ARCHIVUM MATHEMATICUM (BRNO) Tomus 51 (2015), 347–356

WARD IDENTITIES FROM RECURSION FORMULAS

FOR CORRELATION FUNCTIONS

IN CONFORMAL FIELD THEORY

Alexander Zuevsky

Abstract. A conformal block formulation for the Zhu recursion procedure in conformal field theory which allows to find n-point functions in terms of the lower correlations functions is introduced. Then the Zhu reduction operators acting on a tensor product of VOA modules are defined. By means of these operators we show that the Zhu reduction procedure generates explicit forms of Ward identities for conformal blocks of vertex operator algebras. Explicit examples of Ward identities for the Heisenberg and free fermionic vertex operator algebras are supplied.

1. Introduction

Algebraic methods in computation of the partition and n-point functions in Conformal Field Theory/Vertex Operator Super Algebras proved their effectiveness. The Zhu reduction formula allowing to express n + 1 -point correlation functions as finite sums of n-point functions constitute the main algebraic tool for calculations. In this paper we give a the Zhu recursion procedure formulation for chiral Ward identities for corresponding conformal blocks for vertex operator algebras considered on Riemann surfaces of genus g ≥ 0. First we recall the notion of a vertex operator algebra, introduce correlation functions on Riemann surfaces, and review the Zhu recursion formulas for correlation functions. Then we provide examples of explicit Ward identities for the Heisenberg and free fermionic vertex operator algebras on Riemann surfaces of genuses one and two. Finally an appropriate definition for conformal blocks related to chiral vertex operator algebra correlation functions is given. We then define the Zhu reduction operators generating Ward explicit identities for corresponding conformal blocks.

2010 Mathematics Subject Classification : primary 30F10; secondary 17B69, 81T40. Key words and phrases : conformal field theory, conformal blocks, recursion formulas, vertex algebras.

DOI: 10.5817/AM2015-5-347

348 A. ZUEVSKY

2. Vertex operator algebras A vertex operator algebra (VOA) [3, 4, 5, 6, 11, 18] is determined by a quadruple (V, Y,1, ω ), where V is a linear space endowed with a Z-grading V = � r ∈ Z

V_r ,

with dim V_r < ∞ . The state 1 ∈ V_0, 1 ≠ 0 , is the vacuum vector and ω ∈ V_2 is the conformal vector with properties described below. The vertex operator Y is a linear map Y : V → End( V)[[z, z^{− 1} ]], for formal variable z so that for any vector u ∈ V we have a vertex operator Y(u, z ) = � n ∈ Z

u(n)z^{− n − 1} .

The linear operators (modes) u(n): V → V satisfy creativity Y(u, z )1 = u + O(z) , and lower truncation u(n)v = 0 , conditions for each u, v ∈ V and n ≫ 0. For the conformal vector ω one has Y(ω, z ) = � n ∈ Z

L(n)z^{− n − 2} ,

where L(n) satisfies the Virasoro algebra for some central charge C

[L(m), L(n) ] = ( m − n)L(m + n) + C 12 (m^3 − m)δ_{m, − n} Id_V , where Id_V is identity operator on V. Each vertex operator satisfies the translation property Y(L(− 1)u, z ) = ∂_z Y(u, z ) .

The Virasoro operator L(0) provides the Z-grading with L(0)u = ru , for u ∈ V_r , r ∈ Z. Finally, the vertex operators satisfy the Jacobi identity

z^{− 1}_0 δ

� z_1 − z_2 z_0 � Y(u, z_1 )Y(v, z_2 ) − z^{− 1}_0 δ

� z_2 − z_1 − z_0 � Y(v, z_2 )Y(u, z_1 )

= z^{− 1}_2 δ

� z_1 − z_0 z_2 � Y � Y(u, z_0 )v, z_2 � , where δ

�_x y � = � r ∈ Z

x^r y^{− r} . We use the formal expansion:

(z_1 + z_2 )^m = � n ≥ 0 � m n � z^{m − n}

1 z^n_2 ,

WARD IDENTITIES FROM RECURSION FORMULAS 349

i.e., for m < 0 we formally expand in the second parameter z_2. These axioms imply locality, skew-symmetry, associativity and commutativity conditions: (z_1 − z_2 )^N Y(u, z_1 )Y(v, z_2 ) = ( z_1 − z_2 )^N Y(v, z_2 )Y(u, z_1 ) ,

(2.1) Y(u, z )v = e^{zL (− 1)} Y(v, − z)u , (z_0 + z_2 )^N Y(u, z_0 + z_2 )Y(v, z_2 )w = ( z_0 + z_2 )^N Y(Y(u, z_0 )v, z_2 )w ,

u(k)Y(v, z) − Y(v, z)u(k) = � j ≥ 0 � k j � Y(u(j )v, z)z^{k − j} ,

(2.2)

for u, v, w ∈ V and integers N ≫ 0 [5, 11]. For v = 1 one has Y(1, z) = Id_V .

Note also that modes of homogeneous states are graded operators on V, i.e., for v ∈ V_k , v(n): V_m → V_{m + k − n − 1} .

In particular, let us define the zero mode o(v) of a state of weight wt(v) = k, i.e., v ∈ V_k , as o(v) = v(wt(v) − 1) , extending to V additively. There is a number of equivalent sets of axioms for vertex operator algebra theory. In [5, 6] Frenkel-Huang-Lepowsky have proven that one can describe a vertex operator algebra by the set of all its correlation functions.

3. Correlation functions for vertex operator algebras 3.1. Matrix elements on the sphere. Let us first define matrix elements on the sphere. Assume that our VOA is of CFT-type, i.e., V = C1 ⊕ V_1 ⊕ . . . .

We define the restricted dual space of V by [5] V^′ = � n ≥ 0

V^∗_n ,

where V^∗_n is the dual space of linear functionals on the finite dimensional space V_n with respect to the canonical pairing ⟨·, ·⟩ between V^′ and V. Define matrix elements for v^′ ∈ V^′, v ∈ V and n vertex operators Y(v_1 , z_1 ), . . . , Y(v_n , z_n ) by (3.1) ⟨v^′, Y(v_1 , z_1 ) . . . Y(v_n , z_n )v⟩ . In particular, choosing v = 1 and v^′ = 1^′ we obtain the n-point correlation function on the sphere: F^{(0)}_V (v_1 , z_1 ; . . . ; v_n , z_n ) = ⟨1^′, Y(v_1 , z_1 ) . . . Y(v_n , z_n )1⟩ .

Here the upper index of F^{(0)}_V stands for the genus.

One can show in general that every matrix element is a homogeneous rational function of z_1 , . . . , z_n , [5]. Thus the formal parameters of VOA theory can be replaced by complex parameters on (appropriate subdomains of) the genus zero Riemann sphere CP^1 .

350 A. ZUEVSKY

We illustrate [15] this by considering matrix elements containing one or two vertex operators. Recall that for u ∈ V_n , u(k): V_m → V_{m + n − k − 1} .

Hence it follows that for v^′ ∈ V^′_m ′ , v ∈ V_m and u ∈ V_n we obtain a monomial ⟨v^′, Y(u, z )v⟩ = C^u_v ′_v z^{m ′− m − n} , where C^u_v ′_v = ⟨v^′, u(m + n − m^′ − 1)v⟩ .

Next consider the matrix element of two vertex operators. We then find in [5] Theorem 1. Let v^′ ∈ V^′_m ′ , v ∈ V_m , u_1 ∈ V_{n 1} and u_2 ∈ V_{n 2} . Then � v^′, Y(u_1 , z_1 )Y(u_2 , z_2 )v � = f (z_1 , z_2 ) z^{m + n 1}

1 z^{m + n 2}

2 (z_1 − z_2 )^{n 1 + n 2} , � v^′, Y(u_2 , z_2 )Y(u_1 , z_1 )v � = f (z_1 , z_2 ) z^{m + n 1}

1 z^{m + n 2}

2 (− z_2 + z_1 )^{n 1 + n 2} , where f (z_1 , z_2 ) is a homogeneous polynomial of degree m + m^′ + n_1 + n_2 .

In general, let us recall the Proposition 3.5.1 of [5]: Proposition 1. For v_1 , . . . , v_n , v ∈ V, and v^′ ∈ V^′, with any permutation of (i_1 , . . . , i_n ) of (1, . . . , n), the matrix element � v^′, Y(u_{i 1} , z_{i 1} ) . . . Y(u_{i n} , z_{i n} )v � is independent of the permutation can be expressed via a (uniquely determined) function f (z_1 , . . . , z_n ) of the form

f (z_1 , . . . , z_n ) = g(z_1 , . . . , z_n ) n� i =1

z^{r i}_i � j<k (z_j − z_k )^{s jk} ,

for some rational function g(z_1 , . . . , z_n ) in { z_1 , . . . , z_n }, and r_i , s_{jk} ∈ Z. 3.2. Genus zero Zhu reduction. Using the vertex commutator property (2.2), i.e., [u(m), Y(v, z)] = � i ≥ 0 � m i � Y (u(i)v, z) z^{m − i} ,

one derives [26] a recursive relationship in terms of rational functions for n + 1 vertex operators and a finite sum of matrix elements for n vertex operators.

One has [26] the following Lemma 1. For v_1 , . . . , v_n ∈ V, and a homogeneous v ∈ V, we find (3.2) ⟨v^′, Y(v_1 , z_1 ) . . . Y(v_n , z_n )v⟩ = n� r =2 � m ≥ 0

f_{wt (v1 ),m} (z_1 , z_r ) ⟨v^′, Y(v_2 , z_2 ) . . . Y(v_1 (m) v_r , z_r ) . . . Y(v_n , z_n )v⟩

+ ⟨v^′, o(v_1 ) Y(v_2 , z_2 ) . . . Y(v_n , z_n )v⟩,

WARD IDENTITIES FROM RECURSION FORMULAS 351

where f_{wt (v1 ),m} (z_1 , z_r ) are some rational functions. 3.3. Correlation functions on the torus. One would like to ask now for generalizations at higher genus. In order to consider modular-invariance of n-point functions at genus one, Zhu introduced a second “square-bracket” VOA (V, Y[ , ], 1,ω̃ ) associated to a given VOA (V, Y( , ), 1, ω ). The new square bracket vertex operators are defined by a change of coordinates, namely

Y[v, z] = � n ∈ Z

v[n]z^{− n − 1} = Y � q^{L (0)}_z v, q_z − 1 � , with q_z = e^z , while the new conformal vector is ω̃ = ω −^c_{24} 1. For v of L(0) weight wt(v) ∈ R and m ≥ 0, v[m] = m! � i ≥ m

c(wt(v), i, m )v(i) , i� m =0

c(wt(v), i, m )x^m = � wt(v) − 1 + x i � . In particular we note that

v[0] = � i ≥ 0 � wt(v) − 1 i � v(i) .

At genus one, instead of matrix elements of the form (3.1), one considers [26] (see also [13, 15, 17]) traces over corresponding vertex operator algebra. Vertex operator algebra formal parameters are associated now with local coordinates around insertion points on the torus. For v_1 , . . . , v_n ∈ V the genus one n-point function has the form:

(3.3) F^{(1)}_V (v_1 , z_1 ; . . . ; v_n , z_n ; τ)

= Tr_V � Y(q^{L (0)}_1 v_1 , q_1 ) . . . Y(q^{L (0)}_n v_n , q_n ) q^{L (0) − C/ 24} � , for q = e^{2πiτ} and q_i = e^{z i} , where τ is the torus modular parameter. Let us also introduce an extra notation for the insertion of a state v ∈ V inside the trace in (3.3)

F^{(1)}_V (v; v_1 , z_1 ; . . . ; v_n , z_n ; τ)

= Tr_V � v Y(q^{L (0)}_1 v_1 , q_1 ) . . . Y(q^{L (0)}_n v_n , q_n ) q^{L (0) − C/ 24} � . Then the genus one Zhu recursion formula is given by [26] Theorem 2. For any v, v_1 , . . . , v_n ∈ V we find for an n + 1 -point function

(3.4) F^{(1)}_V (v, z; v_1 , z_1 ; . . . ; v_n , z_n ; τ) = n� r =1 � m ≥ 0

P_{m +1} (z − z_r , τ) F^{(1)}_V (v_1 , z_1 ; . . . ; v[m]v_r , z_r ; . . . ; v_n , z_n ; τ)

+ F^{(1)}_V (o(v); v_1 , z_1 ; . . . ; v_n , z_n ; τ) .

352 A. ZUEVSKY

In this theorem P_m (z, τ) denote higher Weierstrass functions [19] defined by

P_m (z, τ) =

(− 1)^m (m − 1)! � n ∈ Z_{≠0}

n^{m − 1} q^n_z 1 − q^n . The genus two version of the genus zero and one Zhu reduction procedure and the formula (3.4) described in Lemma 1 and Theorem 2 are also available [8].

Let X be a smooth projective curve X over C and p_1, . . ., p_n an n-tuple of points of X with local coordinates z_1, . . ., z_n . We consider the case when we have a finite number n of irreducible modules for a vertex operator algebra V. We attach to this points modules M_{λ i} parameterized by complex parameters λ_i, i = 1 , . . . , n (see for instance [24] for the description of such a parameterization in case of the generalized vertex operator algebra constructed as an extension of the Heisenberg subalgebra by its irreducible modules). For v_i ∈ V and a point p_i we insert the vertex operator Y_{λ i} (v_i , z_i ) which belong to V-module M_{λ i} with the formal parameter z_i near p_i .

4. Ward identities for vertex operator algebras: examples

4.1. Heisenberg vertex operator algebra on the torus. For the Heisenberg vertex operator algebra M, the Zhu reduction gives all n-pt functions [15], and in particular,

F^{(1)}_M (a, z_1 ; a; z_2 ; q) = P_2 (z_1 − z_2 , τ) F^{(1)}_M (q) ,

where P_2 (z, τ) = −^d_{dz} P_1 (z, τ). Then,

F^{(1)}_M (~ω, q ) = 1 2 lim_{x → y} � F^{(1)}_M (a, z_1 ; a, z_2 ; q) − (z_1 − z_2 )^{− 2} F^{(1)}_M (q) �

= 1 2 E_2 (q)F^{(1)}_M (q) .

Thus one has an ordinary differential equation [8]: � q∂_q − 1 2 E_2 (q) � F^{(1)}_M (q) = 0 .

Then the genus one partition function for the Heisenberg vertex operator algebra is given by F^{(1)}_M (q) =^1_{η (q)} .

For the Virasoro vector ~ω = ω −^C_{24} one finds [13, 15]

F^{(1)}_V (~ω, q ) = Tr_V � (L(0) − C/24) q^{L (0) − C/ 24} � = q∂_q F^{(1)}_V (q) .

For n primary vectors u_1 , . . . , u_n (i.e., satisfying L(n)u = 0 , for all n ≥ 1), the Zhu reduction gives the Ward identity [8] for the n + 1 -point function:

F^{(1)}_V (~ω, x ; u_1 , z_1 ; . . . ; u_n , z_n ; q) = � q∂_q + � 1≤ i ≤ n � P_1 (x − z_i )∂_{z i} +wt[ u_i ] ∂_{z i} P_1 (x − z_i ) � F^{(1)}_V (u_1 ; z_1 ; . . . ; u_n ; z_n ; q) .

WARD IDENTITIES FROM RECURSION FORMULAS 353

4.2. Ward identity for Virasoro one point function of the Heisenberg VOA. One can derive [8] the genus two Ward identities for the Heisenberg vertex operator algebra. The genus two counterpart of the relation for the genus one Virasoro one-point function

F^{(1)}_V (ω, q ) = q ∂ ∂_q

F^{(1)}_V (q) ,

is given for ~ω ∈ V_{[2]} by the following expression [8]

F^{(2)}_V (~ω, z ) dz^2 = D_z F^{(2)}_V (q) ,

where

D_z = 3� i =1

D_i (z) q_i ∂_{qi} ,

for specific local two-forms D_i(z), and q_3 ≡ ϵ ∈ C is a parameter describing sewing of two tori to form a genus two Riemann surface [14, 15].

4.3. Genus two Ward identities for the Heisenberg VOA. Recall the notion of the genus g projective connection s^{(g)} is defined by [9]

s^{(g)} (x) = 6 lim_{x → y} � ω^{(g)} (x, y) − dxdy (x − y)^2 � , where ω^{(g)} is the meromorphic differential of the second kind on a Riemann surface. The projective connection s^{(g)}(x) transforms under a general conformal transformation x → ϕ(x) as follows s^{(g)}(ϕ(x)) = s^{(g)}(x)−{ ϕ;x}dx^2, where { ϕ;x} =

ϕ^{′′′} ϕ^′ − 3 2 �_{ϕ ′′}

ϕ^′

�_2 is the Schwarzian derivative.

If v ∈ V is a primary vector, one obtains the Ward identity [8]

Z^{(2)}_V (~ω, z_1 , v, z_2 , τ_1 , τ_2 , ϵ) = � D_{z 1} + P_1 (z_1 , z_2 )∂_{z 2} + wt[v] ∂_{z 2} P_1 (z_1 , z_2 ) � Z^{(2)}_V (v, z_2 , τ_1 , τ_2 , ϵ) ,

for a specific P_1(z_1 , z_2) which depends on 2wt[v]− 2. Thus for the Heisenberg VOA M we find that Z^{(2)}_M satisfies the PDE: � D_z − 1 12 s^{(2)} (z) � Z^{(2)}_M (q) = 0 ,

which is the genus two counterpart of the relation � q∂_q − 1 2 E_2 (q) � Z^{(1)}_M (q) = 0 .

354 A. ZUEVSKY

4.4. Ward identities for fermionic genus two correlation functions. Introduce the differential operator [21, 22, 23, 25]

D^{(g)} = 1 2πi � 1≤ i ≤ j ≤ g

ν^{(g)}_i (x) ν^{(g)}_j (x) ∂ ∂Ω^{(g)}_{ij} .

It includes holomorphic 1-forms ν^{(g)}_i as well as derivative with respect to the genus g Riemann surface period matrix Ω^{(g)} .

Let Z^{(2)}_M be the genus two partition function for the rank one Heisenberg VOA M [14, 16]. We proved in [23] that the Virasoro one-point normalized differential form for the rank two fermion VOSA satisfies the genus two Ward identity

(4.1)

F^{(2)}_{V,1}

�_{f (2)}

g^{(2)} � (ω̃, z )

Z^{(2)}_M

= e^{− 2πiα (2) ·β (2)} � D^{(2)} + 1 12 s^{(2)} (z) � ·ϑ^{(2)} � α^{(2)} β^{(2)} � � Ω^{(2)} � . Here the expression for the normalized genus two one-point differential form is represented as the action of a differential operator on an automorphic function. One can generalize (4.1) to get a genus g formula. In contrast to the pure algebraic–geometry [12, 20, 25] and physics approaches [1, 7], the Ward identity shows up from algebraic properties of corresponding vertex algebra.

5. Ward identities from Zhu reduction

5.1. Conformal blocks for vertex operator algebras. Let us introduce the space of chiral conformal blocks as the space C_V (M_{λ 1} , . . . , M_{λ n} ) of linear functionals φ : n� i =1

M_{λ i} → C .

A conformal block is called invariant when

φ (η ·v) = 0 ,

for all v ∈

�_n

i =1 Mλ i , and η ∈ V ⊗ C[X \ { x1 , . . . , xn }].

The set of genus g correlation functions for a vertex operator algebra forms a conformal block, i.e., we consider as φ

(5.1) φ = φ_n (v) = F^{(g)}_{M λ 1 ,...,M λ n} (v_1 , z_1 ; . . . ; v_n , x_n ) ,

a genus g n-point correlation function.

5.2. Generation of Ward identities. The general structure of the Zhu reduction formulas have the form of the insertion of an extra state v on the right hand side of the formula into lower n-point functions. This plays the role of the action of corresponding vertex operator algebra in the general definition of the conformal block for vertex operator algebras.

Taking into account properties of genus g for g = 0 ,1 correlation functions we introduce the operators J^{(g)}_{n +1} , n ≥ 1, g = 0 ,1 corresponding to the simplest version

WARD IDENTITIES FROM RECURSION FORMULAS 355

Zhu reduction operators given by

J^{(g)}_{n +1} = � I + o(v_1 ). − n� r =1 � m ≥ 0

f^{(g)}_r ·^_1 ⊗ n� j =1

(v(m))^{δj,r} . � , which act on n + 1 -correlation functions, and where f^{(g)}r are specific autmorphic functions corresponding to the genus g, and v ∈ V acts on the tensor product, and ^_1 denotes skipping the first multiplier in the tensor product. Notice that in the case of g = 1 , modes v(m) have to be replaced with v[m] as we see from (3.2) and (3.4).

Proposition 2. For η = J^{(g)}_{n +1} , n ≥ 1, g = 0 ,1 a conformal block φ (5.1) for vertex is invariant, φ_{n +1} � J^{(0 ,1)}

n +1 ·v � = 0 , i.e., it satisfies the left chiral Ward identity.

For g = 2 an appropriate expression for the operator J^{(2)}_{n +1} can be derived taking into account a version of the Zhu reduction procedure for g = 2 presented in [8]. The Zhu reduction procedure can be generalized to the genus g case various examples of vertex operator algebras. For higher genus cases we formulate the following

Conjecture 1. The genus g Zhu reduction procedure generates chiral Ward identities of the form φ_{n +1} � J^{(g)}_{n +1} ·v � = 0 , for v ∈ V with an appropriate operator

J^{(g)}_{n +1} .

The Zhu reduction formulas results in corresponding relations for conformal blocks.

Corollary 1. The n + 1 -point conformal blocks expand into (finite) sum of the n-point conformal blocks: C_V (M_{λ 1} , . . . , M_{λ n +1} ) ⊂ M × C_V (M_{λ 1} , . . . , M_{λ n} ), where M is the space of genus g automorphic forms.

Acknowledgement. We would like to thank the organizers of the Winter School Srni, 2015.

References

[1] Belavin, A., Polyakov, A., Zamolodchikov, A., Infinite conformal symmetries in two-dimensional quantum field theory , Nuclear. Phys. B 241 (1984), 333–380.

[2] Ben-Zvi, D., Frenkel, E., Vertex algebras and algebraic curves , Mathematical Surveys and Monographs, vol. 88, American Mathematical Society, Providence, RI, 2004, Second ed.

[3] Borcherds, R.E., Vertex algebras, Kac-Moody algebras and the Monster , Proc. Nat. Acad.

Sci. U.S.A. 83 (1986), 3068–3071. [4] Dong, C., Lepowsky, J., Generalized Vertex Algebras and Relative Vertex Operators , Progr.

Math., vol. 112, Birkhäuser (Boston, MA), 1993. [5] Frenkel, I., Huang, Y., Lepowsky, J., On axiomatic approaches to vertex operator algebras and modules , Mem. Amer. Math. Soc. 104 (494) (1993), viii+64 pp.

356 A. ZUEVSKY

[6] Frenkel, I. B., Lepowsky, J., Meurman, A., Vertex Operator Algebras and the Monster , Pure Appl. Math., vol. 134, Academic Press, Boston, 1988.

[7] Friedan, D., Shenker, S., The analytic geometry of two dimensional conformal field theory , Nuclear Phys. B 281 (1987), 509–545.

[8] Gilroy, T., Genus Two Zhu Theory for Vertex Operator Algebras , Ph.D. thesis, NUI Galway, 2013, 1–89.

[9] Gunning, R.C., Lectures on Riemann Surfaces , Princeton Univ. Press, Princeton, 1966. [10] Hurley, D., Tuite, M.P., Virasoro correlation functions for vertex operator algebras , Internat.

J. Math. 23 (10) (2012), 17 pp., 1250106. [11] Kac, V., Vertex Operator Algebras for Beginners , University Lecture Series, vol. 10, AMS, Providence, 1998.

[12] Kawamoto, N., Namikawa, Y., Tsuchiya, A., Yamada, Y., Geometric realization of conformal field theory on Riemann surfaces , Comm. Math. Phys. 116 (1988), 247–308.

[13] Mason, G., Tuite, M.P., Torus chiral n-point functions for free boson and lattice vertex operator algebras , Comm. Math. Phys. 235 (1) (2003), 47–68.

[14] Mason, G., Tuite, M.P., Free bosonic vertex operator algebras on genus two Riemann surfaces I, Comm. Math. Phys. 300 (2010), 673–713.

[15] Mason, G., Tuite, M.P., Vertex operators and modular forms. A window into zeta and modular physics , Math. Sci. Res. Inst. Publ., vol. 57, Cambridge Univ. Press, Cambridge, 2010, pp. 183–278.

[16] Mason, G., Tuite, M.P., Free bosonic vertex operator algebras on genus two Riemann surfaces II , Contributions in Mathematical and Computational Sciences 8, Springer-Verlag, Berlin-Heidelberg, 2014.

[17] Mason, G., Tuite, M.P., Zuevsky, A., Torus n-point functions for R-graded vertex operator superalgebras and continuous fermion orbifolds , Comm. Math. Phys. 283 (2008), 305–342.

[18] Matsuo, A., Nagatomo, K., Axioms for a vertex algebra and the locality of quantum fields , MSJ Memoirs 4 (1999), x+110 pp.

[19] Serre, J.-P., A course in Arithmetic , Springer-Verlag, Berlin, 1978. [20] Tsuchiya, A., Ueno, K., Yamada, Y., Conformal field theory on universal family of stable curves with gauge symmetrie , Adv. Stud. Pure Math. 19 (1989), 459–566.

[21] Tuite, M.P., Zuevsky, A., Genus two partition and correlation functions for fermionic vertex operator superalgebras II , arXiv:1308.2441v1, submitted.

[22] Tuite, M.P., Zuevsky, A., Genus two partition and correlation functions for fermionic vertex operator superalgebras I , Comm. Math. Phys. 306 (2011), 419–447.

[23] Tuite, M.P., Zuevsky, A., The Szegö kernel on a sewn Riemann surface , Comm. Math. Phys.

306 (2011), 617–645. [24] Tuite, M.P., Zuevsky, A., A generalized vertex operator algebra for Heisenberg intertwiners , J. Pure Appl. Algebra 216 (2012), 1442–1453.

[25] Ueno, K., Introduction to conformal field theory with gauge symmetries , Geometry and Physics - Proceedings of the Conference at Aarhus Univeristy, Aarhus, Denmark, New York, Marcel Dekker, 1997.

[26] Zhu, Y., Modular invariance of characters of vertex operator algebras , J. Amer. Math. Soc.

9 (1996), 237–302.

Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague E-mail : zuevsky@yahoo.com