ARCHIVUM MATHEMATICUM (BRNO) Tomus 51 (2015), 265–271

HOW MANY ARE EQUIAFFINE CONNECTIONS

WITH TORSION

Zdeněk Dušek and Oldřich Kowalski

Abstract. The question how many real analytic equiaffine connections with arbitrary torsion exist locally on a smooth manifold M of dimension n is studied. The families of general equiaffine connections and with skew-symmetric Ricci tensor, or with symmetric Ricci tensor, respectively, are described in terms of the number of arbitrary functions of n variables.

1. Introduction

When we consider an infinite family of well-determined geometric objects, it is natural to put the question about “how many” such objects there exist. In the real analytic case, the Cauchy-Kowalevski Theorem is the standard tool ([ 3], [7], [11]). Hence a natural way how to measure an infinite family of real analytic geometric objects is a finite family of arbitrary functions of k variables and (optionally) a family of arbitrary functions of k − 1 variables, and, optionally, “modulo” another family of arbitrary functions of k − 1 variables. The last (optional) family of functions corresponds to the family of automorphisms of any geometric object from the given family. A good example is the following question: How many there are real analytic Riemannian metrics in dimension 3? It is known (see [ 4], [8]) that every such metric can be put locally into a diagonal form and that all coordinate transformations preserving diagonal form of the given metric depend on 3 arbitrary functions of two variables. Hence all Riemannian metrics in dimension 3 can be locally described by 3 arbitrary functions of 3 variables modulo 3 arbitrary functions of 2 variables. An immediate question arise if we can “calculate the number” of more basic geometric objects, namely the affine connections, in an arbitrary dimension n. To the authors’ knowledge, no attempts are known in this direction from the past. We shall be occupied with real analytic affine connections in arbitrary dimension n.

In the previous paper [ 2] the authors proved that the class of all real analytic affine connections can be described using n(n^2 − 1) functions of n variables modulo 2n functions of n − 1 variables. Further, it was proved that the class of all real analytic affine connections (with arbitrary torsion) with skew-symmetric Ricci form depends on n(2n^2 − n − 3)/2 functions of n variables and n(n + 1) /2 functions

2010 Mathematics Subject Classification : primary 35A10; secondary 35F35, 35G50, 35Q99. Key words and phrases : affine connection, Ricci tensor, Cauchy-Kowalevski Theorem. DOI: 10.5817/AM2015-5-265

266 Z. DUŠEK AND O. KOWALSKI

of n − 1 variables, modulo 2n functions of n − 1 variables. The class of real analytic connections (with arbitrary torsion) with symmetric Ricci form depends on n(2n^2 − n − 1)/2 functions of n variables and n(n − 1)/2 functions of n − 1 variables, modulo 2n functions of n − 1 variables. For these results, a direct approach using the Cauchy-Kowalevski Theorem can be used. The analogous results for affine connections without torsion were obtained in [1].

In the present paper, the equiaffine connections are studied in the analogous way. The affine connection is equiaffine if it admits a parallel volume form. It is well known (see e.g. [ 10]) that the connection with zero torsion is equiaffine if and only if the Ricci tensor is symmetric. Hence, for the case of a connection with zero torsion, the previous results obtained in [ 1] can be applied. Therefore, in the present paper, we characterize the class of equiaffine connections in dimension n with arbitrary torsion, and its natural subclasses, in terms of arbitrary functions of n variables and arbitrary functions of n − 1 variables.

2. Preliminaries

For the aim of the next sections, and to remain self-contained, we shall formulate the important special case of order one of the Cauchy-Kowalevski Theorem.

Theorem 1. Consider a system of partial differential equations for unknown functions U^1(x^1 , . . . , x^n ), . . . , U^N (x^1 , . . . , x^n ) on an open domain in R^n and of the form

∂U^1 ∂x^1

= H^1 � x^1 , . . . , x^n , U^1 , . . . , U^N ,

∂U^1 ∂x^2

, . . . ,

∂U^1 ∂x^n

, . . . ,

∂U^N ∂x^2

, . . . ,

∂U^N ∂x^n � , ∂U^2 ∂x^1

= H^2 � x^1 , . . . , x^n , U^1 , . . . , U^N ,

∂U^1 ∂x^2

, . . . ,

∂U^1 ∂x^n

, . . . ,

∂U^N ∂x^2

, . . . ,

∂U^N ∂x^n � , . . ∂U^N ∂x^1

= H^N � x^1 , . . . , x^n , U^1 , . . . , U^N ,

∂U^1 ∂x^2

, . . . ,

∂U^1 ∂x^n

, . . . ,

∂U^N ∂x^2

, . . . ,

∂U^N ∂x^n � , where H^i, i = 1 , . . . , N, are real analytic functions of all variables in a neighbourhood of (x^1_0 , . . . , x^n_0 , a^1 , . . . , a^N , a^1_2 , . . . , a^1_n , . . . , a^N_2 , . . . , a^N_n ), where x^j_0, a^i, a^i_j are arbitrary constants.

Further, let the functions φ^1(x^2 , . . . , x^n ), . . . , φ^N (x^2 , . . . , x^n ) be real analytic in a neighbourhood of (x^2_0 , . . . , x^n_0 ) and satisfy φ^i(x^2_0 , . . . , x^n_0 ) = a^i for i = 1 , . . . , N and � ∂φ1

∂x^2

, . . . ,

∂φ^1 ∂x^n

, . . . ,

∂φ^N ∂x^2

, . . . ,

∂φ^N ∂x^n � (x^2_0 , . . . , x^n_0 ) = ( a^1_2 , . . . , a^1_n , . . . , a^N_2 , . . . , a^N_n ) .

Then the system has a unique solution (U^1(x^1 , . . . , x^n ), . . . , U^N (x^1 , . . . , x^n )) which is real analytic around (x^1_0 , . . . , x^n_0 ), and satisfies

U^i (x^1_0 , x^2 , . . . , x^n ) = φ^i (x^2 , . . . , x^n ) , i = 1 , . . . , N .

HOW MANY ARE EQUIAFFINE CONNECTIONS WITH TORSION 267

We now recall the results from the previous paper [ 1], which will be used in further sections. We work locally with the spaces R[u^1 , . . . , u^n ], or R[x^1 , . . . , x^n ], respectively and we use the notation u = ( u^1 , . . . , u^n ) and x = ( x^1 , . . . , x^n ).

Lemma 2 ([1]). For any affine connection determined by Γ^h_{ij} (x), there exist a local transformation of coordinates determined by x = f (u) such that the connection in new coordinates satisfies Γ̄^h_{11} (bu ) = 0 , for h = 1 , . . . , n. All such transformations depend on 2n arbitrary functions of n − 1 variables.

The system of coordinates with the property from the above lemma is called pre-semigeodesic system of coordinates, see for example [ 9]. We finish this paragraph with the following existence theorem, which is a corollary of Lemma 2.

Theorem 3 ([2]). All affine connections with torsion in dimension n depend locally on n(n^2 − 1) arbitrary functions of n variables, modulo 2n arbitrary functions of (n − 1) variables.

Proof. After the transformation into pre-semigeodesic coordinates, we obtain n Christoffel symbols equal to zero. We are left with n^3 − n = n(n^2 − 1) functions. The transformations into pre-semigeodesic coordinates is uniquely determined up to the choice of 2n functions φ^i_0(u^2 , . . . , u^n ), φ^i_1(u^2 , . . . , u^n ) of n − 1 variables. □

We also recall the standard facts and formulas for the Ricci tensor. In the space R^n [x^i] with the coordinate vector fields E_i =^∂_{∂xi} , we denote derivatives with respect to x^i by the bottom index i. Using the standard definition

(1) R(X, Y )Z = ∇_X ∇_Y Z − ∇_Y ∇_X Z − ∇_{[X,Y ]}Z

we calculate the curvature operators

R(E_i , E_j )E_k = (Γ^α_{jk} )_i E_α − (Γ^β_{ik} )_j E_β + Γ^α_{jk} Γ^γ_{iα} E_γ − Γ^β_{ik} Γ^δ_{jβ} E_δ .

For the Ricci form

Ric ( X, Y ) = trace � W → R(W, X )Y � , we obtain

(2) Ric ( E_i , E_j ) = nX k,l =1 � (Γ^k_{ij} )_k − (Γ^k_j )_i + Γ^l_{ij} Γ^k_l − Γ^l_{kj} Γ^k_{il} � .

3. Equiaffine connections with torsion

We work locally in the space R[x^1 , . . . , x^n ] with an affine connection ∇ with arbitrary torsion. The components of the connection ∇ are Γ^1_1 , . . . ,Γ^n_n and we consider a volume element ω = f (x^1 , . . . , x^n )·dx^1 ∧· · ·∧dx^n . We want do determine connections ∇ for which

∇ ω = 0 .

268 Z. DUŠEK AND O. KOWALSKI

This condition, with respect to coordinate vector fields E_1 , . . . , E_n , gives the conditions

(∇_{E k} ω )(E_1 , . . . , E_n ) = ∂ ∂x^k ω (E_1 , . . . , E_n ) − ω (∇_{E k} E_1 , . . . , E_n ) − · · · −ω (E_1 , . . . , ∇_{E k} E_n ) = 0

for k = 1 , . . . , n. We obtain easily the following n equations

(3) f_x k − f · nX i =1

Γ^i_{ki} = 0 , k = 1 , . . . , n .

If we put L(x^1 , . . . , x^n ) = log(f (x^1 , . . . , x^n )), then these equations can be written in the form f_x k = f ·L_x k . We choose an arbitrary function L(x^1 , . . . , x^n ) and we want the conditions

(4) L_x k = nX i =1

Γ^i_{ki} , k = 1 , . . . , n

to be satisfied. We can choose arbitrarily the Christoffel symbols Γ^i_{ki} for k = 1 , . . . , n and i = 1 , . . . , n − 1 and we calculate the Christoffel symbols Γ^n_{kn} from equations (4).

Theorem 4. The family of equiaffine connections in dimension n depends on n^3 − 2n + 1 functions of n variables modulo a constant and modulo 2n functions of n − 1 variables.

Proof. The family of all connections depends on n(n^2 − 1) Christoffel symbols. (The n Christoffel symbols are zero in pre-semigeodesic coordinates.) Out of them, n Christoffel symbols are determined from the n equations (4). Hence, we choose arbitrarily the function L and all Christoffel symbols except Γ^n_{kn} . Altogether, we choose arbitrarily the n(n^2 − 1) − n + 1 = n^3 − 2n + 1 functions. For any constant c, the function L + c leads to the same equations (4) and the 2n functions of n − 1 variables appear because we have used pre-semigeodesic coordinates. □

4. Equiaffine connections with torsion and with skew-symmetric Ricci tensor

We use again formulas (4) and pre-semigeodesic coordinates. We choose arbitrarily the function L and Christoffel symbols Γ^i_{ki} for i = 1 , . . . , n − 1 and we determine Γ^n_{kn} from the formulas (4). We have fixed, so far, n(n − 1) + 1 arbitrary functions of n variables. We continue with the formulas for the skew-symmetric Ricci form, which follow from the conditions

(5) Ric ( E_1 , E_1 ) = 0 ,

Ric ( E_i , E_i ) = 0 , i > 1,

Ric ( E_1 , E_i ) + Ric ( E_i , E_1 ) = 0 , i > 1,

Ric ( E_i , E_j ) + Ric ( E_j , E_i ) = 0 , 1 < i < j ≤ n .

HOW MANY ARE EQUIAFFINE CONNECTIONS WITH TORSION 269

Into these conditions, we substitute formulas (2) for the Ricci tensor. In each formula which follows, we denote by Λ^′_{ij} the terms which involve first derivatives with respect to x^2 , . . . , x^n and by Λ_{ij} the terms which do not involve any differentiation (and which form a homogeneous polynomial of degree 2 in Γ^k_{ij} ). We obtain the n(n +1) /2 conditions

(6) nX k =2

(Γ^k_1 )_1 = Λ^′_{11} + Λ_{11} ,

(Γ^1_{ii} )_1 = Λ^′_{ii} + Λ_{ii} , i > 1 ,

(Γ^1_{i 1} )_1 − nX k =2

(Γ^k_i )_1 = Λ^′_{1i} + Λ_{1i} , i > 1 ,

(Γ^1_{ij} )_1 + (Γ^1_{ji} )_1 = Λ^′_{ij} + Λ_{ij} , 1 < i < j ≤ n .

Now, we keep, for example, the derivatives of the following Christoffel symbols on the left-hand sides of the respective equations (6): Γ^n_1, Γ^1_{ii} , Γ^n_i , Γ^1_{ij} (for 1 < i < j ≤ n). We see that these Christoffel symbols have not been fixed yet by the procedure described in the previous section. We transport all other terms except the derivatives of the mentioned Christoffel symbols to the right-hand sides of the equations. Now, all Christoffel symbols whose derivatives are not on the left-hand sides and which are not fixed yet can be chosen as arbitrary functions. The Christoffel symbols whose derivatives are on the left-hand sides can be determined using the Cauchy-Kowalevski Theorem.

Theorem 5. The family of equiaffine connections in dimension n which have skew-symmetric Ricci form depends on^{2n 3 − n 2 − 5n +2}_2 functions of n variables and

n (n +1)

2 functions of n − 1 variables modulo a constant and modulo 2n functions of n − 1 variables.

Proof. In the procedure above, we have started with the n(n^2 − 1) Christoffel symbols in the pre-semigeodesic coordinates. Out of them, n were determined from the equations (4) and n(n + 1) /2 of them were determined from the equations (6). Further, the function L was chosen arbitrarily. Altogether, the n(n^2 − 1) − n − n(n + 1) /2 + 1 = (2 n^3 − n^2 − 5n + 2) /2 functions were chosen arbitrarily. The n(n + 1) /2 functions of less variables appear during solving the system (6) using the Cauchy-Kowalevski Theorem and the constant and 2n functions of less variables appear the same way as in Theorem 4. □

5. Equiaffine connections with torsion

and with symmetric Ricci tensor

We do the same steps as in the previous section. First, we choose the function L and Christoffel symbols which appear in formulas (4) except Γ^n_{kn} arbitrarily. We determine the functions Γ^n_{kn} from the formulas (4). We continue with the formulas for the symmetric Ricci form, which are

(7) Ric ( E_i , E_j ) − Ric ( E_j , E_i ) = 0 , 1 ≤ i < j ≤ n .

270 Z. DUŠEK AND O. KOWALSKI

After introducing the notation Λ_{ij} and Λ^′_{ij} as in the previous section, we obtain formulas

(8) − nX k =2

(Γ^k_j )_1 − (Γ^1_{j 1} )_1 = Λ^′_{1j} + Λ_{1j} , 1 < j ≤ n,

(Γ^1_{ij} )_1 − (Γ^1_{ji} )_1 = Λ^′_{ij} + Λ_{ij} , 1 < i < j ≤ n .

We keep, for example, the derivatives of the following undetermined Christoffel symbols on the left-hand sides of the respective equations (8): Γ^n_j , Γ^1_{ij} (for 1 < i < j ≤ n). We see again that these Christoffel symbols were not fixed yet. We transport all other terms except the derivatives of the mentioned Christoffel symbols to the right-hand sides of the equations. Now, all Christoffel symbols whose derivatives are not on the left-hand sides and which are not fixed yet can be chosen as arbitrary functions. The Christoffel symbols whose derivatives are on the left-hand sides can be determined using the Cauchy-Kowalevski Theorem.

Theorem 6. The family of equiaffine connections in dimension n which have symmetric Ricci form depends on^{2n 3 − n 2 − 3n +2}_2 functions of n variables and^{n (n − 1)}_2 functions of n − 1 variables modulo a constant and modulo 2n functions of n − 1 variables.

Proof. In the procedure above, we have started with the n(n^2 − 1) Christoffel symbols in the pre-semigeodesic coordinates. Out of them, n were determined from the equations (4) and n(n − 1)/2 of them were determined from the equations (6). Further, the function L was chosed arbitrarily. Altogether, the n(n^2 − 1) − n − n(n − 1)/2 + 1 = (2 n^3 − n^2 − 3n + 2) /2 functions were chosen arbitrarily. The n(n − 1)/2 functions of less variables appear during solving the system (6) using the Cauchy-Kowalevski Theorem and the constant and 2n functions of less variables appear the same way as in Theorem 4. □

6. Conclusions

Convention. Let f (n) and h(n) be two sequences depending on natural numbers and let lim_{n →∞}^{f (n )}_{h (n )} = 1 . Then we say that f (n) and h(n) are asymptotically equal at infinity . Now, we can conclude with the following

Theorem 7. The number of all equiaffine connections with torsion, or those with skew-symmetric Ricci tensor, or those with symmetric Ricci tensor, respectively, is asymptotically equal at infinity to the number of all affine connections with torsion.

Proof. The result follows from the Theorems 3–6 because real analytic functions of (n − 1) variables are always of measure zero among real analytic functions of n variables (a result by Hilbert) and they need not be counted. □

Acknowledgement. The authors were supported by the grant GAČR 14-02476S.

HOW MANY ARE EQUIAFFINE CONNECTIONS WITH TORSION 271

References

[1] Dušek, Z., Kowalski, O., How many are torsion-less affine connections in general dimension , to appear in Adv. Geom.

[2] Dušek, Z., Kowalski, O., How many are affine connections with torsion , Arch. Math. (Brno) 50 (2014), 257–264.

[3] Egorov, Yu.V., Shubin, M.A., Foundations of the Classical Theory of Partial Differential Equations , Springer-Verlag, Berlin, 1998.

[4] Eisenhart, L.P., Fields of parallel vectors in a Riemannian geometry , Trans. Amer. Math.

Soc. 27 (4) (1925), 563–573. [5] Helgason, S., Differential Geometry, Lie Groups, and Symmetric Spaces , Amer. Math. Soc., 1978.

[6] Kobayashi, S., Nomizu, N., Foundations of differential geometry I, Wiley Classics Library, 1996.

[7] Kowalevsky, S., Zur Theorie der partiellen Differentialgleichung , J. Reine Angew. Math. 80 (1875), 1–32.

[8] Kowalski, O., Sekizawa, M., Diagonalization of three-dimensional pseudo-Riemannian metrics , J. Geom. Phys. 74 (2013), 251–255.

[9] Mikeš, J., Vanžurová, A., Hinterleitner, I., Geodesic Mappings and some Generalizations , Palacky University, Olomouc, 2009.

[10] Nomizu, K., Sasaki, T., Affine Differential Geometry , Cambridge University Press, 1994. [11] Petrovsky, I.G., Lectures on Partial Differential Equations , Dover Publications, Inc., New York, 1991.

Zdeněk Dušek, University of Hradec Králové, Faculty of Science, Rokitanského 62, 500 03 Hradec Králové, Czech Republic

University of Ostrava, Faculty of Science, 30. dubna 22, 701 03 Ostrava, Czech Republic E-mail : zdenek.dusek@uhk.cz

Oldřich Kowalski, Charles University, Faculty of Mathematics and Physics, Sokolovská 83, 186 75 Praha 8, Czech Republic E-mail : kowalski@mff.cuni.cz