2 (X, Λ) T

2g denotes the moduli space of flat abelian connections on a closed three-manifold. A particular component of M_X corresponding to a bundle class [P ] ∈ Tors H^2(X, Λ) is denoted as, M_P ≃ H^1(X, t)/H^1(X, Λ) ≃ T^{2g}. The number of components of M_X is computed for Sasakian three-ma-nifolds in the following theorem.

Theorem 5 ([16, Theorem 8.1], [ 19]). Given a closed oriented Sasakian three-manifold (X, ϕ, ξ, κ, G) ( so that c_1 (X ) ≠ 0) then,

M_X ≃ T^{2g} × Tors( H^2 (X, Λ)) ≃ Hom( π_1 (X ), T) ,

where, | Tors H^2 (X, Λ) | = |c_1 (X ) ·

�_M

j =1 α j | N . • Ω_P := � 1≤ i ≤ g,1≤ j ≤ N dθi,j ∧ dθ̄i,j is the standard symplectic form on M P ,

178 B.D.K. MCLELLAN

• ω_P :=^{Ω gN}

(gN )!(2 π )^{2 gN} ∈ Ω

2gN (M_P , R), and ω ∈ Ω^{2gN} (M_X , R) is the symplectic form such that its restriction to the connected component M_P is ω_P .

• K_X =^1

|c_1 (X )· � i α_i |^{N/ 2} , • √ T_X ∈ Ω^{2gN} (M_X , R) is the (square-root) of the analytic torsion (see Def. 13 and Remark 17). We also write √ T_X ∈ Ω^{2gN} (M_P , R) when restricting √ T_X to a connected component M_P .

– The eta-invariant for the odd signature operator, L^o, acting on Ω^1(X, t) ⊕ Ω^3 (X, t), is defined by analytic continuation,

(3) η(L^o ) := lim_{s → 0} � λ ∈ spec^∗ (L^o )

sgn(λ)|λ|^{− s} .

The eta-invariant is an analytic invariant introduced by Atiyah, Patodi and Singer [1] defined for an elliptic and self-adjoint operator. We note that as in [ 1, Prop. 4.20], we may remove some spectral symmetry and the eta-invariant of L^o coincides with the eta-invariant of the operator ⋆d restricted to Ω^1(X, t) ∩ Im( ⋆d).

• η_{grav} (G) denotes the eta-invariant for the operator ⋆d acting on Ω^1(X, R), so that,

(4) η(⋆d) = N ·η_{grav} (G) ,

where the eta-invariant on the left hand side of (4) is defined on Ω^1(X, t) and N = dim T, • (5) CS_s (A^G ) := 1 4π � X s^∗ Tr( A^G ∧ dA^G + 2 3 A^G ∧ A^G ∧ A^G ) ,

is the gravitational Chern-Simons term, where A^G is the Levi-Civita connection and s a trivializing section of twice the tangent bundle of X. More explicitly, let H = Spin(6), Q = T X ⊕ T X viewed as a principal Spin(6)-bundle over X, G ∈ Γ(S^2(T^∗ X)) a Riemannian metric on X, ϕ : Q → SO(X) a principal bundle morphism, and A^{LC} ∈ A_{SO (X )} := { A ∈ (Ω^1(SO(X)) ⊗ so(3))^{SO(3)} | A(ξ^♯ ) = ξ, ∀ ξ ∈ so(3)} the Levi-Civita connection. Then A^G := ϕ^∗ A^{LC} ∈ A_Q := { A ∈ (Ω^1 (Q) ⊗ h)^H | A(ξ^♯ ) = ξ, ∀ ξ ∈ h}.

An Atiyah-Patodi-Singer theorem, [2, Prop. 4.19], says that the combination,

(6) η_{grav} (G) + 1 3 CS(A^G ) 2π , is a topological invariant depending only on a two-framing of X. Recall that a two-framing is a choice of a homotopy equivalence class Π of trivializations of T X ⊕ T X, twice the tangent bundle of X. Note that Π is represented by the trivializing section s : X → Q above. The possible two-framings correspond to Z. The identification with Z is given by the signature defect defined by,

δ(X, Π) = sign(W ) − 1 6 p_1 (2T W, Π) ,

ABELIAN ANALYTIC TORSION AND SYMPLECTIC VOLUME 179

where W is a 4-manifold with boundary X and p_1(2T W,Π) is the relative Pontrjagin number associated to the framing Π of the bundle T X ⊕ T X. The canonical two-framing Π^c corresponds to δ(X, Π^c ) = 0 .

Remark 6. Before we present the main quantities of interest in Definitions 7, 8, we note that both definitions implicitly require a choice of base h^0 for H^0(X, R) to be well defined. We elaborate on this point in §2.

Definition 7. [14] Let k ∈ Z and X a closed, oriented three-manifold. The abelian Chern-Simons partition function, Z_T (X, k ), is the quantity,

(7) Z_T (X, k ) = � P ∈ Tors H^2 (X, Λ)

Z_T (X, P, k ) ,

where,

(8) Z_T (X, P, k ) := k^{m X} e^{ik CS X,P (A P )} e^{πiN}

�_{η grav (G)}

4 +^1_{12}^{CS( A G )}_{2 π} � � M_P � T_X .

Definition 8 ([14]). Let k ∈ Z, and let (X, ϕ, ξ, κ, G) be a closed oriented Sasakian three-manifold. Define the symplectic abelian Chern-Simons partition function ,

Z_T (X, k ) = � [P ]∈ Tors H^2 (X, Λ)

Z_T (X, P, k ) , (9)

where

Z_T (X, P, k ) = k^{m X} e^{ik CS X,P (A P )} e^{iπ} (^{N4 − 12 η 0} ) � M_P

K_X ·ω_P .

(10)

The main motivation for this work is the conjectural equivalence of the rigorous topological invariants Z_T(X, k) and Z_T(X, k). Note that this conjecture arises simply due to the fact that the rigorous definitions of Z_T(X, k) and Z_T(X, k) are derived from the same heuristic Chern-Simons partition function in physics. We note that part of this conjectural equivalence is motivated by [ 11] which argues that √ T_X is proportional to a specific scalar multiple of the natural unit symplectic volume form ω ∈ Ω^{2gN} (M_X , R) by using the group structure on the moduli space M_X ,

(11) � T_X = C · � 1 � | Tors H^2 (X, Λ) | ·ω � , where 0 ≠ C ∈ R. Note that [ 11] works with the case where X is endowed with a regular Sasakian structure, which corresponds to a principle U(1) bundle over a surface without orbifold points. This article studies the more general case of a three-manifold X that admits a Sasakian structure. We are able to calculate the square-root of T_X explicitly as a specific scalar multiple of a natural symplectic volume form on the moduli space M_X using a theorem of M. Rumin and N. Seshadri [24, Theorem 5.4]. We obtain the following

180 B.D.K. MCLELLAN

Theorem 9 (Main Theorem) . Let (X, ϕ, ξ, κ, G) be a closed Sasakian three-manifold. Then,

(12) � T_X = 1 |c_1 (X ) · � i α_i |^{N/ 2}

·ω .

We note that Theorem 9 combined with Theorem 5 leads to an explicit computation of the symplectic volume of the moduli space. Thus, we have the following,

Corollary 10. Given a closed oriented Sasakian three-manifold (X, ϕ, ξ, κ, G), the symplectic volume of the moduli space M_X with respect to the symplectic volume form √ T_X ∈ Ω^{2gN} (M_X , R) is given by,

(13) � M_X � T_X = � | Tors H^2 (X, Λ) | = � �c_1 (X ) ·� j α_j � �^{N/ 2} .

As a consequence of Theorem 9 we obtain the following verification of the above conjecture,

Corollary 11. Let k ∈ Z, and let (X, ϕ, ξ, κ, G) be a closed oriented Sasakian three-manifold. Then the magnitudes of Z_T (X, k ) and Z_T (X, k ) agree identically,

|Z_T (X, k )| = � �Z_T (X, k ) � � , (14) and |Z_T (X, k )| = k^{m X} · � �_{[P ]∈ Tors H 2 (X, Λ)} eik CS X,P (A P ) � � � | Tors H^2 (X, Λ) | . (15)

2. Proof of the main theorem

In this section we prove Theorem 9 and compute the square root of the analytic torsion √ T_X as a symplectic volume form on the moduli space of flat abelian connections M_X in the case that X admits a Sasakian structure. For simplicity, we will assume T = U(1) in this section and set N = 1 .

Remark 12. The natural quantity that shows up in the symplectic abelian Chern-Simons path integral is ω multiplied by 1/| Vol(I )|, where

I := { g ∈ G_P |A_P ·g = A_P } ≃ U(1) < G,

is the isotropy subgroup of the gauge group of a given abelian connection A_P ∈ A_P . The volume of the isotropy group, Vol(I), requires a choice of measure on I ≃ U(1), which boils down to a choice of base h^0 for H^0(X, R). We recall some of the details presently.

In our study of abelian Chern-Simons theory [14], the natural invariant metric H_G on the group G is defined in terms of the Hodge star ⋆ for the given Sasakian metric G on X ,

(16) H_G(θ_1 , θ_2 ) := � X ⟨θ_1 ∧ ⋆θ_2 ⟩ ,

ABELIAN ANALYTIC TORSION AND SYMPLECTIC VOLUME 181

where θ_1, θ_2 ∈ Lie G ≃ Ω^0(X, R). Observe that H_G restricted to constant functions θ_1 , θ_2 ∈ R ⊂ Lie G is given as follows,

H_G(θ_1 , θ_2 ) = � X ⟨θ_1 ∧ ⋆θ_2 ⟩ = � � X ⋆1 � · ⟨θ_1 , θ_2 ⟩ .

We may therefore write √ H_G = � X ⋆1

�_{1/2}

. Now we choose the measure √ H_G dσ on I ≃ U(1) such that dσ = dθ/2π setting � U(1) dσ = 1 . Let H

0(X, R) denote the harmonic 0-forms on X. Note that by definition of the de Rham map δ^0_{dR} : H^0(X, R) → H^0(X, R), this choice of measure may be viewed as a choice of base h^0 for H^0 (X, R) ≃ Lie U(1) such that δ^0_{dR} (2π) = h^0 . We have,

Vol(I ) := � U(1) � H_Gdσ , = � H_G, since � U(1) dσ = 1 , = � � X ⋆1 �_{1/2} . (17)

Since the Hodge star ⋆ is defined in terms of the given Sasakian metric, we have,

Vol(I ) = � � X κ ∧ dκ

�_{1/2}

= [ c_1 (X )]^{1/2} .

A proof of Theorem 9 follows from [ 24, Theorem 5.4], where the analytic torsion is computed on a closed Sasakian three-manifold twisted by a unitary representation ρ : π_1(X) → U(r). Combining this with a substitution of some known special values of the Riemann-Hurwitz zeta function completes the proof.

Let (M, G) be a closed oriented Riemannian manifold of dimension m and let ρ : π_1(M) → U(1) be a representation of the fundamental group of M. Recall that ρ corresponds to a flat principal U(1) bundle P over M equipped with a flat connection A_ρ ∈ A_P . Given a representation χ : U(1) → Aut F, where F = R or C, we obtain an associated line bundle E_χ := P ×_χ F. Let,

d^χ_{A ρ} : Ω^q (M, E_χ ) → Ω^{q+1} (M, E_χ ) ,

denote the covariant derivative associated to A_ρ and let,

Δ^χ_q (ρ) := ( d^χ_{A ρ} )^∗ d^χ_{A ρ} + d^χ_{A ρ} (d^χ_{A ρ} )^∗ : Ω^q (M, E_χ ) → Ω^q (M, E_χ ) ,

denote the corresponding Laplacian. Define the determinant line,

det H^• (M, d^χ_{A ρ} ) := 3� j =0

det H^j (M, d^χ_{A ρ} )^{(− 1) j +1} ,

where a superscript − 1 denotes the dual space. Let |·|_L 2_{(Ω} •_{(X ))} denote the L^2-metric on det H^•(M, d^χ_{A ρ} ) induced by the identification of H^•(M, d^χ_{A ρ} ) with the harmonic forms H^• (M, d^χ_{A ρ} ) via the de Rham map δ^q_{dR} : H^q (M, d^χ_{A ρ} ) → H^q (M, d^χ_{A ρ} ).

182 B.D.K. MCLELLAN

Definition 13. [21] Let M be a closed oriented Riemannian manifold of dimension m and let ρ : π_1(M) → U(1) be a representation of the fundamental group of M and let χ : U(1) → Aut F be a representation of U(1) (where F = R or C). Let Δ^χ_q (ρ): Ω^q (M, E_χ ) → Ω^q (M, E_χ ) denote the Laplacian in the representation χ . Let ζ_q (s) be the zeta-function for Δ^χ_q (ρ) defined for Re( s) ≫ 0 by,

(18) ζ_q (s) := 1 Γ( s)

�_∞ 0 t^{s − 1} tr( e^{t Δ q} − Π_q ) dt ,

analytically continued to C and Π_q : Ω^q(M, ρ) → H^q(M, ρ) orthogonal projection. The analytic torsion is defined as,

(19) T_M = T^χ_M (ρ) := exp � 1 2 m� q=0 (− 1)^q qζ^′_q (0) � . The Ray-Singer metric ‖ · ‖_{RS} is defined as

(20) ‖ · ‖_{RS} = T_M | · |_L 2_{(Ω} •_{(X ))} .

Note that [ 24] defines and studies a new type of analytic torsion on contact manifolds called the contact analytic torsion , denoted by T^C_X , and they also introduce a corresponding contact Ray-Singer metric , denoted || · ||_C . These quantities are defined in terms of the contact complex (E, D_H ), originally introduced by M. Rumin [23], on a contact manifold (X, κ). Given the Reeb vector field ξ ∈ Γ(X) for the contact form κ ∈ Ω^1(X, R), let d_H : Ω^j (X) → Ω^{j +1} (X) be defined as d_H := d − κ ∧ ι_ξ, and L_ξ be the Lie derivative. Define Ω^1(H) := { α ∈ Ω^1(X) | ι_ξ α = 0 } and Ω^2(V) := { β ∈ Ω^2(X) | β = κ ∧ α, for α ∈ Ω^1(X)}. Given a contact metric manifold (X, ϕ, ξ, κ, G), and ⋆ the usual Hodge star for the metric G, the horizontal Hodge star is defined as ⋆_H := ⋆ ∘ (κ∧ ). The contact complex (E, D_H ) is defined as

(21) C^∞ (X )^{D H = d H}

−−−−−−→ Ω^1 (H )^{D H = D}

−−−−−→ Ω^2 (V)^{D H = d}

−−−−−→ Ω^3 (X ) ,

with middle operator D_H = D = κ ∧ (L_ξ + d_H ⋆_H d_H ). Note that this complex may be defined using only the choice of a contact 2-plane field [ 24], and we have introduced a contact metric structure in order to be more explicit. Also note that one can twist the contact complex with a flat bundle and define the twisted contact complex, contact analytic torsion and contact Ray-Singer metric as well [ 24]. Given a contact metric manifold (X, ϕ, ξ, κ, G), the contact analytic torsion and metric are defined using the contact Laplacian on (E, D_H ),

(22) Δ^C_q = � � � (d^∗_H d_H + d_H d^∗_H )^2 if q = 0 , 3 , D^∗ D + ( d_H d^∗_H )^2 if q = 1 , DD^∗ + ( d^∗_H d_H )^2 if q = 2 .

This operator is maximally hypoelliptic and invertible in the Heisenberg symbolic calculus [24]; a key property that allows one to make sense of the zeta function for

ABELIAN ANALYTIC TORSION AND SYMPLECTIC VOLUME 183

the contact Laplacian ζ(Δ^C_q )(s). [24] introduce the contact torsion function

K (s) : = 1 2 3� q=0 (− 1)^q w(q)ζ(Δ^C_q )(s) ,

(23)

where for q = 0 , 1, 2, 3

w(q) = � q , q ≤ 1 , q + 1 , q > 1 .

(24)

Note that our definition of K (s) is the negative of the one that occurs in [ 24]. The contact analytic torsion is then defined to be

(25) T^C_X := exp � 1 2 K^′(0) � . It is shown in [ 24] that the analytic torsion and Ray-Singer metric agree with their contact geometric counterparts on Sasakian manifolds. Note that our definition of T^C_X is the inverse of the definition used in [24].

Theorem 14 ([24, Theorem 4.2]) . Let (X, ϕ, ξ, κ, G) be a closed Sasakian (CR-Sei-fert) three-manifold, ρ : π_1(X) → U(N) a unitary representation, and χ_0 : U(N) → Aut(C^N ) the standard representation. Let T_X and T^C_X denote the analytic torsion and the contact analytic torsion, respectively, in the standard representation; e.g. T_X := T^{χ 0}_X . Then the analytic torsion T_X and the contact analytic torsion T^C_X agree, (26) T_X (ρ) = T^C_X (ρ) . Also, the Ray-Singer metric ‖ · ‖_{RS} and the contact Ray-Singer metric ‖ · ‖_C agree, (27) ‖ · ‖_{RS} = ‖ · ‖_C .

For a ∈ (0,1], let ~ζ(s, a) = � n ∈ N 1 (n + a )^s denote the Riemann-Hurwitz zeta

function, and let ~ζ(s) := ~ζ(s, 1) denote the Riemann zeta function. The main result that we need is given as follows.

Theorem 15 ([24, Theorem 5.4]) . Let (X, ϕ, ξ, κ, G) be a closed Sasakian three-ma-nifold. Split E_χ into irreducibles E^θ_χ . Then the contact torsion function spectrally decomposes as,

(28) K (s) = � E^θ_χ

K_θ (s) ,

such that,

• On E^θ_χ with θ ∈ (0, 1), i.e. χ ∘ ρ(h) = e^{2πiθ} ≠ 1 , we have,

K_θ (s) = − dim( E^θ_χ )χ (Σ^∗ ) �~ ζ(2s, θ) + ~ζ(2s, 1 − θ) � − � i,j 1 α^{2s}_i �~ ζ(2s, θ_{i,j} ) + ~ζ(2s, 1 − θ_{i,j} ) � . (29)

184 B.D.K. MCLELLAN

• Let E^{0,i}_χ = ker(1 − χ ∘ ρ(c_i )). Then we have,

K_0 (s) = − K (X, ρ )(2 ~ζ(2s) + 1) − 2~ζ(2s) � i dim( E^{0,i}_χ )(α^{− 2s}_i − 1) − � { (i,j ): θ_{i,j} ≠0 } 1 α^{2s}_i �~ ζ(2s, θ_{i,j} ) + ~ζ(2s, 1 − θ_{i,j} ) � . where K (X, ρ ) := 2 dim H^0 (X, t) − dim H^1 (X, t).

Remark 16. We note that the proof of this theorem follows by application of the Riemann-Roch-Kawasaki formula [12], [10].

The case of interest for us is the trivial representation ρ_0 : π_1(X) → U(1). Since this is already scalar we have, K (s) = K_0 (s) ,

(30)

where, by Theorem 15, we have

K_0 (s) = − K (X, ρ )(2ζ(2s) + 1) − 2ζ(2s) � i (α^{− 2s}_i − 1) .

(31)

Now we use the identification of the analytic torsion and the contact analytic torsion given in Theorem 14 to write T^χ_X (ρ_0) = exp(K^′_0(0)/2). We compute K^′_0(0) using Theorem 15. Using the special values of the Riemann-zeta function, ζ(0) = − 1/2 and ζ^′(0) = − ln(2π)/2 [26], and K(X, ρ) = 2 dim H^0(X, t) − dim H^1(X, t) [24, Eq. 42], we obtain, K^′_0 (0)/2 = (2 − 2g) ln(2 π) − � i ln(α_i ) .

(32)

Thus,

T^χ_X (ρ_0 ) =

(2π)^{2− 2g} � i α_i . (33)

It is easy to see that T^{Ad}_X (ρ) = T^χ_X (ρ_0) when ρ_0 ≡ 1 is the trivial representation, χ is the standard representation, and ρ : π_1(X) → U(1) is arbitrary. This follows because the spectra of the corresponding Laplacians are identical. That is, for the standard representation χ, the Laplacian at the trivial representation ρ_0 is given by, Δ^χ_j (ρ_0 ) := d^∗ d + dd^∗ : Ω^j (X, C) → Ω^j (X, C) , where d^χ_{A ρ 0} = d is just the ordinary de Rham derivative. Also, for the adjoint representation, Δ^{Ad}_j (ρ) := d^∗ d + dd^∗ : Ω^j (X, R) → Ω^j (X, R) , since d^{Ad}_{A ρ} = d for any representation ρ. Clearly, these operators have identical spectra. By Poincaré duality H^3(X, d)^{− 1} is canonically isomorphic to H^0(X, d), and H^1 (X, d )^{− 1} is canonically isomorphic to H^2 (X, d ). Thus, ‖ · ‖_{RS} ∈ | det H^0 (X, d_{A ρ} )|^{⊗ 2} � | det H^1 (X, d_{A ρ} )^{− 1} |^{⊗ 2} ,

ABELIAN ANALYTIC TORSION AND SYMPLECTIC VOLUME 185

and we may define the square-root of ‖ · ‖_{RS} , � ‖ · ‖_{RS} ∈ | det H^0 (X, d_{A ρ} )| � | det H^1 (X, d_{A ρ} )^{− 1} | .

Note that since the adjoint representation is trivial on R, we have � ‖ · ‖_{RS} ∈ | det H^0 (X, R)| � | det H^1 (X, R)^{− 1} | .

Remark 17. Observe that if ν^0 is an orthonormal base for H^0(X, R) = R, then it may be identified as a scalar ν^0 ∈ R such that,

1 = ||ν^0 ||^2 , = � X ν^0 ∧ ⋆ν^0 ,

= |ν^0 |^2 � X κ ∧ dκ,

= |ν^0 |^2 ·c_1 (X ) .

Thus, |ν^0 | = 1 /|c_1(X)|^{1/2}. In order to view the analytic torsion as a volume form on M_X , we must choose a base h^0 for H^0(X, R) and evaluate √ T_X at h_0. If we identify H^0(X, R) ≃ R via the de Rham map δ^0_{dR} , then we make the same choice as in Remark 12 and choose δ^0_{dR} (2π) = h^0 .

Choosing h^0 ∈ H^0(X, R) as in Remark 17 and denoting the Ray-Singer metric evaluated at h^0 by ‖ · ‖_{RS} |_h 0 , we define, � T_X : = � ‖ · ‖_{RS} |_h 0 ∈ | det H^1 (X, R)^{− 1} | .

(34)

We therefore have � T_X =

(2π)^{− Ng} |c_1 (X ) · � i α_i |^{N/ 2} � � � � δ^1_{dR} (ν^1 ) � � �^∗ ,

(35)

where � � δ1_{dR} (ν1 ) � �^∗ : �^{max} H 1(X, t) → R+ is the volume form associated to the basis given by δ^1_{dR} (ν^1). Writing the above results concisely, if (X, ϕ, ξ, κ, G) is a closed Sasakian three-manifold, then, � T_X = 1 |c_1 (X ) · � i α_i |^{N/ 2}

·ω ,

(36)

where

ω : =

Ω^{gN} (gN )!(2π)^{2gN} , (37) and Ω : = � 1≤ i ≤ gN

dθ_i ∧ dθ̄_i .

(38)

Note that the generalization to the case of an arbitrary torus T is straightforward. We also point out that the extra factor of (2π)^{gN} that occurs in Eq. (37) is due to

186 B.D.K. MCLELLAN

the corresponding factor of √ 2π in the norm of each orthonormal basis element for the first cohomology. Acknowledgement. Supported in part by the Danish National Research Foundation grant DNRF95 (Centre for Quantum Geometry of Moduli Spaces QGM).

Supported in part by the European Science Foundation Network Interactions of Low-Dimensional Topology and Geometry with Mathematical Physics.

Supported in part by a Research Instructorship at Northeastern University, Department of Mathematics, 360 Huntington Ave, Boston, MA, USA, 02115.

The author would like to thank Chris Beasley, Lisa Jeffrey and Andrew Swann for several helpful comments related to this work.

References

[1] Atiyah, M.F., Patodi, V., Singer, I., Spectral asymmetry and Riemannian geometry, I , Math.

Proc. Cambridge Philos. Soc. 77 (1975), 43–69. [2] Atiyah, M.F., Patodi, V., Singer, I., Spectral asymmetry and Riemannian geometry, II , Math.

Proc. Cambridge Philos. Soc. 78 (1975), 405–432. [3] Beasley, C., Witten, E., Non-abelian localization for Chern-Simons theory , J. Differential Geom. 70 (2005), 183–323.

[4] Belov, D. M., Moore, G.W., Classification of abelian spin Chern-Simons theories , hep-th/

0505235,(2005).

[5] Boyer, C.P., Galicki, K., Sasakian Geometry , Oxford University Press, 2008. [6] Braverman, M., New proof of the Cheeger-Müller theorem , Ann. Global Anal. Geom. 23 (1) (2002), 77–92.

[7] Cheeger, J., Analytic torsion and the heat equation , Ann. of Math. 109 (1979), 259–300. [8] Dijkgraaf, R., Witten, E., Topological gauge theories and group cohomology , Comm. Math.

Phys. 129 (1990), 486–522. [9] Dragomir, S., Tomassini, G., Differential Geometry and Analysis on CR Manifolds , Progr.

Math., vol. 246, Birkhäuser, Basel, 2006. [10] Furata, M., Steer, B., Seifert fibred homology 3-spheres and the Yang-Mills equations on Riemann surfaces with marked points , Adv. Math. 96 (1) (1992), 38–102.

[11] Jeffrey, L.C., McLellan, B.D.K., Non-abelian localization for U(1) Chern-Simons theory , Geometric Aspects of Analysis and Mechanics, Conf. Proc. (in honour of the 65^{th} birthday of Hans Duistermaat), Birkhäuser, 2009.

[12] Kawasaki, T., The Riemann-Roch theorem for complex V-manifolds , Osaka J. Math. 16 (1) (1979), 151–159.

[13] Kirk, P., Klassen, E., Chern-Simons invariants of 3-manifolds decomposed along tori and the circle bundle over the representation space of T^2, Comm. Math. Phys. 153 (3) (1993), 521–557.

[14] McLellan, B.D.K., Localization in abelian Chern-Simons theory , J. Math. Phys. 54 (2013),

arXiv:1208.1724[math-ph]

. [15] Müller, W., Analytic torsion and R-torsion on Reimannian manifolds , Adv. Math. 28 (1978), 233–305.

[16] Neumann, W.D., Raymond, F., Seifert manifolds, plumbing, μ-invariant and orientation reversing maps, Algebraic and geometric topology , Proc. Sympos., Univ. California, Santa Barbara, California, Lecture Notes in Math., 664, Springer, Berlin, (1978), 163–196, 1977.

ABELIAN ANALYTIC TORSION AND SYMPLECTIC VOLUME 187

[17] Nicolaescu, L.I., Finite energy Seiberg-Witten moduli spaces on 4-manifolds bounding Seifert fibrations , Comm. Anal. Geom. 8 (5) (2000), 1027–1096.

[18] Orlik, P., Seifert Manifolds , Lecture Notes in Math., Springer-Verlag, Berlin, 1972. [19] Orlik, P., Vogt, E., Zieschang, H., Zur Topologie gefaserter dreidimensionaler Mannigfaltigkeiten , Topology 6 (1967), 49–64.

[20] Prasolov, V.V., Sossinsky, A.B., Knots, links, braids and 3-manifolds: An introduction to the new invariants in low-dimensional topology , Amer. Math. Soc. (1996), Vol. 154 of Translations of Mathematical Monographs.

[21] Ray, D., Singer, I., Analytic torsion , Proc. Sympos. Pure Math. 23 (1973), 167–182. [22] Reidemeister, K., Überdeckungen von Komplexen , J. Reine Angew. Math. 173 (1935), 164–173.

[23] Rumin, M., Formes différentielles sur les variétés de contact , J. Differential Geom. 39 (2) (1994), 281–330.

[24] Rumin, M., Seshadri, N., Analytic torsions on contact manifolds , Ann. Inst. Fourier 62 (2012), 727–782.

[25] Schwarz, A.S., The partition function of degenerate functional , Comm. Math. Phys. 67 (1979), 1–16.

[26] Williams, F.L., Lectures on zeta functions, L-functions and modular forms with some physical applications , A window into zeta and modular physics, MSRI Publications, 2010.

[27] Witten, E., Supersymmetry and Morse theory , J. Differential Geom. 17 (1982), 661–692.

Northeastern University, Department of Mathematics, 360 Huntington Ave, Boston, MA, USA, 02115 E-mail : b.mclellan@neu.edu