ARCHIVUM MATHEMATICUM (BRNO) Tomus 52 (2016), 263–273

INITIAL VALUE PROBLEMS FOR FRACTIONAL FUNCTIONAL DIFFERENTIAL INCLUSIONS WITH HADAMARD TYPE DERIVATIVE

Nassim Guerraiche, Samira Hamani, and Johnny Henderson

Abstract. We establish sufficient conditions for the existence of solutions of a class of fractional functional differential inclusions involving the Hadamard fractional derivative with order α ∈ (0,1]. Both cases of convex and nonconvex valued right hand side are considered.

1. Introduction

This paper deals with the existence of solutions for initial value problems (IVP for short), for Hadamard fractional order differential functional inclusions. We consider the initial value problem

H D^α y(t) ∈ F (t, y_t ) , for almost all t ∈ J = [1 , T], 0 < α ≤ 1, (1) y(t) = φ (t) t ∈ [1 − r, 1], (2) where^H D^α is the Hadamard fractional derivative, F : [1− r, T ]× C([1− r, T ], R) → P (R) is a multivalued map, P (R) is the family of all nonempty subsets of R and φ ∈ C([1− r, 1], R) with φ (1) = 0 . For any continuous function y defined on [1− r, T ] and any t ∈ J , we denote by y_t the element of C([1 − r, 1], R) which is defined by

y_t (θ) = y(t + θ) , θ ∈ [1 − r, 1]. Hence y_t (·) represents the history of the state from times t − r up to the present time t.

Differential equations of fractional order are valuable tools in the modeling of many phenomena in various fields of science and engineering. Indeed, there are numerous applications in viscoelasticity, electrochemistry, control, porous media, electromagnetism, etc. There has been a significant development in fractional differential equations in recent years; see the monographs of Hilfer [ 23], Kilbas et al. [26], Podlubny [ 29], Momani et al. [ 28], and the papers by Agarwal et al. [ 1] and Benchohra et al. [7, 6, 5].

2010 Mathematics Subject Classification : primary 26A33; secondary 34A60. Key words and phrases : fractional differential inclusion, Hadamard-type fractional derivative, fractional integral, fixed point, convex.

Received May 24, 2016, revised October 2016. Editor R. Šimon Hilscher. DOI: 10.5817/AM2016-4-263

264 N. GUERRAICHE, S. HAMANI AND J. HENDERSON

Applied problems require the definitions of fractional derivatives allowing the utilization of physically interpretable initial data, which contain y(0), y^′(0), and so on. Caputo’s fractional derivative satisfies these demands. For more details concerning geometric and physical interpretation of fractional derivatives of Riemann-Liouville type and Caputo type, see [29].

However, the literature on Hadamard-type fractional differential equations has not undergone as much development; see [ 2, 31]. The fractional derivative that Hadamard [ 20] introduced in 1892, differs from the aforementioned derivatives in the sense that the kernel of the integral in the definition of Hadamard derivative contains a logarithmic function of arbitrary exponent. Detailed descriptions of the Hadamard fractional derivative and integral can be found in [10, 11, 12].

In this paper, we shall present two existence results for the problem (1)–(2), when the right hand side is convex as well as nonconvex valued. The first result relies on the nonlinear alternative of Leray-Schauder type, while the second result is based upon a fixed point theorem for contraction multivalued maps due to Covitz and Nadler [ 14]. These results extend to the multivalued case some previous results in the literature, and constitute a contribution for this emerging field.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts that will be used in the remainder of this paper.

Let C(J, R) be the Banach space of all continuous functions from J into R with the norm ‖y‖_∞ = sup {| y(t)| : 1 ≤ t ≤ T} , and we let L^1(J, R) denote the Banach space of functions y : J → R that are Lebesgue integrable with norm

‖y‖_L 1 =

Z_T 1 |y(t)|dt .

AC(J, R) is the space of functions y : J → R, which are absolutely continuous. Also C([1 − r, 1], R) is endowed with the norm

‖φ ‖_C = sup {| φ (θ)| : 1 − r ≤ θ ≤ 1} .

Let (X, ‖ · ‖) be a Banach space. Let P_{cl} (X) = { Y ∈ P (X) : Y is closed}, P_b(X) = { Y ∈ P (X) : Y is bounded }, P_{cp} (X) = { Y ∈ P (X) : Y is compact } and P_{cp,c} (X ) = { Y ∈ P (X ) : Y is compact and convex }.

A multivalued map G : X → P (X) is convex (closed) valued if G(X) is convex (closed) for all x ∈ X. G is bounded on bounded sets if G(B) = ∪_{X ⊂ B} G(X) is bounded in X for all B ∈ P_b(X ) (i.e. sup_{x ∈ B} � sup{| y| : y ∈ G(x)} . G is called upper semi-continuous (u.s.c.) on X if for each x_0 ∈ X, the set G(x_0) is a nonempty closed subset of X, and for each open set N of X containing G(x_0), there exists an open neighborhood N_0 of x_0 such that G(N_0) ⊂ N. G is said to be completely continuous if G(B ) is relatively compact for every B ∈ P_b(X ).

If the multivalued map G is completely continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed graph (i.e., x_n → x_∗, y_n → y_∗,

FRACTIONAL DIFFERENTIAL INCLUSIONS 265

y_n ∈ G(x_n ) imply y_∗ ∈ G(x_∗)). G has a fixed point if there is x ∈ X such that x ∈ G(x). The fixed point set of the multivalued operator G will be denoted by Fix G. A multivalued map G : J → P_{cl} (R) is said to be measurable if for every y ∈ R, the function, t → d(y, G(t)) = inf {| y − z| : z ∈ G(t)}, is measurable. Definition 2.1. A multivalued map F : J × R → P (R) is said to be Carathéodory if: (1) t → F (t, u ) is measurable for each u ∈ R. (2) u → F (t, u ) is upper semicontinuous for almost all t ∈ J . For each y ∈ AC (J, R), define the set of selections of F by

S_{F,y} = { v ∈ L^1 ([1, T], R) : v(t) ∈ F (t, y_t ) a.e. t ∈ [1, T]}. Let (X, d) be a metric space induced from the normed space (X, | · |). Consider H_d : P (X ) × P (X ) → R_+ ∪ {∞} given by: H_d (A, B ) = max { sup_{a ∈ A} d(a, B ), sup_{b∈ B} d(A, b)} .

Definition 2.2. A multivalued operator N : X → P_{cl} (X ) is called:

(1) γ-Lipschitz if and only if there exists γ > 0 such that H_d (N (x), N (y)) ≤ γd(x, y) , for each x, y ∈ X .

(2) a contraction if and only if it is γ-Lipschitz with γ < 1. Lemma 2.3 ([14]). Let (X, d) be a complete metric space. If N : X → P_{cl}(X) is a contraction, then Fix N ≠ ∅ .

For more details on multivalued maps see the books of Aubin and Cellina [ 3], Aubin and Frankowska [4], Deimling [15] and Castaing and Valadier[13]. Definition 2.4 ([26]). The Hadamard fractional integral of order r for a function h : [1, + ∞ ) → R is defined as

I^r h(t) = 1 Γ( r )

Z_t 1 � log t s �_{r − 1} h(s) s ds , r > 0 , provided the integral exists. Definition 2.5 ([26]). For a function h given on the interval [1,+ ∞ ), the r Hadamard fractional-order derivative of h, is defined by

(^H D^r h)(t) = 1 Γ( n − r ) � t d dt �_n Z t 1 � log t s �_{n − r − 1} h(s) s ds , n − 1 < r < n, n = [ r ] + 1 .

Here [r ] denotes the integer part of r and log(·) = log_e (·).

266 N. GUERRAICHE, S. HAMANI AND J. HENDERSON

3. Main results Definition 3.1. A function y ∈ C([1 − r, T ], R) ∩ AC([1, T], R) is said to be a solution of (1)–(2), if there exists a function v ∈ L^1([1, T], R) with v(t) ∈ F (t, y_t ), for a.e. t ∈ [1, T], such that H D^α y(t) = v(t) , a.e. t ∈ [1, T], 0 < α ≤ 1 , and the function y satisfies condition (2). Theorem 3.2. Assume the following hypotheses hold:

(H1) F : [1, T] × R → P_{cp,c} (R) is a Carathéodory multi-valued map. (H2) There exist p ∈ C([1, T], R^+ ) and ψ : [0, ∞ ) → (0, ∞ ) continuous and nondecreasing such that

‖F (t, u )‖_P = sup {| v| : v(t) ∈ F (t, y_t )} ≤ p(t)ψ (‖u‖_C ) for t ∈ [1, T] and each u ∈ C([1 − r, 1], R) .

(H3) There exists l ∈ L^1 ([1, T], R^+ ), with I^α l < ∞ , such that

H_d � F (t, u ), F (t, ū) � ≤ l(t)|u − ū| for every u, ū ∈ R and d(0, F (t, 0)) ≤ l(t) , a.e. t ∈ [1, T].

(H4) There exists a number M > 0 such that (3) M ψ (M )‖p‖_∞ Γ( α + 1)

(log T)^α

> 1 .

Then the IVP (1))–(2) has at least one solution on [1 − r, T ]. Proof. Transform the problem (1)–(2) into a fixed point problem. Consider the multivalued operator,

N (y)(t) = 8 > >< > >: h ∈ C([1 − r, T ]), h(t) = 8 > >< > >: φ (t), if t ∈ [1 − r, 1], 1 Γ( α )

Z_t 1 � log t s � α − 1 v(s) s ds, v ∈ S_{F,y} ,

if t ∈ [1, T]

9 > >= > >; .

We shall show that N satisfies the assumptions of the nonlinear alternative of Leray-Schauder. The proof will be given in several steps.

Step 1: N (y) is convex for each y ∈ C([1 − r, T ], R).

Indeed, if h_1, h_2 belong to N(y), then there exist v_1, v_2 ∈ S_{F,y} such that for each t ∈ [1, T], we have

h_i (t) = 1 Γ( α )

Z_t 1 � log t s � α − 1 v_i (s) s ds ,

FRACTIONAL DIFFERENTIAL INCLUSIONS 267

for i = 1 , 2. Let 0 ≤ γ ≤ 1. Then, for each t ∈ [1, T], we have

(γh_1 + (1 − γ)h_2 )(t) = 1 Γ( α )

Z_t 1 � log t s � α − 1 1 s [γv_1 (s) + (1 − γ)v_2 (s)] ds .

Since S_{F,y} is convex (because F has convex values), we have γh_1 + (1 − γ)h_2 ∈ N (y) .

Step 2: N maps bounded sets into bounded sets in C([1 − r, T ], R).

Let B_{μ ∗} = { y ∈ C([1− r, T ], R) : ‖y‖_∞ ≤ μ_∗ } be a bounded sets in C([1− r, T ], R) and y ∈ B_{μ ∗} . Then for each h ∈ N(y), there exists v ∈ S_{F,y} such that, for each t ∈ [1, T], we have

h(t) = 1 Γ( α )

Z_t 1 � log t s � α − 1 v(s) s ds .

By (H2), we have, for each t ∈ J ,

|h(t)| ≤ 1 Γ( α )

Z_t 1 � log t s � α − 1 |v(s)| s ds ≤ 1 Γ( α )

Z_t 1 � log t s � α − 1 p(s)ψ (‖y(s)‖_C ) s ds

≤ ψ (μ^∗ )‖p‖_∞ Γ( α + 1)

(log T)^α .

Thus ‖h‖_∞ ≤ ψ (μ^∗ )‖p‖_∞ Γ( α + 1)

(log T)^α := ℓ .

Step 3: N maps bounded sets into equicontinuous sets of C([1 − r, T ], R).

Let t_1, t_2 ∈ [1, b], t_1 < t_2, and B_μ ∗ be a bounded set of C([1 − r, T ], R) as in Step 2. Let y ∈ B_μ ∗ and h ∈ N (y). Then

|h(t_2 ) − h(t_1 )| = | 1 Γ( α )

Z_{t 1} 1 � log t_2 s �_{α − 1} − � log t_1 s �_{α − 1} � v(s) s ds + 1 Γ( α )

Z_{t 2}

t_1 � log t_2 s �_{α − 1} v(s) s ds| ≤ ‖p‖_∞ ψ (μ^∗ ) Γ( α )

Z_{t 1} 1 � log t_2 s �_{α − 1} − � log t_1 s �_{α − 1} � ds s + ‖p‖_∞ ψ (μ^∗ ) Γ( α )

Z_{t 2}

t_1 � log t_2 s �_{α − 1} ds s . As t_1 → t_2, the right hand side of the above inequality tends to zero. As a consequence of Step 1 to 3, together with the Arzela-Ascoli theorem, we can conclude that N : C([1 − r, T ], R) → P (C([1 − r, T ], R)) is completely continuous.

Step 4: N has a closed graph.

268 N. GUERRAICHE, S. HAMANI AND J. HENDERSON

Let y_n → y_∗, h_n ∈ N(y_n ) and h_n → h_∗. We need to show that h_∗ ∈ N(y_∗). h_n ∈ N (y_n ) means that there exists v_n ∈ S_{F,y} , such that, for each t ∈ [1, T]

h_n (t) = 1 Γ( α )

Z_t 1 � log t s � α − 1 v_n (s) s ds .

We must show that there exists v_∗ ∈ S_{F,y} such that, for each t ∈ [1, T],

h_∗ (t) = 1 Γ( α )

Z_t 1 � log t s � α − 1 v_∗ (s) s ds .

Since F (t, ·) is upper semi-continuous, then for every ϵ > 0, there exist n_0(ϵ) ≥ 0 such that, for every n ≥ n_0 , we have

v_n (t) ∈ F (t, y_n (t)) ⊂ F (t, y_∗ (t)) + ϵB(0, 1) , a.e. t ∈ [1, T]. Since F (·, ·) has compact values, then there exists a subsequence v_{n m} (·) such that v_{n m} (·) → v_∗ (·) as m → ∞ and v_∗ (t) ∈ F (t, y_∗ (t)), a.e. t ∈ [1, T].

For every w ∈ F (t, y_∗ (t)), we have |v_{n m} (t) − v_∗ (t)| ≤ | v_{n m} (t) − w| + |w − v_∗ (t)| .

Then

|v_{n m} (t) − v_∗ (t)| ≤ d(v_{n m} (t), F (t, y_∗ (t)) . By an analogous relation, obtained by interchanging the roles of v_{n m} and v_∗, it follows that

|v_{n m} (t) − v_∗ (t)| ≤ H_d (F (t, y_n (t)), F (t, y_∗ (t))) ≤ l(t)‖y_n − y_∗ ‖_∞ . Then

|h_n (t) − h_∗ (t)| ≤ 1 Γ( α )

Z_t 1 � log t s � α − 1

|v_n (s) − v_∗ (s)| ds ≤ 1 Γ( α )

Z_t 1 � log t s � α − 1

l(s)ds‖y_{n m} − y_∗ ‖_∞ .

Hence

‖h_n (t) − h_∗ (t)‖_∞ ≤ 1 Γ( α )

Z_t 1 � log t s � α − 1

l(s)ds‖y_{n m} − y_∗ ‖_∞ → 0 as m → ∞ .

Step 5: A priori bounds on solutions.

Let y be such that y ∈ λN (y) with λ ∈ (0,1]. Then there exists v ∈ S_{F,y} such that, for each t ∈ [1, T],

h(t) = 1 Γ( α )

Z_t 1 � log t s � α − 1 v(s) s ds .

FRACTIONAL DIFFERENTIAL INCLUSIONS 269

This implies by (H2) that, for each t ∈ [1, T], we have

|y(t)| ≤ 1 Γ( α )

Z_t 1 � log t s � α − 1 |v(s)| s ds ≤ 1 Γ( α )

Z_t 1 � log t s � α − 1 p(s)ψ (‖y_s ‖_C ) s ds

≤ ψ (‖y‖_{[1− r,T ]})‖p‖_∞ Γ( α + 1)

(log T)^α .

Thus ‖y‖_{[1− r,T ]}

ψ (‖p‖_∞ ‖y‖_{[1− r,T ]})

(log T)^α Γ( α + 1)

< 1 .

Then by condition (3), there exist M > 0 such that ‖y‖_∞ ≠ M. Let U = { y ∈ C(J, R) : ‖y‖_∞ < M }. The operator N : Ū → P (C([1 − r, T ], R)) is upper semi continuous and completely continuous. From the choice of U, there is no y ∈ δU such that y ∈ λN (y) for some λ ∈ (0,1]. As a consequence of the nonlinear alternative of Leray-Shauder , we deduce that N has a fixed point y ∈ Ū which is a solution of the problem (1)–(2). This completes the proof. □

We present now a result for the problem (1)–(2) with a nonconvex valued right hand side. Our considerations are based on the fixed point theorem for contraction multivalued maps given by Covitz and Nadler, that is Lemma 2.3.

Theorem 3.3. Assume (H3) and the following hypothesis holds:

(H5) F : [1, T] × R → P_{cp} (R) has the property that F (·, u): [1, T] → P_{cp} (R) is measurable for each u ∈ R. If (4) ‖l‖_∞ (log T)^α Γ( α + 1) < 1 then the IVP (1)–(2) has at least one solution on [1 − r, T ].

Proof. We shall show that N, as defined in the proof of Theorem 3.2, satisfies the assumptions of Lemma 2.3. The proof will be given in two steps.

Step 1: N (y) ∈ P_{cl} (C([1 − r, T ], R)) for each y ∈ C([1 − r, T ], R).

Indeed, let (y_n )_{n ≥ 0} ∈ N(y) such that y_n → ȳ in C([1 − r, T ], R). Then, ȳ ∈ C([1 − r, T ], R) and there exists v_n ∈ S_{F,y} such that, for each t ∈ [1, T],

y_n (t) = 1 Γ( α )

Z_t 1 � log t s � α − 1 v_n (s) s ds .

Using the fact that F has compact values and from (H3), we may pass to a subsequence if necessary to get that (v_n ) converges weakly to some v in L^1_w ([1, T], R) (the space endowed with the weak topology). An application of Mazur’s theorem

270 N. GUERRAICHE, S. HAMANI AND J. HENDERSON

implies that (v_n ) converges strongly to v and hence v ∈ S_{F,y} . Then for each t ∈ [1, T],

y_n (t) → ȳ(t) = 1 Γ( α )

Z_t 1 � log t s � α − 1 v(s) s ds .

So, ȳ ∈ N (y).

Step 2: There exist γ < 1 such that H_d(N(y), N(ȳ)) ≤ γ‖y − ȳ‖_{[1− r,T ]} for each y, ȳ ∈ C([1 − r, T ], R).

Let y,ȳ ∈ C([1 − r, T ], R) and h_1 ∈ N(y). Then, there exists v_1 ∈ F (t, y_t ) such that for each t ∈ [1, T]

y_1 (t) = 1 Γ( α )

Z_t 1 � log t s � α − 1 v_1 (s) s ds .

From (H3) it follows that H_d � F (t, y(t) � , F � t, ȳ)(t) � ≤ l(t)|y(t) − ȳ(t)|.

Hence, there exists w ∈ F (t, ȳ(t)) such that |v_1 (t) − w| ≤ l(t)|y(t) − ȳ(t)|, t ∈ [1, T].

Consider U : [1, T] → P (R) given by U(t) = { w ∈ R : |v_1 (t) − w| ≤ l(t)|y(t) − ȳ(t)|}.

Since the multivalued operator V(t) = U(t) ∩ F (t, ȳ(t)) is measurable, there exists a function v_2(t) which is measurable selection for V. So, v_2 ∈ F (t, ȳ_t ), and for each t ∈ [1, T] |v_1 (t) − v_2 (t)| ≤ l(t)|y(t) − ȳ(t)| , t ∈ [1, T].

Let us define for each t ∈ [1, T],

y_2 (t) = 1 Γ( α )

Z_t 1 � log t s � α − 1 v_2 (s) s ds .

Then for each t ∈ [1, T],

|h_1 (t) − h_2 (t)| ≤ 1 Γ( α )

Z_t 1 � log t s � α − 1 |v_1 (s) − v_2 (s)| ds ≤ 1 Γ( α )

Z_t 1 � log t s � α − 1 |l(s)||y_s − ȳ_s | ds ≤ ‖l‖_∞ (log T)^α Γ( α + 1)

‖y − ȳ‖_∞ .

Thus ‖h_1 − h_2 ‖_∞ ≤

‖l‖_∞ (log T)^α Γ( α + 1)

‖y − ȳ‖_∞ .

For an analogous relation, obtained by interchanging the roles of y and ȳ it follows that H_d � N (y), N (ȳ) � ≤ ‖l‖_∞ (log T)^α Γ( α + 1)

‖y − ȳ‖_{[1− r,T ]}.

FRACTIONAL DIFFERENTIAL INCLUSIONS 271

So by (4), N is a contraction and thus, by Lemma 2.3, N has a fixed point y which is a solution to (1)–(2). The proof is complete. □

4. An example

We apply Theorem 3.2 to the following fractional differential inclusion, (5)^H D^α y(t) ∈ F (t, y_t ) , for almost all t ∈ J = [1 , T], 0 < α ≤ 1 ,

(6) y(t) = φ (t) , t ∈ [1 − r, 1], where^H D^α is the Hadamard fractional derivative, φ ∈ C([1− r, 1], R) with φ (1) = 0 , and F : [1 − r, T ] × R → P (R) is the multivalued map, F (t, y) = { v ∈ R : f_1 (t, y) ≤ v ≤ f_2 (t, y)} , and where f_1, f_2 : [1− r, T ]× R → R. We assume that for each t ∈ [1− r, T ], f_1(t, ·) is lower semi-continuous (i.e., the set { y ∈ R : f_1(t, y) > μ } is open for each μ ∈ R), and assume that for each t ∈ [1− r, T ], f_2(t, ·) is upper semi-continuous (i.e., the set the set { y ∈ R : f_2(t, y) < μ } is open for each μ ∈ R). Assume that there are p ∈ C([1 − r, T ], R^+ ) and ψ : [0, ∞ ) → (0, ∞ ) continuous and nondecreasing such that

max( |f_1 (t, y)|, |f_2 (t, y)| ≤ p(t)ψ (|y|) , t ∈ [1 − r, T ], and all y ∈ R. It is clear that F is compact and convex valued, and also upper semi-continuous. Since all the conditions of Theorem 3.2 are satisfied, problem (5)–(6) has at least one solution y on [1 − r, T ].

References

[1] Agarwal, R.P, Benchohra, M., Hamani, S., A survey on existence results for boundary value problems for nonlinear fractional differential equations and inclusions , Acta Appl. Math. 109 (3) (2010), 973–1033.

[2] Ahmed, B., Ntouyas, S.K., Initial value problems for hybrid Hadamard fractional equations , EJDE 2014 (161) (2014), 1–8.

[3] Aubin, J.P., Cellina, A., Differential Inclusions , Springer-Verlag, Berlin-Heidelberg, New York, 1984.

[4] Aubin, J.P., Frankowska, H., Set-Valued Analysis , Birkhäuser, Boston, 1990. [5] Benchohra, M., Djebali, S., Hamani, S., Boundary value problems of differential inclusions with Riemann-Liouville fractional derivative , Nonlinear Oscillation 14 (1) (2011), 7–20.

[6] Benchohra, M., Hamani, S., Boundary value problems for differential inclusions with fractional order , Diss. Math. Diff. Inclusions. Control and Optimization 28 (2008), 147–164.

[7] Benchohra, M., Hamani, S., Nonlinear boundary value problems for differential inclusions with Caputo fractional derivative , Topol. Meth. Nonlinear Anal. 32 (1) (2008), 115–130.

[8] Bressan, A., Colombo, G., Extensions and selections of maps with decomposable values , Studia Math. 90 (1988), 69–86.

[9] Burton, T.A., Kirk, C., A fixed point theorem of Krasnoselskii-Schaefer type , Math. Nachr.

189 (1998), 23–31. [10] Butzer, P.L., Kilbas, A.A., Trujillo, J.J., Composition of Hadamard-type fractional integration operators and the semigroup property , J. Math. Anal. Appl. 269 (2002), 387–400.

272 N. GUERRAICHE, S. HAMANI AND J. HENDERSON

[11] Butzer, P.L., Kilbas, A.A., Trujillo, J.J., Fractional calculus in the Mellin setting and Hadamard-type fractional integrals , J. Math. Anal. Appl. 269 (2002), 1–27.

[12] Butzer, P.L., Kilbas, A.A., Trujillo, J.J., Mellin transform analysis and integration by parts for Hadamard-type fractional integrals , J. Math. Anal. Appl. 270 (2002), 1–15.

[13] Castaing, C., Valadier, M., Convex Analysis and Measurable Multifunctions , Lecture Notes in Math., vol. 580, Springer-Verlag, Berlin-Heidelberg-New York, 1977.

[14] Covitz, H., Nadler, Jr., S.B., Multivalued contraction mappings in generalized metric spaces , Israel J. Math. 8 (1970), 5–11.

[15] Deimling, K., Multivalued Differential Equations , Walter De Gruyter, Berlin-New York, 1992.

[16] Delbosco, D., Rodino, L., Existence and uniqueness for a nonlinear fractional differential equation , J. Math. Anal. Appl. 204 (1996), 609–625.

[17] Diethelm, K., Ford, N.J., Analysis of fractional differential equations , J. Math. Anal. Appl.

265 (2002), 229–248.

[18] Fryszkowski, A., Continuous selections for a class of nonconvex multivalued maps , Studia Math. 76 (1983), 163–174.

[19] Fryszkowski, A., Fixed point theory for decomposable sets. topological fixed point theory and its applications , vol. 2, Kluwer Academic Publishers, Dordrecht, 2004.

[20] Hadamard, J., Essai sur l’etude des fonctions donnees par leur development de Taylor , J.

Math. Pure Appl. 8 (1892), 101–186.

[21] Hamani, S., Benchohra, M., Graef, J.R., Existence results for boundary-value problems with nonlinear fractional differential inclusions and integral conditions , EJDE 2010 No. 20 (2010), 1–16.

[22] Heymans, N., Podlubny, I., Physical interpretation of initial conditions for fractional differential equations with Riemann-Liouville fractional derivatives , Rheologica Acta 45 (5) (2006), 765–772.

[23] Hilfer, R., Applications of Fractional Calculus in Physics , World Scientific, Singapore, 2000.

[24] Kaufmann, E.R., Mboumi, E., Positive solutions of a boundary value problem for a nonlinear fractional differential equation , EJQTDE 2007 (3) (2007), 11pp.

[25] Kilbas, A.A., Marzan, S.A., Nonlinear differential equations with the Caputo fractional derivative in the space of continuously differentiable functions , Differential Equ. 41 (2005), 84–89.

[26] Kilbas, A.A., Srivastava, H.M., Trujillo, J.J., Theory and Applications of Fractional Differential Equations , North-Holland Mathematics Studies, Elsevier Science B.V., Amsterdam, 2006.

[27] Miller, K.S., Ross, B., An Introduction to the Fractional Calculus and Differential Equations , John Wiley, New York, 1993.

[28] Momani, S.M., Hadid, S.B., Alawenh, Z.M., Some analytical properties of solutions of differential equations of noninteger order , Int. J. Math. Math. Sci. 2004 (2004), 697–701.

[29] Podlubny, I., Fractional Differential Equations , Academic Press, San Diego, 1999.

[30] Podlubny, I., Geometric and physical interpretation of fractional integration and fractional differentiation , Fract. Calculus Appl. Anal. 5 (2002), 367–386.

[31] Thiramanus, P., Ntouyas, S.K., Tariboon, J., Existence and uniqueness results for Hadamard-type fractional differential equations with nonlocal fractional integral boundary conditions , Abstr. Appl. Anal. (2014), Art ID 902054, 9 pp.

[32] Zhang, S., Positive solutions for boundary-value problems of nonlinear fractional differential equations , EJDE (2006), no. 36, 1–12.

FRACTIONAL DIFFERENTIAL INCLUSIONS 273

N. Guerraiche, S. Hamani Laboratoire des Mathematiques Appliquès et Pures, Universitè de Mostaganem, B.P. 227, 27000, Mostaganem, Algerie E-mail : nassim.guerraiche@univ-mosta.dz

, hamani_samira@yahoo.fr

J. Henderson, Department of Mathematics, Baylor University, Waco, Texas 76798-7328, USA E-mail : johnny_henderson@baylor.edu