ARCHIVUM MATHEMATICUM (BRNO) Tomus 53 (2017), 111–130

EXISTENCE RESULTS FOR A CLASS OF HIGH ORDER DIFFERENTIAL EQUATION ASSOCIATED WITH INTEGRAL BOUNDARY CONDITIONS AT RESONANCE

Le Cong Nhan, Do Huy Hoang, and Le Xuan Truong

Abstract. By using Mawhin’s continuation theorem, we provide some sufficient conditions for the existence of solution for a class of high order differential equations of the form x^{( n )} = f (t, x, x^′, . . . , x^{( n − 1)} ) , t ∈ [0, 1] , associated with the integral boundary conditions at resonance. The interesting point is that we shall deal with the case of nontrivial kernel of arbitrary dimension corresponding to high order differential operator which will cause some difficulties in constructing the generalized inverse operator.

1. Introduction In this paper, we consider the n^{th} order differential equation x^{(n )} (t) = f (t, x, x^′, . . . , x^{(n − 1)} ) , t ∈ (0, 1) ,

(1.1) subjected to the integral boundary conditions

α_i x^{(i − 1)} (0) + β_i x^{(i − 1)} (1) = γ_i

Z_1 0 x(s)ds , i = 1 , 2, . . . , n ,

(1.2) where α_i , β_i and γ_i , i = 1 , 2, . . . , n are real constants.

The problem (1.1)–(1.2), as we will see in the next sections, can be written in operator form Lx = Nx ,

(1.3)

2010 Mathematics Subject Classification : primary 34B10; secondary 34B15. Key words and phrases : coincidence degree, high order differential equation, resonance. Received July 13, 2016. Editor R. Šimon Hilscher. DOI: 10.5817/AM2017-2-111

112 LE CONG NHAN, DO HUY HOANG AND LE XUAN TRUONG

(called semilinear) where L is a linear and N is a nonlinear operator in appropriate function spaces. If L has a trivial null space, Ker L, the problem (1.3) is said to be at nonresonance case. Otherwise, we call the problem (1.3) at resonance. In the resonance case, the problem (1.3) can be studied by various methods including the alternative method, the continuation method of Mawhin and perturbation method (see [19]).

In topological approach, the boundary value problems (BVPs) for the second order ordinary differential equations has been studied by many authors with different boundary conditions for both cases non-resonance [ 8, 9] and resonance [3, 2, 7, 11, 12, 15, 10, 6, 4, 21].

However, there is rarely works that have been done for higher order BVPs particularly at resonance case. In the nonresonance case, we refer to [ 17, 18, 20] and references therein. For the resonance case, W. Ge at al., [ 1, 14, 13] studied the high order ordinary differential equation

x^{(n )} = f (t, x, x^′, . . . , x^{(n − 1)} ) + e(t) ,

associated with multi-point conditions

x^′(0) = 0 , x^{′′}(0) = 0 , . . . , x^{(n − 1)} (0) = 0 , x(1) =

m − 2X

i =1

α_i x(ξ_i ) , or

x^′(0) = 0 , x^{′′}(0) = 0 , . . . , x^{(n − 1)} (0) = 0 , x^′(1) =

m − 2X

i =1

α_i x^′(ξ_i ) , or

x(0) =

m − 2X

i =1

α_i x^′(ξ_i ) , x^′(0) = 0 , . . . , x^{(n − 2)} (0) = 0 , x(1) = x(η) ,

where f : [0,1]× R^{n − 1} → R is a continuous function and e ∈ L^1(0,1). In these setting, the set of nontrivial solutions of the associated homeogeneous problem Lx = x^{(n )} = 0 , Ker L, is isomorphic to R. Then the authors use the coincidence degree theory of Mawhin [ 5] in order to prove the existence of solutions of high-order multi-point BVPs. However, to our best knowledge, the high-order BVPs with the higher dimension of null space has not been studied broadly.

Motivated by these works, in this paper, we discuss the existence of solutions of problem (1.1)–(1.2) at resonance, in which the dimension of null space Ker L might be 1,2, . . . , n. It is noticed that in the way of Mawhin’s approach, the higher dimension of kernel, the more difficult to construct the projections P , Q, and this paper will contribute a slightly general way to construct such projectors.

A CLASS OF HIGH ORDER DIFFERENTIAL EQUATIONS 113

Our paper is organized as follows. In Section 2, we first recall some abstract results from the coincidence degree theory for L-compact operator and then give the conditions on the nonlinear term f (t, x, x^′, . . . , x^{(n − 1)} ) to be such operator. Finally, in Section 3, we prove the existence result of the problem (1.1)–(1.2) and give an example to demonstrate the results.

2. Preliminaries

2.1. A continuation theorem. We start this section by recalling some definitions and abstract results from the coincidence degree theory. For more details we refer the readers to [5, 16].

Assume that X and Z are two real Banach spaces.

Definition 2.1 (see [5]). Let L : dom (L) ⊂ X → Z be a linear operator. The operator L is said to be a Fredholm operator of index zero if the following conditions hold:

(i) Im L is a closed subset of Z , (ii) codim Im L = dim Ker L < + ∞ .

It follows from the Definition 2.1 that if L is a Fredholm operator of index zero, then there exist continuous projectors P : X → X and Q : Z → Z such that

Im P = Ker L , Ker Q = Im L , X = Ker L ⊕ Ker P , Z = Im L ⊕ , Im Q .

Further, the restriction of L on dom L∩ Ker P , which is L_P : dom L∩ Ker P → Im L, is invertible. We denote by K_P the inverse of L_P and K_{P,Q} := K_P (I − Q) the generalized inverse of L. In addition, if L has index zero (i.e., Im Q and Ker L are isomorphic) then the operator JQ + K_{P,Q} : Z → dom L is isomorphism, and

(JQ + K_{P,Q} )^{− 1} = � L + J^{− 1} P � dom L ,

for every isomorphism J : Im Q → Ker L. It follows from Mawhin’s equivalent theorem that x ∈ Ω is a solution to equation Lx = Nx if and only if it is a fixed point of Mawhin’s operator

Φ := P + ( JQ + K_{P,Q} ) N ,

where Ω is an given open bounded subset of X such that dom ( L) ∩ Ω ≠ ∅ .

Definition 2.2 (see [5]). Let L : dom (L) ⊂ X → Z be a Fredholm mapping of index zero. The operator N : Ω → Z is said to be L-compact operator on Ω if: a) the map QN : Ω → Z is continuous and QN � Ω � is bounded in Z ,

114 LE CONG NHAN, DO HUY HOANG AND LE XUAN TRUONG

b) the map K_{P,Q} N : Ω → X is completely continuous. In addition, we say that N is L-completely continuous if it is L-compact on every bounded subset in X .

The following continuation theorem due to Mawhin [ 5] will be used for our main purpose. Theorem 2.3. Let Ω ⊂ X be open and bounded, L be a Fredholm operator of index zero and N be L-compact operator on Ω . Assume that the following conditions are satisfied:

(1) Lx ≠ λNx for every (x, λ ) ∈ (dom ( L)\ Ker L) ∩ ∂Ω × (0, 1); (2) QNx ≠ 0 for every x ∈ Ker L ∩ ∂Ω ; (3) for some isomorphism J : Im Q → Ker L, we have deg (JQN ; Ω ∩ Ker L, 0) ≠ 0 , where Q : Z → Z is a projector given as above.

Then the equation Lx = Nx has at least one solution in dom ( L) ∩ Ω . 2.2. Some preliminary results. In order to obtain the existence of solutions for (1.1)–(1.2) by applying the Theorem 2.3, we first formulate the problem (1.1)–(1.2) as a semilinear equation in Banach spaces and then offer some certain conditions on the nonlinearity f (t, x, . . . , x^{(n − 1)} ) so that it is L-completely continuous. Let ν ∈ Z^+ , we denote

I^ν z(t) := 1 (ν − 1)!

Z_t 0 (t − s)^{ν − 1} z(s) ds ,

for convenient reason. Let X be the Banach space C^{n − 1} [0, 1] with the norm ‖x‖ = max � ‖x^{(i )} ‖_∞ : 1 = 1 , . . . , n − 1 , and Z be the Banach space L^1 (0, 1) with its usual norm ‖ · ‖_1 .

We now define L the linear operation from dom (L)⊂ X to Z by Lx = x^{(n )}, for x ∈ dom (L), where

dom ( L) = � x ∈ AC^n [0, 1] : α_i x^{(i − 1)} (0)+ β_i x^{(i − 1)} (1) = γ_i

Z_1 0 x(s) ds , i = 1 , 2, . . . , n . We also define the nonlinear operator N : X → Z by (2.1) Nx (t) = f � t, x (t), x^′(t), . . . , x^{(n − 1)} (t) � , t ∈ (0, 1) .

A CLASS OF HIGH ORDER DIFFERENTIAL EQUATIONS 115

Then the problem (1.1)–(1.2) is equivalent to the abstract equation

Lx = Nx .

We shall show that under certain conditions then L is a Fredholm operator of index zero and N is L-completely continuous.

First, we shall to look for the kernel and the range of L. To determine the Ker L, we suppose Lx = 0 for x ∈ dom( L) which implies

x(t) = c_1 + c_2 t + · · ·+ c_n (n − 1)!

t^{n − 1} .

Using the boundary conditions (1.2), we derive A � c_1 c_2 . . . c_n

�_T = 0 ,

where A = ( a_{ij} ) is a square matrix of order n with

a_{1j} = 8 < : α_1 + β_1 − γ_1 if j = 1

]^{β 1}_{(j − 1)!} −^{γ 1}_{j !} if 2 ≤ j ≤ n , and

a_{ij} = 8 > < > : −^{γ i}_{j !} if 1 ≤ j ≤ i − 1

α_i + β_i −^{γ i}_{i !} if j = i

β_i (j − i )! − γ_i

j ! if i + 1 ≤ j ≤ n ,

(2 ≤ i ≤ n) .

This follows

Ker L = n x(t) = c_1 + c_2 t+ · · ·+ c_n (n − 1)!

t^{n − 1} : (c_1 , c_2 , . . . , c_n ) ∈ Ker A o ∼= Ker A .

Hence we get dim Ker L = dim Ker A < + ∞ .

Now, we determine the range of operator L, Im L. Consider the function ϕ : Z → R^n given by

(2.2) ϕ(z) = D � I^{n +1} z(1) I^n z(1) · · · Iz (1)

�_T , where D is a n × (n + 1) matrix defined by

D = 2 6 6 4 γ_1 − β_1 0 · · · 0 γ_2 0 − β_2 · · · 0 . . . . . . . . . . . γ_n 0 0 · · · −β_n

3 7 7 5 .

116 LE CONG NHAN, DO HUY HOANG AND LE XUAN TRUONG

Then we claim that (2.3) Im L = { z ∈ Z : ϕ(z) ∈ Im A} . Indeed, for z ∈ Im L, there exists x ∈ dom (L) such that x^{(n )}(t) = z(t) and then x(t) = c_1 + c_2 t + · · ·+ c_n (n − 1)!

t^{n − 1} + I^n z(t) . Since x satisfies boundary conditions

α_i x^{(i − 1)} (0) + β_i x^{(i − 1)} (1) = γ_i

Z_1 0 x(s)ds , i = 1 , 2, . . . , n , we can deduce that ϕ(z) = A � x(0) x^′(0) . . . x^{(n − 1)} (0)

�_T ∈ Im A .

Conversely, if z ∈ L^1[0,1] and holds ϕ(z) ∈ Im A, then there exists c = (c_1 , c_2 , . . . , c_n ) ∈ R^n such that A � c_1 c_2 . . . c_n

�_T

= ϕ(z) . Then by setting x(t) = c_1 + c_2 t + · · ·+ c_n (n − 1)!

t^{n − 1} + I^n z(t) ,

it calculates straightforwardly that x ∈ dom (L) and Lx = z ∈ Im L. Thus, the claim (2.3) is valid.

The following lemma gives the properties of the operator ϕ. Lemma 2.4. Let ϕ : Z → R^n be the linear operator defined by (2.2). Then the following statements are hold:

i/ |ϕ(z)|_Rn ≤ ‖D‖_∗ ‖z‖_1 , for all z ∈ Z , and ii/ Im ϕ = Im D, where |·|_Rn and ‖·‖_∗ are the max-norms on R^n and M_{n × (n +1)} (R), respectively. Proof. Setting the operator I : Z → R^{n +1} by I z = � I^{n +1} z(1) I^n z(1) . . . Iz (1)

�_T , z ∈ Z .

We derive that ϕ = D ∘ I . Thanks to the linearity of I , we obtain the linearity of the operator ϕ. Furthermore, for ν ≥ 1, ν ∈ N, we have

|I^ν z(1)| ≤ 1 (ν − 1)!

Z_1 0 (1 − s)^{ν − 1} |z(s)|ds ≤ 1 (ν − 1)!

‖z‖_1 . It follows that

|ϕ(z)|_Rn ≤ ‖D‖_∗ max {| I^ν z(1)| : ν = 1 , 2, . . . , n + 1 } ≤ ‖D‖_∗ ‖z‖_1 ,

A CLASS OF HIGH ORDER DIFFERENTIAL EQUATIONS 117

for z ∈ Z. Hence, ϕ is a linear continuous operator which satisfies i/. In order to prove ii/, it suffices to show that the operator I is surjective. In fact, it is obviously that Im I ⊂ R^{n +1} . Conversely, for ξ = (ξ_1 , ξ_2 , . . . , ξ_{n +1} ) ∈ R^{n +1} , we shall show that there exists z ∈ Z to be form of

z(t) = c_1 + c_2 (1 − t) + · · ·+ c_{n +1} (1 − t)^n ,

which satisfies I z = ξ. Notice that for ν = 1 , 2, . . . , n + 1 , we have

I^ν z(1) = 1 (ν − 1)!

Z_1 0 (1 − s)^{ν − 1} [c_1 + c_2 (1 − s) + · · ·+ c_{n +1} (1 − s)^n ]ds = 1 (ν − 1)!

�_1 ν 1 ν +1 . . . 1 ν + n � � c_1 c_2 . . . c_{n +1}

�_T . Hence, one has I z = C � c_1 c_2 . . . c_{n +1}

�_T

, where C denotes the following square matrix of order n + 1

C = 2 6 6 6 4

1 n !(n +1) 1 n !(n +2) · · · 1 n !(2 n +1) 1 (n − 1)! n 1 (n − 1)!( n +1) · · · 1 (n − 1)!2 n . . . . . . . . . 1 1 1 2 · · ·^1_{n +1}

3 7 7 7 5 .

On the other hand, it is not difficult to see that C is invertible matrix and denote its inverse as C^{− 1}. We now let c = (c_1 , c_2 , . . . , c_{n +1} ) = C^{− 1} ·ξ and z(t) = c_1 + c_2(1 − t) + · · ·+ c_{n +1} (1 − t)^n , then I z = ξ. The proposition is proved. □

Next we note that this paper is merely interested in resonance case, that is to say that the dimension of Ker A is larger than or equal to 1. Therefore there exists an orthonormal basis of the orthorgonal complement of Im A ∩ Im D in Im ϕ = Im D which is denoted by

{ ω_k : k = 1 , 2, . . . , m}

for some 1 ≤ m ≤ n. Then we could represent the range of L as follows

(2.4) Im L = { z ∈ Z : ⟨ϕ(z), ω_k ⟩ = 0 , k = 1 , 2, . . . , m} ,

where ⟨·, ·⟩ denotes the inner product in R^n .

On the other hand, for each ω_k ∈ Im ϕ = Im D, there exists ξ_k = � ξ^k_1 , ξ^k_2 , . . . , ξ^k_{n +1} � ∈ R^{n +1} to be a solution of the system linear equation DCξ = ω_k . Put

z_k (t) = ξ^k_1 + ξ^k_2 (1 − t) + · · ·+ ξ^k_{n +1} (1 − t)^n ,

118 LE CONG NHAN, DO HUY HOANG AND LE XUAN TRUONG

then we obtain z_k ∈ Z and ϕ(z_k ) = DCξ_k = ω_k . Moreover, thanks to the linearity of the operator ϕ and the independence of system vector { ω_k : k = 1,2, . . . , m}, we deduce that { z_k : k = 1 ,2, . . . , m} is an independent system in Z .

We now offer a sufficient condition given by the following lemma to ensure that L is a Fredholm operator of index zero. Lemma 2.5. Suppose that Im A+ Im D = R^n . Then the operator L : dom (L) ⊂ X → Z is a Fredholm operator of index zero. Proof. First, we notice that Ker L ∼= Ker A, so one has dim Ker L < + ∞ . In addition, Im L is closed subset in Z because ϕ is a linear continuous operator. So, in order to prove that L is a Fredholm of index zero, we need only to prove that codim Im L = dim Ker L. In fact, we define the linear operator Q : Z → Z as follows

Qz (t) = mX k =1

⟨ϕ(z), ω_k ⟩ z_k (t) .

(2.5)

Since ϕ(z_k ) = ω_k and { ω_k : k = 1 , . . . , m} being an othornormal basis we deduce that ⟨ϕ(Qz ), ω_k ⟩ = ⟨ϕ(z), ω_k ⟩ for all k = 1 ,2, . . . , m. This implies that Q is idempotent and therefore Q is a projector. In addition, using the continuity of the operator ϕ and inner product in R^n , one gain Q is a continuous projector. Next, utilizing { z_k : k = 1 , . . . , m} an independent system of Z , we argue that

z ∈ Ker Q ⇔ mX k =1

⟨ϕ(z), ω_k ⟩ z_k = 0 ⇔ ⟨ ϕ(z), ω_k ⟩ = 0 ,

∀ k ∈ { 1, 2, . . . , m} ⇔ z ∈ Im L . Hence Ker Q = Im L. On the other hand, it is not difficult to show that Im Q = span { z_1 , z_2 , . . . , z_m }. And therefore, we have codim Im L = dim Im Q = dim Im D − dim (Im A ∩ Im D) = dim (Im A + Im D) − dim Im A = dim( R^n ) − dim Im A = dim Ker A = dim Ker L , where we use the hypothesis Im A + Im D = R^n . The proof is complete. □

A CLASS OF HIGH ORDER DIFFERENTIAL EQUATIONS 119

Let P : X → X be the operator defined by

P x (t) = h 1 t · · ·^{t n − 1}_{(n − 1)!} i (I_n − A^+ A) � x(0) x^′(0) · · · x^{(n − 1)} (0)

�_T , where A^+ is Moore-Penrose pseudoinverse of A and I_n denotes the square matrix of n order. Since P_A = I_n − A^+ A is an orthorgonal projector onto Ker A, it is not difficult to see that P is a projector onto Ker L and

Ker P = � x ∈ X : � x(0) x^′(0) · · · x^{(n − 1)} (0)

�_T

= A^+ A � x(0) x^′(0) · · · x^{(n − 1)} (0)

�_T . The following lemma gives us the properties of pseudoinverse of L.

Lemma 2.6. Let K_P : Im L → dom (L) ∩ Ker P be a linear operator defined by (K_P z)(t) = h 1 t · · ·^{t n − 1}_{(n − 1)!} i A^+ ϕ(z) + I^n z(t) ,

for z ∈ Im L. Then K_P is a pseudoinverse of L which means that

K_P = ( L|_{dom L ∩ Ker P} )^{− 1} .

Moreover, we have the following estimate

‖K_P z‖ ≤ � 1 + n

A^+

∗ ‖D‖_∗ � ‖z‖_1

for every z ∈ Im L.

Proof. For each z ∈ ImL, it is not difficult to see that K_P z ∈ AC^n [0, 1] and � K_P z(0) ( K_P z)^′(0) · · · (K_P z)^{(n − 1)} (0)

�_T

= A^+ ϕ(z) .

It is straightforward to verify that K_P z ∈ dom L ∩ Ker P . Hence K_P is well defined. On the other hand, it is clear that LK_P z(t) = z(t) for all t ∈ [0,1] and z ∈ Im L. Moreover, for each x ∈ dom L ∩ Ker P , we have x ∈ dom (L) which implies A � x(0) x^′(0) · · · x^{(n − 1)} (0)

�_T = ϕ(Lx ) .

It follows that

(K_P Lx ) (t) = h 1 t · · ·^{t n − 1}_{(n − 1)!} i A^+ ϕ(Lx ) + I^n Lx (t)

= x(t) − h 1 t · · ·^{t n − 1}_{(n − 1)!} i � I_n − A^+ A � × � x(0) x^′(0) · · · x^{(n − 1)} (0)

�_T

= x(t) − P x (t) = x(t) ,

(2.6)

120 LE CONG NHAN, DO HUY HOANG AND LE XUAN TRUONG

where we use the fact that x ∈ Ker P in the last equality. Hence, (K_P Lx)(t) = x(t) for all t ∈ [0,1] and for every x ∈ dom L ∩ Ker P . Thus, K_P = (L|_{dom L ∩ Ker P} )^{− 1}. Furthermore, by the definition of the the pseudoinverse K_P of L, we get

(2.7) (K_P z)^{(i )} (t) = h 0 · · · 1 · · ·^{t n − 1 − i}_{(n − 1− i )!} i A^+ ϕ(z) + I^{n − i} z(t),

where 1 is (i + 1)^{th} position, for i = 0 ,1, . . . ,(n − 1). It follows from (2.7) and Lemma 2.4 that � �(K_P z)^{(i )} (t) � �≤ (n − i)

A^+

∗ |ϕ(z)|_{Rn} + 1 (n − 1 − i)!

Z_t 0 (t − s)^{n − 1− i} |z(s)| ds ≤ � 1 + ( n − i)

A^+

∗ ‖D‖_∗ �‖z‖_1 ,

for all t ∈ [0, 1] and for each i = 0 , 1, . . . , (n − 1), which implies

‖K_P z‖ = max � ‖(K_P z)^{(i )} ‖_∞ : i = 0 , 1, . . . , n − 1 ≤ � 1 + n‖A^+ ‖_∗ ‖D‖_∗ � ‖z‖_1 .

This results in the Lemma 2.6. □ In what follows, we always assume that f : [0,1] × R^n → R satisfies Carethéodory conditions, that is:

(a) f (·, u) is measurable for u ∈ R^n ,

(b) f (t, ·) is continuous on R^n for almost every t ∈ [0, 1],

(c) for each compact set K ⊂ R^n , the function h_K (t) = sup {| f (t, u )| : u ∈ K } is Lebesgue integrable on [0, 1].

By these assumptions on f and dominated convergence theorem, it is well known that the Nemytskii operator associated with f , N : X → Z defined by (2.1) is continuous mapping and takes bounded sets into bounded sets. Furthermore, N is also a L-completely continuous on X, claimed by the following lemma.

Lemma 2.7. Assume that f : [0,1]× R^n → R satisfies Carethéodory conditions as above. Then the operator N : X → Z defined by (2.1) is a L-completely continuous operator on X .

Proof. Let Ω be an arbitrary open bounded subset in X. Then it is clearly seen that QN : Ω → Z is continuous and QN � Ω � is bounded because N is continuous mapping and takes bounded sets into bounded sets. It now remains to verify that K_{P,Q} N : Ω → X is completely continuous on Ω . In fact, since K_{P,Q} N is the composition of the continuous operators N, Q and K_P ,

A CLASS OF HIGH ORDER DIFFERENTIAL EQUATIONS 121

so K_{P,Q} N is also continuous operator. In addition, by the definition of the operator K_{P,Q} , we have

(K_{P,Q} Nx )^{(i )} (t) = ( K_P (I − Q)Nx )^{(i )} (t) = h 0 · · · 1 · · ·^{t n − 1 − i}_{(n − 1− i )!} i A^+ ϕ((I − Q)Nx )

+ I^{n − i} (I − Q)Nx (t) ,

(2.8)

where 1 is (i + 1)^{th} position, for i = 0 ,1, . . . ,(n − 1) and x ∈ Ω . Set z(t) := (I − Q) Nx(t) for t ∈ [0,1], then there exists a positive constant M such that ‖z‖_1 ≤ M for all x ∈ Ω . This implies that K_{P,Q} N � Ω � is bounded by using the Lemma 2.6.

On the other hand, since � t^i : t ∈ [0, 1] and � I^{n − i} z(t) : t ∈ [0, 1]

, for each i = 0 ,1, . . . , n − 1 are equicontinuous families, it follows from (2.8) that n (K_P z)^{(i )} (t) : t ∈ [0, 1] o are equicontinuous on [0,1]. Hence, one obtains

(K_{P,Q} N )^{(i )} � Ω � is relatively compact, for i = 0 ,1, . . . , n − 1 due to Arzela-Ascoli theorem. Thus, K_{P,Q} N � Ω � is relatively compact in X which results in the proof. □

3. Main results

In this section we use the Theorem 2.3 to prove the existence of the solutions of problem (1.1)–(1.2). For this purpose we assume that

Im A + Im D = R^n ,

the assumptions of Lemma 2.7 hold, and

(A_1 ) there exist the positive functions a_0 , a_1 , . . . , a_n ∈ Z with C^{n − 1} P i =0

‖a_i ‖_1 <

1 and C = 1 + n‖I_n − A^+ A‖_∗ + n‖A^+ ‖_∗ ‖D‖_∗ , such that � �f (t, x_0 , x_1 , . . . , x_{n − 1} ) � �≤ n − 1X

i =0

a_i (t) |x_i | + a_n (t) ,

for almost everywhere t ∈ [0, 1] and x_i ∈ R, for i = 0 , 1, . . . , (n − 1);

(A_2 ) there exists a positive constant M_1 such that for each x ∈ dom (L), ϕ(Nx) /∈ Im A provided that max � x^{(i )} (t) � : i = 0 , . . . , (n − 1)

> M_1 for all t ∈ [0, 1];

122 LE CONG NHAN, DO HUY HOANG AND LE XUAN TRUONG

(A_3 ) there exists a positive constant M_2 such that for any { c_i }^m_{i =1} ⊂ R with mP i =1

|c_i | > M_2 then

c_i D ϕ ∘ N

�^mX

j =1

c_j x_j � , ω_i E < 0 ,

(3.1) or c_i D ϕ ∘ N

�^mX

j =1

c_j x_j � , ω_i E > 0 ,

(3.2)

for all i ∈ { 1,2, . . . , m}, where { x_j : j = 1 , . . . , m} is a basis of Ker L. Lemma 3.1. Let Ω_1 = { x ∈ dom ( L)\ Ker L : Lx = λNx, λ ∈ (0, 1)}. Then Ω_1 is bounded subset in X . Proof. Let x ∈ Ω_1, then there exists λ ∈ (0,1) such that Lx = λNx . It follows that Nx ∈ Im L = Ker Q which implies

QNx (t) = mX k =1

ϕ(Nx ), ω_k � z_k (t) = 0 , ∀t ∈ [0, 1].

Thanks to the linearly independent property of { z_k : k = 1 , . . . , m}, we derive that ⟨ϕ(Nx ), ω_k ⟩ = 0 for all k = 1 , . . . , m. Therefore, we possess ϕ(Nx) ∈ Im A ∩ Im D which implies ϕ(Nx) ∈ Im A. By utilizing the assumption (A_2), there exists t_0 ∈ [0, 1] such that max � x^{(i )} (t_0 ) � �: i = 0 , 1, . . . , (n − 1) ≤ M_1 .

It follows from the identities

x^{(i )} (t) = x^{(i )} (t_0 ) + x^{(i +1)} (t_0 ) (t − t_0 ) + · · ·+ 1 (n − 1 − i)! × Z_t

t_0

(t − s)^{n − 1− i} x^{(n )} (s) ds ,

for all t ∈ [0, 1], i = 1 , . . . , n − 1, and

x(t) = x(t_0 ) + x^′(t_0 ) (t − t_0 ) + · · ·+ 1 (n − 1)!

Z_t

t_0

(t − s)^{n − 1} x^{(n )} (s) ds ,

that |x^{(i )} (0)| ≤ (n − i) M_1 + ‖x^{(n )} ‖_1 , i = 1 , . . . , n − 1 and |x(0)| ≤ nM_1 + ‖x^{(n )} ‖_1 . Therefore, we get max � |x^{(i )} (0)| : i = 0 , 1, . . . , (n − 1)

≤ nM_1 + ‖x^{(n )} ‖_1 ≤ nM_1 + ‖Nx ‖_1 .

A CLASS OF HIGH ORDER DIFFERENTIAL EQUATIONS 123

It follows from the definition of the projector P and the inequality above that ‖P x ‖ ≤ n

I_n − A^+ A

∗ max �‖x^{(i )} (0)| : i = 0 , 1, . . . , (n − 1)

≤ n‖I_n − A^+ A‖_∗ � nM_1 + ‖Nx ‖_1 � . (3.3) On the other hand, since (I − P ) x ∈ dom (L) ∩ Ker P and using Lemma 2.6, we achieve ‖(I − P )x‖ = ‖K_P L(I − P )x‖ = ‖K_P Lx ‖

(3.4) ≤ � 1 + n

A^+

∗ ‖D‖_∗ � ‖Nx ‖_1 .

(3.5) Combining (3.3)-(3.5), we obtain ‖x‖ = ‖P x + ( I − P )x‖ ≤ ‖ P x ‖ + ‖(I − P )x‖ ≤ C ‖Nx ‖_1 + n^2 M_1

I_n − A^+ A ∗ , (3.6) where C = 1 + n ‖I_n − A^+ A‖_∗ + n ‖A^+ ‖_∗ ‖D‖_∗ . Exploiting the assumptions of nonlinear term, (A_1) and the definition of the operator N , we gain

‖Nx ‖_1 ≤

Z_1 0 � �f �s, x (s), x^′(s), . . . , x^{(n − 1)} (s)� � �ds

≤ n − 1X

i =1

‖a_i ‖_1 x^{(i )}

∞ + ‖a_n ‖_1

≤ �^{n − 1}X

i =1

‖a_i ‖_1 � ‖x‖ + ‖a_n ‖_1 .

(3.7)

It follows from (3.6)–(3.7) and C

�^{n − 1}P

i =1

‖a_i ‖_1 � < 1 that

‖x‖ ≤

C ‖a_n ‖_1 + n^2 M_1 ‖I_n − A^+ A‖_∗

1 − C^{n − 1} P i =1

‖a_i ‖_1 .

Thus, Ω_1 is bounded in X . □ Lemma 3.2. The set Ω_2 = { x ∈ Ker L : Nx ∈ Im L} is a bounded subset in X . Proof. Let x ∈ Ω_2 and assume that x(t) = c_0 + c_1 t + · · ·+ c_{n − 1}^{t n − 1}_{(n − 1)!} , where (c_0 , c_1 , . . . , c_{n − 1} ) ∈ Ker A. Also, we have Nx ∈ Im L, by the same argument as in the proof of Lemma 3.1, one could show that max � |x^{(i )} (t_0 )|, i = 0 , . . . , (n − 1)

≤ M_1 ,

124 LE CONG NHAN, DO HUY HOANG AND LE XUAN TRUONG

for some t_0 ∈ [0,1]. As a result, for each i = 0 ,1, . . . ,(n − 1), c_i is bounded in R. And therefore the Lemma 3.2 is valid. □ Lemma 3.3. Let

Ω^−_3 = { x ∈ Ker L : − λx + (1 − λ)JQNx = 0 , λ ∈ [0, 1]} , and Ω^+_3 = { x ∈ Ker L : λx + (1 − λ)JQNx = 0 , λ ∈ [0, 1]} , where J : Im Q → Ker L is a linear isomorphism which is defined by J �^mX

i =1

c_i z_i � = mX i =1

c_i x_i ,

for^m P i =1

c_i z_i ∈ Im Q. Then Ω^−_3 and Ω^+_3 are bounded subsets in X provided that (3.1) and (3.2) of the assumption (A_3 ) hold, respectively. Proof. Assume that (A_3)–(3.1) holds. Let x ∈ Ω^−_3 , then we might assume that x =^m P i =1

c_i x_i ∈ Ker L, where c_i ∈ R, i = 1 , 2, . . . , m and

λJ^{− 1}

�^mX

i =1

c_i x_i � = (1 − λ)QN

�^mX

i =1

c_i x_i � , for λ ∈ [0, 1]. It follows from the definitions of the operators J and Q that λ mX i =1

c_i z_i = (1 − λ) mX i =1 D ϕ ∘ N

�^mX

j =1

c_j x_j � , ω_i E z_i .

This implies λc_i = (1 − λ) D ϕ ∘ N

�^mX

j =1

c_j x_j � , ω_i E , for all i ∈ { 1, . . . , m}. If λ = 1 , then c_i = 0 for all i ∈ { 1,2, . . . , m}. In this case, it is obvious that Ω^−_3 is bounded. And if λ ∈ [0,1) and^m P i =1

|c_i | > M_2, then by assumption (A_3 )–(3.1) we get a contradiction

0 ≤ λc^2_i = (1 − λ)c_i D ϕ ∘ N

�^mX

j =1

c_j x_j � , ω_i E < 0 ,

A CLASS OF HIGH ORDER DIFFERENTIAL EQUATIONS 125

for some i ∈ { 1,2, . . . , m}. Thus Ω^−_3 is bounded in X. If (A_3)–(3.2) holds, then by using the same arguments as in above we are also able to prove that Ω^+_3 is bounded in X . The Lemma 3.3 has been proved. □ Theorem 3.4. Suppose that the assumptions (A_1), (A_2) and (A_3)–(3.1) hold. Then the problem (1.1) –(1.2) has at least one solution in X . Proof. We shall prove that all the conditions of Theorem 2.3 are satisfied, where Ω is open and bounded such that

S_3

i =1 Ω i ⊂ Ω . It is clear that the

operator L is a Fredholm operator of index zero by Lemma 2.5 and N is L-compact on Ω by Lemma 2.7. Futhermore, the conditions (1) and (2) of the Theorem 2.3 are fulfilled by exploiting Lemma 3.1 and Lemma 3.2. So, it remains to verify the third condition of Theorem 2.3. For this purpose, we apply the degree property of invariance under a homotopy. Let us define H (λ, x ) = − λx + (1 − λ) JQNx , where the isomorphism J : Im Q → Ker L is defined as in Lemma 3.3. By Lemma 3.3, we obtain H(λ, x) ≠ 0 for all (λ, x ) ∈ [0,1]× (Ker L ∩ ∂Ω) . Hence, we get

deg (JQN ; Ω ∩ Ker L, 0) = deg ( H (0, ·) , Ω ∩ Ker L, 0) = deg ( H (1, ·) , Ω ∩ Ker L, 0) = deg ( − I, Ω ∩ Ker L, 0) ≠ 0 .

Thus, Theorem 3.4 is proved. □ Remark 3.5. If we replace the assumption (A_3)–(3.1)in the Theorem 3.4 by (A_3 )–(3.2), then by considering the homotopy H (λ, x ) = λx + (1 − λ) JQNx , and using similar arguments above, we obtain deg (JQN ; Ω ∩ Ker L, 0) = deg ( H (0, ·) , Ω ∩ Ker L, 0) = deg ( H (1, ·) , Ω ∩ Ker L, 0) = deg ( I, Ω ∩ Ker L, 0) ≠ 0 .

And therefore, the conlusion of Theorem 3.4 does not change.

An illustration for this will be given by following example. Example. Consider the equation (3.8) x^{′′}(t) = f (t, x (t), x^′(t)) , t ∈ (0, 1)

126 LE CONG NHAN, DO HUY HOANG AND LE XUAN TRUONG

associated with the integral boundary condition

(3.9) 8 < : x(0) + 2 x(1) = 2

R_1 0 x(s)ds 1 4 x^′(0) +^1_4 x^′(1) = −

R_1 0 x(s)ds where f (t, x_0 , x_1 ) = sign n 3 2 t^2 − t − 1 4 o g (t, x_0 , x_1 ) ,

g (t, x_0 , x_1 ) = t^3 28 sin x_0 + 1 11 (1 + t) |x_1 | + t^2 + 2 .

It is clear that the problem (3.8)–(3.9) is a special case of the problem (1.1)–(1.2) in which α_1 = 1 , β_1 = 2 , γ_1 = 2 , α_2 =^1_4 , β_2 =^1_4 and γ_2 = − 1. Therefore, in order to show that the problem (3.8)-(3.9) has at least one solution, it suffices to verify the conditions of the Theorem 3.4.

In this case, we have L : dom (L) ⊂ C^1[0,1] → L^1(0,1) defined by Lx(t) = x^{′′}(t) with dom ( L) = { x ∈ AC^2 [0, 1] : x satisfies the integral boundary condition (3.9) } and the nonlinear operator N : C^1 [0, 1] → L^1 (0, 1) defined by Nx (t) = f (t, x (t), x^′(t)) .

In the following, we need to show that

(1) L is a Fredholm operator of index zero; (2) N is a L-completely continuous; (3) the conditions of Theorem 3.4 hold.

Firstly, we have the matrix A = � 1 1 1 1 � , which has Ker A = span { (1; − 1)},

Im A = span { (1; 1)} and the Moore-Penrose matrix A^+ =

�_1 4 1 4 1 4 1 4 � =^1_4 A.

The kernel of L

Ker L = { x = c_1 + c_2 t : (c_1 , c_2 ) ∈ Ker A} = span { x_1 } , where x_1 (t) = 1 − t.

Moreover, we could see that the matrix D = � 2 − 2 0 − 1 0 −^1_4 � and the operator ϕ : Z → R^2 defined by

ϕ(z) = D � I^3 z(1) I^2 z(1) Iz (1)

�_T = � 2I^3 z(1) − 2I^2 z(1); − I^3 z(1) − 1 4 Iz (1) � .

A CLASS OF HIGH ORDER DIFFERENTIAL EQUATIONS 127

So the image of L

Im L = � z ∈ L^1 (0, 1) : ϕ(z) ∈ Im A = n z ∈ L^1 (0, 1) :

Z_1 0 � 3 2 s^2 − s − 1 4 � z(s) ds = 0 o . It is clearly seen that Im D = R^2 and Im A ∩ Im D = Im A. Therefore, we have

dim (Im A + Im D) = dim Im A + dim Im D − dim (Im A ∩ Im D) = dim( R^2 ) .

It follows that Im A + Im D = R^2. Hence, according to Lemma 2.5, L is a Fredholm operator of index zero.

Now, taking � ω_1 =^{√ 2}_2 (1; − 1) is an orthonormal basis of the orthogonal complement of Im A ∩ Im D = Im A in R^2 and setting

z_1 (t) = ξ_1 + ξ_2 (1 − t) + ξ_3 (1 − t)^2 ,

where ξ = ( ξ_1 , ξ_2 , ξ_3) =

�_8^√_2

21 , −^{38 √ 2}_{21} ,0 � ∈ R^3 is a solution of equation D Cξ = ω_1 . Then one has ϕ(z_1 ) = ω_1 .

We can now define the projectors P : X → X and Q : Z → Z by

P x (t) = � 1 t � � I_2 − A^+ A � � x(0) x^′(0)

�_T = 1 2 (x(0) − x^′(0)) x_1 (t) , and Qz (t) = ⟨ϕ(z), ω_1 ⟩ z_1 (t) = h√ 2 2 Z_1 0 � 3 2 s^2 − s − 1 4 � z(s)ds i z_1 (t) .

The pseudoinverse K_p is defined by

K_P (z)(t) = � 1 t � A^+ ϕ(z) +

Z_t 0 (t − s)z(s) ds

which implies ‖K_P z‖ ≤ (1 + 2 ‖A^+ ‖_∗ ‖D‖_∗ ) ‖z‖_1 = 2 ‖z‖_1 for all z ∈ Z .

Secondly, it is not difficult to see that f : [0,1] × R^2 → R satisfies the Carathéodory conditions. Thus, N is a L-completely continuous by Lemma 2.7.

Finally, we verify the conditions of Theorem 3.4. In fact, we have the growth condition on f

|f (t, x_0 , x_1 )| ≤ a_0 (t) |x_0 | + a_1 (t) |x_1 | + a_2 (t) ,

128 LE CONG NHAN, DO HUY HOANG AND LE XUAN TRUONG

for all t ∈ [0,1] and x_0 , x_1 ∈ R, where a_0(t) =^{t 3}_{28} , a_1(t) =^{1+ t}_{11} , a_2(t) = t^2 + 2 . Furthermore, it is straightforward to calculate that

C = 1 + 2

I_2 − A^+ A

∗ + 2

A^+

∗ ‖D‖_∗ = 3

and C (‖a_0 ‖_∞ + ‖a_1 ‖_∞ ) = 3 � 1 28 + 2 11 � < 1 .

Therefore, the condition (A_1 ) holds.

Next, it is noticed that ϕ(Nx ) ∈ Im A is equivalent to Z_1 0 � 3 2 s^2 − s − 1 4 � Nx (s) ds = 0 ⇔

Z_1 0 � � 3 2 s^2 − s − 1 4 � �g � s, x (s), x^′(s) � ds = 0 .

On the other hand, if |x_1 | > 22 then we get g (t, x_0 , x_1 ) > 1 for all t ∈ [0,1]. Hence, taking M_1 = 22 , then we obtain Z_1 0 � � 3 2 s^2 − s − 1 4 � �g � s, x (s), x^′(s) � ds > 0,

provided that max � x^{(i )} (t) � �: i = 0 , 1 > M_1 for all t ∈ [0,1]. This results ϕ(Nx ) /∈ Im A. The condition (A_2 ) holds.

For x_1 (t) = 1 − t, we have

⟨ϕ ∘ N (c_1 x_1 ), ω_1 ⟩ = √ 2 2 Z_1 0 � � � 3 2 s^2 − s − 1 4 � � �g � s, c_1 (1 − s), − c_1 � ds. Similarly, taking M_2 = 22 , then we get c_1 g (t, c_1 (1 − t), − c_1 ) > 1 if c_2 > M_2 and c_1 g (t, c_1 (1 − t), − c_1 ) < − 1 if c_1 < − M_2 . Therefore, if |c_1 | > M_2 , then

c_1 ⟨ϕ ∘ N (c_1 x_1 ), ω_1 ⟩ = √ 2 2 Z_1 0 � �3 2 s^2 − s − 1 4 � �c_1 g�s, c_1 (1 − s), − c_1 � ds > 0 , or c_1 ⟨ϕ ∘ N (c_1 x_1 ), ω_1 ⟩ = √ 2 2 Z_1 0 � � 3 2 s^2 − s − 1 4 � �c1 g � s, c_1 (1 − s), − c_1 � ds < 0 .

Hence, the condition (A_3) holds. Thus, by the Theorem 3.4, the problem (3.8)–(3.9) has at least one solution. Acknowledgement. The paper was completed when the third author was visiting to Vietnam Institute for Advanced Study in Mathematics (VIASM). He would like to thank the Institute for its hospitality.

A CLASS OF HIGH ORDER DIFFERENTIAL EQUATIONS 129

References

[1] Du, Z., Lin, X., Ge, W., Some higher-order multi-point boundary value problem at resonance , J. Comput. Appl. Math. 177 (2005), 55–65.

[2] Feng, W., Webb, J.R.L., Solvability of m-point boundary value problems with nonlinear growth , J. Math. Anal. Appl. 212 (1997), 467–480.

[3] Feng, W., Webb, J.R.L., Solvability of three-point boundary value problems at resonance , Nonlinear Anal. 30 (6) (1997), 3227–3238.

[4] Franco, D., Infante, G., Zima, M., Second order nonlocal boundary value problems at resonance , Math. Nachr. 284 (2011), 875–884.

[5] Gaines, R.E., Mawhin, J., Coincidence Degree and Nonlinear Differential Equations , Lecture Notes in Math., vol. 568, Springer Verlag Berlin, 1977.

[6] Gao, Y., Pei, M., Solvability for two classes of higher-order multi-point boundary value problems at resonance , Boundary Value Problems (2008), Art. ID 723828, 14 pp.

[7] Gupta, C.P., Existence theorems for a second order m-point boundary value problem at resonance , Internat. J. Math. Math. Sci. 18 (4) (1995), 705–710.

[8] Il’in, V.A., Moiseev, E.I., Nonlocal boundary value problem of the first kind for a Sturm-Liouville operator , J. Differential Equations 23 (1987), 803–810.

[9] Il’in, V.A., Moiseev, E.I., Nonlocal boundary value problem of the second kind for a Sturm-Liouville operator , J. Differential Equations 23 (1987), 979–978.

[10] Infante, G., Zima, M., Positive solutions of multi-point boundary value problems at resonance , Nonlinear Anal. 69 (2008), 622–633.

[11] Kosmatov, N., A multi-point boundary value problem with two critical conditions , Nonlinear Anal. 65 (2006), 622–633.

[12] Kosmatov, N., A singular non-local problem at resonance , J. Math. Anal. Appl. 394 (2012), 425–431.

[13] Lin, X., Du, Z., Ge, W., Solvability of multipoint boundary value problems at resonance for higher-order ordinary differential equations , Comput. Math. Appl. 49 (2005), 1–11.

[14] Lu, S., Ge, W., On the existence of m-point boundary value problem at resonance for higher order differential equation , J. Math. Anal. Appl. 287 (2003), 522–539.

[15] Ma, R., Existence results of a m-point boundary value problem at resonance , J. Math.

Anal. Appl. 294 (2004), 147–157. [16] Mawhin, J., Topological degree methods in nonlinear boundary value problems , Expository lectures from the CBMS Regional Conference held at Harvey Mudd College, Claremont, Calif., June 9–15, 1977. CBMS Regional Conference Series in Mathematics, 40, American Mathematical Society, Providence, R.I., 1979.

[17] Mawhin, J., Functional analysis and nonlinear boundary value problems: the legacy of Andrzej Lasota , Ann. Math. Sil. 27 (2013), 7–38.

[18] O’Regan, D., Boundary value problems for second and higher order differential equations , Proc. Amer. Math. Soc. 113 (1991), 761–775.

[19] Przeradzki, B., Three methods for the study of semilinear equations at resonance , Colloq.

Math. (1993), 110–129.

130 LE CONG NHAN, DO HUY HOANG AND LE XUAN TRUONG

[20] Wong, F.H., An application of Schander’s fixed point theorem with respect to higher order BVPs , Proc. Amer. Math. Soc. 126 (1998), 2389–2397.

[21] Zhang, X., Feng, M., Ge, W., Existence result of second-order differential equations with integral boundary conditions at resonance , J. Math. Anal. Appl. 353 (2009), 311–319.

Le Cong Nhan, An Giang University, 18, Ung Van Khiem Street, An Giang, Vietnam E-mail : lcnhanmathagu@gmail.com

Do Huy Hoang, Le Xuan Truong, Department of Mathematics and Statistics, University of Economics HoChiMinh City, 59C Nguyen Dinh Chieu Street, District 3, HoChiMinh City, Vietnam E-mail : lxuantruong@gmail.com