ARCHIVUM MATHEMATICUM (BRNO) Tomus 53 (2017), 161–177

SOME FIXED POINT THEOREMS IN GENERATING SPACES

OF QUASI-METRIC FAMILY

M.H.M. Rashid

Abstract. The aim of this paper is to introduce the concepts of compatible mappings and compatible mappings of type (R) in non-Archimedean Menger probabilistic normed spaces and to study the existence problems of common fixed points for compatible mappings of type (R), also, we give an applications by using the main theorems.

1. Introduction and preliminaries

Recently, a number of fixed point theorems for single-valued and multi-valued mappings in probabilistic metric spaces have been proved by many authors ([ 1, 2, 3, 4, 10, 11, 17]). Since every metric space is a probabilistic metric space, we can use many results in probabilistic metric spaces to prove some fixed point theorems in metric spaces.

In this paper, first, we prove some common fixed point theorems in generating space of quasi-metric and probabilistic metric spaces. Secondly, we give some convergence theorems for sequences of self-mappings on a metric space. Finally, we extend Caristi’s fixed point theorem and Ekeland’s variational principle in metric spaces to probabilistic metric spaces.

For notations and properties of probabilistic metric spaces, refer to [ 2, 3, 13, 14]. Let R denote the set of real numbers and R^+ the set of non-negative real numbers. A mapping F : R → R^+ is called a distribution function if it is a nondecreasing and let continuous function with inf F = 0 and sup F = 1 . We will denote D by the set of all distribution functions.

Definition 1.1. A probabilistic metric space (briefly, a PM-space) is a pair (X, F ), where X is a nonempty set and F is a mapping from X × X to D. For (x, y) ∈ X × X, the distribution function F (x, y) is denoted by F_{x,y} . The functions F_{x,y} are assumed to satisfy the following conditions: (PM-1) F_{x,y} (t) = 1 for every t > 0 if and only if x = y, (PM-2) F_{x,y} (0) = 0 for all x, y ∈ X ,

2010 Mathematics Subject Classification : primary 47H10; secondary 54H25. Key words and phrases : fixed point, compatible mappings, non-Archimedean Menger probabilistic normed spaces.

Received November 8, 2016. Editor A. Pultr. DOI: 10.5817/AM2017-3-161

162 M.H.M. RASHID

(PM-3) F_{x,y} (t) = F_{y,x} (t) for all for all x, y ∈ X and t > 0,

(PM-4) If F_{x,y} (u) = 1 and F_{y,z} (v) = 1 , then F_{x,z} (u + v) = 1 for every x, y, z ∈ X and u, v > 0.

Definition 1.2. A t-norm is a function Δ : [0,1] → [0,1] which is associative, commutative, nondecreasing in each coordinate and Δ( a, 1) = a for every a ∈ [0,1].

Definition 1.3. A Menger PM-space is a triple (X, F, Δ) , where (X, F ) is a PM-space and Δ is a t-norm with the following condition: (PM-5) F_{x,y} (u + v) ≥ Δ( F_{x,z} (u), F_{z,y} (v)) for all x, y, z ∈ X and u, v > 0.

Definition 1.4. A non-Archimedean Menger PM-space (an N.A. Menger PM-space) is a triple (X, F, Δ) , where Δ is a t-norm and the space (X, F ) satisfies the conditions (PM-1) ∼ (PM-3) and (PM-6): (PM-6) F_{x,y} � max { t_1 , t_2 } � ≥ Δ � F_{x,z} (t_1 ), F_{z,y} (t_2 ) � for all x, y, z ∈ X and t_1 , t_2 ∈ R^+ .

The concept of neighborhoods in PM-spaces was introduced by Schweizer and Sklar [13]. If x ∈ X, ϵ > 0 and λ ∈ (0,1), then the (ϵ, λ)-neighborhood of x, denoted by U_x (ϵ, λ), is defined by

U_x (ϵ, λ) = { y ∈ X : F_{x,y} (ϵ) > 1 − λ} .

If (X, F, Δ) is a Menger PM-space with the continuous t-norm Δ , then the family { U_x (ϵ, λ) : x ∈ X, ϵ, λ ∈ (0,1)} of neighborhoods induces a Hausdorff topology on X , which is denoted by the (ϵ, λ)-topology τ.

Definition 1.5. A PM-space (X, F ) is said to be of type (C)_g if there exists an element g ∈ Γ such that g � F_{x,y} (t) � ≤ g � F_{x,z} (t) � + g � F_{z,y} (t) � for all x, y, z ∈ X and t ≥ 0 ,

where Γ = { g|g : [0,1] → [0, ∞ ] is continuous, strictly decreasing, g(1) = 0 and g(0) < ∞} .

Definition 1.6. An N.A. Menger PM-space (X, F, Δ) is said to be of type (D)_g if there exists an element g ∈ Γ such that g � Δ( s, t ) � ≤ g(s) + g(t) for all s, t ∈ [0, 1].

Remark 1.7. Let (X, F, Δ) be an N.A. Menger PM-space. Then we have (1) If (X, F, Δ) is of type (D )_g , then it is of type (C)_g . (2) If Δ ≥ Δ_m , where Δ_m (s, t) = max { s + t − 1,0} for s, t ∈ [0,1], then (X, F, Δ) is of type (D )_g for g ∈ Γ defined by g(t) = 1 − t.

Remark 1.8. (i) If a PM-space (X, F ) is of type (C)_g, then it is metrizable, if the metric d on X is defined by

(1.1) d(x, y) =

Z_1 0 g � F_{x,y} (t) � dt for all x, y ∈ X .

SOME FIXED POINT THEOREMS IN QUASI-METRIC FAMILY 163

(ii) If an N.A. Menger PM-space (X, F, Δ) is of type (D)_g then it is metrizable, where the metric d on X is defined by (1.1). On the other hand, the (ϵ, λ)-topology τ coincides with the topology induced by the metric d defined by (1.1). (iii) If (X, F, Δ) is an N.A. Menger PM-space with the t-norm such that Δ ≥ Δ_m , where Δ_m (s, t ) = max { s + t − 1, 0} for s, t ∈ [0, 1], then (ii) is also true.

2. Fixed point theorems in metric spaces In this section, we give several fixed point theorems for compatible mappings of type (R) in a metric space (X, d). The following definitions and properties of compatible mappings and compatible mappings of type (R) are given in [9, 10, 12]. Definition 2.1. Let S and T be mappings from a complete metric space (X, d) into itself. The mappings S and T are said to be compatible if lim

n →∞ d(T Sx

n , ST x_n ) = 0 , whenever { x_n } is a sequence in X such that lim

n →∞

Sx_n = lim_{n →∞} T x_n = z for some z ∈ X . Definition 2.2. Let S and T be mappings from a complete metric space (X, d) into itself. The mappings S and T are said to be compatible of type (R) if lim n →∞ d(T Sx

n , ST x_n ) = 0 and lim

n →∞ d(SSx

n , T T x_n ) = 0 , whenever { x_n } is a sequence in X such that lim

n →∞ Sx

n = lim_{n →∞} T x_n = z for some z ∈ X .

Proposition 2.3. Let S and T be mappings from a complete metric space (X, d) into itself. If a pair (S, T) is compatible of type (R) on X and T z = Sz for z ∈ X, then ST z = T Sz = S^2 z = T^2 z. Proposition 2.4. Let S and T be mappings from a complete metric space (X, d) into itself. If a pair (S, T ) is compatible of type (R) on X and lim

n →∞

Sx_n = lim n →∞ T x

n = z for some z ∈ X , then we have (i) if S is continuous, then lim

n →∞

d(T Sx_n , Sz ) = 0 , (ii) if T is continuous, then lim

n →∞ d(ST x

n , T z) = 0 and (iii) if T and S are continuous, then ST z = T Sz and T z = Sz . Let Φ be the family of all mappings ϕ : (R^+ )^5 → R^+ such that ϕ is upper semi-continuous, nondecreasing in each coordinate variable, and for any t > 0, ϕ(t, t, 0, αt, t ) ≤ βt and ϕ(t, t, 0, 0, αt ) ≤ βt , where β = 1 for α = 2 and β < 1 for α < 2, and γ(t) = ϕ(t, t, a_1 t, a_2 t, a_3 t) < t , where γ : R^+ → R^+ is a mapping and a_1 + a_2 + a_3 = 4 . Lemma 2.5 ([16]). For any t > 0, γ(t) < 1 if and only if lim

n →∞

γ^n (t) = 0 , where γ^n denotes the n-iteration composition of γ.

164 M.H.M. RASHID

Let A, B , S, T be mappings from a metric space (X, d ) into itself such that

(2.1) A(X ) ⊂ T(X ) and B (X ) ⊂ S(X ) ,

there exists ϕ ∈ Φ such that

(2.2) d(Ax, By ) ≤ ϕ � d(Ax, Sx ), d(By, T y), d(Ax, T y), d(By, Sx ), d(Sx, T y ) � for all x, y ∈ X . Then, by (2.1), since A(X ) ⊂ T(X ), for any x_0 ∈ X , there exists a point x_1 ∈ X such that Ax_0 = T x_1. Since B(X) ⊂ S(X), for this point x_1, we can choose a point x_2 ∈ X such that Bx_1 = Sx_2 and so on. Inductively, we can define a sequence { y_n } in X such that

(2.3) y_{2n} = T x_{2n +1} = Ax_{2n} and y_{2n +1} = Sx_{2n +2} = Bx_{2n +1}

for n = 0 , 1, 2, . . . .

Lemma 2.6. The sequence { y_n } defined by (2.3) is a Cauchy sequence in X .

Theorem 2.7. Let A, B, S, and T be mappings from a complete space (X, d) into itself satisfying the following conditions:

(1) A(X ) ⊂ T(X ) and B (X ) ⊂ S(X ), (2) d(Ax, By ) ≤ ϕ(d(Ax, Sx ), d(By, T y), d(Ax, T y), d(By, Sx ), d(Sx, T y)) for all x, y ∈ X , (3) one of A, B , S and T is continuous, (4) the pairs (A, S ) and (B, T ) are compatible of type (R).

Then A, B , S and T have a unique common fixed point in X .

Proof. By Lemma 2.6, the sequence { y_n } defined by (2.3) is a Cauchy sequence in X and so, since (X, d) is complete, it converges to a point z ∈ X. On the other hand, the subsequences { Ax_{2n} }, { Bx_{2n +1} }, { Sx_{2n} } and { T x_{2n +1} } of { y_n } also converges to the point z.

Now, suppose T is continuous, since B and T are compatible of type (R), by Proposition 2.4, BT x_{2n +1} , T T x_{2n +1} → T z as n → ∞ . Putting x = x_{2n} and y = T x_{2n +1} in (2.2), we have

d(Ax_{2n} , BT x_{2n +1} ) ≤ ϕ � d(Ax_{2n} , Sx_{2n} ), d(BT x_{2n +1} , T T x_{2n +1} ) ,

d(Ax_{2n} , T T x_{2n +1} ), d(BT x_{2n +1} , Sx_{2n} ), d(Sx_{2n} , T T x_{2n +1} ) � . (2.4)

Taking n → ∞ in (2.4), since ϕ ∈ Φ , we have

d(z, T z) ≤ ϕ � 0, 0, d(z, T z), d(z, T z), d(z, T z) � < γ � d(z, T z) � < d (z, T z) ,

which is a contradiction. Thus, we have T z = z. Similarly, if we replace x by x_{2n} and y by z in (2.2), respectively, and take n → ∞ , then we have Bz = z. Since B(X) ⊂ S(X), there exists a point u ∈ X such that Bz = Su = z. By using (2.2) again, we have

d(Au, z ) = d(Au, Bz ) ≤ ϕ � d(Au, Su ), d(Bz, T z ), d(Au, T z ), d(Bz, Su ), d(Su, T z ) � = ϕ � d(Au, z ), 0, d(Au, z ), 0, 0) � < γ � d(Au, z ) � < d (Au, z ) ,

SOME FIXED POINT THEOREMS IN QUASI-METRIC FAMILY 165

which is a contradiction. Thus, we have Au = z. Since A and S are compatible of type (R) and Au = Su = z, by Proposition 2.4, d(ASu, SAu ) = 0 and hence Az = ASu = SAu = Sz . By (2.2) again, we have d(Az, z) = d(Az = Bz ) ≤ ϕ � d(Az, Sz ), d(Bz, T z ), d(Az, T z), d(Bz, Sz ), d(Sz, T z) � = ϕ � d(Az, z), 0, d(Az, z), 0, 0 � < γ � d(Az, z) � < d (Az, z) , which implies that Az = z. Therefore, Az = Bz = T z = z, i.e., z is a common fixed point of the given mappings A, B , S and T.

Finally, in order to prove the uniqueness of z, suppose w be another common fixed point of A, B , S and T. Then we have

d(z, w) = d(Az, Bw ) ≤ ϕ � d(Az, Sz ), d(Bw, T w), d(Az, T w), d(Bw, Sz ), d(Sz, T w) � = ϕ � 0, 0, d(z, w), d(z, w), d(z, w) � < γ � d(z, w) � < d (z, w) which implies that z = w. Similarly, we can prove the theorem when A or B or S is continuous. Therefore, the proof is achieved. □

3. Fixed point theorems for single-valued mapping in generating spaces of quasi-metric family

In this section, we give some fixed point theorems for single-valued mapping in generating spaces of quasi-metric family. First, we give the definition of a generating spaces of quasi-metric family, and some properties and examples of generating spaces of quasi-metric family, (see [6, 7]).

Definition 3.1. Let X be a non-empty set, { d_α : α ∈ (0,1]} be a family of mappings and d_α be mapping of X × X into R^+ . (X, d_α : α ∈ (0,1]) is called a generating space of quasi-metric family if it satisfies the following conditions: (QM-1) d_α (x, y) = 0 for all α ∈ (0, 1] if and only if x = y, (QM-2) d_α (x, y) = d_α (y, x) for all x, y ∈ X and α ∈ (0, 1], (QM-3) For any α ∈ (0, 1], there exists an μ ∈ (0, α ] such that

d_α (x, y) ≤ d_μ (x, z ) + d_μ (z, y), x, y, z ∈ X ,

(QM-4) For any x, y ∈ X , d_α (x, y) is non-increasing and left continuous in α .

Later { d_α : α ∈ (0, 1]} is called a family of quasi-metrics.

Example 3.2. (1) Let (X, d) be a metric space. Letting d_α (x, y) = d(x, y) for all α ∈ (0, 1] and x, y ∈ X , then (X, d ) is a generating space of quasi-metric family. (2) Every fuzzy metric space and every probabilistic metric space are both examples of generating spaces of quasi-metric family.

Remark 3.3. In [6], J.X. Fan proved that { d_α : α ∈ (0,1]} is a generating space of quasi-metric family, then there exists a topology τ_{d α} on X such that (X, τ_{d α} ) is a Hausdorff space and U(x) = { U_x (ϵ, α) : ϵ > 0, α ∈ (0,1]}, x ∈ X, is a basis of neighborhoods of the point x for the topology τ_{d α} , where

U_x (ϵ, α) = { y ∈ X : d_α (x, y) < ϵ} .

166 M.H.M. RASHID

Throughout this paper, we assume that κ : (0,1] → [0, ∞ ) is a non-increasing function satisfying the following condition:

(3.1) M = sup

α ∈ (0 ,1]

κ(α ) < ∞ .

Theorem 3.4. Let (X, d_α : α ∈ (0,1]) be complete generating space of quasi-metric family. Let f be a self-mapping on X and ϕ : X → [0, ∞ ) be a lower semi-continuous function satisfying the following condition:

(3.2) d_α � p, f (p) � ≤ κ(α ) � ϕ(p) − ϕ(f (p))

, p ∈ X .

Then f has a fixed point in X .

Proof. If there exists some point p_0 ∈ X such that ϕ(p_0) − ϕ(f (p_0)) < 0. By condition (3.2), it is obvious that p_0 = f (p_0), i.e., p_0 is a fixed point of f . But this is a contradiction. Hence we have ϕ(p) − ϕ(f (p)) ≥ 0. Now we define a relation “ ≤ ” on X as follows: (3.3)

p ≤ q ⇐⇒ d_α (p, q) ≤ κ(α ){ ϕ(p) − ϕ(q)} , for any p, q ∈ X and α ∈ (0, 1]. for any p, q ∈ X and α ∈ (0,1]. From (3.3), it follows that for any p, q ∈ X, if p ≤ q, then we have

(3.4) ϕ(q) ≤ ϕ(p) .

First we prove that “ ≤ ” is a partial ordering on X . The reflexivity and antisymmetry of “ ≤ ” are obvious. Now we prove the transitivity as follows: If p, q, r ∈ X and p ≤ q, q ≤ r , by (3.4) we have

(3.5) ϕ(r ) ≤ ϕ(q) ≤ ϕ(p) .

Since { d_α : α ∈ (0,1]} is a family of quasi-metric, then they are non-increasing in α . Hence for any given α ∈ (0, 1], there exists a number μ ∈ (0, 1] such that

d_α (p, r ) ≤ d_μ (p, q) + d_μ (q, r) .

By (3.3), we have

(3.6) d_α (p, r ) ≤ κ(μ){ ϕ(p) − ϕ(q) + ϕ(q) − ϕ(r )} = κ(μ){ ϕ(p) − ϕ(r )} .

Noting that the function κ is non-decreasing, so we have

(3.7) d_α (p, r ) ≤ κ(α ) � ϕ(p) − ϕ(r ) . By the arbitrariness of α ∈ (0,1], we know that p ≤ r and so “≤ ” is a partial ordering on X .

Next we prove that there exists a maximal element in X. To this end, let { p_μ }_{μ ∈ J} be any totally ordered subset of (X, ≤ ), where J is an index set. We define

p_μ ≤ p_ν ⇐⇒ μ ≤ ν . Hence (J, ≤ ) is a directed set and { ϕ(p_μ )}_{μ ∈ J} ⊂ [0, ∞ ) is a monotone decreasing net. Let ϕ(p_μ ) → γ ≥ 0. Hence for any given ϵ > 0, λ > 0, ϵ > λ , there exists an μ_0 ∈ J such that μ_0 ≥ μ we have

γ ≤ ϕ(p) < γ + λ .

SOME FIXED POINT THEOREMS IN QUASI-METRIC FAMILY 167

Hence for any α ∈ (0,1] and μ, ν with μ_0 ≤ μ ≤ ν, we have ϕ(p_μ ) − ϕ(p_ν ) ≤ λ, we have d_α (p_μ , p_ν ) ≤ κ(α ) � ϕ(p_μ ) − ϕ(p_ν )

≤ Mλ < ϵ . This implies that { p_μ } is Cauchy net in X. By completeness of X, we assume that p_μ → p ∈ X . In view of the lower semi-continuity of ϕ, it follows that (3.8) ϕ(p) ≤ lim_μ ϕ(p_μ ) = lim_μ ϕ(p_μ ) = γ ≤ ϕ(p_μ , μ ∈ J .

Now we prove that p is an upper bound of { p_μ }_{μ ∈ J} . In fact, for any μ, ν ∈ J with μ ≤ ν, from (3.8) we have d_α (p_μ , p_ν ) ≤ κ(α ){ ϕ(p_μ ) − γ} for all α ∈ (0, 1]. Taking the limit for ν, we obtain d_α (p_μ , p) ≤ κ(α ) � ϕ(p_μ ) − ϕ(p) , which means that p_μ ≤ p for all μ ∈ J , i.e., p is an upper bound of { p_μ }_{μ ∈ J} . Applying Zorn’s Lemma, (X, ≤ ) has a maximal element, say p_∗ ∈ X .

Finally, we prove that p_∗ is a fixed point of f . In fact, it follows that ϕ(p_∗ ) − ϕ � f (p_∗ ) � ≥ 0 .

And from (3.2) we have d_α (p_∗ , f (p_∗ )) ≤ κ(α ) � ϕ(p_∗ ) − ϕ(f (p_∗ )) which shows that p_∗ ≤ f (p_∗). Since p_∗ is a maximal element in (X, ≤ ), we have p_∗ = f (p_∗ ). Therefore, the proof is achieved. □ Theorem 3.5. Let (X, d_α : α ∈ (0,1]) be complete generating space of quasi-metric family. Let ϕ : X → R be a lower semi-continuous functional bounded from below and ϕ(x) = + ∞ . Suppose that for any given ϵ > 0, there exists an x_0 ∈ X such that ϕ(x_0 ) ≤ inf{ ϕ(x) : x ∈ X } + ϵ .

Then there exists an x̃ ∈ X such that

(1) ϕ(x̃) ≤ ϕ(x_0 ), (2) d_α (x̃, x_0 ) ≤ 1 for all α ∈ (0, 1], (3) ϕ(x) > ϕ (x̃) − ϵ ·d_α (x, x̃) for all x ∈ X , α ∈ (0, 1], x ≠ x̃.

Proof. Let (3.9) S = � x ∈ X : d_α (x, x_0 ) ≤ 1 ϵ � ϕ(x_0 ) − ϕ(x) � for all α ∈ (0, 1] . It is obvious that S ≠ ∅ (since x_0 ∈ S). Now we prove that S is a closed set. In fact, let { x_n } be a sequence in X and x_n → x̃. By the continuity of d_α , then we have d_α (x_0 ,x̃) = lim_{n →∞} d_α (x_0 , x_n )

≤ lim

n →∞ sup 1 ϵ � ϕ(x_0 ) − ϕ(x_n ) �

≤ 1 ϵ � ϕ(x_0 ) − ϕ(x̃) � . (3.10)

168 M.H.M. RASHID

Imitating the proof of Theorem 3.4, we can prove that the inequality (3.10) holds for all α ∈ (0,1]. This implies that x̃ ∈ S. Consequently, S is closed set of X. Now we introduce a partial order “ ≤ ” in S as follows:

(3.11) x ≤ y ⇐⇒ d_α (x, y) ≤ 1 ϵ � ϕ(x) − ϕ(y) � , α ∈ (0, 1].

Noting that if x, y ∈ S with x ≤ y, then from (3.11) we have

(3.12) ϕ(y) ≤ ϕ(x) .

Let { x_μ }_{μ ∈ J} be a totally ordered set of S and J be an indexed set. We stipulate that μ ≤ ν if and only if x_μ ≤ x_ν . Then (J, ≤ ) is a directed set. It follows from (3.12) that { ϕ_μ }_{μ ∈ J} is a monotone decreasing net bounded from below. Let ϕ_μ → γ > −∞ . Finally, from (3.11), we have

(3.13) d_α (x_μ , x_ν ) ≤ 1 ϵ � ϕ(x_μ ) − ϕ(x_ν ) � , ν ≥ μ, α ∈ (0, 1].

It is easy to see that { x_μ }_{μ ∈ J} is a Cauchy net of S. By the closedness of S we can assume that x_μ → x̃ ∈ S. Hence for any given μ ∈ J , since d_α , α ∈ (0,1] is continuous, it follows that

d_α (x_μ ,x̃) = lim_ν d_α (x_μ , x_ν ) ≤ lim_ν 1 ϵ � ϕ(x_μ ) − ϕ(x_ν ) �

≤ 1 ϵ � ϕ(x_μ ) − ϕ(x̃) � . Imitating the proof of Theorem 3.4, we can prove that, for any α ∈ (0,1], the above inequality holds. Hence we have

d_α (x_μ ,x̃) ≤ 1 ϵ � ϕ(x_μ ) − ϕ(x̃) � , μ ∈ J, α ∈ (0, 1],

which means that x_μ ≤ x̃ for all μ ∈ J , i.e., x̃ is an upper bound of { x_μ }_{μ ∈ J} . By Zorn’s Lemma, (S, ≤ ) has a maximal element, say x̃. Hence we have

(3.14) d_α (x_0 ,x̃) ≤ 1 ϵ � ϕ(x_0 ) − ϕ(x̃) � , α ∈ (0, 1].

This implies that ϕ(x̃) ≤ ϕ(x_0 ). The conclusion (1) is proved.

Next, by the condition (3.9), ϕ(x_0 ) − ϕ(x̃) ≤ ϵ. Using (3.14), we have

d_α (x_0 ,x̃) ≤ 1 , α ∈ (0, 1].

Thus the conclusion (2) is proved.

Now we verify that the conclusion (3) is true too. Suppose that this is not the case. Then there exists some x ∈ X, x ≠ x̃, such that

(3.15) d_α (x̃, x ) ≤ 1 ϵ � ϕ(x̃) − ϕ(x) � , α ∈ (0, 1].

Next we prove that the following inequality (3.16) can be deduced from (3.15):

(3.16) d_α (x_0 , x) ≤ 1 ϵ � ϕ(x_0 ) − ϕ(x) � , α ∈ (0, 1].

SOME FIXED POINT THEOREMS IN QUASI-METRIC FAMILY 169

In fact, when^1_ϵ(ϕ(x_0) − ϕ(x)) ≤ 1, it obvious that (3.16) is true. When 1 < 1 ϵ(ϕ(x_0) − ϕ(x)) =^1_ϵ(ϕ(x_0) − ϕ(x̃) + ϕ(x̃) − ϕ(x)), by conclusion (1), we have ϕ(x_0) ≥ ϕ(x̃). It follows from (3.15) that ϕ(x̃) ≥ ϕ(x). Hence for any α ∈ (0,1], there exists a number μ ∈ (0, 1] such that

d_μ (x_0 ,x̃) < 1 ϵ � ϕ(x_0 ) − ϕ(x̃) � , d_μ (x̃, x ) < 1 ϵ � ϕ(x̃) − ϕ(x) � , From (3.14) and (3.15), we have

d_α (x_0 , x) ≤ d_μ (x_0 ,x̃) + d_μ (x̃, x ) ≤ 1 ϵ � ϕ(x_0 ) − ϕ(x̃) � + 1 ϵ � ϕ(x̃) − ϕ(x) �

= 1 ϵ � ϕ(x_0 ) − ϕ(x) � . This implies that (3.16) is true, and so x ∈ S. By virtue of (3.15) and (3.11), it follows that x̃ ≤ x, which is a contradiction (since x is a maximal element of S). Therefore the conclusion (3) is true. This completes the proof. □

4. Caristi type fixed point theorems the Ekeland’s variational principle

In this section, we extend the Caristi’s fixed point theorem and the Ekeland’s variational principle in PM-spaces. Also, we prove some common fixed point theorems in PM-spaces by using the results in Section 2 and Section 3.

Theorem 4.1. Let (X, F ) be a PM-space of (C)_g-type and (X, d_α : α ∈ (0,1]) be complete generating space of quasi-metric family, where d_α is defined by

(4.1) d_α (x, y) =

Z_1 0 g � F_{x,y} (t) � dt , x, y ∈ X and α ∈ (0, 1].

If ϕ : X → R is a lower semi-continuous and bounded below function and a mapping T : X → X satisfies the following condition:

(4.2) g � F_{x,T x} (t) � ≤ ϕ(x) − ϕ(T x) , x ∈ X , t ≥ 0 ,

then T has a fixed point in X .

Proof. From (4.2) and for all α ∈ (0, 1], we have

d_α (x, T x) =

Z_1 0 g � F_{x,T x} (t) � dt ≤

Z_1 0 � ϕ(x) − ϕ(T x) � dt = ϕ(x) − ϕ(T x)

and thus, by Theorem 3.4, T has a fixed point in X . □

Corollary 4.2. Let (X, F ) be a PM-space of (C)_g-type and (X, d_α : α ∈ (0,1]) be complete generating space of quasi-metric family, where d_α is defined by (4.1), and a

function ϕ(x, t): E × R^+ → R^+ be integrable in t. If a function ψ (x) =

Z_1 0 ϕ(x, t ) dt

170 M.H.M. RASHID

is a lower semi-continuous and bounded below and a mapping T : X → X satisfies the condition:

(4.3) g � F_{x,y} (t) � ≤ ϕ(x, t ) − ϕ(T x, t ) , x ∈ X , t ≥ 0 ,

then T has a fixed point in X .

Proof. From (4.3) and for all α ∈ (0, 1], we have

d_α (x, T x) =

Z_1 0 g � F_{x,T x} (t) � dt ≤

Z_1 0 � ϕ(x, t ) − ϕ(T x, t ) � dt

= Z_1 0 ϕ(x, t ) dt −

Z_1 0 ϕ(T x, t ) dt = ψ (x) − ψ (T x) .

Therefore, by Theorem 4.1, T has a fixed point in X . □

Theorem 4.3. Let (X, F ) be a PM-space of (C)_g-type and (X, d_α : α ∈ (0,1]) be complete generating space of quasi-metric family, where d_α is defined by (4.1). If a function ϕ : X → R is proper, lower semi-continuous and bounded below, and T is a multi-valued mapping from X into 2^X such that for each x ∈ X, there exists a point fx ∈ T x such that f : X → X is a function satisfying the following condition:

(4.4) g � F_{x,fx} (t) � ≤ ϕ(x) − ϕ(fx ) , x ∈ X, t ≥ 0 ,

then f and T have a common fixed point in X .

Proof. Since ϕ is proper, there exists a point u ∈ X such that ϕ(u) < ∞ and so A = { x ∈ X : g(F_{u,x} (t)) ≤ ϕ(u) − ϕ(x)} is non-empty closed set in X. By the condition (4.4), for any x ∈ A, we have

ϕ(fx ) + g � F_{x,fx} (t) � ≤ ϕ(x) ≤ ϕ(u) − g � F_{u,x} (t) � . Thus we have g � F_{u,fx} (t) � ≤ g � F_{u,x} (t) � + g � F_{x,fx} (t) � ≤ ϕ(u) − ϕ(x) + ϕ(x) − ϕ(fx ) = ϕ(u) − ϕ(fx ) ,

which implies that f is a mapping from A into A. Therefore, by Theorem 4.1, the function f : A → A has a fixed point in A, say x_0, and so x_0 = fx_0 ∈ T x_0, that is, the point x_0 is a common fixed point of f and T. So, the proof is achieved. □

Theorem 4.4. Let (X, F ) be a PM-space of (C)_g-type and (X, d_α : α ∈ (0,1]) be complete generating space of quasi-metric family, where d_α is defined by (4.1). If a function ϕ : X → R is proper, lower semi-continuous and bounded below and, for each ϵ > 0, there exists a point u ∈ X such that ϕ(u) ≤ inf{ ϕ(x) : x ∈ X }+ ϵ, then there exists a point v ∈ X such that

(1) ϕ(v) ≤ ϕ(u),

(2) g(F_{u,v} (t)) ≤ 1,

(3) ϕ(v) − ϕ(u) ≤ ϵg(F_{u,x} (t)) for all x ∈ X and t ≥ 0.

SOME FIXED POINT THEOREMS IN QUASI-METRIC FAMILY 171

Proof. Let ϵ > 0 and let a point u ∈ X such that ϕ(u) ≤ inf{ ϕ(x) : x ∈ X } + ϵ. Letting A = { x ∈ X : ϕ(x) ≤ ϕ(u) − ϵg(F_{u,x} (t))}, then A is non-empty closed subset in X and so, since (X, d_α : α ∈ (0,1]) is complete, A is complete. For each x ∈ A, let Sx = { y ∈ X : ϕ(y) ≤ ϕ(x) − ϵg(F_{x,y} (t)), x ≠ y} and define

T x = ( x , if Sx is empty; Sx , if Sx is nonempty.

Then T is a multi-valued mapping from A into 2^A . In fact, since T x = x ∈ A if Sx = ∅ and T x = Sx if Sx ≠ ∅ , we have, for each y ∈ T x = Sx ,

ϕ(y) ≤ ϕ(x) − ϵg � F_{x,y} (t) � and ϵg � F_{u,y} (t) � ≤ ϵg � F_{u,x} (t) � + ϵg � F_{x,y} (t) � ≤ ϕ(u) − ϕ(x) + ϕ(x) − ϕ(y) = ϕ(u) − ϕ(y) ,

which implies y ∈ A and so we have T x = Sx ∈ A. Assume that T has no fixed point in A. Then for each x ∈ A and y = T x = Sx , we have ϵg � F_{x,y} (t) � ≤ ϕ(x) − ϕ(y) , and g � F_{x,y} (t) � ≤ 1 ϵ � ϕ(x) − ϕ(y) � . Thus, by Theorem 4.3, T has a fixed point v in A, which is a contradiction. Therefore Sv = ∅ , i.e., for each x ∈ X, x ≠ v, ϕ(x) > ϕ (v) − ϵg(F_{v,x} (t)). Since v ∈ A, ϕ(v) ≤ ϕ(u) − ϵg � F_{u,v} (t) � and so ϕ(v) ≤ ϕ(u). On the other hand, we have

ϵg(F_{u,v} (t)) ≤ ϕ(u) − ϕ(v) ≤ ϕ(u) − inf{ ϕ(x) : x ∈ X } ≤ ϵ

and so, g(F_{u,v} (t)) ≤ 1. This completes the proof. □ Next, by using Theorem 4.4, we can prove some common fixed point theorems in PM-spaces. Now, we introduce some definitions and properties of compatible mappings of type (R) in PM-spaces.

Definition 4.5. Let (X, F ,Δ) be a N.A. Menger PM-space of type (D)_g and A, S be mappings from X into itself. A and S are said to be compatible if lim n →∞ g � F_{ASx n ,SAx n} (t) � = 0 for all t > 0, whenever { x_n } is a sequence in X such that lim

n →∞ Ax

n = lim_{n →∞} Sx_n = z for some z ∈ X .

Definition 4.6. Let (X, F ,Δ) be a N.A. Menger PM-space of type (D)_g and A, S be mappings from X into itself. A and S are said to be compatible if lim n →∞ g � F_{ASx n ,SAx n} (t) � = 0 lim_{n →∞} g � F_{AAx n ,SSx n} (t) � = 0

172 M.H.M. RASHID

for all t > 0, whenever { x_n } is a sequence in X such that lim

n →∞

Ax_n = lim_{n →∞} Sx_n = z for some z ∈ X .

Theorem 4.7. Let (X, F ,Δ) be a τ-complete N.A. Menger PM-space with t-norm Δ such that Δ( s, t) ≥ Δ_m (s, t) = max { s + t − 1,0}, s, t ∈ [0,1]. Let A, B, S and T be mappings from X into itself such that

(1) A(X ) ⊂ T(X ) and B (X ) ⊂ S(X ), (2) one of A, B, S and T is τ-continuous, (3) (A, S ) and (B, T ) are compatible of type (R), (4) there exists ϕ : (R^+ )^5 → R^+ such that ϕ is upper continuous, non-decreasing in each coordinate variable, and for any t > 0

ϕ(t, t, 0, αt, 0) ≤ βt and ϕ(t, t, 0, 0, αt ) ≤ βt

where β = 1 for α = 2 and β < 1 for α < 2, γ(t) = ϕ(t, t, a_1 t, a_2 t, a_3 t) < t , where γ : R^+ → R^+ is a mapping and a_1 + a_2 + a_3 = 4 and the following holds:

Z_1 0 F_{Ax,By} (t) dt ≥ 1 − ϕ h 1 − Z_1 0 F_{Ax,Sx} (t) dt, 1 −

Z_1 0 F_{By,T y} (t) dt, 1 − Z_1 0 F_{Ax,T y} (t), 1 −

Z_1 0 F_{Sx,T y} (t) dt,1 −

Z_1 0 F_{By,Sx} (t) dt i

for all x, y ∈ X and t ≥ 0. Then A, B, S and T have a unique common fixed point in X .

Proof. Since (X, F ,Δ) is an N.A. Menger PM-space with the t-norm Δ such that Δ ≥ Δ_m (s, t) = max { s + t − 1,0}, s, t ∈ [0,1], by Remark 1.8, it is metrizable by the metric d defined by (1.1). Thus, if we define g(t) = 1 − t, from the condition (4), we have

d(Ax, By ) ≤ ϕ � d(Ax, Sx ), d(By, T y), d(Ax, T y), d(By, Sx ), d(Sx, T y ) � for all x, y ∈ X . Therefore, by Theorem 2.7, A, B, S and T have a unique common fixed point in X . This completes the proof. □

5. Caristi’s coincidence theorem for set-valued functions in quasi-metric space

By using the partial ordering method, a more general type of Caristi’s Coincidence Theorem for Set-valued functions in Quasi-metric space is given in this section.

Lemma 5.1. Let (X, d_α : α ∈ (0,1]) be complete generating space of quasi-metric family, ϕ : X → X be a lower semi-continuous function bounded from below and κ : (0, 1) → (0, ∞ ) be a non-increasing function. Let

(5.1) m = inf

α ∈ (0 ,1]

κ(α ) and M = sup

α ∈ (0 ,1]

κ(α ) < ∞

SOME FIXED POINT THEOREMS IN QUASI-METRIC FAMILY 173

and define a relation “ ≤ ” on X by x ≤ y ⇐⇒ d_α (x, y) ≤ κ(α ) � ϕ(x) − ϕ(y) � for all α ∈ (0, 1]. Then we have the following:

(i) If x ≤ y, then ϕ(y) ≤ ϕ(x). (ii) “≤ ” is a partial ordering on X . (iii) there exists at least one maximal element in the partial ordering set (X, ≤ ).

Proof. (i) Let x ≤ y and assume that ϕ(y) ≤ ϕ(x). Then there exists a number μ ∈ (0, 1] such that d_μ (x, y) = a > 0 for a ∈ R^+ and so we have (5.2) a = d_μ (x, y) ≤ κ(α ) � ϕ(x) − ϕ(y) � for all α ∈ (0,1]. Letting α → 0^+ in (5.2), we have a ≤ 0, which is contradicts a > 0. Therefore the assertion (i) follows.

(ii) The reflexivity and the anti-symmetry of “ ≤ ” are obvious. Now, we shall prove the transitivity of “ ≤ ”. If x ≤ y and y ≤ z for x, y, z ∈ X , by (i), we have (5.3) ϕ(z) ≤ ϕ(y) ≤ ϕ(x) .

(1) If d_α (x, y) ≤ m(ϕ(x) − ϕ(z)), where m is the constant defined by (5.1), since we have m(ϕ(x) − ϕ(z)) = 1 and κ is non-increasing, it follows that κ(α ) � ϕ(x) − ϕ(z) � = 1 for all α ∈ (0, 1] and so we have (5.4) d_α (x, z ) ≤ κ(α ) � ϕ(x) − ϕ(y) � for all α ∈ (0, 1].

(2) If d_α (x, z ) > m (ϕ(x) − ϕ(z)), then we can take μ ∈ (0, 1] such that d_μ (x, y) > m � ϕ(x) − ϕ(y) � and d_μ (y, z) > m � ϕ(y) − ϕ(z) � and so for all α ∈ (0, 1], we have (5.5) d_α (x, z ) ≤ d_μ (x, y) + d_μ (y, z) ≤ κ(α ) � ϕ(x) − ϕ(y) + ϕ(y) − ϕ(z) � . Thus, letting r → 1^− in (5.5), we have (5.6) d_α (x, z ) ≤ M � ϕ(x) − ϕ(z) � for all α ∈ (0, 1], which implies that x ≤ z.

(3) Let { x_μ |μ ∈ J } be any totally ordering subset os (X, ≤ ), where J is an index set. We define x_μ ≤ x_ν ⇐⇒ μ ≤ ν .

Then (J, ≤ ) is a direct set and { ϕ(x_μ }_{μ ∈ J} is a monotonically decreasing net in R. Letting ϕ(x_μ ) → s, by the boundedness from below of ϕ, it follows that s is a finite number. Hence for all λ > 0 and ϵ > Mλ , there exists an μ_0 ∈ J such that s ≤ ϕ(x) < s + λ for μ ≥ μ_0 . Thus, for any μ, ν ∈ J with μ_0 ≤ μ ≤ ν, we have 0 ≤ ϕ(x_μ ) − ϕ(x_ν ) ≤ λ

174 M.H.M. RASHID and d_α (x_μ , x_ν ) ≤ κ(α ) � ϕ(x_μ ) − ϕ(x_ν ) � ≤ κ(α )λ ≤ ϵ

for all α ∈ (0,1] and ϵ > 0, which implies that { x_μ }_{μ ∈ J} is a Cauchy net in X. Since (X, d_α : α ∈ (0,1]) is complete, the net { x_μ }_{μ ∈ J} in X converges to an element x^∗ ∈ X . From the continuity of ϕ, it follows that

(5.7) ϕ(x^∗ ) ≤ lim_μ inf ϕ(x_μ ) = lim_μ = ϕ(x_μ ) = s ≤ ϕ(x_μ )

for all μ ∈ J .

Next, we shall prove that x^∗ is an upper bound of { x_μ }_{μ ∈ J} . In fact, for any μ ∈ J , if d_α (x_μ , x^∗ ) is continuous, then we have

d_α (x_μ , x^∗ ) = lim_ν d_α (x_μ , x_ν )

≤ lim_ν κ(α ) � ϕ(x_μ ) − ϕ(x_ν ) � (5.8)

≤ κ(α ) � ϕ(x_μ ) − ϕ(x^∗ ) � (5.9)

for all α ∈ (0,1]. Which implies that x_μ ≤ x^∗ for all μ ∈ J , i.e., x^∗ is an upper bound of { x_μ }_{μ ∈ J} . Applying Zorn’s Lemma, (X, ≤ ) has a maximal element. Therefore the proof is achieved. □

Theorem 5.2. Let (X, d_α : α ∈ (0,1]) be complete generating space of quasi-metric family. Let D be a non-empty subset of X, f : D → X be a surjective mapping and ϕ : X → R be a lower semi-continuous function bounded from below, Let { S_μ }_{μ ∈ J} be a family of set-valued mappings S_μ : D → 2^X \ {∅} . Suppose that for if each x ∈ D, f (x) /∈ \ μ ∈ J

S_μ (x), then there exists an μ_0 ∈ J and a y ∈ S_{μ 0} (x) \ { f (x)}

such that d_α � f (x), y � ≤ κ(α ) � ϕ � f (x) � − ϕ(y) � for all x ∈ X, α ∈ (0,1]. Then there exists a coincidence point u ∈ X of f and { S_μ }_{μ ∈ J} , that is, there exists a u in X such that f (u) ∈ \ μ ∈ J

S_μ (u).

Proof. We define a partial ordering “ ≤ ” on X by

x ≤ y ⇐⇒ d_α (x, y) ≤ κ(α ) � ϕ(x) − ϕ(y) � for all α ∈ (0,1]. By Lemma 5.1, (X, ≤ ) has a maximal element z ∈ X. Since f : D → X is surjective, there exists a u ∈ D such that f (u) = z. If we have f (u) /∈ \ μ ∈ J

S_μ (u), by the assumption, there exists an μ_0 ∈ J and a y ∈ S_{μ 0} (u) \ { f (u)}

such that d_α (f (u), y) ≤ κ(α ) � ϕ � f (u) � − ϕ(y) � for all α ∈ (0,1] and so we have f (u) ≤ y. But, since f (u) = z is a maximal element in X , we have z = f (u) = y ∈ S_{μ 0} (u) \ { f (u)} ,

SOME FIXED POINT THEOREMS IN QUASI-METRIC FAMILY 175

which is a contradiction. Therefore, we have f (u) /∈ \ μ ∈ J

S_μ (u), and so the proof is

achieved. □

Corollary 5.3. Let D, X, f , ϕ be as in Theorem 5.2. Let S : D → 2^X \ {∅} be a set-valued mapping. Suppose that if for each x ∈ D, f (x) /∈ S(x), then there exists a y ∈ S(x) such that d_α � f (x), y � ≤ κ(α ) � ϕ � f (x) � − ϕ(y) � for all x ∈ X , α ∈ (0, 1]. Then S has a fixed point in X .

Corollary 5.4. Let (X, d_α : α ∈ (0,1]) be complete generating space of quasi-metric family. Let ϕ : X → R^+ be a lower semi-continuous function, S : X → 2^X \ {∅} be a set-valued mapping and f : X → X be a surjective mapping. Suppose that for each x ∈ X , there exists a y ∈ S(x) such that

d_α (f (x), y) ≤ κ(α ) � ϕ � f (x) � − ϕ(y) � for all x ∈ X , α ∈ (0, 1]. Then there exists a u ∈ X such that f (u) ∈ S(u).

Theorem 5.5. Let (X, d_α : α ∈ (0,1]) be complete generating space of quasi-metric family. Let ϕ : X → R be a lower semi-continuous function bounded from below. Suppose that for any ϵ > 0, there exists an x_0 ∈ X such that (5.10) ϕ(x_0 ) ≤ inf{ ϕ(x) : x ∈ X } + ϵ . If κ : (0,1) → (0, ∞ ) is a non-increasing function satisfying the condition (5.1), then there exists a u ∈ X such that

(1) d_α (x_0 , u) ≤ κ(α )(ϕ(x_0 ) − ϕ(u)) for all r ∈ (0, 1) and α ∈ (0, 1], (2) d_α (x_0 , u) ≤ ϵκ(α ) for all r ∈ (0, 1) and α ∈ (0, 1], (3) for any x ∈ X , x ≠ u, there exist an α_0 ∈ (0, 1] such that d_{α 0} (u, x ) > κ (α_0 ) � ϕ(u) − ϕ(x) � . Proof. (1) Let

X_0 = { x ∈ X : d_α (x_0 , u) ≤ κ(α )(ϕ(x_0 ) − ϕ(u)), r ∈ (0, 1), α ∈ (0, 1]} . Since x_0 ∈ X, X_0 ≠ ∅ . Now, we shall prove that X_0 is a closed set in X. In fact, let { x_n } be a sequence in X and x_n → x^∗ as n → ∞ . If d_α (x_0 , x^∗) is continuous at α ∈ (0, 1], we have

d_α (x_0 , x^∗ ) = lim_{n →∞} d_α (x_0 , x_n )

≤ κ(α ) lim

n →∞ � ϕ(x_0 ) − ϕ(x_n ) � ≤ κ(α ) � ϕ(x_0 ) − ϕ(x^∗ ) � (5.11)

for all α ∈ (0,1]. As in the proof of Lemma 5.1, we can prove the relation (5.11) holds for all α ∈ (0,1], which implies that x^∗ ∈ X_0, that is, X_0 is a closed subset in X and (X_0 , d_α : α ∈ (0,1]) be complete generating space of quasi-metric family.

Now, we define a partial ordering “ ≤ ” by

(5.12) x ≤ y ⇐⇒ d_α (x, y) ≤ κ(α ) � ϕ(x) − ϕ(y) �

176 M.H.M. RASHID

for all α ∈ (0,1]. Then (X_0 , ≤ ) is a partial ordering set and hence, by Lemma 5.1, (X_0 , ≤ ) has a maximal element u ∈ X_0 . Thus we have

(5.13) d_α (x_0 , u) ≤ κ(α ) � ϕ(x_0 ) − ϕ(u) � for all α ∈ (0, 1], which implies that the relation (1) follows.

(2) By the condition (5.10), we have

(5.14) 0 ≤ ϕ(x_0 ) − ϕ(u) ≤ ϵ .

Thus, by (1), we have d_α (x_0 , u) ≤ ϵκ(α ) for all α ∈ (0, 1], which implies that the relation (2) follows.

(3) Assume that the assertion (3) is False. Then there exists a non-increasing function κ : (0,1] → (0, ∞ ) such that for each x ∈ X there exists a y ∈ X, y ≠ x, such that

(5.15) d_α (x, y) ≤ κ(α ) � ϕ(x) − ϕ(y) � for all α ∈ (0,1]. Define f : X_0 → X_0 by f (x) = y. Then the function f : X_0 → X_0 satisfies the following condition:

(5.16) d_α � x, f (x) � ≤ κ(α ) � ϕ(x) − ϕ � f (x) � for all α ∈ (0,1]. Hence, by Corollary 5.3, f has a fixed point in X_0. But f cann’t have a fixed point in X_0, which is a contradiction. Therefore, the assertion (3) follows. Therefore the proof is achieved. □

References

[1] Chang, S.S., Fixed point theorem in problabilistic metric spaces with applications , Scientia Sinica (Series A) 26 (1983), 1144–1155.

[2] Chang, S.S., On the theory of problabilistic metric spaces with applications , Acta Math.

Sinica (N.S.) 1 (4) (1985), 366–377. [3] Chang, S.S., Xiang, S.W., Topological structure and metrization problem of probabilistic metric spaces and application , J. Qufu Norm. Univ. Nat. Sci. Ed. 16 (3) (1990), 1–8.

[4] Cho, Y.J., Park, K.S., Chang, S.S., Fixed point theorems in metric spaces and probabilistic metric spaces , Internat. J. Math. Math. Sci. 19 (2) (1996), 243–252.

[5] Drossos, C.A., Stochastic Menger spaces and convergence in probability , Rev. Roumaine Math. Pures Appl. 22 (1977), 1069–1076.

[6] Fan, J.X., On the generalizations of Ekeland’s vartional principle and Caristi’s fixed point theorem , The 6th National Conference on Fixed point Theory Variational Inequalities and Probabilistic Metric Spaces Theory, Qingdao, China, 1993.

[7] He, P.J., The variational principle in fuzzy metric spaces and its applications , Fuzzy Sets and Systems 45 (1992), 389–394.

[8] Hegedus, M., Szilagyi, T., Equivalence conditions and a new fixed point theorem in the theory of contraction mappings , Math. Japon. 25 (1) (1980), 147–157.

[9] Jungck, G., Compatible maps and common fixed points , Internat. J. Math. Math. Sci. 9 (1986), 771–779.

SOME FIXED POINT THEOREMS IN QUASI-METRIC FAMILY 177

[10] Koireng, M.M., Ningombam, L., Rohen, Y., Common fixed points of compatible mappings of type (R ), Gen. Math. Notes 10 (1) (2012), 58–62.

[11] Menger, K., Statistical metrics , Proc. Nat. Acad. Sci. USA 28 (1942), 535–537. [12] Rohen, Y., Singh, M.R., Shambhu, L., Common fixed points of compatible mapping of type (C ) in Banach spaces , Proc. Math. Soc. 20 (2004), 77–87.

[13] Schweizer, B., Sklar, A., Statistical metric spaces , Pacific J. Math. 10 (1960), 313–334. [14] Schweizer, B., Sklar, A., Probabilistic metric spaces , North-Holland Series in Probability and Applied Mathematics, North-Holland Publishing Co., New York, 1983.

[15] Singh, B., Chauhan, M.S., On common fixed points of four mappings , Bull. Calcutta Math.

Soc. 88 (1996), 451–456. [16] Singh, S.P., Meade, B.A., On common fixed point theorems , Bull. Austral. Math. Soc. 16 (1977), 49–53.

[17] Tan, N.X., Generalized probabilistic metric spaces and fixed point theorems , Math. Nachr.

129 (1986), 205–218.

Department of Mathematics and Statistics, Mu’tah University, Faculty of Science, P.O. Box (7), Al-Karak-Jordan E-mail : malik_okasha@yahoo.com